-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Universidad Carlos Ill de Madrid e-Archivo

working

UNIVERSIDAD CARLOS 111 DE MADRID papers
Working Paper 02-41 (10) Departamento de Estadistica y Econometria
Statistics and Econometrics Series Universidad Carlos Il de Madrid
September 2002 Calle Madrid, 126

28903 Getafe (Spain)
Fax (34) 91 624-98-49

SINGULAR RANDOM MATRIX DECOMPOSITIONS: JACOBIANS.
José A. Diaz-Garcia and Graciela Gonzalez-Farias*

Abstract

For a singular random matrix Y, we find the Jacobians associated with the following
decompositions; QR, Polar, Singular Value (SVD), L'U, L'DM and modified QR (QDR).
Similarly, we find the Jacobinas of the following decompositions: Spectral, Cholesky’s, L'DL

and symmetric non-negative definite square root, of the cross-product matrix S = Y'Y.

Keywords: Hausdorff measure, singular distribution, SVD, QR, LU, L'DM and polar
decompositions, Spectral, L'DL, Cholesky decompositions, symmetric non-negative definite
square root.

*Diaz-Garcia, Department of Statistics and Computation, Universidad Autdnoma Agraria Antonio
Narro, 25315 Buenavista, Saltillo, Coahuila, México. e-mail: jadiaz@uaaan.mx; Gonzalez-Farias,
Department of Probability and Statistics, Centro de Investigacion en Matematicas, Callejon de
Jalisco s/n, Mineral de Valenciana, 36240 Guanajuato, Guanajuato, México; e-mail:
farias@cimat.mx.This study was carried out partially assisted by research project 39017E of
CONACYT-México. This article was written during his stay as Visiting Professor ar the Dept. of
Probability and Statistics of the Centro de Investigacién en Mateméaticas, Guanajuato, México.


https://core.ac.uk/display/29398187?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1 Introduction

During the last decades, several problems on the distribution theory for ran-
dom matrices have found solutions. For example, the noncentral distributions
were found using zonal polynomials or the hypergeometric function with ma-
trix argument, James (1961) and Herz (1955). However, the case of doble
noncentral distributions and those associated with eigenvalues of some spe-
cific matrices, took more time and were solved through the application of a
generalization of zonal polynomials called invariant polynomials with matrix
argument, Davis (1980) and Chikuse (1980). A problem that has not been
solved completely is the one related to the distribution of random singular
matrices, which are not unusual to find in practical and theoretical problems.
For example, when we have a sample matrix Y € IRV*™ with N subjects
and m variables, and there is linear dependence among variables or subjects,
Y will be a singular matrix. Usually this case is solved eliminating individuals
or variables, accordingly. This kind of solutions was forced due to the fact of
not having enough theory to deal with singular matrices. As a matter of fact,
the distributions of such Y, do not exist with respect to the Lebesgue measure
in IRN™. Recently, some distributions for singular random matrices has been
established, see Uhlig (1994), Diaz-Garcia and Gutiérrez-Jdimez (1997), Diaz-
Garcia et al. (1997) and Diaz-Garcia and Gutiérrez-Jaimez (2001). As we can
notice from those references, the main problem to determine the distributions
for random matrices has been the search for a new basis and the corresponding
coordinates, for the rows and the columns of Y, since as a function of the new
coordinates it is possible to define the measure for which the density function
of Y, will exist. To do this, it is necessary to give a factorization of Y (which
it is not unique) and calculate the corresponding jacobian. This has not been
an easy task, due to the natural complications of working with this kind of
distributions, see Billingsley (1979, Section 19) and Spivak (1965, Chapter 5).

Formally, if Y has a distribution with respect to the Lebesgue measure, and K
and N, are two given subspaces, then, when we factorize Y, what we are doing
is rewrite Y as a product of at least two new matrices, e.g. Y = KN, such that
K € Kand N € N, and the main problem is to find the image of the Lebesgue
measure v(dY’) defined on IRY™ under the mapping (K € K) x (N € N). In
other words, we have to find the jacobian of the transformation or equiva-
lently, the volumen element. To work out this problem, we can find different
approaches: taking derivatives element by element, Deemer and Olkin (1951),
Roy (1957) and Srivastava and Khatri (1979); calculating the Gram determi-
nant on Riemannian manifolds, which is the square of the Jacobian, Cadet
(1996); by the use of matrix differential calculus and taking into account the
linear structures of the transformations, Magnus (1988); or using the external
product of the differential forms, James (1954) and Muirhead (1982, Chapter
2). This last method has proved to be a very powerful technique when we are



dealing with the factorization of singular random matrices and therefore we
will use it here, Uhlig (1994) and Diaz-Garcia et al. (1997).

In the present work, we extend the above ideas and some new ones, to the
case in which Y has a distribution with respect to the Hausdorff measure, that
is, when Y is a singular random matrix. In particular, we extend for singular
matrices, the Jacobians associated with the QR, SV and Polar decomposi-
tions; also, for singular and nonsingular matrices, we propose the Jacobians
associated with the modified QR, called (QDR), the L'U and L' DM decompo-
sitions, as well as some other decompositions closely related to these, namely:
the spectral, Cholesky’s, L'DL and symmetric positive square root decom-
positions, and some of their modifications, Diaz-Garcia and Gonzalez-Farias
(1999).

2 New Jacobians

Notation. Let £,, y(¢) be the linear space of all N x m real matrices of rank
q <min(N,m); L;, y(q) be the linear space of all N x m real matrices of rank
g < min(N,m) with ¢ distinct singular values. The set of matrices Hy € L, y
such that H{H, = I, is a manifold denoted V,, n, called Stiefel manifold. In
particular, V,, ,, is the group of orthogonal matrices O(m). Denote by S,,, the
homogeneous space of m x m positive definite symmetric matrices; S (q), the
(mq — q(q —1)/2)-dimensional manifold of rank ¢ positive semidefinite m x m
symmetric matrices with ¢ distinct positive eigenvalues; 7, denotes the group
of m x m upper triangular matrices and 7.t is the group of m x m upper
triangular matrices with positive diagonal elements; Tnf; y the set of N x m
upper quasi-triangular matrices such that T' = (11|T») € ’T;{’ N, With 77 €
TN and Ty € L, nn(N); 7,% denote the group of m x m upper triangular
matrices with fixed ith diagonal elements ay; and 77" the set of N x m
upper quasi-triangular matrices with fixed ith elements a;; in particular if
a;; = 1 for all 7, those matrices are called unit upper triangular or unit quasi-
triangular matrices and are denoted by 7.} and 7,} y respectively; D(m) C Ty,
the diagonal matrices.

Observe that, if X € £, y(q), we can write X as

Xu X2
X, = qxq  gxm—q (1)
Xo1 Xu

N—gxq N—gxm—q

such that 7(X11) = ¢. This is equivalent to the right product of the matrix X
with a permutation matrix II, (see Golub and Van Loan, 1996, section 3.4.1),



that is X; = XII. Note that the external product of the elements from the
differential matrix dX are not affected by the fact that we multiply X (right
or left) by a permutation matrix, that is, (dX;) = (d(X1I)) = (dX), since II
is an orthogonal matrix. We use this fact through the different factorizations
proposed in this section, i.e. the X matrix for which the factorization it is
sought, it is assumed that has being pre or post (or both) multiplied by the
corresponding permutation matrix, II. Then, without loss of generality, (dX)
will be defined as the external product for the differentials dx;;, such that
x;; are mathematically independent. It is important to note that we will have
Ng+mg—q¢® mathematically independent elements in the matrix X € L, v(q),
corresponding to the elements of X1, X152 and Xs;. Explicitly,

N ¢

(dX) = (dXH) VAN (dX12 dX21 /\ /\ dl‘z] /\ /\ dIU

i=1j=1 i=1j=q+1
Similarly, given S € S;f(q), we define (dS) as
q m
dS) = /\ /\ dSZ‘j
i=1j=i

Again, we should note that, for this case, the matrix S can be written as

St Sta
S=| e axma with  r(Sp) =q¢. (2)
S S2o

m—gXxXq m—gXxXm—q

such that, the number of mathematically independent elements in S are, mq—
q(q — 1)/2 corresponding to the mathematically independent elements of Sio
and S11. Recall that S1; € S, in such a way that Sy; has g(¢+1)/2, therefore,

(dS) = (dSH) A (dslg)

Since we will need some of the ideas later on, we include here the results corre-
sponding to the jacobians for the singular value and spectral decompositions.

Theorem 1 ( Singular value decomposition, SVD.) Let X € L} y(q),
then there exist Vi € Vyn, W1 € Vo and D € D(q), such that X = Vi DW],
it is called non-singular part of the SVD, Rao (1973, p. 42) and Eaton (1983,
p. 58). Let Vo € Vn_qn (a function of Vi) and WyV_ym (a function of
Wi) such that V. = (V1|Va) € O(N) and W = (W1|W3) € O(m). Writing
by columns, Vi = (v1---v,), Vo = (Vg41---vn), Wi = (w1 ---w,) and Wy =
(Wgt1 -+ - wp,), we have that

q
(dX) = 27| D[¥ = [[(Df; — D3;)(dD)(V{dVi)(W{dWh)

i<j



q
where D = diag(D11,. .., Dyg), (dD) = N\dDy, and

i=1

(Vidvy) = /\ /\ valvZ and  (WdW,) = /\ /\ wdwl

i=1j5=1+1 i=1j=1+1

define an invariant measure on VN and on V,,,, respectively, James (1954)
and Farrell (1985)).

For a proof see Diaz-Garcia et al. (1997).

Remark 2 When N > m = q, the Jacobian given in Theorem 1 has been
studied by James (1954, Section 8.1); Roy (1957, A.6.3, p. 183); Le and
Kendall (1993, Section 4.) and by Uhlig (1994, Theorem 5). In Theorem 1,
observe that when X = X' then Wy = Vi, thus obtaining the non- singular
part of the spectral decomposition of X.

Theorem 3 ( Spectral decomposition.) LetS € S;t(q), then S = W, LW/,
where Wy € V. and L € D(q), it is called the non-singular part of the spec-
tral decomposition, Diaz-Garcia et al. (1997). Also, let X € L}, y(q) and write
X =ViDW] (SVD) and S = X'X. Then

(1) (a8) = 27| LP T [(Lus — L)) (@L)(WiaWWa)

(2) (dX) = 274|L|N=m=D/2(dS) (V/dVy)
where L = diag(L11,. .., Lyg) and (dL) = /\dLy.

Remark 4 Observe that the Jacobian in Theorem 3(1) is a particular case of
Theorem 1, considering the symmetry of S. This Jacobian was demonstrated
by Uhlig (1994). When m = q, the Jacobian has been studied by James (1954,
Section 8.2), James (1964, eq. (93)) (when S is Hermitian), Srivastava and
Khatri (1979, p. 81) and by Muirhead (1982, pp. 104-105). Proof for Theorem
4 part(2) is given in Diaz-Garcia et al. (1997).

The following result, becomes very handy to establish some other important
results in this section, it shows the Jacobian associated with a quasi-triangular
matrix when it is written as the product of a diagonal matrix and a unit quasi-
triangular matrix.

Theorem 5 Let J € T, with r(J) = q such that J = BG where B € D(q)

m,q

and G € T9%  then we have

m,q’



q

(1) ()= H b TLauldB) 4G, 3)
2) ifGeT,

q

(dJ) = 1:[1 b (dB)(dG). (4)
where (dJ) = '/j\}n_\‘djij, (dG) = /j\:/ﬂ\ dg;; and (dB) = /j\dbii.

Proof.

(1) Writing J and G by rows, B through its diagonal elements and taking
the product we get,

J] b11 G
J=|: | = : ,
J; bqu;
therefore

Ji = b11Gy so dIy = db;;Gy + b11dGy and similarly
J2 - bQQGQ dT2 - deQGQ + b22dG2

Jy = byyGly AT, = dby Gy + b,dG,

taking the external product of the differentials; recalling that g;; are fix
for all 4,2 = 1,2,...,q; and that the product of repeated differentials is

zero, we get
m

j=i
j=it+1
q m q q q q q
@1 = ANdty = A @) = TLoe [T Advi A a6
i=1j=i i=1 =1 =1 =1 =1
(2) The proof follows immediately. ]

Remark 6 For square full rank matrices D and G, Magnus (1988, Theorem
810, p.141) the Jacobian is given in his Theorem 5(1) by using linear struc-
tures.



Theorem 7 [L'U decomposition, Doolittle’s version.] Let X € L, (q), and
write X = A'Y, where A € Ty, and T € Tt . Golub and Van Loan (1996,
Secction 3.4.9). Then

(1) HUN “dY)(dA) (5)
(2) ifAe 7;%

q q

= [Twi " IT 051 (dT)(dA). (6)
i=1 =1

q m q m

i=1j=1+1 i=1j=1i

Proof. We will only work the proof for part (2), since part (1) follows from
(2) taking d; = 1 for all i. Let X and A be denoted by columns, X =
(XlXQ st Xq s Xm), A= (AIAQ s Aq), and T = (Uij>7 then,

X = U11A1
Xy = v12A1 + V22
X3 = vi3A1 4+ va3Ag 4 v33A3

Xq—l = Ulq—lAl + U2q—1A2 + U3q—lA3 +ee 4+ Uq—lq—lAq—l
Xq = Ulqu + quAQ + 'quAg + -4 quAq

X1 = Vigr1A1 4 Vag1Q0 + U313 + - -+ 4 Ugg114

Xm = UlmAl + U2mA2 + USmAS +-+ quAq

taking differentials and then omitting those differentials that appear previ-



ously, we get the following expressions

dX, = dvp Ay +vpddy
dX2 = dUlgAl + dUQQAQ + UQQdAQ
ng = dU13A1 + dU23A2 + dU33A3 + U33dA3

dX, 1 = dvyg_ 181 + dvgg 189 + duzg_ 1Az + - - + dvg_19-12—1
FUg—1g-1dAg1

dX, = dugAr+ dvggAg + dusgAg + - - + dvugg Ay + vged,

dX 11 = dvig1 A1 + dvggi1 D9 + dusg1As + - + dvgg14

de = dUlmAl + dUQmAQ + dUgmA:g + -+ qumAq

Taking external products of the differentials, recalling that the product of
repeated differentials is zero and noticing that the differentials that appear
before do not have to be taken into account again, we get,

(Xm) = 511dU11 VAN Ull dAl
(dXQ) = 511dU12 AN 522(1@22 A\ U22 dAQ
(ng) = (511dU13 A (522dU23 N 533dU33 N U33 dAg

(dX 1) = d11dvig_1 N daadvag_1 A dsgdusg_1 A -+ N dg_14-1dUg—14-1
/\Uq qu 11)qu 1
(dXy) = dnduig A dgadvgg A dggdusg A - -+ N Sgqdugg N vgy %A

(qu+1) = 511dU1q+1 VAN 522dU2q+1 A 633dU3q+1 A A 5qqdqu+1

(dXm) = 611dUiy A O22dUay, N O33dUss A -+ - A OgqdUgm

N
with dA; = /\ dd;;. Therefore,

i=j+1
q

q q9 m ) q N g q g
\Adeg AN deg = TR TTed ™ A A dog A\ dvm
Jj=1 i=1j=q+

i=1 =1 =1 j=i+1 i=1j5=1

||>z

Remark 8 Note that if A € Ty, and Y € T in Theorem 7, we get a variant

10



of the decomposition L'U, known as Crout’s decomposition, see Harville (1997,

p.228).

Corollary 9 [L'U decomposition, Crout’s version.] Let X € L y(q), such
that X = N'Y, where A € Ty, and T € T . see Golub and Van Loan (1996,
Secction 3.4.9). Then

(1) Hé’” (dT)(dA). (7)
(2) If Y € 7;‘?5@

HUN Z+1H5m “d)(dA), (8)

where ( /\/\déw, (dY) /\ N dTy;.

i=1j=1 i=1j=i+1
Proof. The proof follows the steps of the one given in Theorem 7.

Theorem 10 ( L'DM decomposition.) Let X € L} y(q), such that X =
WTIE, where W € Ty, 1 € D(q) and Z € T, , , Golub and Van Loan (1996,
Secction 4.1.1). Then

HWN”” 2(dW)(dIT)(dZ).

Proof. Write X = V'IIZ = VU with U = IIZ and observe that U € T]\J{q,
then, by Theorem 7

HuN HdU)(dW) (9)

Now, U = II=, with IT € D(q) and = € T,}

m,q?

therefore by Theorem 5,

(@U) = [[ 2" (amm) (d=) (10)

i=1

Note that wu;; = 7, since x;; = 1 for all 4. Therefore, substituting (10) in (9),
we establish the result. m
Theorem 11 ( QR decomposition.) Let X € L \(q), then there exist
H eV,n and T € Ty, with t;; > 0, ¢ = 1,2,...,min(q, N — 1) such that

11



X = H\T, Golub and Van Loan (1996, Secction 5.4), Roy (1957, A.3.11,
p.149) and Goodall and Mardia (1993). Then

H tNTU(H dH,) (dT). (11)

q m
where (dT) = N\ )\ dt;
i=1j=i

Proof. Given that X = H,T we have dX = dH\T + H,dT. Let H = (Hy:H>)
(Hy a function of Hy), such that H € O(N), then

H{dH\T 4+ dT
HidH\T

HdX =

Now, observe that 7' can be written as 17" = (17:1%), where 77 € 7, and
Ty € Ly,—g4- Thus the demonstration reduces to the one given in Muirhead
(1982, pp. 64-66), observing that

H!dH\T = [H,dH,T\:H,dH,T]
HLdH\T = [HydH, Ty Hyd H, T)]

and computing the exterior product, column by column, [H{dH;T3] and notic-
ing that [H}dH,Ts] does not contribute at all to the exterior product, since
its elements appear in previous columns. |

Remark 12 When N > m = q, this result is given in Roy (1957, A.6.1, p.
170), Srivastava and Khatri (1979, Problem 1.33, p. 38), where in addition, an
explicit form for the measure (H{dH,) is given. On the same context, Muirhead
(1982, pp. 63-66) gives the demonstration under the same guidelines as the
one given in James (1954, Section 8), for the SVD case. Finally, Goodall
and Mardia (1993) establish, without proof, that the result is true when q =
min(N,m).

Theorem 13 (Cholesky’s decomposition.) Let S € S/ (q), then S =T'T,
where T € T, q, Golub and Van Loan (1996, p. 148). Also, let X € L} x(q)
with X = HiT (QR Decomposition) and S = X'X =T'T such that

Sll 512
S = 74 em=d with 7“(511) =
321 522

m—gXxXq m—gxXm—q

12



Then

(1) (dS) = Qthm )
(2) (dX)=2" q|511| (N=m=1)/2(q4S)(H|dH,)
Proof.

(1) The proof is analogous to the proof of Theorem 7. Alternatively, the
Jacobian may be computed via patterned matrices, (see Henderson and
Searle, 1979) .

(2) Observe that we can write T' = <T1 c Ty ) then

axq gxXm—q

Sy S
so| e | [T GEAE LT LT
Sa S T YTy TiT

m—qxq m—qxXm—q
q
thus, |Su| = |T1T1| = |T1]* = []t% and from Theorem 3.2(1), (dT') =
i=1

q )

2*th;(m_z+1)(dS). Then substituting into (11), we obtain the desired
i=1

result. ]

Theorem 14 ( Modified QR decomposition (QDR).) Let X € L} x(q),
then there exist Hy € Vyn, N € D(q) and Q € Tr,lhq with wy;; > 0, 1 =
1,2,...,min(q, N — 1) such that X = H{NS). For this decomposition we have

(dX)=2" anN+m *(HdH,)(dN)(dS)

=1

Proof. Write X = H,Z with Z = N and observe that Z € 7, , then by
Theorem 11,
(dX) =2~ qHzN (H|dH,)(dZ). (12)

=1

Now, Z = N2, and z;; = Ny, since w;; = 1 for all 2. By means of the Theorem
5 we get,

H n " (dQ) (dN), (13)

so, substituting (13) in (12), the result is established. ]

13



Theorem 15 ( L'DL decomposition.) Let S € S (q), with S = QOL,
where Q € T . and O € D(q), see Golub and Van Loan (1996, Theorem
4.2.5, p. 1483 and Section 4.2.9, pp. 148-149). Write S = X' X = Q' 0RQ, such
that X = HINQ €€ L} (q). Then

(1) (dS) = Hom “dQ)(

(2) (dX) —2 q|O| (N=m— 1)/2(H/dH1)(dS)

Proof.

(1) Write S = Q'0Q = G'G, where G = CQ, C = O? and C € 7, Then,
by Theorem 13

(dS) = 2q]‘[gm *dG). (14)

=1

Now, G = Cf), with g;; = ¢, since wy; = 1 for all 7. Then, by Theorem 5
q .
(dG) =[] cii " (dC)(d) (15)
i=1
so, substituting (15) in (14), we get,

(dS) = 21 H M2 0V (dQ). (16)

=1

But C = OY? with (dC) = 270|7Y/2(dO) and c¢;; = u/ , from here we
get the result.
(2) The proof follows from Theorem 14 and Theorem 15(1). ]

Theorem 16 ( Symmetric non-negative definite square root.) If S €
S (q) then there exists R € S (q), such that S = R?, Srivastava and Khatri

(1979, p. 38), Muirhead (1982, p. 588) and Golub and Van Loan (1996, p.
148)). Thus, we have that

(dS) = 29 D" [[(Ds + Dyy)(dR) = | D™ [ [(Ds + Dyy)(dR) (17)

1<J i<y

where R = Q1DQ) is the spectral decomposition of R, Q1 € Vym and D =
diag(DH, c. ,qu).

Proof. From Corollary 3, R = @Q,DQ)} with D = diag(Dsy,...,Dy,) and

14



P €V,,,. Applying Theorem 3

(AR) = 274D [[(Da — Dy;)(dD)(Q4dQ1). (18)

1<J

Now let S = R? = RR = Q,DQ\Q,Dq, = Q,D*Q), applying Corollary 3
once again, we have

(dS) = 279 D" [[(D2 — D%,)(dD?)(Qd@Qy).

1<j

Observing that (dD?) = [I{_, 2D(dD) = 29|D|(dD), (D}, — D3;) = (Di +
D]j)(D” — Dj]), and from (18),

q q
(dS)=27D|™ " T[(Di + Dj;) | 274D [[(Dii — Dj;)(Q1dQ1)(dD)
i<j i<j
q
=21 D" [[(Dsi + Dj;)(dR).

i<j
The second expression for (dS) is found observing that

q q q
=1

i<j i<y

Remark 17 The Jacobian for the case where S € S,,, i.e., ¢ = m, was studied
by Olkin and Rubin (1964), Henderson and Searle (1979) and Cadet (1996).

Theorem 18 ( Polar decomposition.) Let X € L} y(q), N > m, and
write X = PiR, such that, P, € V,, v, and R € S} (q), Herz (1955), Cadet
(1996) and Golub and Van Loan (1996, p. 149). Also, let S = X'X = R? €
St (q) (Non-negative definite square root). Then

DY
1) (dX) = D;i — D:;)(dR)(P/dP,
() ( ) VOI(Vm_(LN_q)g( .7])( )( 1 1)
2-1
2) (dX) = L|N=m=1/2(48)(P!dP
() ( ) VOI(mequ,q)l | ( )( 1 1)
9(m=q) £ (m—q)(N—q)/2
where L = D* and Vol(Vi—qn—q) = / (KjdKy) = :
Ling[3(N = q)]
Klévqu,qu

Proof.

15



(1) From Diaz-Garcia et al. (1997) we have that the nondegenerate density
of S = X'X (central case) is

7TqN/2|L|(N7m71)/2
ey (HW)
=1

Let S = R2, with (dS) = Qq‘D’m—q-l-l Hg<](Du + DJ]>(dR) and L = D2
(see Theorem 16). Then

h(tr £=8)(dS).

7T.qN/2|L|(N7m71)/2

IMENY (iﬁlAfV/?)

h(tr¥-5)(dS)

q
2479N/2| D (N*q)H(Dii + Djj)

- ) h(tr £~ R?)(dR)

IMENY (izﬁlﬂ/?)

denote this function as f,(R).
Now, the nondegenerate density of X (u, = 0) is

1
T )\5\7/2
I

Let X = PR with Jacobian, (dX) = a(dR)(PidP;), where « is inde-
pendent of P;. Then the nodegenerate joint density of R, P; is

h(tr S™X'X)(dX).

h(tr X~ R*)(dR)(PidP,).

r )\ZN/2
I

Integrating with respect to Py € V,, ,, we have that

a2m7TNm/2

h(tr £~ R*)(dR).

L[ ENITIAY?
=1

denote this function as g,(R). Thus considering the quotient

[ (R)/9(R) =1

and from the fact that Vi, n/Vi—q.n—g = Vin,n, the result follows.
(2) The result is obtained substituting (dR), from (17), in Theorem 18(1). m

Remark 19 (1) The Jacobian in Theorem 13(1) was studied by Cadet (1996)
when ¢ = m, computing Grams determinant on riemannian manifold. In

16



(2)

Cadet’s notation, ds denotes the riemannian measure on Vg, (the in-
variant measure on Vg, ), which has the normalizing constant

op(p+3)/4 ram/2
[ds =

Vi Fq[%m]

Which differs from the normalizing constant proposed by James (1954),
for (P{dPy), see also Srivastava and Khatri (1979, p. 75) and Muirhead
(1982, p. 70). But it is known that the invariant measure on Ve, is
unique, in the sense that if there are two invariant measures on Vg m,, one
is a finite multiple of the other, see James (1954) and Farrell (1985, p.
48). In particular

ds = 2?w=V/Y(Plap)). (19)

From expression (19) the Jacobian in Theorem 18(2) is found, when q =
m, with respect to the measure (P{dPy), any of the Jacobians studied
here may be expressed as a function of the ds measure proposed by Cadet,
considering the different normalizing constants (see Cadet, 1996, Remark
(4)). The result given in Theorem 18(2), and also the assumption of ¢ =
m, was proposed (without proof) by Herz (1955).

On the other hand, observe that for any of the factorizations X = KN €
L} n(q), the number of mathematically independent elements in X (Nq+
mq — q*), must be equal to the number of mathematically independent
elements in K, plus the number of mathematically independent elements
in N. For ezample, in the QR decomposition, X = H.T, is such that the
number of mathematically independent elements in Hy € Vyn is Nq —
q(q+1)/2 (see Muirhead, 1982, p. 67) and the number of mathematically
independent elements T' € Tt is mq—q(q—1)/2 with the sum being N q+
mq — ¢ the number of mathematically independent elements. On a first
look, it would seem like this rule does not hold for the Polar decomposition
of a singular matriz, since, if X = PR, with P, € V,n with Nm —
m(m + 1)/2 elements mathematically independent and R € S} (q) with
mq—q(q—1)/2 elements mathematically independent, we would have that
the total sum equals Nm—m(m+1)/2+mq—q(q—1)/2 # Nqg+mq—¢*
elements mathematically independent. This is due to the conditions on
the dimensionality of the matrix Py and R, in the definition of the Polar
decomposition, P, € Vi, v y R € S (q). Note, however that the Polar
decomposition of X € L, x(q) can be written as

X=PR
Ry
Nxqg NXxm—gq R2
m—gxXm
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where Py = (P,|P,), R = (R}|R}) are such that Ry contains the mq —
q(q—1)/2 mathematically independent elements in R, the m —q columns
of P, are arbitrary and they also are functions of the columns of P,
that is, the mathematically independent elements in the decomposition of
X = PR, are contained on the first summand of (20). If we proceed as
in the case of the QR decomposition, dropping the second summand on
the equation (20) (since Ty = 0), it is easy to see that the Jacobian for
the Polar decomposition will be proportional to (P;dP,)\)(dR:). How-
ever, since the Jacobian has to be a function of Py and R, it will be
only necessary to put (P,dP;), as a function of Pi, since by definition
(dR) = (dRy), see equation (2). In this way, we get the proportionality
constants for Theorems 18(1) and 18(2). To see this, let Py and Py_,
such that P = (P1|P2) € O(N) and let P = (P,|Pn_,) € O(N), then by
Lemma 9.5.3 in Muirhead (1982, p. 397),

(P'dP) = (P{dPy) N (M'dM), with M € O(N —m) (21)
stmalarly,
(P'dP) = (P,dP,) A (A'dA), with A € O(N —q) (22)

and applying again Lemma 9.5.3 in Muirhead (1982, p. 397) to (A’dA)
in the equation (22) we have:

(P'dP) = (PldP,) A (BjdBy) A (C'dC), (23)

with By € Vy_qn—q and C € O(N —q— (m —q)) = O(N —m). Now,
equating (21) and (23), we get

(P{dPy) A (M'dM) = (P.dP,) A (BydB)) A (C'dC), (24)

By the uniqueness of the Haar measure on O(N — m), we have that
(M'dM) = (C'dC) therefore (P[dPy) = (P;dP,) \(B1dB), and the result
15 established.
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