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Abstract

This article proposes a test for the martingale difference hypothesis (MDH) using dependence
measures related to the characteristic function. The MDH typically has been tested using the
sample autocorrelations or in the spectral domain using the periodogram. Tests based on these
statistics are inconsistent against uncorrelated non-martingales processes. Here, we generalize the
spectral test of Durlauf (1991) for testing the MDH taking into account linear and nonlinear
dependence. Our test considers dependence at all lags and is consistent against general pairwise
nonparametric Pitman’s local alternatives converging at the parametric rate n '/2, with n the
sample size. Furthermore, with our methodology there is no need to choose a lag order, to
smooth the data or to formulate a parametric alternative. Our approach could be extended to
specification testing of the conditional mean of possibly nonlinear models. The asymptotic null
distribution of our test depends on the data generating process, so a bootstrap procedure is
proposed and theoretically justified. Our bootstrap test is robust to higher order dependence, in
particular to conditional heteroskedasticity. A Monte Carlo study examines the finite sample
performance of our test and shows that it is more powerful than some competing tests. Finally, an
application to the S&P 500 stock index and exchange rates highlights the merits of our approach.
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1. Introduction

The concept of martingale or martingale difference sequence (MDS) is central in
many areas of economics and finance. Many economic theories in a dynamic
context, such as the market efficiency hypothesis, rational expectations or optimal
consumption smoothing deliver such dependence restrictions on the underlying
economic variables, see e.g. Hall (1978) or Lo (1997). The martingale difference
hypothesis (MDH) states that the best predictor, in the sense of least mean square
error, of the future values of a time series given the current information set is just the
unconditional expectation. Hence, past information does not help to improve the
forecast of future values of a MDS. More formally, given a real valued stationary
time series {Y,}7°__,, we tackle the problem of testing that almost surely (a.s)

E[Y|Y1,Yi0..] u peR. (1)

In the literature there have been several proposals for testing the MDH, some of
them using a spectral approach which has been shown useful in studying serial
dependence, see e.g. Hong (1999), Paparoditis (2000) or Delgado et al. (2004) for
recent references. Durlauf (1991) proposed a spectral distribution based test using
the fact that, under the MDH, the standardized spectral distribution function is a
straight line. Deo (2000) has extended Durlauf’s (1991) test to allow for some types
of conditional heteroskedasticity. However, these tests are suitable for testing lack of
correlation but not for the MDH. In fact, they are not consistent against non
martingale difference sequences with zero autocorrelations, that is, when only
nonlinear dependence is present (for instance, see in Section 5 the NLMA process).
The inconsistency of these tests arises because they only employ information
contained in the second moments of the process, which in the case of nonlinear
dependence can not completely characterize the conditional mean. The objective of
this paper is to develop a test that can overcome this difficulty, that is, a test
consistent against a large class of uncorrelated non martingale processes.

One way to circumvent this problem is to take into account higher moments, for
instance the third order cumulants used in Hinich and Patterson (1992), but again
this test is not consistent against non martingale difference sequences with zero third
order cumulants.

We use instead an alternative methodology based on the following equivalence

principle. Let I, {Y,,Y,_y,...} and &, be the information set at time ¢ and the o
field generated by I,, respectively. Then,
E[Yl 1] was, peR < E[(Y, wwd, )] O @)

for any bounded #,_; measurable weighting function w(-). Consistent tests can be
based on the discrepancy of the sample analog of E[(Y; u)w(I;_1)] to zero.

The problem of testing over all possible weighting functions can be reduced to
testing the orthogonality condition over a parametric family of functions, see
Stinchcombe and White (1998). However, how to choose this family is not an easy
problem. In the specification testing literature several tests have been proposed using
this approach. The exponential function has been considered in Bierens (1984, 1990),



de Jong (1996), Bierens and Ploberger (1997) or Hong (1999a, b), among others. On
the other hand, indicator functions have been used in Stute (1997), Koul and Stute
(1999), Park and Whang (1999), Whang (2000) or Dominguez and Lobato (2003).
Although much effort has been devoted to testing with these families, none of the
above papers has compared both approaches because the different properties of the
weighting function usually demand alternative technical frameworks.

Among all the tests based on the equivalence (2), only de Jong (1996) considers the
case in which the conditioning variable /,_; is infinite dimensional. de Jong (1996)
generalized Bierens’ tests to time series, and although this test has the appealing
property of considering an increasing number of lags as the sample size increases, it
requires numerical integration with dimension equal to the sample size, which makes
this test unfeasible in applications where the sample size is usually large, e.g. financial
applications.

Our approach has its foundations in a series of works due to Hong (1999a, b).
Hong (1999a) introduces a generalized spectral density as a new tool for testing
interesting hypotheses in a nonlinear time series framework. In particular, among
other tests, Hong (1999a) proposed a MDH test using a smoothed kernel estimator
of a generalized spectral density with standard normal asymptotic distribution.
Hong’s (1999a) MDH test has the appealing property of being asymptotic
distribution free, but also presents the serious drawback that the asymptotic null
distribution is only obtained under independence. Recently, Hong and Lee (2003,
2005) have extended Hong’s (1999a) MDH test to a class of processes which may
display conditional dependence in second and higher moments. The main differences
between our test and the MDH test of Hong and Lee (2003, 2005) are threefold.
First, we do not assume any asymptotic independence under the null of MDH and
we only assume finite variance. The fourth moment necessary in Hong and Lee
(2003, 2005) may look restrictive. It rules out many empirically relevant GARCH
processes whose fourth moments are often found to be infinite. Second, our test does
not depend on a kernel and a bandwidth parameter but is based on a generalized
spectral distribution instead of a generalized spectral density function. And third,
under dependence the asymptotic null distribution of our test depends on the data
generating process (DGP) and is no longer standard. Hence a bootstrap approach
will be considered and justified theoretically.

Our test is more in the spirit of Hong’s (1999b) test, which is based on a
generalized spectral distribution function. In fact, our test can be derived by
appropriately differentiating this generalized spectral distribution. Note that Hong’s
(1999D) test is a test for serial independence, and not a proper test for the MDH. In
fact, his test is not valid in the presence of conditional heteroskedasticity, e.g. for
ARCH models which are MDS but dependent processes. Our approach synthesizes
the approaches of Hong (1999b) and Deo (2000) allowing for serial dependence
under the null of MDH, in particular conditional heteroskedasticity and higher order
dependence.

A related work to our problem is Kuan and Lee (2003). These authors propose a
MDH test based on the exponential function with asymptotic %3 distribution. Unlike
other related papers, Kuan and Lee do not consider a “functional space” approach,
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because they first integrate the auxiliary parameter and afterwards consider a norm,
consequently the omnibus property is lost. As a matter of fact, it is not difficult to
show that their test is equivalent to check for correlation (lack thereof) between Y,
and a unique function w(-) in (2), say wy(-), so eventually their test has power only
against some particular alternatives, more specifically those correlated with the
function wy(-). These limitations are confirmed in our simulations.

The layout of the article is as follows, in Section 2 we propose the test and in
Section 3 we study its asymptotic distribution under the null and under fixed and
local alternatives. In Section 4 we propose and justify a bootstrap approach. In
Section 5 we provide a simulation exercise comparing among different MDH tests
proposed in the literature and we apply our methodology to the daily S&P 500 stock
index and some exchange rates returns. We finish in Section 6 with further research
and some conclusions. All proofs are gathered in an appendix. Throughout, |4|, AT
and A° denote the usual Euclidean norm, the matrix transpose and the complex
conjugate, respectively, i +/ 1 and unless indicated all limits are taken as the
sample size n —o00. Here and in the sequel C is a generic constant that may change
from one expression to another.

2. The generalized spectral martingale test

Given raw data {Y,}7 | we are interested in testing the hypothesis (1),

Hg: {Y,}is a MDS.

Alternatively, one may test the hypotheses E[Y,|Y,_1, Y, »,...,Y,_p] u with P
tending to infinite with the sample size, but this approach brings some problems up,
especially from a practical point of view as can be seen in de Jong’s (1996) test which
involves P dimensional integration. We could also consider P fixed, as in Koul and
Stute (1999), Park and Whang (1999), Kuan and Lee (2003) or Dominguez and
Lobato (2003), but this is unsatisfactory from a theoretical point of view because
there could be structure in the conditional mean at omitted lags. Often, the maximum
power is achieved by using the correct lag order of the alternative. However, prior
information on the conditional mean structure is usually not available. We consider a
pairwise approach that takes into account all lags available in the sample and at the
same time avoids high dimensional integration, delivering a test easy to compute.
There is a price to pay for the computational feasibility, the omnibus property of the
test procedure is lost. Our pairwise approach represents a good compromise between
generality and simplicity, leading to a test that is consistent against a broad class of
alternatives. More specifically, it is consistent against all pairwise alternatives,
including most empirically relevant models. Extensions to higher order dependence
are possible and are considered in the final section.

Our proposal for testing the MDH consists in checking all the pairwise
implications of (1), namely, our null hypothesis is now

Ho:mj(y) 0 Vj=1, as, 3)



where m;(y) E[Y, pulY,—; ] as. are the pairwise regression functions. The
alternative is the negation of the null (3), i.e.,

H, : there exists a j>1 such that P(m;(Y,_;)#0)>0.
To this end, the conditional mean dependence measures
px)  EI(Y, e,

can be viewed as a generalization of the usual autocovariances to measure the
conditional mean dependence in a nonlinear time series framework. We use the
following characterization of the null hypothesis (3), see Theorem 1 in Bierens
(1982),

Hoe=y;(x) 0 Vj>1, almost everywhere (a.e.). “4)
The sample counterpart of 7,(x) based on a sample {Y,}} | is
1 & — !
T ——=> (Y, Y, e,
"I

with

_ 1 n
Y. >y
moJT
Define y_,(-)  7,() for j>1, and consider the Fourier transform of the functions
7;(x),
[o°]

> 3V Yoel mal xeR. (5)

Jj —oo

Notice that f(w, x) exists if

S 5

00
sup Y [7,(x)| <00,
xeR F—
which holds under a proper mixing condition. To test the serial independence
between Y, and Y,_; Hong (1999a) proposed the measures

0j(n,x)  cov(@ e ) op(n,x) (),

where ¢;(y,x) is the joint characteristic function of (Y, Y,—;) and ¢(y) is the
marginal characteristic function. He considered the Fourier transform of o;(y, x)

o0

1 i 2
9(@, y,x) E,Z;o 0j(y,x)e” Vw e[ mml,(y,x) € R,
as a generalized spectral density function. Hong (1999a) used kernel estimators of
g(w, y,x) and its derivatives to test relevant hypotheses in time series. In particular,

he showed that the standard spectral density can be derived by properly
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differentiating the generalized spectral density. Note that by similar arguments

Ooi(y, x .
809 ), (©)
S N
and then
0 A .
w if (o, %), 7
vl o

which relates the generalized spectral density of Hong (1999a) with the generalized
spectral density f(w,x). The introduction of the auxiliary parameters y and x,
renders to g(z, y, x) be able to capture all pairwise dependencies. The same argument
shows that f(c, x) is able to capture pairwise non martingale difference alternatives
with zero autocorrelations. Furthermore, the conventional spectral density function
can be obtained under finite variance by differentiating f(ww, x) with respect to x at
the origin, or equivalently by differentiating g(zo, y, x) with respect y and x at (0,0),
see Hong (1999a) for details. The generalized spectral density f(c, x) contains the
same information about the null hypothesis Hy as the whole sequence {y_,-(x)}foo. In
particular, the null hypothesis (3) is equivalent to fy(w,x) (2m)~'y,(x). Hong
(1999a) proposed the estimators

. 1 =l Ul 1/2 N\ L
f@x) - (1ﬂk@www
2n, Zn:+1 n ’
and

-~ 1 ~

Sfo(@, x) Ero(x)

to test the MDH, where k(-) is a symmetric kernel and p a bandwidth parameter. He
considered a standardization of a L, distance using a weighting function W(-)

L2() g /[Rz ’ 1 nf(@,x)  folw,x)2W(dx)dw

n—1 .
ZmM@AWWW) ®)
J

The centering and scaling factors in the standardization of L3(p) to obtain an
asymptotic standard normal null distribution depend on the higher dependence
structure between the errors and the regressors and are given in Hong and Lee (2003,
2005). Instead of considering kernel estimation as in Hong (1999a), we propose to
use a generalized spectral distribution function

H(,x) 2 / f(w,x)dw Vie[0,1]xeR,
0



that is

sin ]n)

H(Z,x) 9002 +2 Z () ©)

which is related via (7) with the generalized spectral distribution considered in Hong
(1999b) to test for serial independence. The new test is based on the sample analogue
of (9),

n—1 .
HGox) Fo0i+2Y (1 1) T )sm]m
J1

with (1 j/n)l/2 a finite sample correction factor as in Hong (1999a). The effect of
this correction factor is to put less weight on very large lags, for which we have less
sample information. The test with this factor shows a better finite sample
performance, specially in terms of the empirical power of the test. It has no effect
on the asymptotic distribution and can be deleted without changing the asymptotic
theory. Because (3) is equivalent to H(4,x)  yy(x)4, consistent tests can be based on
the discrepancy between H()L, x) and Ho() X): Po(x)A. That is, we consider the
process

) m /2 P il e A/2sinjmA
S0 (3) G HGoor Yoo 950 Y o)
2 = jn
to test Hy.
Durlauf (1991) proposed a MDH test based on the usual standardized spectral
distribution function, that is, a standardization of

DUR(2) an/% m’ (11)

where 7}, is the usual sample autocovariance at lag j. The process S,(Z,x) can be
viewed as a generalization of the process used in Durlauf (1991). To see this, fix the
sample and consider the formal Taylor expansion of y;(x) around x 0,

. <k xk
B Y e (12)
k1 :
where
ik Z(Y, Y )YE,
H—j

Hence, substituting (12) into (10) yields

oo n—1
X ik xk /2 sin jr),
Sihx) Y3 (13)
K171 JT



It can be seen from (13) that S, (4, x) can be expressed as an infinite order polynomial
in x, where the linear term, i.e. the term corresponding to &k 1, is

n—1

- \/2811’1]71%
le(n T ,

which is equal to ixDUR(A) except for the use of (n ])1/2 and Y,_; instead of n'/?

and the usual sample mean Y, IZ, Y, respectively. Note that S,(4, x) takes
into account all the infinite terms in k in (13). For instance, the coefficient of the
second term in (13) is a measure of the linear dependence between Y, and Y ,, that
is, the so called ARCH in mean effects. Therefore, S,(4,x) uses the dependence
measures 7 for all values of j and k whereas DUR(/) only considers the case k1.

In order to evaluate the distance of S,(4, x) to zero, a norm has to be chosen. One
norm considered in practice is the Cramér von Mises norm

n—1

/ / SGIPWENGE S ) .71[)2 /R FEOPWEY, (14

where W (-) is a weighting function satisfying some mild conditions (seee Assumption A2
below). Our generalized spectral martingale test rejects the null hypothesis (3) for large
values of D2. Notice that D2 uses all the n 1 lags contained in the sample, so we have
not to choose any lag order parameter. Note the similarity between (8) and (14). L%(p)
and Dﬁ differ only in the weighting scheme. The optimal weighting scheme depends on
the alternative at hand. L3(p) involves the choice of a kernel and smoothing parameter
and although the inferences could be sensitive to these choices, smoothing may give more
flexibility in directing the power towards some desired directions. On the other hand, Dﬁ
has the attractive convenience of being free of choosing any smoothing parameter or
kernel. Therefore, Dﬁ should be viewed as not competing but as a complement to L%(p).

3. Asymptotic theory

In this section, we first establish the null limit distribution of the process S, (4, x).
Letny (4,x)eIl [0,1]x( o00,00) and v the product measure of W(-) and the
Lebesgue measure on [0, 1], i.e. dv(n) = dv(4,x)  W(dx)dA. Then, we can consider
the process S,(17) = S,(4, x) as a random element in the Hilbert space L,(I1,v) of all
square integrable functions (with respect to the measure v) with the inner product

{.9) / S (g () dv(n) / S (2, x)g(2, x)W(dx) d.
JII 1

Lo(I1,v) is endowed with the natural Borel o field induced by the norm
IflIl - (f./)"2, see Chapter VI in Parthasarathy (1967) for convergence results on
Hilbert spaces. For recent applications in the econometrics literature see Politis and
Romano (1994), Chen and White (1996, 1998) or Chen and Fan (1999). If Z is a
L>(I1,v) valued random element and has probability distribution u,, we say that Z
has mean m if E[(Z,h)]  (m, h) Vh € Ly(I1,v). If E||Z||> <00 and Z has zero mean,
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then, the covariance operator of Z (or uy), Cz(-) say, is a continuous, linear,
symmetric, positive definite operator from L,(I1,v) to Ly(I1,v) defined by

C(h) E[Z,hZ].

An operator s on a Hilbert space is called nuclear if it can be represented as
s(h) Z;’Olli(h,f/)f/, where {f;} is an orthonormal basis of the Hilbert space and {/;}

is a real sequence such that E;"’l |l;] < oo. It is easy to show, see e.g. Bosq (2000), that

the covariance operator Cz(-) is a nuclear operator provided that E|Z||><oco. Let
= denote weak convergence in the Hilbert space L,(I1, v) endowed with the norm
metric. To derive the asymptotic theory we consider the following assumptions.

Assumption Al. Al(a): {Y,} is a strictly stationary and ergodic process.
Al(b): E|Y ><C.

Assumption A2. W is a probability measure on R, absolutely continuous with
respect to Lebesgue measure.

Note that Assumption Al(a) is mild, in particular it allows us to consider
conditional heteroskedastic processes. A1(b) only assumes finite variance in contrast
with the eighth moment necessary in Durlauf (1991) and Deo (2000) or the fourth
moment in Hong and Lee (2003, 2005).

The choice of the weighting function W(-) has implications on the power
performance of the test. The optimal choice of W(-) depends on the true alternative
at hand. Also, it can be shown (cf. Neuhaus, 1976) that the directions of maximum
power of the test depend on the inner product considered in L,(II,v), which at the
same time depends basically on the function W (-). But on the other hand, because an
analytic characteristic function is determined in a neighborhood of the origin, it
appears that the most relevant point is the behaviour of W(-) at the origin. Here,
following Epps and Pulley (1983) three considerations influence the choice of W (-).
The first is that it should assign high weight where [y,(x)| is large under the
alternative. The second is that (-) should give high weight where the statistics ?j(x)
are precise estimators. It can be shown that this precision is greatest near the origin.
A final practical consideration is that, the choice of W(-) should be such that Dﬁ has
a closed form, examples of these weighting functions are the normal or exponential
cumulative distribution functions (cdf.). For instance, in the exponential case with
parameter f3, as in Kuan and Lee (2003), we have that

o — 1+B(Y,; Y, )
D2 Y, Y. )Y, Y, J 2
! le(n & (jm )2 t;I A;l( X 4 L+ p(Y Yo

For some discussion about the choice of f# see Kuan and Lee (2003). On the other
hand, if we take W(-) as the cdf. of a standard normal random variable, then

n—1
D, > D Gep Z Z (Y Y)Y Yajpexp( 0.5(Yi; Y, )
J1

tj+l s j+1

(15)



These choices of W (-) avoid numerical integration in the computation of Dﬁ. In any
case, any W(-) satisfying A2 will deliver a consistent test against all pairwise
alternatives. Some simulations in Hong (1999a) confirm that the power results for
similar tests to Dﬁ are not too sensitive to the choice of W(-). It can be shown that the
choice of W(-) is similar to the choice of the kernel function in non parametric
smoothing, see Fan and Li (2000). Finally, note that unbounded support of W(-) is
generally necessary because the characteristic functions of two different distributions
may coincide on a finite interval. However, when Y, is bounded, any continuous
W (-) with a bounded support containing the origin will ensure consistency against all
pairwise non MDS alternatives.

3.1. Asymptotic null distribution

Using a martingale central limit theorem it can be shown, see the proof of
Theorem 1, that the finite dimensional projections (S,,4), with h e Ly(I1,v),
converge in distribution under (1) and Assumptions A1 A2 to a Gaussian random
variable with zero mean and asymptotic variance

o DY E(Y w’ /n BRG0P (X d () vl
Jlk1 x
(16)
where ¢,(x): exp(ixY,) o(x), ¥;(4): (V2sinjnl)/jm,n  (ALx)and ' (X,X).
The next result extends the convergence of the finite dimensional projections to
weak convergence on the Hilbert space L,(I1,v).

Theorem 1. Under Assumptions A1, A2 and (1), the process S,(n) converges weakly to
S(n) on the Hilbert space L,(I1,v), where S(n) is a Gaussian process with zero mean
and covariance operator satisfying Ji (Cs(h), h), where U% is given in (16).

The next corollary is a simple consequence of the Continuous Mapping Theorem,
see e.g. Billingsley’s (1968) Theorem 5.1, and our Theorem 1.

Corollary 1. Under the Assumptions of Theorem 1,
1
0> & p / / 1502, X)W (dx) d.
R Jo

To study the properties of D>, let /; and ; be the solutions of the eigenvalue
problem Cg(y;) /;. Because Cg(-) is a nuclear operator, we have that {/;, ;}{°, is
a complete sequence of eigenelements of it, i.e. {/;}{°, are real valued and positive,
and the corresponding eigenfunctions {y,}7°, form a complete orthonormal basis for
Ly(I1,v). Hence any Ly(I1,v) valued random element has a Fourier expansion in
terms of {i,;}?°,. In particular, we have the expansions (in distribution)

Sun) D> Ve,
il

10



Sy Y Ve ),
il
where

6 “/mwmm
and
%lﬂ/mwmwm
I

Note that by Theorem 1 {¢;}{°, are i.i.d. N(0, 1) random variables and {e,;}{°, are at
least uncorrelated with unit variance. Then, by Parseval’s identity

1 [ee)
2 . i 2
AANWW)EW%- (17)

Therefore, the asymptotic distribution of Dﬁ can be expressed as a weighted sum of
independent y? random variables with weights (/;) depending on the DGP. The
principal components {g;}7°, are involved in the directions of maximum power of
D2, see Neuhaus (1976).

3.2. Consistency

The consistency properties of the generalized spectral martingale test based on
rejecting Hy for large values of D,zl are stated in the following theorems.

Theorem 2. Under Assumptions Al and A2,

—w—»zo)/wwmmm

Under the alternative H,4 there exists at least one j>1 such that y;(x)#0 for some
subset of R with positive Lebesgue measure, cf. Theorem 1 in Bierens (1982). Then,
since W(-) is absolutely continuous with respect to Lebesgue measure, the test will be
consistent because

n—1
> P /R Iy, (X)* W (dx) > 0.
1

That is, the test is consistent against all pairwise alternatives of the null (3), a
property not attainable by the tests of Durlauf (1991), Deo (2000), Dominguez and
Lobato (2003) and Kuan and Lee (2003). Note however, that there could exist non
MDS such that y,(x) 0, ¥j>1, and our test will be not able to detect such
alternatives that are not included by definition in H,. An example of such
alternatives is Y,  &-_1&-3 + &, where g~i.i.d N(0, 1). It is interesting to formally
characterize the class of non MDS that do not satisfy H,, but this is beyond the
scope of this paper.
11



To gain some insights in the consistency properties of the test, next theorem shows
the behaviour of S, () under a sequence of alternative hypotheses tending to the null

at the parametric rate n~'/2. Consider the non parametric local alternatives,
H, E[Y, wZ.] 2, as., (18)
Jn

where the sequence {g,} satisfies the following assumption.

Assumption A3. {g,} is measurable with respect to I,_y (¥ ;-1 measurable), zero mean,
strictly stationary, ergodic and square integrable sequence such that there exists a j =1
with E[g,|Y,—;]1#0 with positive probability.

Theorem 3. Under the sequence of alternative hypothesis (18) satisfying A3 and
Assumptions Al and A2

Su(n) =S + Gn),

where S(n) is the process defined in Theorem 1 and G(n) is the deterministic function
, ad V2 sin jnl
GO.x) Y ) ————,
i1 I

where p(x): E[g, exp(ixY,;)].

Under the local alternatives H,, and using A3, there exists at least one j>1 such
that uj(x);éo in a set of positive measure, and therefore

> oy = [ erwia>o.

Then, Dﬁ can detect all pairwise alternatives (18) satisfying A3 that converge to the
null (3) at the parametric rate n~'/2, a property which does not hold for those MDH
tests based on smoothing approaches, e.g. Hong and Lee (2003, 2005).

Again, the next corollary is an immediate consequence of the Continuous
Mapping Theorem and Theorem 3.

Corollary 2. Under the local alternatives (18) and Assumptions Al, A2 and A3,
2 d 2
D2 % [ 15+ Goor .
i
It is easy to show that
[ 1500+ GPavn > te+ /17
1 il

where ¢;, I; and y; are as before, and {r;};°, are the Fourier coefficients of G(y),
that is

1
u LV /R /0 GO () dv(n).

12



Now, we consider the “large” local alternatives

HY (0 ELY, wZia] % as, (19)
; Jn
with g, verifying A3 and E[g?] 1. Define the true error u,: ¥, E[Y,|#, 1] and
assume that E[u?|#,_;] ¢ a.s. Then, from Theorem 4 of Bierens and Ploberger
(1997) we obtain the following result related with the rate of the asymptotic power
function of the generalized spectral martingale test,

Hgsm(c):  lim Pr(Dﬁ rejects HolHﬁ’n(c)).

Corollary 3. Under the sequence of alternative hypothesis (19) and Assumptions Al,
A2 and A3, we have for any positive constant K,

1
lim ¢ In Pr(D? (¢)<K) .

c—>00 2

If the test has non trivial local power, then ITgsm(c) approaches 1 at an exponential
rate as ¢ —o0. This result is even stronger if it is compared with the ¢ statistic for
0 0 in the following regression:

Y, ﬂ+5g;k+vt,

where g is some “guess” of g, which is assumed to satisfy A3 and E[g*?] 1. If
p  Corr(g,, g7) and I1,(c): lim,_—, o Pr(z test rejects HolH';m(c)), then it is proved in
Theorem 5 of Bierens and Ploberger (1997) that

2
lim 2In(1 () 2.

c—>00 2
This result implies that if the correlation coefficient p involved is not equal to 1 or
1, then there exists a ¢y such that ITgsm(c) > I1,(c) for ¢> ¢, that is, as long as the
correlation between gy and g, is not perfect, our test is more powerful than the 7 test

uniformly for large ¢’s.

We end this section by proving an optimality power property of our test that can

be derived under the following assumption.
Assumption Ad. The true error is conditionally Gaussian, i.e., u,|F ,_;~N(0, 62).

Note that Assumption A4 does not imply that Y, is Gaussian. For alternatives for
which Y, is non Gaussian, it is expected that our generalized spectral martingale
tests will be more powerful than correlation based tests as confirmed in our
simulations. The next result, which follows from Theorem 6 of Bierens and Ploberger
(1997), ensures that there does not exist a test uniformly more powerful than our test
against all local alternatives satisfying A3.

Corollary 4. Under Assumptions Al A4 the generalized spectral martingale test is
asymptotically admissible, that is, there does not exist a test that is uniformly more
powerful than the generalized spectral martingale test against all local alternatives (18)
satisfying A3.
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4. The bootstrap test

The asymptotic distribution of the generalized spectral martingale test statistic can
be expressed as that of a weighted sum of independent y? random variables and,
although the weights depend on the DGP, they can be approximated by various
methods. A simple multiple y* approximation is due to Satterthwaite (1941, 1946).
Under independence this approximation might be accurate, see Kock and Yang
(1986) for an application. However, in the present context and under the null of
MDS, the asymptotic distribution of S,(#) depends, in general, on the DGP in a very
complicated way, and the same problem arises with the asymptotic distribution of
the corresponding norm D2

One possibility to solve this problem is to estimate the distribution of S,(17) by
that of

n—1 .
s 2 )
Six) > D) V2sinjmi.
= T
J1 J
with

n
T —— S Vb w,
oy
where a,ii(x) eXrii j)flzf 1 +je“’Y' /and {w,} is a sequence of independent
random variables with zero mean, unit variance, bounded support and also independent
of the sequence {Y,} ;. This procedure is similar to the wild bootstrap used in Wu
(1986), Liu (1988) or Mammen (1993). Also, our bootstrap approximation is related to
the fixed design wild bootstrap for a constant model (E[Y,|1,_1] p), see e.g. Goncalves
and Kilian (2004). Examples of {w,} sequences are i.i.d. Bernoulli variates with

Pw, 051 ~/5)  (1++/5)/2V5, (20)

and

Pw, 05(1++5) 1 (14++/5)/2V5, 1)

used in e.g. Mammen (1993), Stute et al. (1998) or more recently in Li et al. (2003), or
P(w, 1) 0.5 and P(w, 1) 0.5 asin Liu (1988) or de Jong (1996), for other
sequences see Mammen (1993). Note that the third moment of w, in those cases is
equal to 1, and hence the first three moments of the bootstrap series coincide with the
three moments of the original series. These properties have implications on the
second order asymptotic properties of the bootstrap approximation, see Liu (1988).
Next theorem shows the validity of the bootstrap and allows us to approximate the
critical values of the test.

Theorem 4. Assume Al and A2, then under the null hypothesis (1), under any fixed
alternative hypothesis or under the local alternatives (18)

Si) =S, a.s. in Ly(I1,v),

14



where S(n) is the process defined in Theorem 1 and = a.s. denote weak convergence
almost surely under the bootstrap law, that is, if the Sample is y,,

Pu(L (S, (7,), L(SM)) — 0 as. asn —o0

where L(Sy(n)|y,) stands for the law of S;(n) given the sample, and p,, is any metric
which metricizes weak convergence in L,(Il,v), see Politis and Romano (1994).

Therefore, we can approximate the asymptotic distribution of the process S,(1) by
that of S7(i). In particular, we can simulate the critical values for the test statistic D>
by the following algorithm:

. Calculate the test statistic D> with the original sample {¥,}" .

. Generate {w;}7 |, a sequence of independent random variables with zero mean,
unit variance and bounded support and independent of the sample {Y,}} .

. Compute ?t/.*(x) forj 1,...,n 1, with {w,}} |. Then, compute S} (n) and D:z.

4. Repeat steps 2 and 3 B times and compute the empirical (I ~ «)th sample quantile

of D,’;z with the B values, D,’;z say. The proposed test rejects the null hypothesis at

4

DO —

(95)

the significance level « if D? >Djfx.

Note that given the result obtained in Theorem 4, the proposed bootstrap test has
a correct asymptotic level, is consistent and is able to detect alternatives tending to
the null at the parametric rate n~'/2.

5. Empirical evidence

In order to examine the finite sample performance of the proposed test we carry
out a simulation experiment with some DGP under the null and under the
alternative. We compare our test with those of Deo (2000), Dominguez and Lobato
(2003), Hong and Lee (2003, 2005) and Kuan and Lee (2003). We briefly describe
them to clarify our simulation setup.

To compute D?, we choose the standard normal cdf. as the weighting function
W(-), then Dﬁ simplifies to (15). In the simulations we standardize Dﬁ by

JERD I ~
Ca - Sy T
t 1
Hong and Lee (2003, 2005) have proposed recently a diagnostic test for the adequacy
of a parametric conditional mean under possible conditional heteroskedasticity. This

test can be adapted as a MDH test by taking as the residuals {&; = Y, Y,}’ |. They
consider the test statistic

HLG) [20) GOV Do, (22)
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where now L%(p) is given by

n—1 .
2oy Yo (ﬁ) /R &P W (dx).

i

with

. 1 < v\
O'j(x) I’l— Z (Yt Yn)lpt—j(x)
rl4

and Y,(x) exp(x(Y, Y,) @(x), and §(x) n=13" exp(ix(Y, Y,)). The
centering and scaling factors are, respectively,

n—1 . n
G S j)”kz(i) S T [ e
i

t j+1

b L))
X/R

Under some assumptions and the null of MDH they showed that HL,(p) converges
to a standard normal random variable. For the simulations we use again the cdf. of
standard normal random variable as the integrating function W and the Daniell
kernel k(z)  sin(nz)/(nz) as in the simulations of Hong and Lee (2003, 2005). For
the values of the bandwidth we consider p 2,6 and 10. For the empirical level of
the HL,(p) test we consider in the simulations the asymptotic critical values and for
the power we consider the empirical critical values obtained under 5000 simulations
of model 1 (IID) below.

Dominguez and Lobato (2003) have proposed a generalization of Koul and Stute
(1999) for a fixed number of lags P, P>1. We denote by CvMp and KSp their
Cramér von Mises and Kolmogorov Smirnov statistics, respectively. Their tests
statistics are

and

2

LS P00 W Wy,

n rnax(], 1) t max(j,/)+1

CvMp: =~ 22 Z(Y, Y)Y p<Y;p)

KSp: max

1<i<n

a\/nZ(Y[ Y)I( ?Z,Pg ?i,P) s

where YZ,P (Y,-1,...,Y,_p) are the P lagged values of the series. They also
considered a wild bootstrap approach. In the simulations we consider the values
P 1,2 and 3, although only P 1 and 3 are reported.
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Deo (2000) considers a corrected version of Durlauf’s (1991) test to take into
account some kinds of conditional heteroskedasticity. The corrected version of the
test statistic is

n—1 ) 1 2
DURC: a; | —
URC jzlna] (Jn) s
where
\ ~1/2
ay: ﬁ,{(n NI YA YD)
{1ty

and

/p\j: (}’l ]‘)71 Z (Yt 7n)(Yt—j 7;1)~

t 1+

We have considered the factor (n j)™! in p; instead of n~! used in Deo (2000) as in
the definition of Di, Note that we do not consider a kernel or weighting function in
DURC. Under the null hypothesis of MDS and some additional assumptions (see
Deo, 2000),

.1
DURC “_>/ BX(1)dt as n — o0,
0

where B(?) is the standard Brownian bridge on [0,1]. The 10%, 5% and 1%
asymptotic critical values are obtained from Shorack and Wellner (1986, p. 147) and
are 0.347, 0.461 and 0.743, respectively. We have also used in the simulations
bootstrap critical values. Since the results do not differ substantially we only report
the results based on the asymptotic critical values.

Recently, Kuan and Lee (2003) have proposed a MDH test related to the
characteristic function which is robust to conditional heteroskedasticity and with
asymptotic x5 distribution. Their test statistic is

n P

2 0
Ocg%.g Oesyg

2 552 ~2 5552 ~2 2
[0, ¥y T,y 200,Y.

—2
KLp: 5,9 esg ey W-v,g]’

where forj ¢,s

. ] n .
" > WY, Yop),
n Pt P+1

n

1 -
~2 2
Ojgt 7 P Z g{/,g( Y., Y.p),

t P+l
2 1 n _ ~
Codt TP ,;1 Veo(Yi Yir)¥ug(Ye Yep),
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and

V. (Y, Yip): Y, / " cos(x Y, p)g(x)dx,
R

P (Y, Y.p): Y, / N sin(x” Y, p)g(x) dx.
R

Kuan and Lee (2003) assume that 4 0 and a fixed number of lags in the
conditioning set, P say. Instead of consider a norm as in Dﬁ, they first integrate with
respect to x with the weight function g(x), which plays the same role as our W(dx),
and consider a norm on the sample means ¥, They supply formulae for
V(Y 17,,;)) using a multivariate exponential density function g(x), see Kuan and
Lee (2003, p. 9). We choose in the simulations as g(-) the density of the multivariate
exponential distribution with parameter B (I ,Yf)fl/ 2, see Kuan and Lee
(2003) for details. We consider P 1 and 3.

In the sequel ¢, and u, are independent sequences of i.i.d. N(0, 1). The models used
in the simulations include first three MDS:

1. Independent and identically distributed N(0, 1) variates (IID).

2. GARCH(1,1) processes, Y, ¢a;, with o'f 0.001 + och_l + ﬂaf_l, and the
following combinations for (a, 5): (0.01, 0.97), (0.09, 0.89) and (0.09, 0.90). We
denote these processes by GARCHI1, GARCH2 and GARCH3, respectively.

3. Stochastic volatility model (SV), Y, ¢,exp(a;), with o,  0.9360,_; + 0.32.

And the following non martingale difference sequences:

4. Non linear moving average model (NLMA): Y, ¢&_1&-2(g—2 + & + 1).

5. Bilinear Processes: Y, & +big—1Y,—1 + byg_1Y,—», with parameter values
(b1,b7): (0.15,0.05) and (0.25,0.15). We call these processes BIL I and BIL II,
respectively.

6. Fractional integrated model ARFIMA(0, d,0), that is, (1 L)d Y, &, withd
0.3 and where L is the usual back shift operator, i.e. LY, Y, ;.

7. The sum of a white noise and the first difference of a stationary autoregressive
process of order one (NDAR):

Y. e+X, X,

X, 085X, +u,.

8. Threshold autoregressive model of order one (TAR(1)):
Y, 05Y,1+¢&if Yiy=1 and Y, 04Y,+¢if Y,oi<l.

9. First order exponential autoregressive model (EXP(1)): Y, 0.6Y,
exp( 0.5Yf_1)+s,.
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Models 1, 2, 4 and 5 are used in Dominguez and Lobato (2003). Models 3, 6 and 7
are used in Deo (2000), while models 8 and 9 are used in Hong (1999b). Models 1, 2,
5 and 8 are also considered in Kuan and Lee (2003). As was noted by Dominguez
and Lobato, the second and third GARCH models have unbounded eighth and sixth
moment, respectively. Note that Deo (2000) assumed a bounded eighth moment.
However, we conjecture that this assumption can be simplified by using a Hilbert
space approach similar to that considered in our test statistics.

We consider for the experiments under the null a sample size of = 100 and under
the alternative n 100 and 300, the number of Monte Carlo experiments is 1000 and
the number of bootstrap replications is B 300. We consider a nominal level of 5%,
the results with other nominal levels are similar. In all the replications 200 pre
sample data values were generated and discarded. Random numbers were generated
using IMSL ggnml subroutine. For the bootstrap, we employ a sequence {w,} of i.i.d.
Bernoulli variates given in (20) (21). The simulation program was written in Fortran
90 and run on a PC using a P 4 processor at 1,7 GHz. The computational time for
computing D,% and the bootstrap p value with B 300 at 10%, 5% and 1% levels,
for the NLMA model is 9" for n 100 and 4'10” for n ~ 300. Computational time
with other models were very similar.

In Table 1 we report the empirical rejections probabilities (RP) associated with the
models 1 3. The results for Dﬁ, HL,(p), CvMp, KSp, KLp and DURC show that the
empirical size properties of the tests are appropriate, although KL;3 shows some size
distortions for the SV model. From these results with the GARCH models we
conclude that Dﬁ is robust to thick tails.

In Tables 2 and 3 we report the empirical power against the models 4 9 for the
sample size n 100 and 300, respectively. The results show that for almost all
nonlinear alternatives D? has more empirical power than the other tests and
maintains good properties for linear models (ARFIMA). Hong and Lee (2003, 2005)
test HL,,(p) achieves its maximum empirical power at p 2 and is highly affected by
the choice of the bandwidth parameter p. The results for HL,(2) are comparable to

Table 1
Size of tests at 5%

n =100, B = 300 11D GARCHI GARCH2 GARCH3 SV
D? 48 52 54 5.1 59
HL,(2) 7.1 7.0 6.6 6.7 7.1
HL,(6) 5.0 54 5.2 5.6 5.0
HL,(10) 38 52 52 5.7 38
CvM, 46 46 5.5 5.6 53
KS, 53 5.1 48 6.3 46
CvM; 58 58 52 5.5 42
KS; 6.6 6.2 5.1 6.1 6.1
KL, 54 57 49 36 6.7
KL; 6.5 49 29 49 93
DURC 54 5.4 59 58 43
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Table 2
Power of tests at 5%

n =100 NLMA BIL-T BIL-II ARFIMA NDAR TAR(1) EXP(1)
D2 19.0 25.4 59.5 80.0 6.5 72.4 66.6
HL,(2) 10.2 24.9 51.5 75.1 5.6 71.8 64.3
HL,(6) 6.7 16.5 43.1 74.3 49 59.6 53.1
HL,(10) 4.8 14.4 34.7 70.1 4.5 50.2 443
CvM, 18.3 11.5 25.8 84.3 7.7 50.7 65.6
KS, 18.4 12.6 30.1 79.4 8.5 47.6 65.8
CvM; 6.4 5.4 11.0 73.5 6.5 15.0 26.5
KS; 7.4 8.7 14.1 69.5 7.6 20.8 30.7
KL, 12.5 59 13.0 66.5 2.7 42.6 49.4
KL; 10.2 5.8 7.3 353 7.4 16.0 14.0
DURC 53 6.3 11.3 87.6 7.2 19.5 49.5
Table 3

Power of tests at 5%

n =300 NLMA BIL-I BIL-II ARFIMA NDAR TAR(1) EXP(1)
D2 41.9 66.6 98.5 100.0 9.2 99.9 98.7
HL,(2) 333 58.4 96.3 96.5 6.0 99.6 99.0
HL,(6) 21.3 49.3 95.2 95.3 4.7 99.0 98.0
HL,(10) 18.3 45.0 91.3 91.5 7.0 98.7 96.6
CvM, 35.5 30.5 80.5 100.0 9.6 97.9 98.7
KS; 38.3 30.8 80.5 100.0 9.7 95.3 98.9
CvM; 14.2 9.4 27.2 99.8 4.6 47.6 72.6
KS; 24.2 11.0 45.4 99.8 4.6 63.6 84.8
KL, 21.8 8.4 41.6 99.0 2.6 92.2 98.0
KL; 13.4 8.2 12.6 91.8 7.4 46.6 40.6
DURC 6.4 7.2 21.2 100.0 9.0 51.5 93.8

those of D? except for the NLMA alternative. In the NLMA case DURC has no
power, as expected, because this NLMA process is uncorrelated. For the bilinear
cases, Dﬁ and HL,(2) have excellent empirical power whereas KLp and DURC have
low power. For the Deo’s (2000) model NDAR, all the test statistics have low
empirical power. For the TAR(1) and EXP(1) models D? has the highest empirical
power, followed by HL,(2). Note that CvMp and KSp are largely affected by the
curse of dimensionality for moderate values of P. In all cases Dfl outperforms KLp
for all alternatives considered and all values of P. This confirms that for all these
alternatives it can be much better to consider a pairwise than a joint approach as
taken in Dominguez and Lobato (2003) or Kuan and Lee (2003). In Table 3, we
show the empirical power with the sample size n  300. As was expected, all the
empirical powers increase and Di maintains its overall superiority. For complete
ness, we show in Fig. 1 the plots of simulated Wj(x)l2 forj 1 and for the models
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Fig. 1. Path of simulated [};(x)* for models NLMA, BIL-II, TAR(1) and EXP(1), respectively. The
number of observations is n = 300.

NLMA, BIL II, TAR(1) and EXP(1), respectively. The number of observations used
is n 300. These graphs can help to indicate how the W function “finds” the
dependence structure, putting high weigh in intervals close to the origin.

Now, we present applications of our generalized spectral martingale test to the
daily closed S&P 500 stock index and some exchange rates returns. We consider
three sample periods for the S&P 500 stock index, first from 2 January 1990 until 31
December 1993, the second period from 3 January 1994 until 31 December 1997 and
third from 2 January 1998 until 28 August 2002. With a total of 1013, 1011 and 1170
observations, respectively. We consider the returns of the index obtained as the log
differences of the data. The implementation is as in the Monte Carlo simulations. To
facilitate interpretations we show the p values for the three periods in Table 4.

We observe that for the first period all the tests fail to reject the MDH, whereas in
the second period, although DURC finds no correlation in the data and CvM3, KS;3,
KL; and KLj fail to reject the MDH, our generalized spectral test statistic Dﬁ and
HL,(p) strongly reject the null hypothesis of MDS. Again, this shows the ability of
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Table 4
P-values for the S&P 500 stock index

1990 1993 1994 1997 1998 2002
D? 0.280 0.000 0.080
HL,(2) 0.097 0.000 0.327
HL,(6) 0.301 0.000 0.246
HL,(10) 0.347 0.000 0.415
CcvM, 0.300 0.004 0.156
KS; 0.390 0.006 0.194
CvM; 0.882 0.758 0.076
KS; 0.634 0.342 0.030
KL, 0.670 0.108 0.331
KL, 0.737 0.392 0.252
DURC 0.130 0.730 0.650

our test to detect possibly uncorrelated non martingale difference sequences. Note
that for the second period, CvMp, KSp deliver contradictory results for different
values of P, possibly due to the curse of dimensionality. For the third period, D,21 also
questions the MDH whereas HL,(p), KL, KL3, and DURC strongly support the
MDH.

We next examine the martingale properties of some exchange rates returns studied
previously by Fong and Ouliaris (1995) or Kuan and Lee (2003) among others. Also
recently, Hong and Lee (2003, 2005) have studied the MDH properties of a related
data set. Hong and Lee (2003, 2005) consider a wild bootstrap approximation for the
Hong’s (1999) MDH test. Although, they do not prove the theoretical validity of this
bootstrap approximation, our Theorem 4 can serve as a theoretical justification of
this resampling procedure. The data set consists in five 760 weekly exchange rate
returns on the Canadian Dollar (Can), the German Deutschmark (Dm), the French
Franc (Fr), the sterling Pound (£) and the Japanese Yen (¥), from August 14, 1974 to
March 29, 1989. The empirical results are reported in Table 5. Again, we use the
same implementation as in the Monte Carlo experiments and we show the empirical
p values. The results for the Canadian dollar are inconclusive with our test statistic
Di and contradictory with the statistics CvMp, KSp and KLp. HL,(p) clearly rejects
the MDH for all values of p. Also, DURC finds no correlation in Can at 5% level.
Our test D% rejects the MDH for all the remaining exchange rates returns at 5% level
and also at the 1% in Dm and ¥. Note that Fr and £ seem to be serially uncorrelated,
although they are not MDS. The test statistic HL,,(p) also rejects the MDH for these
exchange rates returns. Therefore, our new test statistic Dfl finds nonlinear
dependence in the conditional mean of these exchange rates, contrasting with earlier
studies which conclude that exchange rate changes are very nearly to be
unpredictable given past prices and in agreement with the results of Kuan and Lee
(2003) and Hong and Lee (2003, 2005). The nonlinearity in the conditional mean
suggest that additional effort has to be dedicated to investigate the form of such

nonlinearity in the conditional mean before modelling the conditional variance.
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Table 5
P-values for the exchange rates returns

n =760 Can Dm Fr £ ¥

D? 0.050 0.000 0.010 0.032 0.000
HL,(2) 0.001 0.000 0.000 0.008 0.000
HL,(6) 0.000 0.000 0.000 0.003 0.000
HL,(10) 0.000 0.000 0.000 0.016 0.000
CvM; 0.024 0.000 0.020 0.044 0.000
KS, 0.044 0.000 0.030 0.082 0.000
CvM; 0.122 0.006 0.086 0.056 0.000
KS; 0.378 0.002 0.080 0.252 0.004
KL, 0.000 0.005 0.033 0.114 0.002
KL; 0.1959 0.000 0.000 0.000 0.000
DURC 0.071 0.010 0.095 0.580 0.010

6. Conclusions and further extensions

In this article we have synthesized the approaches of Hong (1999a) and Durlauf
(1991) introducing a new test for the MDH which is based on a functional of the
difference between a generalized spectral distribution function under the null and
under the alternative. We extend Durlauf’s (1991) test which uses the second moment
information, in the sense that we our test uses all the information contained in the
pairwise regression functions. In fact, as was shown by Hong (1999a), Durlauf’s
(1991) test statistic can be obtained by differentiating our test statistic with respect to
the auxiliary parameter at the origin. The auxiliary parameter x, renders a test
statistic able to pick any pairwise alternative of the MDH. In particular, our test is
able to detect failures of the MDS assumption for processes that are uncorrelated, as
has been shown in the Monte Carlo simulations and the applications. The
asymptotic null distribution depends on the DGP and hence, we have proposed to
implement the test via a bootstrap procedure.

We have carried out an empirical comparison with the MDH tests of Deo (2000),
Dominguez and Lobato (2003), Hong and Lee (2003, 2005) and Kuan and Lee
(2003) and the results have shown that our test has for almost all nonlinear
alternatives more empirical power. Note also that our test avoids the choice of any
lag order or smoothing parameter and overcomes the problem of the curse of
dimensionality which may affect other tests, for instance Dominguez and Lobato’s
(2003) test when P is high or even moderate. These facts confirm that in practice it
could be better to consider a pairwise approach than a joint approach as in
Dominguez and Lobato (2003) or Kuan and Lee (2003). One obvious limitation of
our approach is that our test is not consistent against pairwise MDS which are non
MDS. To solve this problem one can apply the same methodology but considering as
the target the hypothesis

E[Y, WY ;Y j1,....Yj—pra] Oas. foralll<j<n P
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for P fixed. Let Xp  (x1,x2,...,xp) and 17,_/-p Yy, Yijo1,..., Yi_j_py1). Hence,
defining the measures

V/'(ff’) E[(Y, w eXp(ifc; )71/‘[’)],
we test

Ho:y(Gp) 0  Vj=1,XpeR"

Let np n P and mpp n j P+ 1. Proceeding in exactly the same way as
above, an extended test can be based on the statistic

np

nip\ /2. _ _sinjni
AQ. ) vO(xp)HzZ(’P) 7@

where

7(%p) Z (Y, Y,)explixy ¥ p).
njp t P+j
We consider the statistic 1?(/1,)71:) as a Ly(I1,v) valued random element with
I [0,1] x R”. The Cramér von Mises test in this case is

n p

D "”’ / 7GR AW (),

which involves P dimensional integration. As in the univariate case, W(-) can be
chosen such that Dﬁ has a closed expression, examples of this are the normal or
exponential multivariate cdf. All the results shown in this paper hold trivially for this
multivariate case. The lack of theoretical complication in the multivariate situation is
one of the advantages of our Hilbert space approach over a “sup” norm approach as
in Hong (1999b).

Finally, we make some comments on how to extent our approach to test the
correct specification of a conditional mean of linear and nonlinear time series
models. It is well known that the correct specification for the conditional mean is
equivalent to a MDS property on the unobservable errors. Then, we could apply our
methodology to the residuals to test this MDS property. The main problem is to take
into account the parameter uncertainty. In particular, the bootstrap approximation
as is proposed here is no longer valid and needs some modification, although other
resampling or asymptotic approximations could be considered. These topics are
currently being investigated.
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Appendix. Proofs

Let Re(A4) and Im(A) be the real and imaginary parts, respectively, of the complex
number A. First, consider two useful lemmas.

Lemma 1. Suppose we have a random element in Ly(Il1,v) of the form
ha(n) 27711 hj ()N 2 sinjml/jm. Assume A2 and that

(i) Jg Elhj(x0)*W(dx)< C uniformly in j>1.
(i) SUpye_gq 1Hin(X)|  0p(1) YVI<j<n, Ya>0.

Then, h,(y) converges in probability to zero in Ly(IT,v), i.e. |h,(n)||> op(1).

Proof. Decompose for each K fixed with 1<K<n 1

K V2sinjni A= 2 sinjni
) D b)) S D o) S
jol j K+1

: I;llk(n) + hox(n).

Now, for all a>0,

2 X 1 2
OROTEE S [ R ams
i

K .
1 / 2
— hja ()" AW (x)
,21: G Jeaa
S
+> — Ay ()2 AW (). (23)
jzl () Jop-aa
Thus, by (ii) for the first summand on the right hand side of (23) and by (i) and
letting @ — 400 for the second summand, we have that |4 g(n)]|? op(1). Next, use
(1) to show that

n—1

k> Y ﬁ [ Bl aw s
KTl

K+

o0
1
<C Z — —>0as K — oo.
j1<+107I

Finally, Theorem 4.2 of Billingsley (1968) yields that ||A,()|| op(1) by letting first
n — oo and then K — oo. This finishes the proof of Lemma 1. [
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Let define
1=l __A/2sinjnl
2o Yo ) T
1

where

mm;%ZW,qu

t 14

The next lemma states that the norm of the process S,(4, x) can be approximated by
the norm of Z,(4, x).

Lemma 2. Under (1) and the assumptions Al and A2,

p
WSuI> 1Za(IP] = 0.
Proof. It is easy to show that

PHx) T |: Z (Y, ﬂ)} |: Z b ](x):| 24

t 1+ t 14

and therefore, we have that S,(n) Z,(n) R.(n) where

n—1 n A
OIS SO PO S oA RS op LS
il L A vt

(25)
By simple algebra

/m/ol'S”(")'ZC”’V(M /R/Ol|zn(’1)|2de),
ol
+/R/O |R,(n))> dW dA
2Re{/R/OIZn(n)R;(n)dez}‘ 26)

Let define ¢, ;(x): ( j)7'>7 |, (%), then

n—1 .
mwzg%fb Zwtﬂé@ﬁWmm
J

Jr 1+
From Al and (1) we obtain that

1/2Z(Y/ W Oyl Vi<j<n.

I’Z t 145

Whereas Theorem 2 in Jennrich (1969) and the Glivenko Cantelli’s Theorem for
stationary and ergodic sequences, see e.g. Dehling and Philipp (2002, p. 4), yield the
26



following uniform ergodic theorem (UET):

sup ¢, 01 op(l) Visj<n, Ya>0.

x€[—a,a]

Thus, applying Lemma 1 we have that || R,(1)|* 0p(1). On the other hand, it is easy
to show that under (1)

n—1
B[ [ izwrara Z(” D [Hwrawe o, @)

Combining (26), (27) and Cauchy Schwartz’s inequality we conclude the proof. [J

Proof of Theorem 1. By Lemma 2 we only need to show that the finite dimensional
projections (Z,(n), h) are asymptotically normal Vi € Ly(II,v) with the appropriate
asymptotic variance, and that the sequence {Z,(n)} is tight, see e.g. Parthasarathy
(1967). The idea of the proof is first, to prove these facts for a partition version of
Z,(n), and then, to show that the remainder is negligible. These steps are considered
in Theorems A.1 A.3 below hold. From these theorems and Theorem 4.2 of
Billingsley (1968) Theorem 1 follows. We write for some integer K,

n—1
Z,n) Z<ﬂ Rt )mm’”) Y e )R )“25””“

J J K+1
ZEm) + RX(p), (28)

say.

Theorem A.1. Under the conditions of Theorem 1, for an arbitrary but fixed integer K
the finite dimensional distributions of ZnK(n), (Z,If(n), h), converge to those of ZX(n),
(ZX(n), by, Yh € Lyo(I1,v), where ZX(y) is a Gaussian process with zero mean and
asymptotic projected variances

org: Varl(Z5, b))
K K
>N E[(Yl w? /H RGO C)p iV E ) P o Aty
2 .

j 1 1

Theorem A.2. Under the conditions of Theorem 1, for an arbitrary but fixed integer K
the sequence {Zf (n)} is tight.

Theorem A.3. Under conditions of Theorem 1, the process Rf(n) verifies for all e>0
Lim Lim P[|R,(nll>¢] 0.

K—o00 n—>
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Proof of Theorem A.1. Note that

(t—1)AK .
(ZK.hy Z(Yt u){ Z n H? /n ¢,,(x)h"(n)w)dv(n)}
K+1
ZSZ‘,, ZS Z Sk (29)
2 t K+2

where S,Ii,(n): (Y, ,u)Q,f, and Q,Ilft is implicitly defined. Under (1), {SX e F 1} is an
adapted MDS with stationary and ergodic differences for =K + 2. Applying
Markov’s inequality it is easy to show that the first summand in the right hand side
of (29) goes to zero in probability. For the second, the central limit theorem (CLT)
for martingales with stationary and ergodic differences (Billingsley (1961)) states that
the process converges to a normal distribution. Now we check that the limit variance
is the appropriate, under (1) and stationarity

n

Gk Varl(ZK.m] > EISESK] D ENY. wlof ]

t 2 t 2
K n
Z (mn e TN OBIY wla]
j 1 t 1+kvj

K
Z n HVPn BTVm kVHEIY) wland

J1

M~ 200~ 20~

E[(Y)  wlay]asn —oo, (30)

R
M=

~
-~

where
ag: /H . hnh () ;[ (), ()P () Pr(2) dv() dv(ry').
Then, Theorem A.l follows. [

Proof of Theorem A.2. We apply Theorem 2.1 of Politis and Romano (1994). Again,
we write

(t—DAK N
z¥ ””Zm u){ > (") ¢,_,-(x)%u)}
n—'/2ZS§, n—'/ZZS;j+n—‘/2 Z SK. (31
t 2 t 2

t K+2

where SX is implicitly defined. For each fixed K>1 we have that n~ /23" K4'SK s
tight because it is a finite sum and each summand is tight, see Theorem 1.4 in
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Billingsley (1968). Then, we concentrate on the second summand in the right hand
side of (31). To verify Theorem 2.1 in Politis and Romano (1994) we have to show
that the following conditions hold:

(i) E[ISE,I* <00

(ii) For each integer m>2, (SfK+2, Sf,KH, S K+m) regarded as a random element
of Ly(IT,v) converges in distribution to (S§_,,S§ 5, ..., SK.,,). say.

(iii) For each integer m>2, E[( nK+2’SnKK+m )] —E[(SK,» Skl asn —o0.

(iv) Limy— oo Y} ko ElSK k0. SKNT 322 ko El(SK 2. S5 )] <00, and the last series
converges absolutely.

W) Var[(ZX, )] — o2 ;: Varl{ZX, )] as n —oo.

Condmons (1) and tii) are trivially satisfied. Conditions (iii) and (iv) follow easily
from (1), because in that case {S,K, Z .} 1s an adapted MDS. Finally, condition (v) has
been proved in (30). O

Proof of Theorem A.3. By Tchebychev’s inequality it is sufficient to prove that
Lim Lim E[|RXm)I°] o.
K—00 n—>00

Then under the null and Al(b),

E[IRYIP] ! Z

t 24K

(Y, w’ Z(

J 1+K
ad n 1
C ) ——=—=>0
j12+1((” /) (jn)’

by first letting n — oo and then K — oco. 0O

)# /R |¢,_,-(x)|2W<dx)}

N

Proof of Theorem 2. Write

n

n

n—1
1 D n
1 n

o
JW/RWj(x)le(dx) Ay + Ay + As,
J

where

n—1 i1 R
A Z : n ’ W/R [7(x) ’/_/(x)|2W(dx),

1

~.

A

\.Mx
N

1
I [ o wia
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and

n—1
4 3" ’ 2 U GO W),

. n
J1
We shall prove that 4;  op(1). Using a UET for stationary and ergodic sequence is

easy to show that

sup |yj(x) 701 op(l) VI<j<n, Va>0.

x€[—a,a]

Then, from Lemma 1 we have that 4;  op(1). Using this and that 4,  O(1), from
the Cauchy Schwartz’s inequality we also conclude that 45 op(1). O

Proof of Theorem 3. Let v,,: Y, n~'2g, and a,_j(x): i m )7t
> +je‘XY’ 7. Then, by simple algebra

7(x)  (n j)*lz<yt u %)eixY,j

t 14
n
o — Vv Ji ixY
(}’l ]) ! (Yn—j 1 —)C o
t;j ‘/n
n - n e
DD v )+ T g ()
t 14 to14
00 4+ 17 ().

Then, substituting in S,() yields

Su(n) Z<n D500 “25””“. S1an) + G,

where
il 2 sin jri
Su: Y ) YR
J1 JT
and

Gty Z P Py I

Notice that under H,,, v;, is a MDS with respect to the ¢ field %, so that by
Theorem 1 it is straightforward to show that Sy,(1) converges to S(1). On the other
hand, by a UET for ergodic stationary time series

sup [7(x) () op(l) VI<j<n, Ya>0.

x€[—a,a]
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Hence, using Lemma 1 is easy to show that G,(1) converges in probability in L,(I1,v)
to G(n). Thus, from Slutsky’s Theorem

Su(m) =S + G(n).
This proves the Theorem. [

Proof of Theorem 4. We need to show that the process S} (i) (conditionally on the
sample) has the same asymptotic finite projections as the process S, (1) and that S (1)
is tight. First, define similarly to Lemma 2

-l " 2 sin jm
Zi: Y j)”zr,*(x)T],
Jj 1 .
where

- 1 -
FE S W, (we.

t 14

Then, some algebra shows that

?j*(x) ?,*(x) (an—j(x) (P(x))[ Z(Y, ,u)w,]

t 14j

s

(Y, L 5 ;1;] ¢, (X)W,

where ¢,_;(x): (n j)flzt 14€ e/, Now, we follow similar arguments as in the
proof of Lemma 2 and write S;() Z;(n) Rj() where R} (i) is implicitly defined.
By a simple inequality

1
// |R*(;7)|2de)<2// |R1,,(n)|2dW<u+2//0 |R, (> dW d4,
R

where

n—1

] 1
IR, (DI Z(’;n)’){ . S u)w,} [ 1on 0 otoPwn.
t 14j

and
n—1

RS, ()1 Z(Z ){)(Yn wy? /

Now, using standard bootstrap notation, denote by E* and V™* the expectation and
the variance, respectively, given the sample. Then, it is not difficult to show that

[ S ow

r I+

W(dx)

Z b, (X,

n ]t1+/

Op((n N7
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and

OP((n j)71)7

Z 2 ,(x)w

r I+

where the last inequality holds uniformly in x. So, from these inequalities, an
Ergodic Theorem for (Y, ), a UET for |, _j(x)  @(x)| and a partition argument
as in Lemma 1 we conclude that || R} (r])ll2 op(1) a.s. and ||R”2‘n(11)||2 op(1) a.s.
Therefore,

1
* 2 * 2 P_)
‘/R/O IS5 )2 W(dx) d /R/ \ZE )P (dx) d2| 50 as..

To show that the finite dimensional projections of Z; () converge (conditional on the
original sample) to those of S(n) a.s. for all samples, we consider a partition
argument similar to that used in the proof of Theorem 1. Decompose analogously to
(28) Zi(m)  ZK*(p) + RX*(n) for fixed K. We shall show that first, (ZX*(y),h)
converges (conditionally on the original data) in distribution to (ZX(n), h) a.s. for all
samples and VA € Ly(I1,v), and second that remainder RX*(y) is negligible a.s. for all
samples. To this end, write

(t=)AK 1/2
(ZE ), ) -‘/ZZm u){ > () [ e ,(v)h‘(n)a"(ﬂ)dv(m}w

n

D AT A Shes
t 2

t 2

where Cft* n~\2(y, /,L)Q,II(JW[ and Q,IfJ is implicitly defined. Then

(Z c) S o2y woREw) 0,
t 2

while

n n
s (Z &K) Do (Yo WO PV
t 2 t 2
- 2
Do wloN Gk
t 2
Note that conditional on the original data, Cff,* is an independent (not identically
distributed) array of random variables. Note that using a SLLN for stationary and
ergodic sequences is easy to show that ahK —>0§K a.s.. Then, we will verify a
Lindeberg Feller’s condition. On the other hand using that th and w, are bounded

n

C
ZE* G PG >0l — > (Y Wl wl>dVn)] as.

t 2
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for some positive constants 6 and &'. By Al the last expression converges almost
surely to zero, see Stute et al. (1998, p. 149). Then the triangular array {sz*} satisfies
the conditions of the Lindeberg Feller’s CLT, conditionally on almost all samples,

so that 37,5 =, N(0, o4 ) a.s.. Next, arguing as in the proof of Theorem A.3,

nt

1
E*[|| RX* Y, — _@Pwd
(IR ()P Z;K( 0 j]ZM( J) o 10 rwa
n o0 1
Y, w? ( " )——>0as
rZZ+K le+K n (m)’

by first letting n — oo and then K — oo. Finally, we have to prove the tightness of
the sequence {S} (1)} a.s.. Write

n (t=1) 1/2,\
s w0 Tr S () G
t 2 v

J1
n
-1/2 *
n g Sore
t 2

Note that S, and S} | are independent given the sample for s#¢, thus it is sufficient
for the tlghtness that E* IS5, |I? < oo a.s. for all samples, which is trivially satisfied, see
example 1.8.5 in van der Vaart and Wellner (1996). The proof is finished. [
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