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Abstract

Non-homogenous Poisson processes with periodic claim intensity rate
are proposed as the claim counting process of risk theory. We introduce a
doubly periodic Poisson model with short and long term trends, illustrated
by a double—beta intensity function.

Here periodicity does not repeat the exact same short term pattern
every year, but lets its peak intensity vary over a longer period. This model
reflects periodic environments like those forming hurricanes, in alternating
El Nino/La Nina years. The properties of the model are discussed in detail.

1 Introduction

Homogeneous Poisson processes are commonly used in risk theory to model claim
frequency. These sometimes give a crude representation since their claim intensity
rate A\ is constant. A more general time—dependent model is obtained with non—
homogeneous Poisson (NHP) processes, as their intensity rate A(¢) is a function
of time.

*This research was funded by the Natural Sciences and Engineering Council of Canada
(NSERC) operating grant OGP0036860.



Many natural phenomena evolve in a periodic environment or under seasonal
conditions. In turn, these events generate insurance claims. For example, weather
factors are known to affect automobile or fire insurance claims, while seasonal
snow storms in the north and hurricanes or floods in the south affect property
insurance. A periodic time-dependent intensity rate is a reasonable model for the
claim frequency in such situations. We show that it can also be tractable, even
for the corresponding aggregate claim process.

The similarities between intensity and failure rate functions, used in reliability
models, help exploring different applications of NHP process. Some characteriza-
tion properties of the NHP process with (single) periodic failure rate are derived
in Chukova et al. (1993) and Dimitrov et al. (1997). These properties are ex-
ploited in a risk model by Garrido et al. (1996). Berg and Haberman (1994) use
a non—homogeneous Markov birth process, of which the NHP is a special case,
to predict trends in life insurance claim occurences. Some ruin problems in a
periodic environment are also considered by Asmussen and Rolski (1994) and by
Rolski et al. (1999).

A more practical case is when the periodic environment does not repeat itself
exactly from year to year, but the short term peak changes over a relatively long
period, with different levels in each year. This defines a double periodic environ-
ment, especially appropriate to model natural catastrophes, such as hurricanes,
which have a peak season in the middle of the year, but with an intensity level
also depending on long term climatological effects like La Nina or El Nino. A cor-
responding Poisson process model with double periodicity is introduced in here.

Section 2 discusses the periodicity of the NHP and related characteristics. Section
3 presents some practical forms for the claim intensity periodicity. The corre-
sponding compound NHP sums are also studied.

2 The NHP Process and Preliminary Results

Let A be a non—negative (measurable and locally integrable) deterministic func-
tion. Consider the number of claims in the time interval [s, ¢), denoted N, ¢ for
0 <s <t (and N; when s = 0). An NHP process is defined as follows.

Definition 1 A counting process {Ny; t > 0} is said to be non-homogeneous
Poisson (NHP) with intensity function A, where A(¢) > 0, for ¢ > 0, if it satisfies:



The function A defined by

A(t) = /Ot A(v)dv, fort>0, (1)

is called the hazard function or the cumulative intensity function of the process.

Consider the number, N, -1y, in an interval of the form [r, 7+1t), where 7,¢ > 0.
The time parameter 7, called the initial age of the process, marks the beginning
of the time observation period when claims start to be counted. It is well known
that for a NHP process the probability of n claims occurring in a time interval of
duration t starting at time 7 is given by

e [AT+)—A(T)] [A(T + t) _ A(T)]”

P{N[’T, T+t) — n} = nl

, neN. (2)

That is, for a NHP process with intensity function A, N ., has a Poisson
distribution with mean A(7 +1t¢) — A(7) = fTH Av)dv.

T

It is clear that a NHP process becomes a homogeneous Poisson process when its
intensity function A does not depend on time, i.e. A(t) = A, for all ¢ > 0, and
therefore A(t) = At is linear.

Now, we consider the case where the risk process evolves in a periodic environment,
as when the claim arrival rate may depend on the seasons. Then the intensity
function of a NHP claim counting process {IV;; t > 0}, is a periodic function, say
with a period of ¢ > 0 years. Consequently ¢ — [%|c € [0,¢) is the time of the
season, where |t] is the integer part of ¢ € R. A model with double periodicity is
introduced in the next section where it is illustrated by a double-beta function.

Referring to Dimitrov et al. (1997) for proofs, we list the following properties for
the NHP process { N;; > 0} with periodic intensity function.

Theorem 1 Suppose that the intensity function A is periodic with period ¢, then



(a) The hazard function A has the almost linear property
t t
A = LA +AG— [2]e), +20.

(b) For any integer n > 0 and ¢t > 0
P{N[nc,nc+t):k}:P{Nt:k}a k':(),]_7
Moreover, the random variables N;,. and N ney¢) are mutually independent.

(c) The NHP process has a periodic intensity function A with period ¢ > 0 if and
only if the random variables Njg ) and N[, .44 are mutually independent
and distributed as N, and Ny, respectively.

(d) For any ¢t > 0 the random variable N; can be decomposed in the form

N N, 1) » ift<e
t = M1+M2++ML%J+N[OJ*L%JC)’ ift>c 7

where {M;};>1 are i.i.d. Poisson random variables distributed as Ny, . and
independent of Ny ,_|t),, the latter being a Poisson r.v. distributed as

Ny_|t), fort = [{]e €0, ¢).

3 A Double—Beta Periodic Intensity Model

We define here some simple and practical forms of double-periodic claim intensity
models.

First, assume that the intensity function in each short term, say each year and
denoted by A;(t), has a beta—shape. Further assume that the peak value in each
year follows another beta function A.(t), the long term intensity function. That is

s—|s]—m1 pi—1 s—|s]—m1 -1
(=) (1)
() = - , t>0, (3)

Qg

for s =1t — L%Jc, my < s—|s|] <ms, p1,q1 > 0 and where

tT — m P11 tT — M a1
L 1- 1
i = (1™ . , (@)




is the adjusted factor, while d = mo — mq; and 0 < m; < mo < 1 represent
the starting and ending point of the annual interval, respectively, for which the
intensity function does not equal to zero. Finally

* pl_]-
ti=my +d——— 5
! Uit -2 (5)

denotes the mode of A;(t), while
Ac(t) = h(lt] +11), =0, (6)

where

C C

e
R (= -

is an adjusted beta—type factor. Here a,b denote the minimum and maximum
amplitude of the peak values, respectively, m. is the starting point of the complete
cycle of the second beta function, and

e — 1
t;:mc+c(p7)
pc"—QC_Q

h(t) = a-|-b_a (t—mc B Lt_ch)pcl

denotes the mode of A.(t).
Then the double beta intensity function is given by
At) = Ae(t)\ (), fort >0, 9)

where A and A. are given in (3) and (6), respectively.

Figure 1 illustrates a possible shape of A(f) when p; =3, ¢; = 2, my = %, d= %,
c=5p.=2,q =15 m.=3.75a=3and b= 7. The dotted line represents the
base beta function (long term) that explains the fluctuations in the peak values

of the short term beta periodicity.

By Theorem 1, we can obtain an explicit expression for the hazard function A,
defined by (1) in the double-beta periodic case. The corresponding claim counting
process {N;, t > 0} is also decomposed in i.i.d. components.
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Figure 1: Double-beta intensity function A(t)
Theorem 2 Assume that the intensity function A is given by (9), then

(a) The hazard function A has the almost linear property, given by

=1, . lt=1E]e)=1
h(j - h(j + t;
Alt) = dB (p1, @1 Z +dB(P17Q1) Z (]7*1)
j=0 1 7=0 a4
t—|t] — h(lt — |L]e] + ¢
+dB (phql) L ii ml) (L Lcﬂ J 1) ) (10)
@
for t > my, where h(t) has the form in (7) and
! I'(p)T
B(p, q) — / Up_l(l . v)q_ldv _ (p> (Q>
0 I'(p+q)
is the beta function at p, ¢ > 0, while
t
Bl i )= [l 1- 0o, te o, 1),
0
is the usual incomplete beta function (with B(p, ¢; t) =0if ¢t <0)
(b) For any ¢t > 0, the random variable N, is decomposed as
Nt:M1+ +MLJ+Nt [tJ m1 (]‘1)



where

[t—[EJe)—1

% 2 : (Lt—=LE]e))
t—\_tjd—ml = N(]) +Nt \_tj—ml ) (12)
Jj=0

and the {M;};>; are i.i.d. Poisson with mean d B(p1, 1) Z 1 h(j+t]) . in-

aj
. t
dependent of Nc(]), for j = 0,1,...,[t—[t]e] — 1, and NEUMLCJHJ), which
are all Poisson random variables with mean d B (pl,ql)h(]a—t, where j =
1

it ,
0,1,2,...,[t—|%)e)] —1,and d B <p1,q1, t_LtJd_m) ML O}*cJ J), respectively.
1

Proof:

(a) By (1) and the periodicity of the intensity function A,

A) = /Ot h(lv] + ) (U—L%JC—LU—L%JCJ_mlyll

*
o d

(1 _ v lele- Lvd— 12]e] — ml)qlldv

[ (ol (el

J

o le+

*

| +1)
0 Qg d d
+ lele h(lv] +17) (U — |v| — m1>pl_1 (1 B m>q1—l "
0 ] d d
LSRG [ (u) (1 u) "
¢ j=0 Ozf j+ma d d
AR S ICESs) / e (w)l (1 - w)l "
j=0 Off Jj+ma d d
CJ _ ml)pll

JllE=Ee] +4) /LH%JC (ot

S§

t=1 £ Je)+m

(-l oy,
d
v—j—m1 :

| tle|—
Letting s = in the first two integrals and w# in the last integral

7

(13)



n (13) gives

c—1 . 1
t h tr
Alt) = |-] di(jt 1)/ P71 — 8) 1 s
& — (%) 0
7=0
\_t_l_%JCJ_l . 1
h 7
4 d(j;*ﬁ/ Spl*l(l—s)qlflds
=0 a 0

t=LLle—t—[L]e]—my
d

st — 5)1 s

h(lt = Le]e] +17) /
0
Then (10) follows by definition of the beta and incomplete beta functions.

(b) By Theorem 1-(d), N; can be decomposed as follows

St S (lt—1%]e))
©) () t ¢
Z1 —0 N[(Z 1)c, ic) - Z N[L Lle, (LL]4+1)0) - N[L Lie, ([L]+1)c) ’ (14)
i=1 j=
where
c—1 "
_ (4) -
My=> NP o i=12,.., -] (15)
§=0

is the i-th complete period subsum, while the second summation in (14) is the
decomposition of the complete years included in the last (incomplete) period.
Finally the last term represents the claim count for the last (incomplete) year of
the last (incomplete) period.

By periodicity of the function A and Theorem 1-(b), it is clear that N, [((JZ ) e, i)’

1=1,2,..., Ltj + 1, are mutually independent and Poisson distributed random

variables with mean d B(p1, ¢1) (a* ), just as N ,for j=0,1,...,¢—1.

As the additive property of the NHP processes, we consequently get that M,

given in (15), 7 = 1,2,...,[t] are ii.d. Poisson random variables distributed as

—|t C . . .
N, with mean d B(p1,q1) Y52, : hjojit Similarly, N[(LLE | LC(JLtJJ) L1y 18 Poisson with
1 <16 (¢ c

t—|t]-m > h([t= Lt e +) like N 1L ]e]) NLE=Lele

d o t—|L])c Lt;LgJCJ—ml t*Ltdeml :

mean d B (pb a,




Now, setting
[t £]el-1

* — () (It=Lzleh)
lem = z% Nitge, (t1eme T Nittge 12100
]:
[t=[£)e]-1
gives (12). Combining with (15), (14) leads to (11) and hence (b) holds. O

Now consider Ni; r4¢), the number of claims in the time interval 7, 7+ t). It
is assumed to follow a NHP process with parameter A(t) given by (9). From
Theorem 2, the probability of n € N claims in the time interval [r, 7+ t) is:

[A(T+1t) — A(T)]ne—[A(T+t)—A(T)]

n!

P{N[’T, THt) — n} -

where A(T+1t) — A7) = fTH A(v)dv can be derived from (10).

The moment generating function (m.g.f.) of N, -1y is given by

E(erN[T, T+t)) = e[A(T+t)_A(T)](€T_1) ,
and the expected number of claims over this time interval equals its variance and
is given by

E(Ni7, r44) = V(Nir, 740) = A7 +1) — A(7) .

In particular, the m.g.f. of the number of claims over one period of length ¢, with
an initial age of 7 (that we will denote ) equals

c—1 h(j"rt’f)

a = E(eNin o) = M@ = (71BeLa) Zico Ty (17)

?

where h(j + t7) can be derived from (7) for j =1,2,--- ;¢ — 1.

Moreover, the probability to survive the time interval [7, 7 + t) without a claim
is

P{Np; 41y =0} = e MTH=AML
while the waiting time 77 for the first claim in [0, ) has an almost-lack—of—
memory distribution [see Dimitrov et al. (1997)] and is given by

P{Ty <t} =1-P{N;, =0} =1—¢ 0

- L= LEJel=1 hG+e]) t—t]—my | A(Lt—LE el +t])
— 1 —altle dB(p1,q1) > e dB(pl,(h, 7 ) o ’




where « is given by (17). The corresponding p.d.f. is

Fnt) = altle tBEa DL R ap(p sl e
t t
h (Lt — {chj +t>{) At (t— LEJC) ,
while the expectation of T} is given by
co + Z;: je_dB(pl’Q1)W+?q) (1 — edB(pl’qnh(%{T))
E(Ty) = my+ T~
PR S 1 — gyt

l—«o

Finally, at time ¢, the excess-life until the next claim, Ty, — ¢ is distributed as

P{Ty, 1 —t<s}=1- e IMiHs)=A0] g >0

The flexibility of the beta family of intensity functions, which depends on the
value of the shape parameters p and ¢, provides many possible forms of short and
long term seasonal claim intensities. Other shapes, like periodic trigonometric
functions can also be considered to model the long term periodicity. For example

t—me, t—m,
h(t):a+bsin27r( - J) :
c c
where a > b and a + b, a — b represent, respectively, the maximum and minimum
amplitude of the peak values for the long term periodicity, while m,. is the starting
point of the periodic sine function.

Figure 2 illustrates the shape of A\(¢) for p; = ¢ =2, m; =0, d =1, ¢ = 4,

me = % a = % and b = 1. Here the short-term beta peak values vary according
to the sine function (dotted line). The properties for the corresponding hazard

function A and claim counting process { Ny, t > 0} can be derived analogously.

3.1 The Aggregate Claims Process

The decompositions of Theorem 2 for the NHP process can be extended to com-
pound NHP sums.
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Figure 2: Sine-beta intensity function A(t)

Again consider a NHP claim counting process { Ny; ¢t > 0}. Then the correspond-
ing aggregate claims process

5 SN Xy N >0
! 0 ifN, =0

is called a compound NHP process and is denoted as S; ~ C.P.[A; Fx], for z > 0.
The X; are ii.d. claim severities, with common c.d.f. F'x and finite mean g,
independent of ;.

Consider the claim counting process { N|;, ;14), t > 0}, for a fixed initial age 7 and
periodic intensity function A. Its corresponding hazard function has the following
structure:

(i) If both 7 and ¢ are integers then

T+t—1

Ar+0) = A =A@l + Y I
j=r+ltle !

where A(c) = d B(p1,q1) Z;;é PG and aj,t7, h are given in (4) to (7).

ag

11



(ii) If 7 is an integer but ¢ is not, then

! o B+ 1)
AT +1) —A(r) = A(C)LEJ +dB(p1, 1) Z o
j=r+Le !
t—|t| — h +t] 4+t
+dB (phCJh Lﬁj m1> (LT *J 1) .
aq

(iii) If 7 is not an integer but ¢ is, then

A(r 4+ 1) — A(7) = A(C)LEJ +dB (pl,ql, #, 1)
Mlr+ 18l +8) g HZ W + 1)

M J=lr+1L]c]+1

T —|7] —ml) h(l7] +t+1])
d x ’

Qg

g

_'_dB (p17q17

where B(p,q,t,1) = B(p,q) — B(p, q,t), for any p,q > 0.

(iv) If neither 7 nor ¢ are integer, then

A+ 0) = A0 = 8L+ B (proan, T =0)

C

[7+t]—1 .
h(lr + Lele] +17) h(j+1;)
c dB > =L

j=lr+lele]+1
THt— |7+t —ml) h(|T+t] +t7)
d

_'_dB (p17q17

*
Qg

The aggregate claims over [r, 7 4 t) is then given by Si. ;14 = nN[:TiT“) X,
where Nj; ;44 is a NHP process with periodic intensity function A as in (9) and

Str, r4+t) = 0if N7, 714 = 0. Theorem 1 implies the following decomposition result.

Corollary 1 (a) If 7 is an integer but ¢ is not (note that case (i) above is a
special case of (ii)), then the claim counting process N r44) is equivalent
to the process which has the same time period but starts from 7 mod (c).
Then S};, 14 can be decomposed as

Stryr4t) = S1+ -+ 51 + SiH%Jc to S Sy, (18)
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where the S;’s are i.i.d. random variables distributed as S = ZnN; X, and

N, is a Poisson r.v. with parameter A(c). Then S:HEJC’ oo 394y are also

compound Poisson representing claims for complete years in the last (incom-
plete) period. Their respective parameters are dB(pl,ql)%chD, cee
d B(py, ql)w. While the term S[*LTHJ,TH) is the compound Poisson
sum representing the last (incomplete) year in the last period. It is inde-

pendent of other aggregate claims S; and has a mean of d B(p1, ¢1, t_mT_ml)

h([T+t]+t7)

=
ay

If neither 7 nor ¢ are integer (note that case (iii) above is a special case of
(iv)), then S}; -1 contains incomplete terms and can be decomposed as
S[T, T+ Sl + SQ +-t S\_%J + S[t'JrL%Jc,LTJrL%JcJJrl)
+S>[T+L£JCJ+1 +oo+ STTthJfl + S[*LT+tJ,T+t) )
where the complete sums S; are compound Poisson with parameter A(c),
mutually independent from the two terms SFTHEJ&LTHEJCHU and S[*LTHJ,TH)'

The latter are also independent compound Poisson sums for two different in-
T—|7]—m1 1) h(l7+ L%Jc] +t3)

complete years, with parameters d B(py, q1, p; o ; respec-
. THt—[T+t]—mi (T HEHT) *
tively, and d B(p1, q1, y ) o L Finally, the sums SLT+L§JcJ+1+

.+ S i‘f +4]—1 are also compound Poisson in an incomplete period, with pa-

1 c * T _ * .
rameters d B(p;, ql)h(LTHCi*HHtl), ..., dB(p1, ql)w, respectively.
1 1
Moreover, the moment generating function of S|, -1 is obtained as
E(eTS[T, TH)) = AT+ —A(T)][Mx (r)—1] : (19)

where Mx is the m.g.f. of the claims severity distribution. Moments of S}, -1
are easily obtained from (19). For instance, the total initial premium is given by

E(Spr, r0) = [AMT +1) = A7) E(X1) .

Conclusion

Non—homogeneous Poisson processes with periodic claim intensity rate are useful
in modeling risk processes under periodic environments. A double-beta periodic

13



claim intensity model is proposed as a generalization of the classical risk model.
It also serves as a more realistic alternative to periodic models with only short
term (single) periodic intensity functions.

The flexible shapes of the beta function and the explicit results obtained for the
risk process should make these double—periodic models as practical as the classical
one. In addition, statistical methods to estimate the beta parameters of the model
from real data sets are readily available and shall be illustrated in subsequent work.
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