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Abstruct.

Static, sequential and dynamic models of decision
making situations and additive and subjectively exwuscted utility
models of decision waking behaviour ar: defined and discussed in
chapter 1. Results from conjoint measurement theory are
surveyed in chapter 2 and thelr application to a qualitative
functional analysis (GFA) of the information integration models
is discussed. An imvortant issue is how to deal with fallible
data. In chapbter 3 functional wmeasurement for binary choice data
by the method of wminimum normit chi sguare is considered with a
view to examining information integration models yuantitatively.
In the lasgt of the 4 theoretical chapbters a selective review of
experimental work related to some major issues in decision
theorvis.yresenteu.‘:

Six pailr couparison experiments are revorted in
chapters 5 to 7, in five of them cholces were observed and in
the otner (experimsnt 2) statements of preference were
elicited. Tue subjects were randomly selected university
students wiose results were analysed individually. Tae
alternatives availlable to subjects were gambles for swoll
amounts of money, which they actually played in real play
situations. Ex.eriments 1 - 3 were set in statlc decision-
making situations, 4 and 5 in seguential ones and experilament ©
was set in a dynamic situation. In expsriment 2 tine role of

lecieion makiny was investigated by GFA and
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found to be minor. In exseriments 1, 3 and 5 information
intezration wodels were investizated by «FA and functional
measgurement. Support for suU models and not additive ones was
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wXpoldlucnlt o wues o study of an additive iniorwasion intezration
wodel in a siample, two wbtave, dynamic bebtting came. A
functional measurcuent analysls led Gto 1ts rejectiow.

In the final cuapbter the resulbts ars discussed Ln
relation to previous work. Methodological difficulties whicn
arose from the use of the analvitic methods are considered and
partly resolved. It 1s concluded that they are suitable
technigues for the present application. The futures of tne
information integration models i1s also discussed. It is
concluded that as descqiptiVé models of behaviour in static,
sequential and dynamic situations they still have a very

useful role to play. -
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CHAPTER 1.

Introduction

Much humén activity involves the conscious pursuit of
desirable objectives. An individual engaged in such activity may
perceive that certain alternative means could lead to the
desired end. Prior to choosin: an action he will probably wish
to obtain as much information as possible about each alternative
before him. Information seekin: in such situations has rightly
received much study. Our interest here, though, is in what
happens after the information has been gathered.

The individual will invariably be faced with a
fundamental dilemma: his possible courses of action will not
always lead to the outcome intended and, furthermore, any
outcome will have both desirable and undesirable aspects. ian
does not have the power to make perfect predictions about his
future environment and even if he did have it would not be to his
liking in all respects.

The behaviour of fully informed individuals, making
decisions among discrete courses of action in order to obtain
desired goals, is thevsubject of this thesis.

It is a very broad subject and it is not intended to
attempt a panoramic study of its whole breadth. A specific class
of models of decision making behaviour are proposed and examined
empirically. This class of models will be called information
integration models though this name is used by others to describe
a more geuneral class. The usage of the term here 1s very similar
to Anderson and Shanteau's (1970) usage. Information integration

!

models are tnogse which asoum: baalt peosle evuluace information



about all the attributes of an available alternative and

integrate these evaluations to form some overall assessment of its
subjective value. Decisions are then made by comparing the
subjective values of all the available alternatives. The models
will be discussed again later in the chapter.

Considerable attention has been given to information
integration models over the past 20 years in a variety of
evaluative situations. Recently, techniques have become available
which are particularly useful for examining them in decision
making contexts. Two gquite differenf, though similarly powerful
technigues will be applied in the present study. An important
point to note is that tihe extent to which any generalization
from the application of these analytic methods is valid depends
critically on the degree to which the situations that behaviour
is examined under resemble real life situations. Any psychological
study necessarily involves the study of interrelations between the
individual and his environment. The first task, then is to discuss
real life decision making environments and build models of them.
Models, by definition do not alrror reality but simplify it and
draw out salient features of it. The models of decision making
situations to be proposed should be viewed in this lizht. They are
caricatures, abstractions of real life situations which
hopefully retain some of their essence. The simplest model of
decision situations discussed is one in which the temporal features
are minimum. Generalizations of this which bring in some of the
more important temporal features are also considered. Thne main
aim of the study as a whole is to examine information integration

models in such situations.

The structure of the study to be reported is as follows.
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Most of the remainder of this chapter is devoted to the models of
decision making situations which give the framework of the study.
Then information integration models are described further. In
chapters 2 and 3 the techniques which are used to examine the
models of behaviour are set out and in chapter 4 previous empirical
research relevant to the present study is reviewed. The experiments
carried out in the present study are described in chapters 5

through to 7. Conclusions are drawn in the final chapter (chapter
8). Substantive conclusions are discussed in relation to previous
research and the analytical methods are discussed in the light of

experience with their application.

Some Simple Models of Decision Making Situations.

Three basic models have mainly been used to study
decision making. They are often called dynamic, sequential and
static in order of decreasing complexity, though there is some
confusion in this terminology. Zxamples of each type will be
given and the way the above terms are to be used clarified. The
first two are generalizations of the static model.

A course of action in pursuit of a goal usually requires
making a sequence of decisions. After the initial one, events
beyond the control of the decision maker take over to some extent.
As a result of the initial adtion and the subsequent events a new
state of affairs is reacned which requires the selection of a new
action. The ultimate goal is not mached as the direct result of a
single action. Rather it is attained through reaching towards a
series of sub-goals. Fishburn (1964) gives an interesting example

of this in considerin. o carcer choilce oroblew. The Zollowing 1s
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a more simple career choice problem.

A person has just left school and has been accepted by
a university where he must choose whiqh subject to study. Once a
course of study is begun the system is so inflexible that the
possibility of changing courses can be ruled out. At school his
favourite subject was chemistry, and his best subject english
literature. He wishes to continue to study one of these. His
ultimate goal can be considered to be a satisfying and financially
rewarding career.

If he decides to take english literature, he knows he
will find the course boring, though reasonably easy, and he will
have a lot of time to enjoy the non-academic aspects of university
life. If he takes chemistry he will have to work quite nard but
find it interesting. His free time will be more limited. He
stands the best chance of getting a good degree if he takes
english literature. If he takes chemistry he will possibly get a
good degree but more probably it will only be fair.

When he finishes at university he will be in a
situation which requires further action. If he has a good degree
in either subject he will have the opportunity (perhaps) to
begin a career in some kind of journalism (technical or otherwise)
or some kind of industrial management. If he has only a fair
degree ne may have to choose between teaching and becoming an
of ficer in the army. Suppose he weighs up these four kinds of
career in terms of job satisfaction and salary and arrives at
the following conclusions:

i) managewent is likely to give an excellent salary but
only fair job satisfaction

ii) journalism is likely to give a falr salary and excellent
job subtisfaction



Figure |.1.

A Decision Tree Representation of the Two-stage, Dynamic

Career Choice Prohlem.

Management
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iii) the other two are only fair in both dimensions.

It is clear that there is much for him to ponder in
making his initial decision. As well as his potential ultimate
career, he must consider what his chances are of a good degree
for each subject choice, and what immediate pay;offs each initial
action could bring. Tne situation can be sumwmarized by a
decision tree, as shown in figure 1.1. The decision tree
representation assumes that the decision making situation can be
viewed as a branchinz vrocess. Some branches (markea at the
node with a D) represent possible actions while others represent
the possible events that are beyond the control of the decision
maker. Generally, all branches are portrayed in chronological
order. It is a model of the actual decision making situation
and it will be a good one if it includes all the possible actions
and events that are of concern to the individual making the
decisions.

The above is an example of a two-stage, dynamic
decision situation. The term dynamic will be used here to refer
to situations in which a sequence of decisions arc made such
that the probability of the avallability of later decislons is
dependent on earlier decisions and/or events. In the literature,
the term sequential is often used for this case but here the term
sequential will be used to describe situations involving a
sequence of decisions whose availability is independent of earlier
events and actions. In sequential decision-making situations,
the individuals' fortunes will fluctuate but not the availabil by
of future actions.

As an example of a sequential decision situation,



consider a taxi-driver who, after each fare, must decide which

of three ranks to go to for his next fare. He knows roughly the
chances at each that he will have a long wait and that he will get
a profitable fare. He must weigh these factors up in deciding,
while also bearing in mind that they may change throughout the

day and from one day to another. For instance, one rank may be
near the railway terminus. Here business may be brisk after the
arrival of certain trains but only fair at other times. A%

other ranks his expected waiting time and his chance of a
profitable fare may also be affected by events which follow some
cyclic or seasonal pattern. If no action affects the future
availability of his alternative ranks then this would appear to be
an example of a seqﬁential decision situation. This distinction
between dynamic and sequential environments, although subtle, is
rather important. By making it one can study the effect of
sequential factors in the absence of certain dynamic ones,
enabling a truer picture of decision making behaviour to emerge.
When observing real life behaviour, and in some experiments too,
the seyuential and dynamic factors are confounded enabling many
conflicting hypotheses to survive side by side.

A single decision, one which bears no relation to
earlier events and which has bearing only on the immediate future
is generally referred to as a static choice since the temporal
aspects of it are minimal. (Another way of looking at a
sequential situation is as a sequence of independent static
ones ).

It may be argued that no situation is static and taey
are thus too unrealistic to be worth studying. IHowever, there
are situations in winich the teuporal factors are of iittle importance

For instance, suppose you had decided %o take a holiday abroad
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for the first time and you had fixed your budget. You may feel
that your past holiday experience is irrelevant to this new
venture, and though you recoznize the possibilities of catastrophe
you are prepared to ignore them in weighing up the alternatives.
such a situation might occur wihen you have short-listed certain
"package tour" type holidays. Your choice among these might be in
essence a choice from a set of descriptions in the tour
operators' brochures. Then your choice among possible holidays
can be regarded as a static choice. These three examples are
intended to illustrate the essential differences among the
three basic kinds of situation tuat have featured in decision
making studies.

Fron the general discussion so far, it is clear that
what consitutes a decision situation, and what type it is, is
very much in the eye of the decider. An individual faces a
decision situation if he percieves it as such. It will be a
static, sequential or dynamic decision depending on what he seces
as important. However, in an experiment the situation can be
structured so that the way it is perceived by the subject is
likely to be the zame as the way the experimenter perceives it.
Since tnis has been done in the experiments whicn follow,
decision situations will be discussed as 1if Ghey are objective
reality. Formal models of their structure will be given,
beginning with a model of the static decision situation. This will

help to make the assumptions underlying the experiments explicit.

The Static Decision Situation

The static model can be considered loosely as the
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sequence of events: the decision maker (DM)
i) enters decision state
ii) obtains information about the available alternatives
iii) makes choice
iv) outcome occurs |
v) leaves decision state.
The "decislon state" simply means that interval between the
germination of the idea that action must be taken and the
reaching of the goal.
Suppose, at a particular instant in time, DM enters
any one of a set, 3, of possible decision states. Let the |
state DM finds himself in be denoted Sj (where j =1, ...n).
In expanding the discussion of the structure of Sj it is
necessary to define an outcome of a decision. This is done in
terms of a MOTIVATING VARIABLE, which is in general multivariate
and can be denoted by a vector x = (xl, ...xm).‘ Tach
dimension of X represents an aspect of DM's statﬁs that he can
alter by his decisions (to a greater or lesser extent) and that
also have usome value to him. Thus, it is assumed that these
aspects can be mapped onto'eitder a2 discrete or continuous
variable.
In géneral x represents a collection of variables
because obviously a choice can alter more than one aspect of
DM's status. Let the status quo value of x be X, that value
which applies when he enters the state. The OUICOME is defined
as the change in bthe motivating variable that occurs after a
decisgion has becn made. It can be‘denoted by Xy =€xii’ X049 ...xmi).

The value of x when DM leaves the state 1s X, + X; if outcome

X
—1
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A DECISION ALTERNATIVE can be defined from the
outcome. Let the set of alternative decisions available in
state Sj be denoted by Dj, wiere dij & Dj (i =1, ... kj), and
the number of alternatives available in Sj is kj. A decision

alternative dij is a random variable over the set of possible

outcomes Xij with elements X5 é:Xi The decision alternative

j.
may be either a discrete or a continuous random variable.
The marginal distributions of each dimension of x can be

considered. Let xc..E X is the set of possible

1] cij where XC

1]

outcomes for dimension ¢ and decision dij‘ The marginal

distributions in the discrete and continuous case respectively are
; . ) . . .

denoted by 2 Pkcij  Xpoi s yend p (Xcij)' It will be easier to

discuss the case where the marzinals adequately describe all

decisions, d.. though it is not necessary to do this.

i]
This basic model of static choice situations, where
each alternative is represented by a set of marginal probability
distributions has been widely used and seems guite adequate.
However, it would not zenerally give an adequate description of
how things are presented to DM even though it may describe the
'true' nature of the alternatives facing him. As suggested
earlier, he 1is probably very ill-informed about the possible
outcomes of his actions when he first perceives that an action is
required, and he will first engage in some kind of information
seeking activity. We have restricted our interest to how he makes
his choice when he is fully informed. This 1s taken to mean when
he hag information in a form equivalent to the set of marginals.
Two reflections about real-life decision making should be

noted i) people rarely have accurate information when they make
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their choices ii) there is a limit to the degree of
complexity of information they can (or would wish to) ﬁandle.
A choice must be made between studying behaviour either in
situations characterized by information overload and inaccuracy
or in situations which are relatively simple, where variables
are more easily controlled. In this study the latter approach
has been selected on the grounds that many interesting problems
can be considered in simple situations and it is not clear as yet
which models describe behaviour in them best. Another reason is
so tnat the ﬁemporal factors of dynamic and sequential situations
can be examined.

As far as static situations are concerned, this

approach requires that the alternatives available to DM should

be adequately described by warginal distributions which have certain

properties 1) simplicity, such tnat an "averagé" DM will
understand them and ii) the way the information is presented -
should be typical of the way it 1s presented in the real world.
It is felt that tuese conditions are me% by discrete marginal
distributions as long as there are not too many possible outcomes.
Such an alternative is described by a set of values along the
dimension in guestion and an associated set of vbrobabilities.
Alternatives are often discussed in these terms, and so decision
making among discrete alternatives will mainly be dealt with.
It.is worth notinz that continuous alternatives can
usually be édequately represented in simple value and
probability terms. A step function could be fitted to most
continuous distributions approaching higher criteria of adequacy
as the number of stepss is increased. Then, the bounds of each

step and the probability of an outcome within the bounds could
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be given, defining the step function completely. Thus, models
which apply to the discrete case are not svecific to them as
information about continuous alternatives can be conveyed in
the same terms. There is inevitably some loss of accuracy with
the step function representation but in many cases it would not
be significant.

The only static situations which have been considered
in the present study.are those where a set of discrete,
marginal probability distributions define each alternative
exactly. In such cases there is complexity enough to make
the study of DM's behaviour difficult. Suppose he could choose
among three alternatives and his choice would affect two aspects
of his status. If, for each aspect, three outcomes per
alternative were possible, then his decision would involve a
comparison of thirty-six items of information. The object of
the study is to0 describe and predict how people make such
comparisons. It 1s possible to do this in an idealized static
situation so it will be used. Vnen decision-making behaviour in
non-stasic situations is considered the emphasis will also be on
situations involving complete, exact information.

Some of the kinds of alternatives which have been used
in studying decision making under uncertainty in static
situations will now be described. Gambling situations have
generally been used to examine static decision making under
uncertainty. Subjects have been asked to choose among simple
two parameter gambles of the following type ( e.g. Tversky
(1967v)), involving a wheel of fortune and a spinner. To play,

the spinner is spun, and if it falls in the upper sector of

12.




the wheel (see diagram) the gambler wins or loses an amount X

and otherwise wIiN
x

&

NoT WIN
he wins zero. In the diagram, p, the proportion of the upper

sector represents the chance of a win. This simple gamble
is thus described by the couple (x,p).

Choices amongz duplex gambles, which have two wheels of
fortune, have alwo been studies. For one play, the two spinners
are used simultaneously. The left hand one determines the
winnings and the right hand one determines the losses. Each
wheel is like a simple gamble, SW being amounts won and SL being
amounts lost. Thne events complementary to SW and SL are zero.
sach gamble is summarized by the four parameters SW, SL, PW

and PL. (See diagram below).

WIN LL0SE
sSW SL
NOT WIN NOT 1.0SE

Although these alternatives involve only a one
dimensional motivating variable, the information that DM has is
multi-dimensional. Thus simple alternatives which involve risk

can be quite complex even if the alternatives only affect DM's

status in one respect.

Sequential and Dynamic Decision Situations

In order to find out if, and how people's behaviour

13.




in static situations differs from their behaviour in non-static
situations it is necessary %o be clear abous certain important
non-static situational factors. Formal definitions of
sequential and dynamic decision situations can aid this.

The models to be suggested are discrete time models which
assume that DM passes through a sequence of decision states,
the sequencing being controlled by some stochastic process.
This kind of model has been used by Rapoport (195%) as a
framework for studying decision making, and is cozmonly ussed

in economics and opesrations research.

Let there be a set of time stages, tl”“tn and
associated with each a set of static decision states Sl""sn‘
The sequential decision situation can be characiterized by a

(+ )

sequence of random variables (Xi ) wnere each random variabile

is over the set Si' If state sjj_é'Si occurs at time ti this

is denoted by Xi 841 The set of conditional probabilities
D (Xi = Sji,Xi-l = S3(4-1)r * X, = Sjl) are sufficient to
define any sequential situation, but not any 3§namic one.
Congider a DM at the start of time stage t;. He
hag experience of the outcowes of previous choices ne nas made
and the motivating variable has gone though a series of
fluctustions. Two important empirical guestions must bes do
vast experiences of outcomes or current value of the motivating
variable seriously affect hié decisions? This study w#ill be
directed at whether effects due to these factors can be
reliably reproduced under controlled conditions. In sequential

gituations, in the present study, Dis will only be completely

informed of thelr alternatives at the beginning of each stage.
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Also, only a particular type of sequential situation will bé
studied, the independent one, where p(X, = Sji) = p(X; =
Sji‘ X, 1= Si(1 - 1), *vr %1 = sjl)’ foralli=1, ... n
and all sji‘ This is to reduce the number of variables which
must be taken into account by subject and experimenter.

Dynamic decision situations can also be characterized
using a sequence of random variables EXi g over static

decision states. This time, its characterization is completed

with a different set of conditional probabilities.

P(Xi= le’X(l—l) = sj(i—-l), dkj(i—l):.. ...... H

Xy =851 dy41)

where‘dkj(i - 1) 1is the kth decisions available in state
i1 - 1).

It can be seen that at time stage ti—l the
decision made will affect the probability of being in certain
states}at stage ti. If DM is aware of this how does it affect
his present decisions? WQuestions along these lines will be
examined, though only for relatively simple dynamic situations.
Obviously it does not take too large or complex a situation of
this type béfore a fully informed individual will be overloaded
with information. DBehaviour in situations where individuals
are overloaded needs to be studied, but this interesting
problem, like so many others must be outside the scope of
this study.

The situational factors of sequential decision
situatiohs are shared by dynamic ones. They could, and have

been studied in dynamic environments. When they have been

{
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studied in this way, though they have generally been

confounded with other dynamic factors. The result has been

that explanations of people's decision making have been ambiguous.
It has been difficult to determine which factors and
combinations of factors have influenced people. In a field
study observing betting behaviour at a race course, for
instance, one might observe that the size of recent gains

and losses has a great influence on how much is bet on the

next race. In this dynamic situation one cannot tell whether
this is due to tue gains and losses themselves or to the effects
they have on the opportunities for future bets, or both. This
will be discussed with respect to other studies in chapter 4.
The intention in the present study is to try and utilize the
full power of the experimental method to "unconfound" such
gituational factors. The result will necessarily be a rather
painstakingly slow development.

The formalization of sequential and dynamic decision
situations has obviously not been thorough. It has been
selectively directed towards the variables which will be
studied experimentally. A comprehensive theoretical andysis
of nonstatic decision situations does not seem necessary at
this stage since it would not be possible to follow it up with
a comprehensive experimental analysis. It is hoped that the
discussion of the three types of decision situation has
delineated the framework within which the present study of
information integration models of behaviour is set. The
problems which are to be investigated will be summarized after

the models of behaviour have been discussed.
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Information Integration Models

Information integration models were defined earlier
as models which state that people integrate all the information
they have about an available alternative to form an overall
assessment of its subjective value. In decision making
contexts it is then assumed that they compare the subjective
values of all the alternatives and choose that with the highest
subjective value. This brief definition will now be expanded.
Further assumptions are made to obtain explicit models of
behaviour.

If people assess the subjective values of whole
alternatives one must assume they begin with assessments of the
subjective values of the constituant attributes of the
alternatives. OSuppose items of information on the different
dimensions can take on continuous values. The assumption is
made that individuals' evaluations of these items are
homomorphic to some continuous numerical scale either subordinal,
ordinal or at some higher level. The counterpart to this is
the assumption that the subjective values of the alternatives
themselves are also homomorphic to at least a partially ordered
numerical scale.

The assumptions that evaluations are scaleable. are
not sufficient to give explicit models in cases where
alternatives are multidimensional. People also perform
"integrative" operations on the sub-evaluations, which must be
incorporated into the model. In a particular situation
people are assumed to adopt an information processing strategy

(the set of integrative operations on the constituant

17.




subjective values) on their evaluations. This is assumed %o
be homomorphic with a set of mathematical functional operations
on tne corresponding numerical scale values. That is, specific
Tunctional relationships are assumed to exist among numerical
scales homomorphic to subjective value scales of the
infornation dimensions and the whole alternatives. The
explicit models of tiue coznitive processes underlying decision
making that are proposed are all of this functional relationship
type. The great advantage of making verbal sxplanations explicit
in this way is that their consequences can be determined
analytically and tested empirically. |

If conclusions from studying such models are to have
any general validity the dimensions of information that
subjects are confronted with in the experiments must have
properties advocated earlier. They must be in a form that DM
can understand and in the kinds of terms that he is in the
habit of using. Slovic and Lichenstein (1968 a)) | -
suggested that people typically think of possible courses of
act.on in terms of four risk dimensionst possible gains, |
possible losses, the chance of a gain, and the chance of a loss.
This suggestion is in the context of static situations. For
dynamic situations one could suggest additional dimensions such
as favourable and unfavourable future decision states and the
chances associated with them. Slovic's duplex gambles were
studied by him. because their four parameters correspond to the
four risk dimensions and eaci parameter can be manipulated
independertly of bthe others. It seens a reasonavle working
assumption that people use these risk dimensions so following

b EroRrlal Wi kK ] i
Slovic, ciioices among duplex sambles will be studied.
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In static situations of choice among duplex gambles
two simple information integration models will be studied
for the most part - the additive and the subjectively expected
utility (SEU) models. Let G represent a duplex gamble and SV,
PW, SL, and PL its parameters. Then the ADDITIVE model states
that

s(g) = S; (sW) + S, (PW) + 33 (sL) + 84 (PL) and the

SEU model states that

S(G) = 8 PW);32 (sw) - 33 (PL).S4 (sL)

1 ¢
where the Si's are subjective value scales on the information
parameters and S is the subjective value scale of the duplex
gambles. These functional relationship models have received
much study. |

It was suggested before that if the functional
relationships describe tie way peoplevintegrate thé subjective
values of items of inforumation then the mathematical operations
of the models must correspond to actual information processing
operations. This i1s plausible for the addition and
multiplication operations of the above models. Eroadly
speaking, addition could correspond to some averaging or
aggregating operation and multiplication to a sort of weighting
operation. This must be so 1f the models are to explain
behaviour rather than merely describe.it, which is the main
criterion of success of the models.

The problems which the present study sets out to
investigate can now be summarized. In static situations
people are to be confronted with alternatives which can be

described in terms of certain risk dimensions - a possible gain,
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a possible loss and the chances associated with them. Models
which purport to explain decision making behaviour in these
situations are tested. In sequential situations the effect
of 2 important variables -~ previous outcomes and current
"wealth" on decision making will be examined. Also, tests to
determine whether the models considered in static situations
explain behaviour in sequential situations are carried out.
In dynamic decision situations alternatives cannot be
described only in terms of the above risk dimensions. They
must also be described in terms of such factors as '"chances of
being in favourable decision states in the future." Some
simple alternatives are presented to decision makers in a
dynamic situation and models explaining their choices are
examined.

In the next 2 chapters detailed accounts will be
given of two approaches to the study of simple functional
relationship models like the additive and SEU ones. The
discussion will focus on these two models. They are the ones
which will be examined in static and sequential situations.
Informetion integration models more appropriate to dynamic
situations will be introduced prior to the experiment which
considers decision making in these situations. The methods

appropriate for their examination, however are those set out

in the next two chapters.




CHAPTER 2.

The Qualitative Punctional Analysis (WFA) of Decision Making.

Qualitative functional analysis (GFA) is a
relatively new method of studying functional relationships.

It does not reyuire any measurement beyond a nominal scale.
Yet it is a powerful tool which enables one to examine the
lawfulness of phenomena and search for principles which the
phenomena obey. In this chapter the development of GFA is
traced. It is applied to decision making in static situations
and pringiples of behaviour are suggested for examination.

The approach requires that phenomena can be interpreted as
relational systems. From here familiarity with the ideas of
relational systems 1s assumed, see for instance Suppes and
Zinnes (1963).

Decision making in a static environment can be
intérpreted in the required manner as follows. Suppose the
alternatives available to DM are from some set A, and the
wmotivating variable, x is multi-variate with k dimensions.
Suppose, also that alternative decisions can be adequafely
represented by discrete random variables and DM has complete
information sbout the marginal distributions of each. Iet
Py and Xy be the probabilities and values associated with the
ith dimension of some alternative, a€A. This alternative can

be represented by the vector (pl, Xy veneeen S xk) [

P. x X, X eouns ’Pk X Xk as well as simply by an element from
A. Such a vector representation could also be used in the case
where decision alternatives are represeunted as coptinuous random

variables. Thus, either the set, A or the product set,
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Al X Xl X 00 X Ak X Xk is the domain of the relevant
relational system. The relations of the svstems must be
related to the choices DM makes. The basic assumption made
is that DM's choices are dependent on his preference for or
indifference between alternatives. The precise operatiocnal
meaning of these terms will be discussed later, but roughly
speaking if he prefers a to b (denoted b<a) then he tends to
choose a while if he is indifferent between them (denoted a~b)
then he chooses one at random. The relations < and ~ are
known as binary strict preference relations and binary
indifference relations respectively. The weak preferenbe
relation, ab denotes that b is preferred or is indifferent to
a. That is, asb if and only if a<b or a~b. The seduence
R =<A,<> and ﬂgk =<Pl x Xy x ... Ppox Xk)<>are
relational systems called ordered structures and conjoint
structures respectively. An individual's decision-making
among alternatives can be interpreted as either of the above
kinds of relational system.

ualitative functional analysis postulates the
existence of numerical scales (interpreted here as subjective
value scales) on the system's domain and subsets of fhe domain
which are related to the relation in a certain way. These
existence, or representation hypotheses are examined, and
consequences of them are stated. The representation hypotheses
are propoéed functional relationships among the subjective
value scales. dets of properties, conseguences of the proposed
relationships which must be true if the relationships among

the subjective value scales hold are sought. An application of
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CUFA requires an empirical investigation of the consequences of
the representation hypothesis.
The SEU model can be states as a representation

hypothesis on %QK = <Pl X Xl Pk X ng in a form

suiltable for examination by WFA as follows:

Defn. The SUBJECTIVALY wXPECTED UTILITY model (SEU) for ﬂ o1

states that there exists a subjective probability
function S; on each P; and a utility function U; on
each Xi’ i=1, 2, .. k such that

a) for each (py, X9, «+v Dy X )y (Qg, ¥35 wen Gy ¥y)
éPlxXl ceee X Ppox X

(Pl’ X1y e Py Xk)<(ql’ VAERERE qk’ yk) =>
k k
S s o) U ST sy (a) U tyy)
r=1 - r=1

and b) S(0)

0, 5(1) = 1, U(0) = 0 and p;{ 954> S(p;) < 5(a;).

The origins of (FA are in formal measurement theory.
In fact, it is an application of the results of formal
measurement theory, which has been comprehensively reviewed by
Pfanzagl (1968) and, more recently, by Krantz, Luce, Suppes
and Tversky (1971). The term (FA aptly describes this
application, thouszgh it is not in general use. Because many
developments in measurement theory are very recent there is no
uniformly accepted way of using it to test functional relationships
empirically. The first part of this chapter reviews some of
these recent developments, and arguments about how best to use

them to test functional relationships are presented. Although

this argument is somewhat general the specific application
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to examining the SEU model is to be kept in mind. Much of the
discussion is motivated by the need to develop an error theory
Tor QFA, to enable one to determine between "observed" and
"true" relationships. In the later sections of the.chapter
the actual application of GFA to decision-making about the
concrete alternatives introduced earlier are explored in more
detail.

This whole theory will allow a rather thorough
examination of SiU, some alternative information integration
models and some specific principles of beha&iour. Significance
tests for them are proposed in the final sections of the
chapter. It is hoped that these provide satisfactory tests of
hypotheses related tb gqualitative aspects of information

integration models.

Ordinal Mecasurement Models

The SzU model as defined above is an example of a
representation hypothesis on.ﬂ ok ? It postulates a relation
between the structurej)zk and some numerical scale. Some
simple representation hypotheses on % :(A,é> which postulate
some relation betweenfﬁ and a numerical scale will be
reviewed. Ordiual measurcment models, sets of conditions on
S\ will be derfined and for each pair - representation
hypotnesis, measurement model - a theorem will be stated. The

proofs of these representation theorems are omitted but can be

found -in the references.

Hl. The INTsRVAL ORDER representation hypothesis, IORH states

that there exist real-valued functions, u andp on A of ?ﬁ such
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that for all a, b € A,

1) a < be=vula) + pla)ulb).

ii) a~b <=> not ula) + p(a){u(b) and not u(b) + p(b)<ula)
iii) awb <=> u(a) = u(b)

where axb =57 ar~c ¢=> brc for all céA}

Ml. The ordered structure,j—\ is an INTERVAL ORDER <=> for all
a, b, c€A.

i) not a< a,

1i) a<¢ b and b<c > a< ¢,
iii) a<b and c<d_, a<d or o< b.
Consider the equivalence relation,¥ defined above. Let Al
be the set of equivalence classes that partition A. Fishburn
(1970) proved the following representation therem:

RTl. I.0. <=> I OR H when A/~ is countable (I.e. either

denumerable or finite.)

H2. The SEMI ORDER representation hypothesis, SORH states that

there exists a real-valued function, u on A ofﬁ such that,
for all a, b, c€ A
i) a< b ula) + 1< u(b)
ii) a~be¢> not ula) + 1<u(b) and
not u(b) + 1< u(a)

iii) am b<&e> ula) = u (o)

M2. The ordered structure% is a SEMI-ORDER <=>

for all a, b, ¢ € A i) it is an interval order
ii) a<b and b<cw> a<d or d  c.
The condition ii) of M2 is called the semi-order condition

and iii) of M1 the interval order condition.
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Scott and Suppes (1958) proved the following representation
theorem: RT2, S0 <= ©SORH when A/~ is countable.

H3. The WEAK ORDER representation hypothesis, WORH states

that there exists a real valued function, u on A of N such
that, for all a, b, cgA:

i) a<b< ula) < u(v)

ii) a~b<e> ula) = u(b)

M3. Ap ordered structure;ﬂ is a WEAK ORDER <=>
for all &, b, cé A i) not a<a
ii) either a<b, b{a or a~b.
iii) a{b and e > a<c
iv) ~ on A is an equivalance relation i.e.
a~a; avbe¢=> baaj a~b and b~c 2> a~c.
Suppes and Zinnes (1963) give the oroof for the representation
theofem: RT3, WO <> WORH whether Ajz be finite or infinite.
They do not cite the original sources of the proof, however.
The maps u(A) and p(A) of HL and u(4) of H2 and H3
are numerical scales. The revresentation theorems prove that
the set of axioms of the measurzment model are necessary and
sufficient for the existence of the appropriate scale. It is
clear that to show that the reoresentation is true for the set
A and therefore that the scale exists one must dhow that the
axioms of the model hold.
The function, u in all cases is the basic scale. The
function, p of H1 is interpreted as ascribing a region ofv
indifference around each point on the scale. HZ and H3 are

more restricted versions of Hi. In HZ2 the indifference regions
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about any point are the same length while in H3 the
indifference regions are of zero length. In this sense H3
can be seen to be stronger than H2 which is stronger than Hl.
Furthermore, WO=> S0=> I0 and WORH => §SORH => IORH. If a
scale includes an indifference region it is called an inexact
scale and otherwise an exact scale. Consider the way to use
these results for Qualitative functional analysis when A is a
set of alternatives andsg is DM's weak preference relation.
One has a hypothesis that a certain type of subjective wvalue
scale exists for DM with respect to the set of alternatives, A.
One determinestkm35: relation over the set A empirically,.and
discovers whether the qualitative conditions (axioms) of the
a.propriate measurement model are satisfied. Each axiom is a
principle of “behaviour. If they all are found to hold then the
subjective value, or utility scale assoclated has been shown
to exist, since collectively the axioms are necessary and
sufficient conditions for the existence of the scale.

Let us consider the exact model a little further.
The representation theorem, TR3 states that if the exact
represenfation holds both'<fand,«rare transitive. The violation
of transitivity of ~ is not fatal as TR1 and TR2 show that
alternative, inexact representations may hold. The violation
of transitivity of<:, however leaves us with no representation
at all. It has been argued, (see Adams, 1965) that the
observation of indifference between two different elements
simply means that tine observation procedure is insensitive to

the difference which really exists. In this case —~ could not

be transitive =nd the exact model could only hold to a given

approximation. Its rejection on the srounds of intransitive ~s
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would therefore be somewhat arbitrary in general. Nevertheless,
for a given set of alternatives, A and a certain observation
procedure one could determine whether ~ was transitive. If
not, the exact model could be rejected as a suitable model
of preference for the set A and the inexact models could be
considered.

Unfortunately, the results of measurement theory
do not provide such a clear qualitative analysis in more
complex cases such as the following conjoint representation

hypotheses.

Conjoint Measurcment Models

Since the representations are being considered
tneoretically for the moment, let us denote the n-dimensional
conjoint structure byﬂn =<Alx...An,4> . The basic conjoint
representation hypotheses are those forﬂ2 = <Al X A2, <> .
Only one representation hypothesis for n :é 2 will be
considered for the moment. As in the previous section,
representation hypotheses and measurement models will be stated,

together with theorems which link them.

H4. The ADDITIVsE CONJOINT representation hypothesis for ;)2,

ACRH states that there exist real-valued functions u; on Al
and u, on A2 both of 7)2 such that, for all a1, blé Al and
CPY b2 & Ag
i) (al, a2)<f (bl’ b2) <=> uy (al) + U, (a2)<:ul (bl) + u, (b2)
ii) (al, az)/v-(bl, b,) &> ug (al) +uy (a5) = uy (bl) + U, (b2)
A measurcment model related to H4 states four axioms

6n 7?2, the last of which reguires the following concept.
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Definition. A DUAL STANDARD SEQUENCE, DSS for§§ o 1s a pair

of doubly infinite sequences O, =1, 2, ...

1l

a4 . . i
1i’ a21’ 1

from Al and‘A2 respectively such that if 1 + j = p + q then
(13, 8p5)~ (a1, 8pq/- The DSS is trivial if (apy, &)

for all i are equal.

M4. A conjoint structure'» 2 is an ADDITIVE CONJOINT MEASUREMENT

model,
ACMM <> for all (al, az), (bl, b2) € A x Ay
i) $’is a weak order on Al x A,
ii) If (al, 32)5< (bl, b,) and (bl’ 02) <§ (cy, a5) then
(al, cy) < (cq, b2)
iii) there exist d; ¢ A and 4, € A, such that (a;, a,)~
(bl, d2) and (al, az)n/ (dl, b2)
iv) for any non-trivial DSS (ali, as;) 1 =0, #1, .... there
exist integers n, m such that (alﬁ; agn)fg (al, a2)<§
(alm’ ay. )

Luce and Tukey (1964) proved the representation
theorems: T4. ACMM = ACRH When Al X A2/2£is not countable.
Scott (1964) proposed a theorem and model for the case Al X A2/%$
countable. His model consists of an infinite bundle of axioms
which are necessary and sufficient for ACRH. Note that Luce
and Tukey show only that ACMIl is sufficient for ACEH, not that
it is necessary. |

The other basic hypothesis is as follows.

H5. The MULTIPLICATIVi CONJOINT representation hypothesisJ

MCEH states that there exist rcal valued functions ul on Al and‘

U, on A, of'% , such tiat, Ffor all (al, az), (bl, bz)éaAl x Ayt
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i) (al, a,) <(bl’ b,) & uy (al) X u, (a2)<ul (by) x uy (by)
ii) (al’ 32)f~’(bl, b2)<=> uy (al) X U, (az) = up (bl) X U (b2)
A model related to H5 requires the following concept.

Definition.

The zero subset of 44, Oyq = aol‘aol € A, and (aol’ az)n/
(aol’ b2) for all a., b, € Azji

The ZERO subset of A, is
0,5 = {a02‘ agy € Ay and (ag, aonﬁf (b, agy) for all aq;
b, € Alg

The ZERO subset of Al X A2 is

01 x a2 =0 = (041 X 4,) U (8 x Oy5)

R. Roskies (1965) proposes a model of six axioms which is
sufficient for MCRH when O is not empty. A slight amendment

can deal with the case O empty. A. Gioia (1967) shows that
Roskies' axiom four follows from the others. Only the case when
O is not ewpty will be considered here, and to aid understanding

axiom four is included. The following relations are required

for the case O not empty.

Definition. The relations s__and -s hold as follows:
(a, a,) s (by, b,) if g(al, a,)< 0 and (by, b,) <0 %

(ay, a,) = 5 (by, by) if (aq, a,) £ 0 and oﬁ( (bys by)
oxr 0 £ (2, ay) and (bq, b2)< 0

M5. A conjoint stguctuggja_gmis a MULTIPLICATIVs CONJOINT

MEASURSMENT MODEL, MCMM & for all (ap, aj), (by, by) (eq, cp)

E AL x Ay
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i) \< on Al x A, is a weak order-

.. 0 ,
ii) If dl* \Al there exists do&A, such that (al, az)"’(dl’ d5)
If a 0 . .
24 A2 there exists dlélAl such that (al, az)rv(dl, d2)
iii) If bl‘ 0,, or bZQOA2 and if (al, b2)n/(bl, 02) and (bl, ag)

’V(cl, b2) then (al, az)zv(cl, 02)

iv) Let &y bﬁEOAl. If (a), a,) 8 (by, a,) for some a,€h,

then (al, b2) S (bl, b,) for all b,€4,. Similarly for 259

l S .bll

Similarly for a5 8 by, All of iv) also nolds for thae

bzfoAz. If (al, ay) B (bl’ a,) then we say that a

relation - S.

‘v) Suppose a, bl,di 0,1, and a,, b2¢oA2’ Then

if a, 8 b, and (ag, 3,)§ (b, a,) then (ag, b2)<{(bl, b,)
if ay - $ b, and (a), a,) (by, a,) then (by, b,)(aq, by)
if a; 8 by and (ap, a,){ (ay, b,) then (b, a2)<f(bl, b, )

and if a; - Sby and (al)az)g(al, b2) then (bl’ bz)\<(b1-’ ag).
vi) the archemedian axiom, iv) of M4 nolds over Ay x A * Wwhere
(&), a,) €Ay x A2+ if O<(al, ay).

Roskies proved the following representation theorems:
T5. MCMM => MCRH when 4 x A,/ is not cowtable. As with
T4, Roskies six axioms are sufficient for I5 though not all are
necessary. Roskies model is a generalization of Luce and Tukey's
model, M4. A second generalization »f M4 is the model proposed
by Luce (1966) which is sufficient for the following

representation nypothesis.

HA. The K-DIMANSIONAL ADDITIVE CONJOINT representation hypothesis

KACRY states that tuere exist real valued functions u; on Al, Uy
on A2, ces Up on Ak ofPK such that for all (al, ak),

(bl,... bk)
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eAlx .o XAk :
(a), az,...ak)< (byy .o bk)é_—}ul(al) +...+uk(ak)<ul(bl)+
;..uk(bk)
The measurement model related to this makes use of the
following generalization of a double standard sequence aﬁd the

concept of a standard seguence.

Defn. A double infinite sequence of pairs{éir, aiég, i=o0,t1, t 2,

v T .
«.... (where for each i, a; €A and aiséAs) is a

DUAL_STANDARD SEGUENCE, DSS if for each i = 0, £ 1, ...

r

. by S . r _ s . S r S
1) (ai ? ai+l )N(dl"i'l ’ ai ) ll) (ai+l N ai_l )n/(ai s ai ),

the elements not made explicit béing constant.
Defn. A sequence {;i;iﬁ i=0,x1, ... is a STANDARD S&QUENCE,
sS of A . if it 1s a member of some DSS. It is increasing
. N r . .
if ay < a;,; for all i.

MA. The conjoint_structure Ng, is a K-DIMENSIONAL ADDITIV
CONJOINT measurcment model,; KACMM if and only if, for all

eleaents of Alx ...xAk:
i) € on Ax ..., XAk is a weak order.
ii) For apy integer j, 1 £ € k¥ and any alé;Ai, 1£ i< k and
any biélAi, i¥ J there exists an xJe Aj such that

j_l, aj, aj+l, .o ak)AJ(bl, VR ba—l, x 9, b3+l,..bkl

(al,.. a
iii) Jonsider any two inegualities

1 .2 Ky . N
(a,, .. a0 (v;h, 9% 0 ByF) i =1, 2 with the

property that for each j = 1, 2, ... k Ghere exists a
)

- 5 anein J - 3 |
corresponding permutation J of 1 and 2 such that a;° = bJ (i)

except for at most one 1, which if it exists 1s denoted by 1 |

Then, (al, a2, .. ak)sf(bl, e bk) where if i* exists a' =

j j j o . o ad = ond o
a.*J and bY = bg(i*) and if i* does not exist then a b

3z,




any element of Aj.

iv) For any non-trivial.increasing SS {;1%5 ,IL$ I’é»k, such
that any pair form a DSS, and any b in Ar there exist
integers m and n such that amré b \< anr.

In the case of K= 2 the four axioms of MA reduce to those of M4 .
The weak order, solution of equations and Archemedian axioms
(1), ii) and iv)) are readily seen to be generalizations of the
corresponding axioms of M4. The generalized double cancellation
condition, axiomiiﬂ is not so obviously related to the
corresponding axiom of ¥M4. It is a concise statement of the
complete set of double cancellation conditions i.e. those
cancellation conditions in which a pair of ineyualities imply

a third. This sét is finite though'rather large as k increases.

FPortunately many of the conditions are trivial. For instance

when k = 2 the axiom includes four conditions of which only one

is non-trivial. The case when k = 3 will be considered later.
The set of non-trivial cancellation conditions for this case has
six members. The six models presented in this and the E
precedins sections are the only ones from measurement theory

that will be used in tais study, though other representation
nypotheses will be ¢xamined for which measurement models like

M1l - MA are availadle. Now, H4-HA can be interpreted as specilal
cases of SEU in certain simple situations. They propose that

subjective value scales exist on Ai’ i=1, «... k and also on

Alx .o xAn and that they relate according to a particular rule.

An ideal gualitative functional analysis of these representation

hypotineses would involve exhaustive examination of sets of axioms
of measurement models which were necessary and sufficient for

them. Unfortunately, M4 - MA are not sultable for this for two
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reasons.

Firstly, they are merely sufficient for H4 - HA and
negation of them does not imply negation of the representation
(this does not apply to Scotts model).

Secondly, it is not clear how to carry out an
exhaustive empirical examination of all the axioms. (This does
apply to Scott's model):; In the next section some light is shed
on the latter problem by the examination of thevempirical status
of axioms.

The Empirical Status of Axioms

Three discussions of this topic have apoeared in
recent years: Adaws, Fagot and Robinson (1965), 1970), Pfanzagl
(1968). They make the same basic points, which are clearly
stated in ’‘fanzagl pp.l06-109. What follows is derived from this.
Suppose oﬁe wished to carry out a gualitative functional analysis
of some representation hypothesis via an associated sufficient
measurement model. It would be convsnient to accept the
hypothesis that the axioms are satisfied as long as there was no
empirical evidence to the contrary. The empirical evidence,
nowever, is often not complete, since only a finite set of data
can be collected. Some axioms consist of infinite bundles of
conditions e.g. Scott (1964). It is obviously impossible %o
falgify such axioms since to do so would reyuire an infinite set
of tests‘to be carried out. Other axioms are existential. They
postulate the existence of certain elements which are in a
certain relation to other given elements. Such axioms also
cannot be shown to be false since failure to establish the
sxistence of the elements does not prove they don't exist. Adaams,

Fagot and Robinson (1965) called both kinds of axioms objectionable
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objectionable and axioms which are not objectionable they called
testable. At first glance it would appear that to test the
measurement model it is only necessary to test the testable
axiloms., However, though the objectionable axioms need not be
tested they cannot be ignored as testable consequences may follow
from a system of axioms as a whole wnich do not follow from the
testable axioms alone. The situation can be clarified somewhat
if the discussion is made formal.

Letﬂ =<A, (Ri)i eI> be an empirical relational systen
with ki— ary relations Ri and finite I. A subset AO € A can be
taken to test empirically whether certain sentences of the form

"Ri (al, cee aki) = 0" OR “Ri (al, - aki) = 1"
are true for some 81y 8oy eeey Byy € A&,  ieZI,
where Ri (al, N aki) is the characteristic function of the
relation Ri. Let a,finife gset of such sentences be denoted by
X. DNew sentences can be constructed from the elements, say
l,XzéX:
i)x;, U %X, (U

i1) X, N X, (A= 4ND)

ii1) x; D X, (D= IMPLIES)

X
OR)

]

iv) X (not Xl)
The set of sentences generated from X by the above operations'
defines a boolean algekra. This set can be denoted by the form: @
..... /\(Xml U ... Uka )

m

| L C 7 J..(:‘-
where xij & X or YlJ X

bxpressing the set of sentences generated by all the

possible combinations of the operations i) %o iv) in this form
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reduces the get to one very large sentence.
An instance of the sentence Y can be denoted by Y (al, N ar)
where a; are the elementsééAO which appear in the sentence.

Certain important terms can now be defined.

Defn. A TESTABLe sentence of the R;S.,ﬁ% is a sentence of the
typet
"y (al; .o ar) holds for all a;, ... a " where Y is a
sentence of the type (1) above.

Such sentences have also been called universal senteﬁces.
Obviously, an axiom of the abové form is called a testable axiom.
An objectionable axiom is fofmally defined by negation.

Defn. The testable sentence “Y(al.. ar) holds for all a;, .. a."
is a TESTABLE CONSZWUENCE of a system of axioms on an R.S.,
ﬂ =<A._:‘,(Ri) iéI> &> the testable sentence is
satisfied for each RS 74 1 of the same type as jq ~which

also satisfies the axioms.

Defn. Let(S;, S3be systems of axioms. S, is PURSLY TECHNICAL
in {jSl; 82_}if and only if each testable consequence of
{él’ Sé} is a consequence of 8 alone.

It can be shown that the axioms of a system S can be
partitioned into thfee subsets: ST’ the set of testable axioms,
SPT the gset of purely technical axioms and SO the set of axioms
which are objectionable but not purely technical. Adams, Fagot
and Robinson (1965), (1970) concern themselves with the problem
of partitioning certain measurcment models in this fashion. They
prove which axioms are purely techniéal for certain syvstems.

The meaningz of such results for the axiom systems

previously presented should be discussed. The partitioning of
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the axioms of ML - M3 is a simple matter: they are all testable.
Adams, Fagot and Robinson show that of the axioms of M4, the
Tirst two are testable, the third objectionable and the fourth
pvurely technical. One might speculate on the empirical status
of the axioms of M5 by analogy with the results for M4: axioms
i), iii), iv) and v) are testable, ii) is objectionable and vi)
is purely technical. A consequence of M4 is called the
independence condition for ﬂ o = <Al X A2, \<> ¢ for all
a1, bl [ Al, CPY b, € A2,
1) (ag, a,) £ (by, a,) <= (a1, ) £ (bq, b,)

and

.

ii) (aq, a,) € (a), by) < (b, a,) £ (b, by)

This testable consequence follows from axioms one, two
and three of M4, not from one and two alone. If the objectionable
axiom three had beeh ignored then this rather basic consequence
of the model would have been missed. However, from the empirical
point of view, nothing is lost if the fourth axiom of M4 is
ignored. This illustrates the value of being able to separate
axioms of measurcment models according to the festable,
objectionable, purely technical trichotomy.

If one is examining a representation hypothesis via
a meaéurement model one will be able to say which subset of the
axioms of the model have empirical consequences.

It would be particularly useful if one found that the
set of objectionable axioms was empty. Unfortunately, many of
the models discussed in msasurement theory have objectionable
axioms.

The problem remains that for a finite set A it may not
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be possible to test the objectionable axioms fully because
there are too many testable consequences of them or some may be
unknown. The implications of this for gualitative functional

analysis are considered further in the next section.

The Wualitative Function Analysis of the Additive and Multiplicative
Representations for?&.

The measurement models df the previous seotioné arose
from uttempts to find sets of conditions which are necessary and
sufficient for the representation hypotheses. The models for
which this aim is realized, Ml - M3 are very useful for testing
Hl - H3 empirically. But how useful are M4 and M5 for testing
4 and HS5 in the 1light of the fact that these axiom systems
are merely sufficient for the representations? To examine such
axiom systems may be rather inefficient when the real object
of study is the representation. In the case of H4, Scott's
model (rather than Luce and Tukey's) affords, at first sight an
efficient intermediary. However, as already pointed out, since
the model consists of an infinite bundle of conditions it cannot
be fullj tested empirically} Furthermore, Scott showed that no
finite set of conditions exist which are necessary and sufficient
for H4 even when the domain is finite. It seems likely that the
same is true of H5 and of certain similar representation
hypotheses for 5)3 which will be presented shortly. In view of
this it would seem that empirical studies of H4 and H5 should,
like that of Adams and Fagot (1959) have more realistic aims.

Adams and Fagot sought a set of independent necessary
conditions which contained much of the empirical content of H4.

This seems to bs the best that can be done empirically. A set of
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conditions contain much of the empirical content of a
representation if data which satisfy the conditions are unlikely
to violate the hypothesis. Conditions are independent if none
follows from the remaining ones in the set. Adams and Fagot
arrived at the following three conditions, known as weak order,
cancellation and independence respectively:
H4Cl The relation 4 over A1 X A2 is a weak order.
H4C2 TFor all 8y, bl, Cl.é'Al and 85, by Cpy € Ay,
if (al, a2) < (bl, b,) and (by, c5) £ (cqs a5)
then (al, 02) \< (cl, bg)'
H4C3 TFor all a1, bl’ (= Al and 2o, b2 & A2,
1) (ap, a,) £ (b, 8y) &> (ag, by) £ (b, by)
L

ii) (al’ ag) é (al’ b2)<’——'—> (bl’ 3-1.) (b

1r by

An additional consequence of H4 is that the set of
zeros is in general empty. This is expressed as follows:

H4C4. If a <f b for some a, b é-Al X A2 then the zero set,

oAl X A2 g‘.Al X A2 is empty.
As an interim solution, it is proposed that these four
conditions contain a good deal of the empirical content of H4,
and a test of them would provide a thorough test of H4.

It is clear that the model M4 has not been abandoned
completely in this direct approach, since the first two of the
above conditions are the necessary axioms of M4. sxamining a
set of conditions such as the above will be what is meant by the
qualitative functional analysis of a representation in cases

where the set of necessary and sufficient gualitative conditions

is infinite. A suitable set of conditions for the QFA of H5
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might be based on the axioms of M5. Consider, in the case OAl

and OA2 not empty, the conditions:

H5C1 (Sign) Let aq, tﬁ.f 0p7. If (al, as) S (by, a2) for some

a, & A, then (a,, b2) S (0y, b,) for all b, & A,.
Similarly for 8oy by ¢? OAZ. A1l the above also holds
for the relation -S.
H5C2 (Weak Order) The relation £ over 4 X A, is a weak
order | i
H5C3 (Cancellation) For all a;, by, ¢ & A) and a2,A52,‘
c, € 4, | ' %,
1ro, ¢ 0, ora, ¢ %, ana

(al, a2) —~ (bl’ b2) and (bl, 02) —~ (cl, az)
then (al, 02) A~ (ci, b2)
H5G4 (Sign dependence) for all ap, by, € 41, &y, b4
OA2 :

i) If a, § b, then (8, 8,) £ (by, 8,) @ (ay, by)< (b, )
ii) If a, - Sbé then (a, az)é(bl, a2)<-—‘>(bl, bz)é(al, b2)
111) If a; Sb; then (ay, a,)< (a;, by) @ (b, a,) £ (by, b,)

iv) If a; - Sby, then (aq, as)< (ay, b)) (by, bz)gf(bl,az)

Note that in the mulbtiplicative case there ére no
restrictions placed on the zero clements which may exist. Thus,
if any ars found one should begin to favour HS rather than H4.
The discrepancy of zero elements is a useful zuide when one is
considering which functional rslationships seem plausible
initially. If they exist they are often quite easily identified.
The results on zeros ars not testable sentences as defined in
the last section, they are existential. Honetheless they are

included in the present exposition because of their usefulness
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in the early stages of any investigation. They will be
discussed further in the application of GFA when plausible
functional relationships are scrutinized.

Apart from the consequences about zeros, the
cousequences of H4 and H5 should ideally have certain properties
if they are to be useful in empifical investigations. They
should be i) testable ii) independent and iii) comprehensive
in the sense of containing most of the empirical content of the
representation. Their form shows that they are testable.
Their apparent independence and comprehensiveness will not be
taken issue with in the present study. Clearly they are gquite
basic consequences of the representations. The idea at
present is to pursue WFA through to its application. Providing
proofs of the consequences independence and comprehensiveness

is regarded as an unnecessary refinement at present.

The FA of Simple Polynomial Representations forjq 3

The discussion is now extended to simple polynomial

representations for'?\ 3_whioh are defined below.

Defn. ZRepresentation hypotheses forjq 3_that are SIMPLE

POLYNOMINALS state thét there exist real-valued functions ul

on Al, U, on A2, U, on A3 and u on Al X A2 X A3 such that for
all elements (ay, a,, a3), (by, by, b3) € Ap x Ay x Ay

(al, 2py a3) < (bl’ 0,5, b3)<;> u(al, 8o, a3)<f u(bl, by b3).
The simple polynomial nypothesis is:

H6. ADODITIVE if u = uy + uj + u3

H7. MULTIPLICATIVE if u = uy X Uy X Uy

H8. DISTRIBUTIVE if u = (u; + up) uy
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H9. DUAL-DISTRIBUTIVE if u = u; X u, + Uy

The basic requirement. for a hypothesis to be a simple

polynomial is that in u = f(ul, sy u3) each u, appears at

most once, e.g. if u = ulz.uz.u3 or u= (ul + u2).ul. uy the
hypothesis is not a simple polynomial. H4 and H5 are simple
polynomials on 74 o

It is clear that H6 is a special case of HA when
k = 3. Therefore, when k = 3, MA is sufficient for H6.
Measurement models which are sufficient for H7-H9 have recently
been vsresented by Krantz, Luce, Suppes and Tversky (1971).
Parallel to the discussion of H4 and H5, sets of consequences of
H6-119 should be sought which do not depend on each other and
which contain much of their empirical content. That is,
testable conditions suitable for (FA of the hypotheses are
required. As in the last section, whether they in fact are
independent and comprehensive will simply be assumed.
| Necessary consequences of simple polynomial

reyresentations were first discussed by Krantz (1967) and later
in Coombs and Huang (1970)vand Krantz and Tversky (1971). The
first suggested the kinds of conditions necessary and the other
two developed from it. XKrantz and Tversky called Ghelr analysis
of H6-H9 ordinal analysis because they assumed that thelr data
satisfied the weak order condition. Now, it was suggested
garlier that the weak order condition in a preference context
is quite a demanding principle of behaviour and it is desirable
to isolate it from other gqualitative principles which follow

from the models. For this reason it was felt that Krantz and
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Tversky's results could be improved if the necessity for the
ordering assumption could be eliminated. This can be done by a
careful generalization of the WFA results available for the
simple polynomials onjﬂ o This was done in an earlier draft
of this chapter which was read to the Mathematical and
Statistical Section of the British Psychological Society, June
1971. ©Since then, this generalization has also been carried
out indirectly in Krantz, Luce, Suppes and Tversky (1971). The
necessary axioms of their models sufficient for E7-H9 are very
similar to the conditions derived during the course of work on
this thesis. The conditions for A of H6-H9 to be presented
were not based on Krantz, Luce, Suppes and Tversky (1971) but
on earlier publications. The «FA of H6 is based on Luce's
n-dimensional conjoint measurcment model.
The QFA of H7 to H9 is based on Krantz and Tversky

(1971) and requires the following definitions.
Defn. An element a;€ °Aj | A, is an AFFSCTIVE ZERO in A; with

respect to A2 if, for all Py by & A2 and 8y E A3

(al, 8o, a3)/~/ (al, Do, a3).

An element (ay, a,) & OAl x A, is an ZFFECTIVE ZERO in

A, x A

1 if, for all a;, b3y € Aq (al, CP a3)«ﬂf(al, CH b3).

2
Defn. The set Ay is INDwPENDLNT of Ao X A3, for all aj, by € A,
and (a,, a3), (bos b3)6 Ay x Ag if
(al, a0, aB)éf(bl, 2y, a3)<§>(al, Do, b3) < (bl, b, b3)
The set Ay x A, is INDEPENDENT OF A5 if, for all _(_al, as),
(bl, b2) €A, x Ay and ay, by éA3,
(a), 8y ay) < (b, by a3)e> (ay, g b3) < (b, By, b3)
The set A 1s INDEPENDENT of A, if, for all a,, by - A,

. ) é‘;\“
8oy b2, ¢ A2 and a3 iy

43.




(al’ 8o 3‘3)< (bl’ G5 33)' <> (al’ b;_)’ a3) é (bla b29 33)
A further set of definitions require the generalization of the

o

S and =S relations of M5, If asy by, é A; let a; 8 Dby %ndicate

that the function values of a; and bi have the same sign and

let a; = 8 b, indicate that they have opposite sign (i =1, 2, 3),

when some simple polynomial representation is assumed. Under

a representation which states that Ai and Aj are additive let
(ay, aj) S (bi’ bj) indicate that ui(ai) + uj(aj) and ui(bi) +
U (bj) have the same sign and let (ai, aj) -3 (bi, bj) indicate
they have opposite sign. If a representation states that Ai

and Aj are multiplicative let (ai, aj) 5 (by, bj) indicate that

Uy (a ) X u (a ) have the same sign while -S indicates they have
opposite 51gns.’ Later it will be shown that it is not necessary
for our purposes to know how to determine empirically whether

-5 or S holds for particular elements.

Definitions The set Al is SIGN D& PHNDmNT on A2 X A3 if, for each

a1, by €4, and (ay, a3), (os, b3) €A, x Ay
1) If (ay, aa) 5 (b, b3),
(a1, ay 83) £ (by, ap, a3) & (ag, by, b3) € (b, by, by)
ii) If (ap, a3) - 5 (by, Dby,
(a;, a,, a, ) £(by, 8y @ ) <> (by, by, b3) < (aq, Dy, b3)

The set A, x A, 1s SIGN DEPLND INT on Ay if for each (aq, a5),

1
(bl’ o,) € Ay x Ay and a3, by € Ay

i) If 33 S b3 then (al, Py a3)<'(bl’ b2’ a3) <> (al’ 8oy b3)
< (b, Dy, by)
ii) If 33 - Sb3 then (al, 8oy a )‘((bly b29 a ) <> (bl’ b27 b3)

N (ala 8oy b3)

The set A, is SIGN DEPESNDENT on A, if, for each al,lﬁ_é Al’ s,

1
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3 [ A3:

i) If a, 8 b, then (ay, a,, ay) £ (b, ay,, a3) &> (a, b
\<(b11 b29 33)

ii) If a, - § b, then (a, az,’a3) < (by, a5 %3) <=> (by, by, a3)

b2 E A2 and a

0 33)

\< (ala b29 a3)
The suggested set of WFA conditions for H6 is the following:

H6C1. (Zeros) If H6 holds then no effective zero sets exist in

Ap X Ay X Ay,
H6C2. (Weak ordér) The relation & over A; x A, x Ay is a weak
order.

H6C3. (Cancellation) For all ajy by, C5, € A; where 1 =1, 2, 3:
i) (al, 8o a3) S’ (bl, b, b3) and (cl, b, b3).$’(al, CP 03)
imply (cq, co, a3)\< (bl’ Coy 03)‘
ii) (aq, ap, a3)$:(bl, by, by) and (by, ¢y, b3) (eg, ay, a3)
iaply (aq, cy) 33) € (eqy Dby 03)
iii) (al, CO a3) < (bl, b,y b3) and (bq, bz; 03)\< (al, Coy a3)
imply (cq, ay, 03)é (cqs cpy b3)
iv) (al, 859 a3) < (bl, 1Py b3) and (bl, LPY 03).< (cl, Cos a3)
imply (al, P 03).é (cqs cps b3)
v) (al, a5y a3) é (bl, b, b3) and (bl, Cos b3)é (cl, as, 03)
imply (al, Cos a3).é (cl, b, 03)
vi) (ay, ag, a3).é'(b1, by, by) and (cp, by, p3) & (ag, cp, o)
imply (ol, 2o 33) < (by, ey 03)
H6C4. (Independence) The sets A x Aj are independent of A, for

i, j, k=1, 2, 3, i+ J # k.
The second and third conditions are the weak order

and cancellation axioms of MA when k = 3. The independence

condition is analogous to the condition H4C3, and the set of

six double cancellation conditions are the only non-trivial ones
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when the cancellation axiom of MA is restricted to k¥ = 3. The
last three of these are double cancellation conditions in. the
k = 2 sense when the two product sets are Al X A2 and AS’ Al X A3
and A2, and A2 X A3 and Al. A similar condition to the
trivial H6CLl could be given for H4, so the two sets of conditions
parallel one another.
Conditions suggested for HT7 are:
H7Cl. (Zeros) All zero sets may exist and Opi x Aj =
(Caifag x *5)U (4, x %a3]as ) ana Oaifay = Oai)ax
for all i, j, k =1, 2, 3 and i¥ j # k.
H7C2. (Weak order) The relation <' over Al_x A2 X 43 is a weak
order.
H7C3. (Cancellation) For all aj, by, c;€ A, which are not
effective zeros, where i = 1, 2, 33
i) (al, 2o, a3)fv-(bl, by, b3) and (Cl’ by, b3),ﬂ,(al, a5, c3)
imply (cl, Cos a3)fv-(bl, Coy 03)
ii) (al, P aB)A,(bl, by, b3) and (bl, Cos b3)¢¢ (cl, CH a3)
imply (al; Cos 03)A/ (cl, LPY 03)
iii) (al, P a3)N (bl, LPY b3) and (bl, oy 03)N(al, Coy a3)
imply (cl, a5y 03)nv~(cl; Cos b3)
iv) (al, CP a3)nr (bl’ by, b3) and (bl,'bg, 03)rv-(cl, Cps a3)
imply (aq, ap, 03)/V'(cl, Coy b3)
v) (al, 259 a3) A/(bl, by, b3) and (bl, Coy b3)n/ (cqs 2y 03)
imply (al, Coy a3)/“’ (Cl’ b,, 03)
vi) (al, P aB)/v'(bl, LPY b3) and (Cl’ 0, b3)f~f (al, Cpy 03)
5 a3)ﬁ/ (bl’ Coo 03)
H7C4. (Sign-dependence) the sets Ai pis Aj are sign dependent on

imply (cl, a

A, for all i, j, k¥ =1, 2, 3 and i# j<k.

k
This set is similar to (in fact based on) the set given
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for H5. The sets of conditins necessary for H8 and H9 are
constructed to be similar to all the previous sets in that there
is a zero, weak order, cancellation and independence/sign
dependence condition. The weak order condition is the only one
necessary for all hypotheses H6 - H9.

The suggested QFA conditions for H8 are as follows:

0

HBCL (Zeros) The sets Oy;x ,, and “4y = %agja; = Oagja, an1

3
may exist but no others.
H8C2. (Weak Order) The relationg over A) x Ay x Ay is a weak
order.
H203. (Cancellation). For all dy, @y, by, cq, (S Ay, By, dy,
by, Cpy, € A, and d3, a3s b3, 03,éA3,

i) if (aq, ay, a3)\< (by, by, b3) and (cq, ¢y a3)<(dl, dp, b3)

and (dy, by, b3)\< (cy, aps 85) then (ag, cp, a3)€ (by, dp, by

19
ii) (al, a9 a3).< (bl’ L2y a3) and (bl’ Coy a3)SYcl, CP a3)
imply (a1, ¢y a3)<(ol, 7Y a3).
H8C4. (Indevendence/sign-dependence). The sets Al and A2 are
independent of each other and Al X A2 and A3 are sign dependent
of each other.
The following conditions are necessary for H9:
H9Cl (Zeros) The zero sets OAI‘AZ’ and OAZ)Al may exist but
no others.

H9G2 (Weak Order) The relationg over Aj x Ay x Ay is glveak order.

H9C3 (Cancellation) For all ay, by, c;€& 4y, ay, by, cy€ A, and 83,

b3, 03,éA3
if (al, 8o 33)<(bl, b27 b3> and (bla bz, 03)<(Cla Coy 33)

then (ay, ay, 03)4(01, Cos bS)

H9C4 (Independence/sign dependence) The sets Al and A2 are sign
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dependent on each other and the sets A1 X AQ and A3 are
independent of each other.

Krantz and Tversky suggest other cancellation conditions
for H7 - H9 which require the notion of homogenous subsets.

Let Ai+ be the set of elements in Ai that have positive function

values and Ai— that set which have negative function values,

i=1, 2, 3. A homogenous subset of A1 b4 A2 X A3, or Al X A2

in the case of N 5 is a subset which restricts some of the

sub-elements to one sign only e.g. Al+ X A2 X AB—' With this

rather loose definition, additional cancellation conditions
could be given for H5 and HT7-H9. However, as only those for H5
and H9 will be used in this study only those will be given here.

H5C3' Vithin the homogeneous sub-sets A1+ X A2+, Al+ x Ay
AT x A% and A7 x A7 if (ay, a,)g (g, by) and (b, c,)

{(cl, a2) then (al, 02)<(°1’ b2)

HOC3' Within the homogeneous subsets Al+ X A2+ X A3, A1+ p'e A_Z
X Ay, Al_'x A2+ x Ay and AT x A" x Ay if (ay, a5, 33).<»
(bl’ b,, 33) and (bl, Coy a3)<.(cl, a5, a3) then (al, Coy 33)

NOTRPILY

Similar conditions for H7 and H8 complete the sets of
useful consequences of these revresentation hypotheses. Although
all the cancellation conditions for H7 - H9 are implied by H6C3
no two sets of conditions can bot% be satisfied by the same
(non-trivial) data.

Now, the conditions apart from the zero ones are all
testable sentences. Before the sign-dependence conditions can
be tested, however an empirical method of determining when the
reiations 3 or -5 holds between the sub—elements of Al X A2 X A3

is required. Tuis is done by taking a sub-set of observations.
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Suppose one reqqired to test the sign dependence of Al on,Az.
A particular pair, a,, bl from Al are selected such that

(a), a,, a3)<r(bl, 85y a3) for some a,, a;. Also, a particular
b3 from A3 is chosen. Then, for all b26A2 one determines if

1) (agy by 3)&(by, by, by) -

ii) (ay, Do, y)~ (b, by, bs)
ii1) (by, by, b3)<(al, b2,'b3)
Then for all by, c, &4, for which i) holds b, § c,. Because
of the conditions under which 81, bl were chosen, all b2 for
which 1i) holds must be effective zeros. If i) holds for o,
and i) for c, then b, - S ¢, and if iii) holds for b, and ¢,
then b2 S Coe Thus, for all none zero pairs of elements in A2
one has determined empirically whether S or -3 holds. The
sign dependence of Al or A2 can then be tested. A similar
'procedure can be used to test the sign dependence of any set,
or product set on any other.

Sets of consequences of the simple polynomiais onjq ,

suitable for WFA have been presented. These complement those3
of the previous sections so that results to test a wide range

of reopresentations have been amassed. Before considering how to

apply such results sets for 2 more representations can be set out.

Inexact Functional Relations.

The representation hypotheses H4 - H9 embody exact
subjecfive scales and postulate the existence of exact
functional relationships. It may be though, that data satisfy
most of the principles implied by the exact models but not all.
In such a case it may be possible to describe peoples' behaviour
by a set of principles which follow from an inexact representation

hypothesis. If such aypothsses can be stated gconomically they
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may be usefﬁl. In this section inexact versions of H4 and HS
are stated and results for their QFA proposed. They could be
called representations in semi-orders since they require the
seml-order condition to hold. However, to avoid cumbersome
terminology they will be called the "inexact" representations,
even though other inexact representations exist.

It is desirable to ensure that the zero condition,
H5Cl and the sign-dependence condition, H5C5 are consequences
of the inexact multiplicative representation. This is because
in certain cases they are ratner trivial 'principles' of
behaviour which can be assumed to hold. To ensure H5C5 holds
it 1is necéssaryito define signed classes, Alx A2+ and Al X A2_
from the zero class, OAl X A2 as follows:
L XA
and (a,b)e A x A2+ < 0 < (a,b), where O é'OAl x Ay

(a,b)€A - «>(a, 1)K O
b
The following inexact additive and multiplicative

hypotneses are proposed.

H4'. The INEXAGT ADDITIVE conjoint representation hypothesis

for 792, TACRH states fhat:there exist real-valued

functions, u; on A4 and u, on A2 such fhat, for all

8y, bléAl and a,, by € A,

1) (ag, ay) < (b, by) <> uylag) « uylay) +1< uy(vy) +
uy(b,) |

ii) (aq, ay)~ (D, b,) <=> (uj(ag) + u, (a5)). = (ug(by) +

uy(5,0) < |

H5: The INEXACT MULJIPLLCATIVE conjoint represcutation hypothesis,

IMCRA stabes that there exist real-valued functlons, u; on

Ay and u, on A, such that for all aq, blé.Al and a5, by, €Ay,
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a) If (al, a2)é A x A2_ and (bl, b2) does not, or
if (al, a2) é‘OAl X A, and (bl, b2) € Ay X A2+
then (al, a2) < (bl, b2)

b) If (a), &), (by, by) € A x A,” then
i) (al, a2)<(bl, b2)' <> ul(al). uz(az). E<u.l(‘ol). u, (b2)

ii) (al, §2)n—(bl, b2)<5>

ul(al)ug(a2)

L1/z

w

L

~N

ul(bl)ug(bz)

¢) If (ay, a,), (by, by) €A; x A" then
i) (a1, a,) (b, by) &> uy (81 ) up(ay ) B ug (b ) us(b,)
ii) (al,_aé)rv(bl, b2) <&D

@

% ul(al).uz(aZ) % \/L{'

~ ul(bl)'uz(bZ) h *

where 0 { & < |

It is suggested fhat the following set of
consequences of H4' are suitable for itévQFA.
H4'Cl. The relation, £ is a semi-order over Aix A,
H4'C2, If (al, 9‘2)‘< (bl, b2) and (bl, 02)< (cl, a2)

then (al, 02);{ (cl, b2)

H4'C3. The independence condition H4C3 holds.
H4'C4. The zero condition H4C4 holds.

The cancellation conditibn,, H4'C2 is a weak version
of H4C2 which applies only to the strict preference relation< .

For the QFA. of H5' the following conditions may be
suitable for QFA:
H5'C1l. The sign condition, H5C1 holds.

H5'C2. The relation, < is a semi-order over Al X AZ’ within
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signed classes. v

H5'C3. If (al’ 82)<{(bl, b2) and (bl, 02)<f(cl, a2)
then (al, c,) <’(ol, b,) for elements within the same .
signed class.

H5'C4. The sign dependence condition, H5C4 holds.

The proof that these conditions are necessary for the
inexact representations is trivial. The usefulness of the
inexact models is that transitivity of indifference .and
cancellation of indifference, two of the most stringent
requirements of the exact models are not necessary. Corresponding
inexact representations for ﬂ 3 except for the additive case
are not economically stated and are not expected to be

particularly useful.

The ualitative Functional Analysis of Experiments in Decision
ilaking ‘

The general WFA results of the previous sections can
be applied to any empirical situation that can be revresented
as a relational system like ﬂ = <A1"<> or ﬂn = < Al X o0e X An’
é':> as long as it is meaningful to propose some functional
relationship. It has already been indicated that the information
integration models of the introduction are, in gsimple situations,
soeclal cases of representation hypotheses, and that some kinds
of data on decision making can be considered as relational
systems. Thus it seems that applications of «FA to information
integration models of decision making can be attempted. Let us
examine tne problems of sucih an application of WFA with special
regard to the 3uU model.

sarlier, the general SsU model was defined as a
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general representation hypothesis for the case where
alternatives were presented in simple probability and payoff
terms. The simplest case is the riskless one where alternatives
are univariate. The SEU model for this case corresponds to the
weak order representation hypotnesis, H3 which is renamed the
ordinal utility hypothesis. From the section on ordinal
nypotheses it is clear that to test the ordinal utility
hypothesis for some set A it is only necessary to test the axioms
of M3. Obviously, if the axioms are not met S<U is not a
suitable model and some alternative must be considered. The
representations Hl and H2 may suffice as inexact ordinal utility
models, and could Be tested by examination of the axioms of Ml
and M2. In some riskless choice situations such models may be
aore realistic.

Supposge, 1in a riskless choice situation the
alternatives can be characterized by elements of the product set,

Al X «.0 A, e.z. for a multi-variate motivating variable where

k
an alternative has values on k dimension. An additive utility
wodel could be considered like HA and this could be fesbed via
some set of qualitative properties. If k= 2 or k¥ = 3, sultable
sets are known from earlier sections that are necessary for iH4
and H6. In fact, the set for H4 were introduced by Adams and

fagot to test the additive utility model when K = 2. 1If the

additive utility model failed, an inexact additive model could

‘perhaps be examined.
The remaining situations o be considered involve

choices amony certain gawbles, notably simple and duplex gambles

as previously defined. The 5.U model for choices among simple and

. N . o R ms, e S
duplex -ambles was stabted in the introduction. That for simple
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gambles can be regarded as a'speoial case of H5 and for QFA one
would examine the relevant set of consequences of H5. Tversky
(196®) stowed that when simple gambles involving amounts fo win
only are considered SiU is a special case of H4. He tested it
by examining the gualitative conditions associated with H4. By
either methoavthe alternative inexact representations could be
examined 1f the predictions about indifference were violated.

Turning to duplex gambles, suppose any one of the
parameters SW, SL, PW or PL is held constant. The SEU model
would then be a special case of H9 and could be examined via
«FA using the conditions suggested earlier. This provides a
way of examining choices among the four parameter duplex gambles -
each parameter is neld constant in turn. For this case no
economically stated inexact model is known.

Two other types of gambles to which SEU can be applied
are i) simple gambles where the ouicome is from a two-product
set and ii) single wheel gambles where the outcome wnen the
pointer lands in the lower sector is not necessarily‘zero.
Krantz and Tversky pointed out that for i) S:U is a special case
of 8. TFor ii), if p = 0.5 but the outcomes are allowed to vary,
SEU is a special case of H4.

Thus it is possible to examine decision making by
WFA in situations where the SzU or other exact information integzratio
models are special cases of one of the hypotheses H3 - H9. 1In

addition, QFA results for inexact representations corresponding

to some of H3 - H9 are known. The only hypothesis not mentioned

. : . . - ary b : T £ gambles
above is the multiplicative hypobhesls, H7. If a set of gam

was constructed for which SiU was a special case of H7 The

L. e FLE sompounded, SO
probability art would be rather artificially compou )
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such cases will be ignored. Not all the above hypotheses will be
examined experimentally here, they were presented to indicate
the range of situations which can be included.

The obvious way to test an informaiion integration model
by WFA is to take pairs of elements from some set of alternativeé,
say a, b é’Iﬁ_x Xl Xeus Pk X Xk’ obtain evidence as to whebher
a { bya~b ord  aand apply GPFA to the preference
relationships favoured. Two main ways of obtaining such evidence
will be considered: diract obscrvation of choices and statcments
of preference or indifference, both obtained when DMs are
confronted with pairs of alternatives. The latter is the more
'natural' kind of data for «FA as it gives direct evidence about
whetner a'< b, a ~b or b { a. This is not true of choice data.
Suppose a 1ig chosen from (a,b) in an actual choice situation.

If it is a forced choice and even if the possibility of errors
is excluded the observation is not unequivocal. Either DM
chooses it because he prefers it or he chooses it at random

when he is indifferent between the alternatives. Thus, choice
data has the disadvantage that pairs of alternatives wmust be
presented to people a number of times so that preference and
indifference can be differentiated. It has the advantage, though,
that real comseyuences can be made to follow a DM's choices.

This is not possible in any obvious way for statements data.
Both kinds of data tnen have advantages as well as disadvantages.
The more reallistic choice data is regarded as the more valid,

but statements data will have good uses in preliminary studies

because of its directness.




Statements of Preference

It is worthwhile to consider statements of preference
in more deiail. The first thing to note is that if a set of
"binary preference statements" are obtained, some of them may be
wade in error. The "true" preference may be different from the
observed preference. Tierefore, if a small number of violations
of yualitative consequences of an information integration model
are observed this does not mean that the model must be rejected.
As Krantz and Tversky (1971) note, a way of dealing with fallible
data in WFA must be found. One way to do this is to superimpose
an "error model" (for a certain kind of data) on an information
integration model. A very simple error model for statements of
vreference is as followss
Defn. The SIMPLs sRROR model for binary preference statements
states that when a palr of alternatives are presented.to DM
the probability that ne makes a statement of yreference which
corresponds to his true pyreference is 1 -, where Oéo({]“

The parameter, A is specific to the DM but constant for all
palirs of aiternatives.

Obviously more complex error models could be considered.
For instance it may be that the probability of an error when the
true state is strict preference is less than the srobability of
an error when the true state is indifference. The least
restrictive error model would be that for which the’PTObabilitY
of an error for any preference statement, i was °<i’ and 04 %% \

for all observations.

Tests of Hypotheses for Statements Data.

Suppose a set of n preference statements are obtained

D
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for pairs of alternatives, one statement per pair. TFirst one
would test the observed statements to see if the conseguences

of some information integration model of interest were violated.
If violations are found one should search for a set of binary
vreferences wnich do not violate the conditions but are similar
to the observed set. Let the number of observations which are
different from the observed set be k. If a good search

procedure is available one should be able to find a non-violating
set with.ainimum k value. The hypothesis that Dii's true
preferences are those of the non-violating set and he made

errors according to the simple error model (Hl) can be tested
against the hypothesis that his true ureferences are those of

the non-violating set but ne made errors acoording.to the general
error model (Ho) which says that any probability of an error lies
between O and 1. The nypothesis Hy, that o(l, =o(2 = ... =o<n =K
is a special case of o, and can be tested against it by the
likelihood ratio (LR) test. The point of making the test between
the models is obvious. If the test leads one to reject Ho in
favour of Hl then one can say that the information integration
model holds and thnat errors can be described by a model with one
sarameter. If Hl is rejected then one can try models that are
less restricting than the simple error model but less general
than the general error model, such as that suggested earlier.

It all "reasonable" models are rejected one must accept Ho. This
says that the information intezration model holds but errors are
described by a model with n parameters. Since such a model is
useless it is better to conclude that the information integration
hypothesis can be rejected.

The maximum likelihood (ML) estimators af°(i under Ho
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are °<i = 0 when the observed preference and corresponding "true"
preference are the same and'0<:i = 1 when they are different.
Thus the likelihood function (LF) of Ho, L(Ho) = 1. The ML
estimator of £ under Hy is X = k/n where k of the n observations

are different from the true ones. The maximum LF of Hl is

, ] F -
ML (H)) = __ B */) Fa-wa)yBrok, w5y
k| (n-k)!
the likelihood ratio test, the function - 2 log ML (Hl) is

distributed asymptotically as chi square with n - 1 degrees of
freedom (since ML (Ho) = 1).

The other error model mentioned, where the probability
of error is different for indifference is tested against Ho in
the same way. This time the chi-square statistic would be
distributed with n - 2 degrees of freedom.

Using such error models it is possible to evaluate when
an information integration model has reasonable predictive vower
and when it should be discarded.

The above procedure only gives a test of a class of
true preference statements if ML(Hl) is maximised over the whole
set. A search procedure to find the maximum of ML(Hl) is
oresented in appendix 2. It is also relevant to binary choice

data and it will be discussed further in this connection.

Binary Choice Data.

Asg indicated earlier it is necessary to obtain a number
of choices for each pair of alternatives presented to DMs in
order to distinguish between preference for an alternative and
the random choosing of it. The desizn of such an experiment,

using an individual DM should be described so that the assunptions
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made in testing by QFA can be clarified. It is the n-replicate,
complete pair comparison design.

Let there be m elements in the set of alternatives, A,
«here elements are denoted a, b, ¢ € A. The DM makes a sequence
of choices from pairs in A. On any trial he must choose one or
the other, no indifference being allowed. All m (m - 1)/2
pairs are presented n times. Both alterﬁatives are presented
simultaneously and the »probability that either is on the right is
p = 0.5, Thus it is an n-replicate design which is balanced for
spacial and temporal effects. The basic assumptions made in the
statistical tests to be discussed are that all the observations
are independent and the n observations on any pair are identically
digtributed bernoulli ﬁrials. This hypothesis will be called the
bernoulli wodel. The n m(m-1)/2 trials are presented in random
order to the subjects except that no pair is presented if it
appeared on the yrevious ¢ +trials. This is so that memory
factors are minimized. Assuming the bernoulli model may be
reasonable when € is large. The binomial parameter p(a,b) for
the pair a,b, € A is the binary preference probability. It
denotes the vrobability tiat DM will chose a any time that (a,b)
are presented. |

Now, the preference and indifference relatione of
the representation hypotheses which are to be examined must be
related in some way to the binary preference probdilities.

Preference and indifference can be defined in terms of
binary preference probabilities in a variety of ways. It scems
ridiculous to define indifference in any way other than the
following:

a~1b <> pla,b) = 0.5
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If DM is indifferent between a and b he chooses at
random and if he chooses at random p(a,b) = 0.5, If he shows a
tendency to choose one over the other, i.e. pla,b)4 0.5 then he
is not indifferent between them. If this is acceuted the
different ways of relating true preference to preference
probabilities, differ only in the way strict preference relates.
In the literature, indifference has been considered as adequately‘
represented by a probability range (e.g. Luce 1959). But here
such models will not be discussed.

An errorless preference model of binary choice has
commonly been called the algebraic model. The algsbraic
prefersnce model states that ad b <=> p(a,b) = 0 (and of course,
b £ a <> pla,b) = 1). However, any model which predicts that
no erroneous choices will occur will not survive, and as with
statements data a way to incorporate errors must be found.

Two simple probabilistic models ars suggested.
Defn. PROBABILISTIC MODEL I of PRuFARsNC.. FOR BINARY CHOICE DATA
states that b < a <> p(a,b)2 « were 0.5 & £ 1 is a
parameter of the DM constant over all pairs of alternatives
(obviously a < Db <> pla,b) £ 1 - ).
Defn. PROBABILISIIC PREFERSNCE MODEL 2 of PREFZRANCEZ FOR BINARY
CHOICE DATA states that b < a <> pla,b) =& where 0.5<«<{ 1

In the latbter case the probability of an error is
coustant. In both cases it would be better to estimate KA from
the data, but with orobabilistic model I this generally leads %o
acce bing oKX = 0.5. Iversky (1959) has adopted this model with
A = 0.5 in order to test (among other things) the transitivity

part of the weak order condition. Now, the interpretation of
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information integration models in terms of relational systems
postulates that the three states a <: b, a «~ b, b '< a

are qualitatively different. If one uses £ = 0.5 though, one
nas the situation p (a,b) = 0.51 «<=> b < a, pla,b) = 0.50
<> a ~ b and p(a,b) = 0.49 <> a < b. This is not in

the sgirit of the models at all since the three situations would
not be discernable in ZM's behaviour. Also, two situations which
one could distinguish between, say p(a,b) = 1 and p(a,b) = 0.6
would, by the model, be regarded as equivalent. If one permits
the binary preference probabilities to be unrestricted in the

range 0 & p(a,b)£ 1 one would be far better off using models
which make point predictions ofthem. Such models afe considered
in the next chapter. [f the idea of qualitatively different strict
vreference and indifference states existing is to be of use a
sodel withed value near to 1 so that a < b <> p(a,b) is
aizh and b < a «<>p(a,b) is low would make more seunse. For
this reason an ol value for model I has been chosen a priori by

whnat is nhoped is a reasonable criterion. The criterion, and the

K values chogen by it are given in appendix L. It is based on
sucn considerations as 1) it would be unsatisfactory if thae
maximum allowahle probability of error, (1 - & ) was high

11)(1 =¢A) should be low enoush so that the model is a reasonable
initial nypothesis. Probabilistic model .2 1s more restrictive
taan model I and no probleas ensue from estimating oA from the

data in certain circumstances. Unfortunately there are other cases
snere i5 is wuch more difficult to test than model I. For this
reason it will not bs considered furtner. The idea of three

aisbinct states corresvonding bto bturee point preference
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probabilities seems more in keeping with the spirit of the
representation hypotheses, however.

Model I is a relatively weak model, It allows the
probability of an error to be different for different pairs of
alternatives. Preference probabilities are merely restricted
to a certain range. Statistical tests based on this model will
now be described.

Tests of Hypotheses for Binary Choice Data, Assuming Probabilistic
Model 1.

If preference is clearly defined in terms of binary
preference probabilities it is possible to test, by likelihood
ratio tests wacther the cata from an n-replicate pair comparison
experiment is consistent with qualitative consequences of informatic
integration models, assuming probabilistic model I. Tversky (1969)
applied such tests in examining transitivity of preference.

He agsumed probabilistic model I and an <K of 0.5. When L 0.5
and the set of palrs presented is large the tests are more
difficult to apply. A solution will now be presented for the
seneral case.

A1l wodels have conseguences which regtrict the
preference probabilities in some way. Tney are tested against the
unrestricted, maximum likelihood bernoulli model. The maximum
likelihood cstiwate of the binomial parameter, p(a,b) is k(a,b)/n
wnere k(a,b) is the nuamber of times a was chosen by the subject.

The unrestricted maximum likelihood of the data, UML is, therefore:
(a,p)  (n-k(a,b)

| K
oHL= Z ! x (k(a,b)/n) x(1-kx(a,b)/n)
21l pairs (n-k(a,b))tk(a,b)! ’

(a,b) 4 x A

)
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Now, what is under test is whether the data violate a set of
conditions predicted by some information integration modél
assuwing probabilistic model I holds. TFor the likelihood ratio
test the waximum likelihood of the data given these restrictions
(the &ML) is required.

The search procedure for this maximum is rather
involved, and has been relegated to appendix 2. Suppose, anyway
that the set of preferences and indifferences given the
restricted maximum likelihood can be found. The best restricted

ectinates of the p(a,b)'s would be as follows:
is {k(a,b)/n if k(a,b)/n> K

K otherwise

If b < a then best estimate of pla,b)

If a b then best ecstimate of v(a,b) is 0.5

If a < b then best estimate of pla,b)

is k(a,b)/n if k(a,b)/nL1-2&
1 - & otherwise.

Thus, the RML only restricts some of the estimates of
the preference probabilities. Waen the likelinood ratio test
is applied the asymptotic distribution of the function - 2 log
(TML/UML) is distributed as a chi-square variate but unlike the
sbatements case the appropriate number of degrees of Ireedom 1s
the actual number of restricfions on Tue p(a,b)'s. The
restricted hyuobthesis is rejected in favour of the more general

st is

W

one if the abovs statistic is significant. The ©
conditional on whai data is observed. Unfortunately, the effects
of this conditionality on the distribution of the statistic

under the null hypothesis are unknown. Tney cannot be assumed to
be negligible. An even more basic problem than this must be

tackled, however: the function RML must be maximized over the
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set of preference patterns which satisfy the consequences of
the information integration model under investigation. A
solution to this problem when probabilistic model I is assumed
is set out in aprendix 2. Unfortunately it does not apply to
probabilistic model 2. The procedure involves reformulating the
maximization problem as a linear progfamming one. Such a
solution to a reclated problem was suggested by Decani (1969).
Tie linear programming problems cannot be solved by standard
prodedures as the variables are bivalent. Such sroblems are
called pseudoboolean linear programming problems by Hammer and
LTudeanu (1968) and can bé so0lved by their methods. A useful
feature of the solutions is that they apply equally well to
incomplete pair comparison data. Unfortunately the algorithms,
though known to exist have yet to be converted to suitable
computer programmes.

At the moment, fherefore the maximization must be
carried out by rather ad hoc methods, not the full solution
above. Consequently the full properties Qf the test statistic
are unknown because Lhe effect of its conditionality on the data
cannot be investigated. Deg ite these drawbacks the test will
be applied in the cxperimental section as no better alternative
is known.

An actual application of «FA to binary choice data is
carricd out as followss:

i) a set of qualitative properties, comsequences of the
informatsion .rtesration model under investigaﬁion are
numerated.

ii) ML is maximized over the set of preference patterns which
satisfy the conditions assuming probabilistic model I.
ili) UML is waximized.

iv) the conditions es.uming probabilistic model 1 are

-



tested against the unrestricted bernoulli model by the

likelihood ratio test.
_ The actual procedures used to carry out ii) will be
vresented in the results sections where this is necessary. This
completes the survey of WFA and the discussion of how it will be

applied in the present study. Its merits and drawbacks will be

considered further after it has been applied.




Chapter 3

The Functional leasurement Analysis of Decision Making.

Functional measurement is used to explofe functional
relationships guantitatively. Recently, Anderson (1970) has
glucidated the usefulness of one approach in the study of
psychophysical judguments and Anderson and Shanteau (1970) have
applied it to risky decision making. Other quantitative methods
nave been used to explore functional relationships in decision
naking, including some using a relational syvstem formulation (see
Edwards (1954c), 1961), Luce and Suppes (1965)). TFor these,

«FA would provide "goodnesgs of fit" tests of the basic
functional relationship model. GQuantitative information would
then be obtained by a wmeasurement procedure within the same
framework 1f the model appeared to fit.

However, for the present study it was decided to
consider quantitative models based on a different set of
assumptions, utilizing the approach of Bock and Jones (1967).
Bock and Jones (1967) have developed methods for estimating
interval scales of objects from preference freguencies obtained
in n-replicate pair comparison experiments. The model underlying
this is Thurstone's case V model for affective values. They
sugegest related estimation and goodness of fit tests for general
aulti-factor models. These can be used to explore functional
relationships in an analagous way to Anderson's procedures of
functional measurement. Anderson's approach cannot be used
directly with choice data as 1t requires reéponses measured on

a continuous scale. In the experiments to be reported, the
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rationale for examining functional relationships quantitatively
is based on Anderson's approach but the actual estimation and
coodness of fit methods used are those of Bock and Jones. The
synthesis of these two approaches in the nresent application to
static decision waking will now be described.

The basic objective is to explore the functional
relation between the psychological factors "attractiveness" or
"worth" of alternatives facing DM and the subjective value of
the various information dimensions of tnese alternatives. As
with the «FA approach, let the alternatives be suitably described
as elements (pl,xl, .....pk,xk) of a product set Pl X Xl X «..X
Pk X Xk‘ The basio assumption of any functional measurement is
that the subjective and objective factors involved in the
functional relation can be measured on at least an interval
gscale. The present application would be inappropriate if this
assumption was not warranted.

Let us suppose then, that an experiment involving
choices between simple gambles, that is, alternatives from Pl X Xl
is carried out, using three factor levels Pys P1s Po éIPl and
Xgr X9y Xy é-Xl. Anderson would obtain a response, rij for
each factorial combination (pi, Xj),(i, j=0,1,2). Ina
results table where the Pi‘s are the rows and the Xj's the
columns, the row means T,. and the column means, r;j are used
as the basis for the scaling of the subjective value of the
p;'s and Xj's. The actual scaling pro?edure depends on the
functional relationship being examined. One may be considering
any of the following information integration models:

i = s(y . additive)
i) ry5 = S(yi) + u(XJ) (a
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]

ii) rij

iii) Ty s(py) + u(xj) + su(py, Xj) (general linear)

s(p;) u (xj) (SEU)

]

The scales are inappropriate if the information integration
model 1s so the fit of the model must be tested. Anderson does
shils by ap.lying analysis of variance to the rij's to test the
significance of the main effects and interactions. Model 1)
predicts that the row x column interaction is not significant and
model ii) predicts tﬁat the only significant component of the
interaction is the linear x linear. Model iii) is the general
case in which all the interactions are permitted. In this last
case, scaling the subjective values is only meaningful in a
réstricted senee. The tests of these models, then consist of
testing the significance of the a propriate components of the
interactions by analysis of variance.

The general linear model is not really tested, but its
varameters are estimated and it is accepted by default if the
obher models are rejected.

This simple approach could be readily extended»to
information integration models where the alternatives are from
larger product sets. For instance, where theyv are duplex gambles
from ) x X; x P, x X, or Py X X, x X, (where p, € P, is held
constant). The functional relationships of interest would again
be the additive, SiU or general linear models. Anderson and
Shanteau (1970) in faet applied the method to rating data for
simple and duplex gambles.

To apply the method to model testing from choice data,
however requires furth:r technigues since continuous measures
of the subjective values of the alternatives are not directly

- . - , a e uits 1 nnigues
observed. Tock and Jones (1957) have developed sultable techniques,
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by which the subjective values of the alternatives can be
scaled under specific assumptions abous the observation error.
Different 'specific assumptions" can be made, one such set
corresponding to Thurstone's case V wodel for affective values
(Thurstone (1959)).

Generally, though the basic assumption is that at the
time of choice the subjective value, Vi of the alternative a4
is decomposable into a constant part, uy and a variable part, e
For the woment, let us denote alternatives from Pl X Xl above
by ai,'ajéEPl X Xl' Two interpretations are possible: either
the constant part represents the 'true' subjective value and the
variable part measurement error, or subjective value ié something
which fluctuates by amounts e around the mean value U, . At any
rate, Ve = ou; otoey where e is a random variable with
distribution f(ei) and E(ei) = 0, Var (ei) = d'iz. Alternative
models can be considered where the ey ére identically
distributed with common variance 6?12 (all aié'Pl X Xl). In
these models, a difference process can be considered, such
that the random'variable Vis = Vg - Vs = (ui - uj) + (ei - ej)‘=

J J

uij + eij where eij is disgtributed as T (eij) with ﬁ(eij) =0

and Var (eij) = 2C712f=-C72. (This is not necessarily true for
all f but it is for the ones we consider).. This difference
process is assumed o operate when DM 1s faced with a binary
choice situation. bThat is, where he must choose from a pair of
alternatives (ai, aj). Obviously, the uij's arc the differences
in mean subjective value of pairs (ay, aj). Fluctuations in
V..'s will be :referred to from now on as random sampling error.

iy
All random sampling error in the difference processes considered

nave gommon variance.




The above model is the basis of the procedure for
estimating the subjective values of the alternatives. The
estimation usés the binary preference frequencies from an
n-replicate pair comparison experiment.

Now, if the pair (ai, aj) is presented to DM then the

binary preference probability i.e. the probability that he will

choose ay is i
P.. = P(v.. _ (_u.. )
ij (VlJ > 0) £ (x) dx H( ij

ooe———t

S

1]

(Y

Thus the preference probabilities P;j are functions of the
unknown parameters of the model i.e. the uij's and < .
Letimates of the uij's give a scale of subjective value of the
alternatives. This scale is unique up to an arbitary origin and
unit. The unit can be set by letting S = 1 and the origin by
letting one of the alternatives have value O, or by letting the
subjective values sum to zero. Some models for which Bock and

Jones general estimation procedures can be applied are

0
. 2
i) normally distributed error when H( uij) = i exp (3 x 7)a
21
-U;
=8 (u;3)
ii) log - normally distributed error when
oo
H (u..) = 1 exp (3 x ©) dx
ij =
2n
- log Uy 5

70.



Tab

le 3.1

Comparison of Probability of Success as Given

by Four Stimulus Response Curves.

Logist

0.500
0.622
0.731
0.818
0.881
0.924
0.935

0.971.

0.982
0.989
0.993

ic Normal

O.
O.
0.

o O o o © O O

0.

.500

992
997
999

From Cox (1970.)

71.

Angular

0.
0.
0.
0.
O.

H H H B O O

500
615
724
821
900

.958
.992
.000
.000
.000
.000



1ii) logistically distributed error when

o5
Hw ) = % sech © (%) ax = I (uy )
-0y 4
iv) angular distributed error when
%
H(u_ij) = % . sin(—x+g)dx,—g<x\(.—g
~y 4

= @ (uyy)

In these cases it is clear that uij is a wonotone
transform of ?ij and . vice versa. The inverse transforms are
denoted by: Uy = g1 (pij). Cox (1970) has compared the
wathematical form of the inverées 1) _1, 17l ana Qfl with the
inverse linear transfosmation of Pij’ One can see from table 3.1
that they are all about the same over the range 0.1 s:Pij$:0.9
'(remembering they are symmetrical about uij = 0). Outside this
range tney approach tue limit at varying rates. The main
difference between them is that the inverse linear and ansular
functions reach the limit at finite points while the others do
so at infinity. The inverse logistic and normal curves require
a relatively complex variation of the basic estimation
procedures bul their continuity over an infinite range far
outweighs this problem. Either might form a suitable basis for
functional meaéurement and since they agree so closely over the
whole range it does not seem necessary to choose between them.
hrbitarily then, solutions (due to Bock and Jones) for the
normal model will be described. Parallel solutions for the

logistic model exist and aspear in the references.
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The results, and their underlying assumptions are
stated in order to avoid continual cross references to their
source. In chapters 5 - 7 they are used extensively. Proofs
are not given as these have been set out in detail in the
primary sources, sarticularly Bock and Jones (1957).

Let us revert to the former notation for denbting
elements (Piij)é;Plx Xl and congider the particular case where
Pl X Xl is a 3 x 3 product set.

For this case an n-replicate completely balanced pair
comparison ex.eriment can be carried out. The complete, n -
replicate pair comparison experiment with m alternatives was
described in chapter 2. The preference freguencies can be
denoted S..,./n. That is, Sijkl is the number of times (Ei,X.)

1jkl J
was chosen over (P, X.). As with chapter 2 it can be assumed
k, 71

that each choice for a given pair is an independently and
identically distributed bernoulli variate. Thus the observed

N - R . : P
proportions, Bijkl = Sijkl/n are statistics distributed according
o the binomical distribution, with mean Pijki’ say and variance,

2 o ' _

Now, it is assumed that subjective values are related
to the observed proportions via the inverse normal function and
the difference process:

o1
T =7 Caga)
where Y.L,]kl = (413 - O(kl) + 6131{10
Bock and Jones'suggest using the minimum normit chi-squared
procedure to estimase the subjective values,o(ij. This
procedure, based on Urban (1908) uses Rao's lemma which says

that if f£(t) is any continuous function with continuous first

3.



derivatives of a statistic, t of a sample of - n observations

with mean zero and variance;ér2/n such that t tends to normality

in the limit, then

u = Jn(f(t) - £(0))

is distributed normally with zero mean and variance

2 2 . .. . . .
o df in the limit. This result is applicable
— .
3t
A

5o the uresent case, where the Pijklls are binomially

distributed and therefore tend to normality as n »>oo.
N
The statistics Pijkl correspond to t and .
tae inverse normal transforms of them denoted Yijkl correspond

to the function, f(t). It is known from applying Rao's lemma

as indicated that the variable known as the normit chi-sguared

function,
. . 2
¢ = Z n W51 {Yijkl - (Kyy = KXyy)
all pairs
(i,3),(%,1)

‘is distributed as chi-squared in the limit with m(m-1)/2
degrees of freedom.

. 2 -

2 . ) L * : 3 .
kz(x) is the syuared normal ordinate at x. The minimum normit

chi-squared estimators of theC¥ij’s are those values which

minimize .

These estimators are normally distributed in the limit
& ; ffici The W, ..o-'s are unknown but fortunately
and are efficient. Tue i 511
good approximations can be found which cause only a minor

, : . imati One is ¢ Vil =1
deterioration in the estimation. One such is to let n 5%

T4.



snd minimize Q. This gives provisional values of the a%j

which can be used to calculate approximate W. To obtain

5 ik S
a final solution of course, & is again minimized using the
approximate W 13kl 's. The minimization uses standard matrix
alzsebra, and can be carried out by setting one c&.., say 0K33 =
This is permissible since the scale of the ol 's has arbitary
origin. Now this gives the subjecctive scale values of the
alternatives (pi, xj), let them be ékij’ and the next problem is
to test the model. Tovdo this the chi-square is partitioned

as follows. The total chi-square

-~

3ST = ny Wijkl (the summation being over all

ijkl®
observations). The component due to the parameters,

SSR =
Iiﬁ 22: n Wlakl YlJKl and

(all palrs)
(all palrs)

The component due to thz error is therefore the difference SS8E =
59T - SSR. Under the hypothesis that the data fit the wmodel,
5SE is distributéd as chi-square with (m - 1) (m - 2) /2 degrees
of freedom. Under the hypothesis tuat o(ij = 0 for all pairs
(i,3j) SSR is distributed as chi-sguare with n - 1 degrees of
freedom. A significant value of e¢ither indicates that the
appropriate nypothesis can be rejected.

If the basic model fits then it is worthwhile
proceeding to the problem of scaling the subjective values of

x. € X € Pl and testiny functional relationships
i 1’

between these dimensions and overall

and .
J

-

subjective value. As with

Anderson's metnod both of these things are closely linked. The
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scaling requires that one assumes a model and testing the model
requires that the scaling is done.

Consider how the Sil model would be tested. The model
says that the subjective value of an alternative is composed of
the sum of certain parameters, which depend on the levels of the
objective values, and a random error. From the estimates of
the subjective values of the alternatives Tound by minimum normit
chi-square, the parameters of the StU model can be similarly
estilmated. The fit of this functional relationsuip is tested by
partitioning the original estimation chi-square SSR into a
component Jdue to the functional relationshnip model, SSM and one
due to Jdeparture from it, SS&. If SSE is significant the
proposed functional relationsnip can be rejected.

To test the additive model, tie original estimation
chi-square is partitioned similarly. To comuvare the two models,
3SR is split up differently again. The "main effects" parameters
of the 3.0 model ars all the parameters of tre additive model.
lhus, the latter is a special case of the former. In all such
cases the SSR cni-square 1s partitioned into a component due
to the paramecbers common to both models, a component due to the
parameters specific to the more zeneral model and a remainder.

If the component due to the parameters speclfic to the general
model is siznificant then this model 1s siznificantly better than
the restricted one. Otherwise tie latter is preferred. The
procedure is described in detail in Bock and Jones. A great
advintaze of this approacn is that a test of the error
distribution being assumed can be made which is separale from

the test of the functional relationsnip.
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A further advantage is that as well as looking at
functional relationships among subjective Jdimensions one can
examine relationships between the subjective values of the
alternatives and the objective values of the information
dimensions. As with the purely subjective value cases,
estluation procedures are only known for relationsnips linear in
che parameters. Ilowever, some guite complex relationships can
be ex.ressed in this way. Some simple psychophysical models,
speclal cases of the general additive =nd S5sU models where the
subjective value: scales are linear functions of the objective
ones will be examined by Bock and Jones' methods in chapters
5 - 7. The rationale is analgzous 50 that for the generél
additive and SsU cases which will also be tested.

The main differencs between the cases discussed above
and the applications to be described is that incomplete pair
comparison designs are used in the latter.

The necessary and sufficient condition that the
estimation procedure can be applied to incomplete, n - replicate
pair cowparison designs is: if the number of alﬁernatives in the
set is m then m - 1 pairs are presented n times each suca that
“each alternative is connected to every other one via a sequence
of pairs. It is necessary however 5o have more than m - 1 pairs
50 that the goodness of fit can be tested. The differences in
the procedure for the incomplete cases are simply that 1) n is
replaced by zero in the formulae for pairs not present and 2) p,

. et 5 (n- /2 ' degrees of
the number of pairs pressnt replaces (n-1)n/2 as the deg

freedom of 39T.
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The Validity of Applying Lafge Sample Procedures When n is Small.

The preceding results are asymptotié ones which hold
in the limit as n tends to infinity. However, in no application
dres n approach infinity so in practice they can only nold to some
degree of approximation. In particular, for finite n there is
some bias in the estimates of subjgctive value, which may be
large part.cularly if some of the observed pfeference frequendes
are zero or one. Bock and Jones examined the simplest case
wiere m = 2, i.e¢. where there is just one pair of alternatives.
Suppose Tuurstone's case V model holds for the pair.(ai,aj).

Assuming o~ is unity, the difference in subjective values,

Y = ¢-l (pij)' The estimation procedure for m = 2

ij
degenerates into

Qij = ¢_l (Sij/n) where Sij/n is the preference
frequency. Now, Sij/n is the minimum variance, unbilased
estimate of Pij’ but‘?ij is not an unbiased estimate of Yij as
the latter is a non-linear transformation of ?ij‘ Another
source of bias occurs when'Sij =0 or n. To avoid the prediction
g.. - £ b the rule of sransforming 5.. to % or n — & is adopted,

13
at the expense of introducing some bias. Bock and Jones
N

investigated the extent of the bias in the estimatorinj for

various values of n. They concluded tnat in this simplest case

if n 9.. > 1 the bias would not be serious. However, in the
1] _

case of m> 2 it is not clear whether tnis is still frue.

Suppose m = 4, and n is guibte small, say about 10. If it 1is

susoccied trat n Dijk< 1 for some pair of alternatives, snould
b, < - i

it be concluded that the minimum normit procedure gives esilmates



which are also bilased? Unfortumately, for m > 2 this can
probably not be answered simply. No simple rule of thumb
corresponding to that for m = 2 is known. Therefore, it seems
worthwiiile (o examine the bias in estimates in the case where
m >>2.

Bock and Jones mention the fact that the SSE and 3SR
statistics are distributed as chi-sguare under the null
nypotheses only asymptotically. They advise caution in rejecting
hypotheses when the observed values border on significance
because of this. However, the degree of approximation to chi
square for Jdifferent values of n is not known. Probably, as

long as n > 1 for most pairs it will be adequate. In view

‘Oij
of the extensive use of Bock and Jones methods in the
experiments it was felt that evidence should be obtained about
the dissribubion of SSi and the bias in cstimation. A

sampling experiment was carried out to this end, which will

now be described.
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4 Monte Carlo Study of Bock and Jones' Procedures.

Method.
The setting for the simulation was the n-replicate,
complete pair comparison experimenﬁ fully described in chapter 2.
The number of objects in the presentation set, m = 4. Using the
earlier notation let these objects be denoted 815 8o a3 and ay-
Many sets of data in this setting were simulated with n = 7,
15 and 60.
In a single run of the experiment n responses were
simulated for each pair of objects (ai, aj). Let the k0B

response to the vair (ai,a.) be {4 = 1 if a; 1is chosen;
J J 0 if aj is chosen

The data of main interest were the observed response frequencies
denoted pij = %%sijk/n. The responses were generated under the
Thurstone case V assumptions gziven the following subjective values
of the objectss 0(1 = 1.0, KL= 0.5,0(3:.O.O;¢x4 = = 0.5 where &
denotes the subjective values of 3. The only other parameter 1t
was necessary Gto specify was the standard deviation of the random
sampling error,o”. Values 6 = 0.3 to & = 1.7 in deps of 0.1 were
used. For cach combination of n = 7, 15 and 60 and = 0.3, ....,
1.7,1000 runs were simulated. It was hoped that this size of
expéfiment would enable a thorough examination of bias in the
estimates given by Bock and Jones' procedure and also of the
closencss of the distribution of the error chi-square statistic,
SSi to the theoretical distribution.

Qbservat ions, Sijk depended on the value of a randomly

sampled unit normal deviate, & 4y and on the difference process
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assumed to underly the choices. The difference in subjective
value between the objects (aiaj) at the time of choice is assumed

to be dijk = °<i —o(j +0-, e’ijk' The observed choice, S35k

1. >
:z; if dijk <( 0. If pij = 0 or 1 the convention of assuming
9.. = 0.5n or (n - .5)/n was adouted.
The minimum normit chi-square procedure was applied to

tne set of Py 's thus obtained. In this application weights of

J
1/n were used to obtain initial estimates of the differences
(<><:.L _‘Xj); Approximate weights were calculated assuming these
differences to be true. The approximate weights were then used
in a second iteration of the urocedure to give final estimates of
(o(i - d4), i= 1,2,3. Of course, the estimates were madé
assuming ¢ = 1, so they were all rescaled by the true O value.
The error cni-square, SSE was also calculated in each simulation.
For each set of 1000 runs the mean and mean square
error of each estimate was calculated. The SSE statistics were

recorded in a histogram with lower bound zero,class interval

one and upper bound 100.

Computations.

The computer programme to carry out this simulation was

written in the Algol language for the Elliott 1900 of the

University of Hull. Some details of the numerical methods used

should be explained. A standard library procedure issued by
#lliotts was used to generate pairs of uniform random deviates in

the ranse O - 1. This procedure applied the addlsive congruential
- tes) .

No further

I

method and had been fully tested by 1ts writer.

examination of it was considered necessary. The palrs of deviates
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were transformed to unit normal ones by a transformation due to
Box and Muller, recommended by Tocher (1963) pp 33-34. The
matrix algebra used in the estimation also used standard library
wrocedures issued by Blliotts. The only way these were tested
was by applying the estimation method 3o one of Bock and Jones'
worked exawples, pp.129-132 and coamparing the results, which were
almost identical. The only other numerical approximations used
in the estimation were those of the cumulative normal distribution
function and its inverse. The avproximations used were those
sugzested by DBock and Jones (appendices B and C) which are known
to be accurate to at least 3 decimal points. The experiment was
in fact carried out on the faster computer belonging to the

University of Leeds. It took about 25 minutes on this machine.

Results.

First let us consider the extent of bias found. Bock
and Jones' study of bias in the case of m = 2 found that bias
was small compared to the MSE as long as nPij >1. Also, the
MSE approximated the theoretical variance as long as nPij:> 2.
Now, the present results are best revorted by consldering the mean
estimates and MSEs as functions of n and s . To enable a
comparable discussion to that of Bock and Jones to be carried out
the relationship between the values of the Pij's for different
values of & should be known. These values are shown in table 3.2.
Obviously, as o increases so do Ghe Pijs’ the rate of increase
being smaller for larzes .

figzures 3.1, 3.2 and 3.3, show graphs of the mean
estimated («, - 614) where i = 1,2,3 for n = 7, 15 and 60. On

each of the graphs the yeneral trend is for the difference between
=) )



true and estimated values (the bias) to decrease as < increases.
The bias is always smaller for larger n, when & is held constant.
These features of the curves indicate that it may be possible to
describe extent of bias in terms of the values of nP .
i

Before doing so let us consider the relatioi between the
theoretical variance and observed mean square error of the
estimators, since bias in estimation must be considered in
relation to these. From Bock and Jones the asymptotic vafiance
of the estimators arc known. These values, for different n can
be compared to the MSE's of the estimators as functions of < .
Graphs of these functions are shown for n = 7 and n = 15 in
Tigures 3.4, 3.5 and 3.6 and for n = 60 in figure 3.7. It can
be seen that in each case the theoretical variance decreases as
<" (and t.erefore each Pij) increases, though this is not so for
MSE. The MoE 1s always very small when9is small, which must be
mainly due to the high probability of observing zero or one
preference frequencies in thnis case. In the case of n = 7 the
curve for the MSE of (043 - 0(4) is almost the mirror image of
that of the theoretical variance. This effect is not so
pronounced for the differences (°(1 —tx4) and (<, —<x4) when n = 7
but here also MSE and theoretical variance bear little relation
to each other. When n = 15 the 2 curves are only similar for

0*2 —CX4). MSE and theoretical variance are generally quite

close when n = 60 but there is =zome divergence whend 1is small or

large Thus, a general rule specifying when MSE and theoretical
. )

G te i ’ ] 1 . e
variance are close cannot be stated in terums of the n Plj values,
as it was in Bock and Jones' experiment.

Since liSi and theoretical variance are not generally

close bias should be considered relative to the actual sampling
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variability (the MSE) rather than to the theoretical variability.
Inspection of figures 3.1 - 3.7, in conjunction with table 3.2
led to the following conclusion: bias is small compared ﬁo MSE
as long as nPij‘>’l for 5 of the 6 observed preference frequencies.
Unfortunately this neat summary of the extent of bias cannot

be assumed to hold in other cases. However it is reasonable to
atiempt some generalization based on our results. A rule about
the likely extent of bias given the proportion of zero or one
preference frequencies observed would be particularly useful.

From data obtained one could then decide how much faith to place
in the scale estimated. With this end in view one could take an
observed preference frequency of zero or one as reasonable evidence
that ?ij < 1/n. 1In the oresent case, one would suspect that if
more than one preference frequency was zero or one, large bias
relative to the sampling variability would be likely. Hopefully,
thouzh bias would not be too great as long as Gthere were no more
than 2 observed zero or one preference frequencies. In general,
one could agsume the scale estimated was reasonably unidased as
long as 75% of observed preference frequenciles were not zero

or one. 1t is felt that this rule could be adopted in the general
case until further cvidence on this matter is availlable.

The sampling distribution of the goodness of fit
statistic, SS5& was also under investigation in this experiment.
The theoretical sampling distribution is the chi-square with 3
degrees of freejom. The observed sampling distribution from 1000
runs for various n and & werecompared o this in 3 ways. The
Kolmogerov-smirnov joodness of fit statistic, D was tcsted for each

distribution and their means and 95th percentiles were plotted as
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functions of n and & . The values of D, which is the maximum
discrepancy between observed and exvected cumulative relative
frequencies are shown in table 3.3. D is significant in most cases
where n = 7 and n = 15 indicating dejarture from thé theorefical
distribution. There is also significant departufe when n = 60 and
many of the Pij'é are small. The graphs of mean 3SE against &
For different n are shown in figure 3.8 and the theoretical value
is also plotted. The significant D values and discrepancy
between observed and theoretical mean values in many cases show
that With small n the theoretical distribution is a poor
approximation of the actual one, particularly when the sampling
standard deviation, © is small.

With small n, the asymptotic sampling distribution of
35E should only ve used as a rough guide in assessing goodness
of fit. Counventionally, a 5% significance level would be adopted.
The values of chi-square for this significance level observesd in
the experiment are plotted in figure 3.9 and compared to the
theoretical value. It can be seen that using the theoretical
value the model would be =ccepted more often when it was wrong
than would be the case using the aectual values. However, Ior
n =15 and n = 60 the observed and theoretical values are quite
close except for very small & . TFor thess values of n the results
of the experiment suggest that the theoretical 5% significance
level will give a fairly realistic, though somewhat conservative
of the basic Thurstone scaling model. For

goodness of it Test

n = 7 using the theoretical 5% level will generally provide an

unrealistic and very conservative test. The grapns also show

) . e $ o o moared to MSE the
that in all cases where bias is large compared o

Cco
1
L]



the theoretical goodness of fit test will be poor.

It is unknown how far the conclusions from this
experiment can be generalized. This ic a problem of all
experiments. Since no other pertinent results are known, our
opinions about the reliability of Bock and Jones' procedures

when n is small will be based on the present results.
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Table 3.2.

The Theoretical binomial Parameters of the 6 Pairs of Objects

for Values of the Random Sampling Standard Deviation,

Theoretical Binomial Parameters

& P, Py Py P15 Poys Py
0.3 .28x107° .43x1073 L0475
0.4  .88x107% .0062 .1056
0.5 .0014 .0228 | .1587
0.6 .0062 .0475 | .2033
0.7  .01l62 .0764 .2389
0.8  .0307 .1056 | . 2643
0.9  .0485 L1357 S L2912
1.0  .0668 .1587 o .3085
1.1 .0869 .1814 o . 3264
1.2 .1056 2033 | L3372
1.3 .1251 . 2206 ‘ .3520
1.4 1423 .2389 | .3632
1.5 1587 .2514 . 3707
1.6  .1735 . 2643 .3783
1.7

.1894 - .2776 . 3483
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Table 3.3.

Kolmogerov-Smirnov D Statistics to test the fit of the Observed

Distribution of SSE to the Theoretical Chi-square Distribution

for Lach Set of 1000 Runs.

. 7 15 60
-~
3 - 348 -.622 -.690
4 .156 -.219 -.185
5 .212 <113 099
6 . 256 .178 071
7 . 268 .123 087
.8 .224 124 .037? |
g .184 .088 010P
1.0 .180 .070 .010"
1.1 133 .024 -.012"
1.2 .123 - -.025 013"
1.3 059  -.038 .022°
1.4 .068 -.060 .029"
1.5 .050% | -.066 .013P
1.6 .049% ~.054 -
1.7 1.037° ~.068 -

All values in the table are significant at the 1% level,
except the following: those with the suffix a‘aretsignificant
only at the 5% level and those with suffix b are not significant

at the 5% level.
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Figuee 3.9
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wualitative Vs. GQuantitative Analysis.

Accounts of two approaches to the study of functional
relationships and ways of applying them to choices in static
sltuations have been given. iach analysls assumes a different
specific model. The basic assumption, comwon to both is that a
binary choice is a bernoulli variate and choices from the same
pair have the same binomial parameter. Successive choices are
assumed to be independent of one another. This is equivalent to
saying that the models derive from a pair comparison system, as
defined by Suppes & Zinnes (1963) as follows.

The system (A, p> is a palr comparison system if
there exists a probability measure p on A x A (the set of pairs
from 4) such that for all a, b € A ola,b) =1 - p(v,a), 0K
p(a,b) £ 1.

All the information integration models discussed, wnen
specified according to one of the functional analyses make
reétrictions on p and arec therefore non-trivial salr comparison
svstbems. Tae exception to this is the quantitatively defined
séueral linear model. The differcnces in the models are in the
dezree and kind of restrictions placed on p so they snould be
directly comparable with resject t» their restrictiveness. By
enumerabting the permissible p functions for certain models one
could derive oritical tests to distinguish among them. If the

enumeration is not possible analyiical methods may be available.

Burke and Zinnes (1955) made such a comparison of the Thurstone

and the Bradley-Terry-buce model. such results, though eventually

of sreat valuc are only of limited interest at present as the

different kinds of model are not seen as competing. It is the
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different functional relationships which are competing and
the quantitative and qualitative analysis of a single
funciional relation should compemsnt onz another.

If decision-making behaviour in a situation is found
to be consistent with a quantitatively or‘qualitatiVely defined
information integration wmodel very strong predictions can be
made. The predictions are different in kind. From functional
measurement, estimates of the subjective value of any |
alternative varying along the appropriate dimensions can be made,
elther from relations among psychophysical or purely psychological
scales. Then, for a pailr of alternatives the preference
vrobabilities can be predicted. From «FA, predictions about
gualitative laws of behaviour can bz made, whicn in many cases
wignt be more useful for the theory of.decision—making. From
wFA, the only predictions about elements not in the original
exoerimental set would be general ones about how they Tit in
with the other potential alternatives.

There are specific assumptions for each kind of model
and each set may be reasonable in different circumstances. In
particular, the following differences exist. The models undgrlying
wFA predict that preference is either quite definite or tuere
is no preference. The Thurstone type models vredict that slight
preferences can be found but that preference probabilities cannot
be one or zZero. In this respect they are conflicting models.
This difference is rather fundamental and is a strong reason for
considering critical tests along the lines of that suggested by

Surke and Zinnes. The results of such tests, however, can be
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anticipated. Some situations where slight preferences can be
reliably detected and others where preferences probabilities are
zero would probably be found, negating both models. Butbt models
can only be rejected when better ones are available to replace
them. Tests exploring the domain of a model are of course
important but if a model can be shown to have a wide, though not
all-embracing range then it is a good one. Both kinds of models
have had considerable success in accounting for data. The
experiments to be reported are attempts to explore their usefulness
in situations where they have not been tried. In this way,
rather than by critical tests, it is hoped that our knowledge of
how peo@le integrate the information available in making thelr

declsions will be built up.
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Chapter 4.

Review of impirical Research on Individual Decision-making.

Some mmpirical Issues.

A basic experimental problem that must be discussed is
how to obtain information about a DM's preferences among the
¢lements of some set of multi-attribute alternatives that are
avallable to him. In previous chapters it has been suggested
that actual choices should be observed as it is actual decision
making that is our concern. But other dependent variables can
be used. In c¢xamining many models it would appear to be more
efficient to ask people to give a rating of zach alternative
with reuyect to subjective value.

An objection to this might be that people will process
the information differently when rating from the way they process
it when actually choosing among alternatives. Generally in rating
experiments alternatives are presented singly. Processing during
evaluation of single alternatives quite plausibly will be
differcnt from that when a zroup of alternatives are compared.
However, this difficulty could be overcome 1f a comparative rating
of Dil's degree of preference, say, was elicited. Such ratings
where pairs of alternatives are pfesented and subjects rate their
degree of preference for one over bthe other nave been used in a
few studies e.g. Snanteau and Anderson (1969).

Only one study is known that compares the way people

. ) . . , ey 3 f
process informabtlion wien rating and when choosing. Anderson and

Alexander (1971) curried out a personallty lmoression forwation
study making a comparison of information procesgsing in a choice

and a rabing experiment. Conclusions from both were broadly in
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accordance with the same averaging model though there was one

contradiction. Obviously this result alone is rather inconclusive

as far as the general question is concerned.

Most studies using ratings are conducted in imaginary
situations. An objection to the validity of tnese studies might
be that ratings would be different when obtained under real
conditions. There is little evidence about this but there is
evidence tnat real and imaginary choices are different. Slovie
(1959a)) had two groups make palr comparison choices from duplex
szambles. In one group the gambles chosen were played to determine
thie subject's salary while in the other choices were hypothetical.
In the hypothetical group DM's tended to discount the possibility
of loss in making their ciioices but the group who knew thev would
nave to play some of the gambles were more cautious.

In view of this 1% would seem preferable, whatever
resvonse 1is elicited that subjects should be aware that
consequences which are dependent on their responses will occur.
Only in a few studies have consequences been made dependent on
ratings. Sjoberg (1968) and Slovic (1969b)) nad subjects rate
many gambles singzly. They were informed prior to this that pairs
of the gambles would be chosen by the experimenter (independently
of how the subjects resbond) and the subject would be reguired to
;Qlay tnat alternative which he had rated higher. Thus, when he
made any rating he knew that 1t would affect which gambles he
A similar ploy could be used with

would be required to play.
ratings of degrees of preference. Average ratings for each
alternative could be computed from ratings of degrees of
preference and this set of measures could be used to make

s my i i
consequences devendent on ratings. There 1s no evidence about
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whether ratings would lead to different conclusions from those
drawn from choice data in situations which are real in the
above sense.

svidence on a related question is avéilable, nowever.
This evidence compares choices to a different kind of rating on
which conseguences can be made dependent. This response is
elicited by a technigue, introduced by Becker, Degroot and
ilarschak (1964) which involves making eithsr bids to buy of bids
o sell an alternative. With the bids to buy method Dii's do not
nave the opportunity to take the alternative and they must name
the maximum amount of money they are willing to pay in order to
obtain this opportunity. In the bids to sell method DM already
nas the opportunity and de wust name the minimum amount of money
ae would take in return for forfeiting it. For both wmethods,
Becker et al, (1954) nave shown that the optimum strategy is
to nawe an amount of money exactly equivalent in subjective
value to the alternative. The buying or selling prices can be
interpreted as ratings of attractiveness of the alternatives.
They are made b0 have a conseyuence by lettin. the buying and
selling actually take place. The question is, then, do bids and
choices lzad to equivalent conclusions about decislon making
when consequences follow them?

Lichenstein and Sloviec (1971), and Lindman (1971) have
examined this using a set of duplex gambles. Lindman points out
that vie importance of this issue is that most studies using bids
jave ossuued shem egquivalent to cholces and comparisons between
the conclugions of bids anl choices experiments have been wade

. . Lo o o ic conducted + e experiments
accordingly. Lichenstcin & slovice bOHdUCbEQ chre P y

two comvarine selling bids with choices and the otner comparing
N [
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buying bids with choices. The second of the selling bid
experiments was the only one where bids and choices were real.
They found systematic differences between gambles chosen and bids
made for the same gambles. Ones with favourable probabilities
were chosen while those with favourable payoffs received greater
bids. Lindman conducted five experiments which supported this.
Although subjects responses were imaginary the experiments ruled
out contextual factors that might produce DM's inconsistency
between bids and choices. fhe seven hypothetical response
experiments are all supportive of Lichenstein and Slovic's real
conseyuences experiment.

There is also evidence that bids and ratings lead to
different conclusions. Slovic and Lichenstein (1968a)) and
Andriennsen (1971) have carried out experiments whére subjects
~rated and.Bid for duplex gambles. Both studies conclude that
subjects gzave more importance to the payoff dimensions when
bidding than when rating. This is a similar result to that
obtained when comparing bidding and choices.

The general conclusion of all this is that people
appear to process bthe information available differently when
they are required to bid for the alternatives from when they are
required to rate them or choose among trnem. There is slight
evidence, obtained in a nypothetical situation Shat they pfocess
things differently when choosing from when rating. Howevsr, 1%
would not be surprising if results from choice and rating
exoeriments broadly coincided especilally if degree of preference
4 decision to "play

rather than .reference ratings were used.

e haa cals in most of the
safe" and use actual choices has been taien 1n mos




experiments to be reported.

This is partly motivated by the lack of evidence from
cnoice experiments relating to information integration models of
decision making,lparticularly quantitative ones. It is
unfortunate that in pursuing such evidence a penalty of
inefficiency is ilncurred.

To obtain sufficient information about preferences among
a set of alternatives from choice data it is necessary to look
at average choilces over subjects or trials. But, subjectivs
values may shift from person to person or time to time. The
sractice of averaging over subjects is not to be recommended for
phenomena like decision-making for whicn large differences among
individuals are likely to be found. Thus, one must average over
trials for individual subjects. If subjective values change
systematically over trials then average choices, measured by
binary preference frequencies, are meaningless. All the models of
behaviour discussed reyuire that the preference structure that
underlies choice behaviour is stationary over time. Predictions
about decision-making are based on this assumption. Obviously,
it must be found to hold during the time that choices are being
made in an experiment. Lindman, using a chi-square test, found
that cholces did not cinange duriug his experiment while bids did.
This was for data averaged over tue group, bubt it does suggest
that choices aré more stable than bids. Luce and Suppes (1965)
voice the fear that in situations where the presentation set of
alternatives is changed from trial to trial asymptotic choice
behaviour will not be observed. This is because, they believe
substantial sequential dependencies will exist between the

responses. Fowever, the opinion offered here is that in a
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properly randomized experiment these effects will not be svstematic.
They can be assumed to produce random error in the observed binary
preference frequencies.

dven so, it is still necessary to try and test waether
any systematlic response de_ endencies or trends are present. Most
choice studies do not do this, often because insufficient data
is available. In the experiments to be reported here, however,
certain tests against obvious wemory effects and zeneral trends
nave been used. The experimental paradigm generally used was
described in chapter 2. A set of m vairs of alternativeé are
presented to the subject n tiwmes each. The mn trials occur in a
predeteruined sequence, random except that if a pair is presented
at trial k it has not appeared on the previous 1 trials. The
hope 1is that due to the similarity of the choice tasks that are
inters,aced between successive presentafions of a pair, and also
because of the time duration between such presentations the subject
forgets what he previously chose. Also it is hoped that if 1 1s
about m/2 or m/3 the constraint does not bias tine randomization
too much. Before the procedure can be successiul, then m must
be fairly large. Before general tests of dependency or trend can
be used n also must be large. On the other nhand m x n must not be
too large or the subject will get too bored. A successiul
experiment therefore, will require a careful choice of m, n and 1.
It is hoped that Luce and Suppes' objections do not apply to this

paradigm, but 1f they do 1t can be revealed by the precautionary

0

JGC‘tS.
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Finally, in this discussion of empirical issues
Tdwards (1959) and zdwards, Slovic & Lichensteins' (1965)

sxperimental 3 s should be noted.
comments on general experimental procedures
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The earlier paper reports experiments iunvestigating choices
among gambles under different conditions. Some conclusions were:
"shorter experimental sessions, individual aduministration and real
gambling aid in motivating subjects and thus help to prevent
boredom induced distortions in preferences." Unfortunately, no
attempt was wade to determine which of tiese factors was most
important. Nevertheless the recommendations seems intuitively
reasonable so they will be adopted as far as possible. In the
later paper, a review Edwards (1969) umakes the point thatb
"sambling experiments in university settiugs are oven to a number
of objections: the stakes are trivial, the subject population

is ratier special, and the experimental conditions must
necessarily be somewhat unrealistic.'" Unfortunately, his

solution: "setting up a research laboratory in the Four (ueens

Jasino in downtown Las Vegas" is not always available. Of

Ldwards three points the first two are empirical. It is to be
hoped that wider domains will be exolored fully in time. The

third voint is a wvroblem that faces all experiments. Realism is
what is sacrificed in order to attain greater control of variables.
However, in the choice experiments to be reported, the situations
are real in that real consequences follow decisions made. Belore

reporting these experiments some relevant substantive issues

will be discussed.

Other Reviews.

There are many reviews of empirical work on human
individual decision making behaviour from all points of view.
(Zdwards (1954c), (1961), Luce & Suppes (1965), Becker & ldelintock

(1957) etc.) The purpose of the remainder of this chapter is not

Lemalve TeVi scer trends will be
$o 2dd anobther such cowpreiensive revicw. Recent treads will
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discussed and work which glves direct evidence for and against
some functional relationships among subjective values will be
congidered. In particular, work using methods similar to those

described earlier will be considered in detail,

Studics Related to the GFA Avuroach.

A few studies have employed QFA (as understood here)
60 explore functional relationships among subjective values.
The first was that of Fagot (1956) reported in Adams & Fagzot
(1959) which has already been discussed. In the analysis a
ratner useful procedure was adooted to give a full test of the
additive hypothesis, H4. The hypothesis states that (a,b)§;
(c,d) <=> ula) + ulbv) 5{ u(c) + u(d). 4 complete set of binary
choices from a two product set and the above relation
define a set of numerical linear inequalities. As they ooint
out, for such a system of ineyualities theorems are known which
enable one to establish if a solution exists, and if so to find
it (or tuem). Unfortunately this is only true for the additive
representation. Where the additive model can be shown to hold by
shis method GFA is redundant. However, where it does not hold
QA can be used to examine the nature of the model's failure.
Fazot did this for subject's data which violated H4 paying partiaiar
attention to the ordinal model H3 (that which says the weak
order condition is satisfied). If FA reveals that violations
are not systematic then a search for the largest subset of

o o s
observations which do aot violate 4, the additive model can be

gade. If tue nuaber left out of this set is small then these

. ) P "4 " o5f qudwe t. Fag
obsecrvations can be put down GO Terrors of judgemen got's
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experiment elicited subjects choices for job anplicants and
snowed considerable support for the additive utility model.
Before discussing the next experiment which used QFA,
consider the following gambles (x,%,y) of the wheel of fortune
type, where x is won or lost with probability % otherwise y is
won or lost, and let x,yé:X. WFA of the SEU model can be carried
out by considering the special case of H4, postulating the
cXlstence of a single utility scale, u such that (x,%,y) <
(z,k,w) <= u(x) + u(y)< ulz) + ulw). Now, since the elements
all belong to the same set it seems a reasonable assumption that
she above relationship between the utility sums is equivalent
5o the following one between utility differences: u(x) - u(z)
5; u(w) - u(y). A choice between sambles (x,%,v), (z,%;w) is
assumed to ;ive evidence about utility difference according to
tiiis equivalence. That is, the relation (x,%,y)ég (z,%,w) can
be usuﬁmed equivalent to a utility difference relation (x,z)
w(w,v). An alternative (FA cdan then be carried out to test the
55U model using the following hyyothesis. Let us call the Utility
Difference Representation Hypothesis onﬂoz 4& X A, Q) that
hypothesis which states that there exists a real valued function,
Wwon A x A such that for all a,b,c,d,eh, (a,b) «(c,d) &>
u(a) - u(b)f{ ulc) - u(d). The advantaze of using this to
examine 54U rather than H4 is that it mazes full use of the
‘acts tnat all elements which occur belong to the same set and

;hat any palr can be compared to any otaer vair. PFagot (1959)

has corried out a wia for tne strict wtility difference

resresentation hypotheslis, the ssme as the above excepb that it
does not alléw utility differences o0 he equal. Suppes & Winet

. - « -1 Ha s g 2 ] = . S O .F
(1955) pave proposcd an sxiom system sufficient for the full
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representation hypothesis. Adams, Fagot & Robinson (1971) nave
suggested a subset of this axion system which contains much of

the empirical content of tie nypothesis and would therefore be
sultable for WFA. Thus, the results to carry out «rA of thne
utility difference representation of the SiU for the above gambles
arc known. Only one experiment using these results is known, that
of Fagot (1959).

His omission of the possibility of equality of utility
dirferences greatly simplified his analysis. 4 group of 10
undergraduates had bto give statements as to the differences in
utility of pairs from a set of class grades, A,B,C,D and E.

It was assumed that the alphabetic order was their preference
order for the grades. If at most one of thelr statements was
reversed, 7 of the 10 3's would have satisfied all the
gualitative conseguences of the utility difference model that
Fa:ot considered. The remaining 3 would have satisfied a strong
sub-nodel., This is strong evidence for Fagots strict utility
difference hypothesis. No other studies have tried to examine

the utility difference hypothesis by &FA. Most studies examining
the hypothesis have been concerned with obtaining an interval
scale of the elements. Tests of the models have been made by
using the scale obtained to make predictions about further
choices. This approach is useful beccause 1t shows that wmodels
using the relational system formulation can yield guantitative
dota. Vnat it does not reveal, thouzh is the source of
erronaus ,relictions, 28 @ thorourzh GFAwould do. These scaling
studies (e.z. ‘lurst & Seigel (1955), seigel (1955) Coombs &
Koworita (1953) Davidson, Suppes % seigel (1959) have been

extensively discussed by Luce & suppes (1965).
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Two studies examining choices among risky alternatives
by WFA are those of Tversky (1967a), and Coombs, Bezimbinder
& Goode (1967). Tversky obtained data by the Marschak bidding
technigue and in the latter study pair comvarison choices were
observed in addition to bids. Tversky's experiment will be
discussed in wore detail when quatitative studies are considered
since wost of the analysis is based oﬁ functional measurement.

Eleven prisoner 3's were asked %o zive selling prices
for cerbain sets of alternctives: i) risky ones, where taey could
win a number of cigarettes, bagzs of candy or both with a given
probability (the complementary event being zero) ii) riskless
ones, comodity bundles of X cigarettes and v bags of'candy.
There were tanrze sets of risky and one set of riskless
alternatives. The 5&U hypothesis was tested for 3 of the sets,
the fourth being reserved to test predictions using a variant
of the linear prograuming method used by Fagot (1956). The
observations are on at least an ordinal scale and the
apolication of this procedure is a full ordinal functional
analysis of the additive or multiplicative nypothesis. Solutions
of the appropriate linear programaes were found for tie largest
subset of each sc¢t of data. The Xendall rank corrclation
coefficient, t between each solution and its data natrix was
compubted as a measure o the dezree of additivity for tnat set.
Twenty six of the 33 data sets examined were perfectly additive
and the worét 2d t = 0.950. This data, then gives strong
suoport for additivity and 1T was not necessary to apply any
further analysis, such as «FA.

The Uooumbs, Bezimbinder and Goode study actually

0 e periments were carried out to
precedes that of Tversky. Two experime
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test qualitative predictions of expected value (4V),

subjectively expected value (SEV), expected utility (EU) and SEU
models. BSubjects choices between pairs of gimple gambles and
bids for them were observed. Thé SiU model tested was actually a
strict SsaU model such that no indifference was sermitted. As
observed in connectlion with Fagot (1959) this greatly simplifies
the analysis. The probabilistic preference model: pla,b) =&
a<fb was assumed. Essentlially, the test of the four models was
as follows. An unrestricted estimate of #t and also an estimate
under tue restriciion of some implication of an expectation model
was made. If the latter estimate was significantly lower than
the forumer then the model was rejected. This is because the
expectation model giving the result can only explain the data by
assuming greater inconsistency than the unrestricted model which
assumes only constant 7t .

The strict (i.e. no indifference) -SEU model was tested
by estimating 7t subject to the folloWing consequence of it. For
simple gaublss (p,s)é P X 33

If (o0,t) < (9,8) and(r,s) < (4,t) and (p,u) < (o,v)

then (r, u)<< (q,v), for all o,p,q4,v & P and s,t,u,v € 3.

It was Tversky's paper wnluh pointed out tnat the above condition,

called the triple cancellation condition is equivalent to
Coombs et al's theorem 5. Both the experiments reported by

Coombs et al were designed to make this test of SiU as well as

similar tests of &V, SsiV and &U. The experiments, using widely

differing samples of subjects gave Vely stron; evidence that

the above condition was not violated. It should be noted, though

: o s . i olated the finding be explained
snat even if it nad been violated the finding could be exp e

roposing at csata had been indifferent between some of
by rooosing tnat subjects o e
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the gambles.

There have been a number of studies which have tested
the transitivity condition. Transitivity, that is of the weak
preference relation. Its strict preference and indifference
components have not been considered separately. Various kinds
of stochastic transitivity, consequences of different choice
models based on preference probabilitiss have been defined.
nat most directly related to "algebraic" transitivity is
generally called weak stochastiic transitivity, which holds for
all a,b,c, € A:

1
2

pla,b) € % and p(b,e) € & = pla,c) <
This is cquivalent to transitivity as defined earlier, with
vreference defined according to probabilistic model one and
o = 0.5.

The experimental evidence relating to this condition
is reviewed by Luce and Suppes (1965). It zenerally supports
transitivity. DMost of the evidence against it is discussed by
Davis (1958). He suggests that most indications of intransitive

can, be

cnoices that have been Tound/ascribed to S's being indifferent

among cervain of the alternatives presented to them. He

concentrates his argument on data about the yroportion of circular

triads found in experiments by Edwards (1953, 1954a)b)) and May
(1954). Davis says of usdwards' interpretation of his findings
"Iircular triads were found in Edwards' first experiment (1953)
in about 20% of the total number of times they could occur......
(He) says shat although circular triads might be expected to
occur if the subjects were indifferent the results of the vote

; ey 31d 1 choonse at random. This argument
count showed that they did not choose at 4
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of Edwards 1s logically fallacious..... it does not follow from
the premises that if there is significant agreement between
subject choices and that there are circular triads in 20% of the
possible triads of these choices, tihat there is agreement on the
circular triads among subjects."

Davis performed two experiments, one using similar
alternatives to those used by May and the other using ones similar
o wdwards. He tested to see whetisr stable intransitivities
could be found by carrying out complete pair comparison
experiments and then replicating them using ﬁhe same S's., If
tne osroportion of triads bthat were circular on both replications
was greater baan that expected by chance he would conclude that
stable intransitivities nad been found. In neither experiment
was ne able ton draw this conclusion.

A study by Tversky (1969) is the only one to reliably
vroduce intransitivity of choices. Azain indifference 1s not

treated separately from strict preference, but inspection of the

data indicates that the intransitivity found cannot be explained

by S's indifference among some alternatives. Two n-replicate

pair comparison experiments were carr.ed out, the first using

i i o i N M
simple zambles and the second using job avplicant profiles. This
study differed (as far as one can ascertain) from every previous

. . . o . : K : L N Ao da 550 . .-\h
investigation of transitivity 1n one important respect The

difference between the values of the alternatives on one of the

i i i ing indi iminable or such that
dimensions was either near to belng indiscrimily

Tversky suggests

it did not reliably reflect a real difference.

seople may choose according %o a

shat under these conditilons

. PR W T e 1" s
decision rule based on a lexicographic semi-ordecr: Consider,
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for example a situation in which three alternatives, x,y and z,

vary along two dimensions, I and II aﬁd Where the values of

tnese dimensions are given by the following payoff matrix.

Dimensions
1 II
X 2€ €
alternatives 7 3¢ 4
z 4e 2%

-+e+e... Suppose the subject (S) uses the following
decision r#ule in choosing between ecach pair of alternatives:
if tne Jdifference between the alternatives on dimension one is
(stricsly! greater than € , choose the alternative that has the
higher value on dimension I. If the difference between the
alternatives is less thaan or equal to € choose the alternative
cuat nas Sthe aigher value on dimension iI. It is easy to see
shat snis seemingly reasonable decision rule yields intransitive
.references woen applied to the above watrix.”

This decision rule, first considered by Davidson,
JcKinsey & Suppes (1955) is called by Iversky a Lexicographic
“eai-order, (S). It is a special case of an additive difference
model, where OMs consider the utility difference of ©two
alternasives along each dimension and form tne overall utility
difference of thes alternatives additively across the dimensions.
4is well as his discussion of the special case one of the major
consributions of Tversky's study is nhis discussion of additive
iifference models of ureference.

s first experiment employed Ffive simple gambles each

s mi- N E 1 i 7
& by a wheel of fortune. lue cayoff information was

(4]

rzorssene

st

114.




given but the probability of a win was not explicifly ziven.
S's had to determine differences in probability by comparing the
win areas of the wheels. An n-replicate pair comparison of the
five alternatives was carried out and the transitivity condition
was tested by a likelihood ratio test similar to that sugzested
earlier for WFA with probabilistic preference model I. In fact,
the tests suggested earlier are extensions of Tversky's test in
this experiment.

Of 8 subjects tested, 7 were found to violate weak
stochastic transitivity. Again by the LR test, only one subject

appeared to violate the LS model. It should be rewmarked that these

subjects were "screened" in a pre-session and selected as being
likely to show intransitive choices. It was said that this was

in order to find 3's who would aopply the LS decision rule but

equally, S's who were poor at discriminating differences among the |

arsas representing the .robabilities could have been

inadvertently selected. ILuce & Suppes (1955) and Irwin (1958)
have discussed tie relation between discrimination and preference.
They point out that people can only prefer one thing over

another if they can discriminate between them. Thus, one could
put the intransitivities in this experiment down to poor
discriminability of the yrobability diamension. In which case

the experiment does not reveal anything basic about the structure

of preference.

. . N .
The second of Tverseky's experiments is not subject to

the above crisicism. Tine alternatives used were three-

) . P 7 e f i % sidered b
dimensional job applicant profiles similar to those conside v

Adams & Facot (1959). An applicant's profile was represented as
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& bar dlagram, the heights of the three bars representing his
level on each of the three factors intellectual ability, emotional
otabllity and social facility. Again, S's were screened in a
vre-vest to find those likely to use the LS rule. This time,

in addition, stimuli were selected for each S which were

expected to yield intransitive choices. A 3-replicate pair
comparison of 10 alternatives was carried out. Comparisons of
bhe observed with the expected number of circular triads given
that S's were stochastically transitive and given that they used
6iie L3 rule were made. The observed value of this statistic was
close to that expected under the LS rule for 11 of the |
15 S's tested. The observed proportion of circular triads for |

the group was significantly different from that expected under

r—~—

tochastic btransitivity but not from that expected under LS.

6]

Inspection of the alternatives used does not suggest that 3S's
would be unable to discriminate between different values on any

aluension. A bebter interpretation is that S's supposed small

(bub discriminable) differences in intellectual cavacity scores
did not reliably reflect a trus difference. A conclusion from

these results can be suggested. Where the information is

perceived as approximate, as not being an accurate representation

of the real world then the LS decision rule is oftten followed.

Violation of transitivity has not been demonstrated in situations ;

where DM's informaetion is accurate and complete.
Some studies have been carried out which can be interprete

. - - inexact On favorable to the
as being Tavorable to the inexact SzU model but un

L

exact .U model. The first of these was in the extensive study based
- ndeied - . . b -

. o . o ATe S ati nvoothesis by Davidson
on bthe utility differencs representation hypoth y )



Suppes & Seigel (1957). 1In this their wain concern was
weasurcuent of the utility of money and the subjective
probability of certain chance events. They did, however,
conduct an exyeriment to obtain choices between gambles of the
(x,%,v) type discussed earlier where the alternatives were
gramaphone records. Thev used the linear programming method to
test the additive difference hypothesis by converting the choices
appropriately to linear inequalities. The exact model failed, but
inste=ad of proceeding as Adams & Fazot did and putting violations
down to error they introduced a positive constant into the
incqualities on the "greater" side and solved the new linear
srogramme minimizing the positive constant. A solution to this
alwavs exists and they tested its suibtability by the number of
correct predictions it made. Their conclusions were favorable to
their linear programuing model, which, as indicated, is the
inexact SuU model in another guise.

viallesten (1971) tested the inexact SiU model using
simple gambles by presenting pairs of gambles (p,x), ($¢y)e
PxX. He let one of the four parameters be adjustable and let
the subject adjust it so he was indifferent between the gambles.
Letting the utility of zero be zero and assuming S5SeU gives the
equality s(p)u(x) = s(¢)uly). Not surprisingly, when a set of
such equations were obtained with overlapping »'s and x's no
solution could be found. Consider though that the inexact 55U

<f £ when two gawmbles

wodel predicts that :«J(p)n(xy
| s(qglu(y) =

(p,x) and (g,y) are judged indifferent. If logs are taken this
vives lincar inegualities which can be solved wminimizing & .
z

- . e Tt . t I 4 . el
wssentially, tihls was Jallesten's procedure. le determined u(p)
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and U(x) scales and considered whether scale values were
consistent with certain independent adjustments of indifference.
Ihis was not as good a test of the inexact SIU model as (FA

would give, but the evidence was favorable to the model. Both of
the above studies attempted to fit exact SEU scales, failed and
put this failure down to the nature of indifference.

Let us now see wrat line of enquiry with GFA is
sugsesbed by grevious resesarch related to it. Host of the studies
which Gested rperesentation hypotheses did so with some linear
programming method, not by (FA. Such methods cannot be used to
pinpoint failures as QFA can, and they are limitzd in that results
for additive representations only arc known. Other studies

hen tested

<r

used btechniques to estimabte subjective scales and
thedlr prediciions. It is felt that QFA stands in the relation of
a "goodness of fit" test to these scaling methods. GFA can give
adeguate grounds for rejecting the representation which the
scaling prozedures assume. Rejecting representabions ou the
srounds of poor predictions is génerally ratner arbitrary.

Some studies have employed QA and observed the
frequency of violations of some consegquence of a representation.
TheseHcan be differentiated by thelr attitude to the predictions
made about indifferenc: by exact re_.resentations. Many studies
"lumoed them in" with sbtrict preference and otherwise ignored them.
One study explicitly excluded indifference (Coombs et al (19567)
and Davis (1958) actively discussed it in his discussion of
Sransitivity of choiczs.

Studies applying linsar programing technidues have

also had different assumptions about indifference which affected

their treatment of violations of models. Some lumped indifference
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and preference together and called violations "errors" while
otihers explicitly separated indifference from praference

and assumed violations of conditions occurred when pairs of
alternatives were in the same indifference region. These
contradictory views of indifférence suggest that empirical
evidence about its true nature should be sought. This is
attempted in chapter 5.

The results of chapter 2 are particularly applicable
to simple and duplex gamble alternatives. Two previous studies,
Joombs et al (1967) and Tversky (1969) applied GFA to simple
zambles and found conflicting results with respect to the SzU
model. No previous studies rave applied QFA to duplex gambles.
Tilege seem two good reasons for atteupting to gather further

evidence from an application of &FA to these cases.

functional Measurement Studies.

There has been much discussion of the random utility
models, of which the models of the last chaptef arc special cases,
and their relation to binary (and more than binary) preference
robabllities (Recker, Degroot & lMarschak (1953), Horrison (1963),
Burke & Zinnes (1965), Luce & Suppes (1955), Becker & McLintock
(1957). It has zenerally been held that the available statistical
techniques to egtimate the garameters of even special cases of
these models are unsuitable for cholce data obtained from

individuals. Obviously results from their use on large sample

eroup data (Bock & Jones (1967), Sanders (1951)) are

inadaissible as evidence about the way individuals make decisions.

The results that those of the last chapter are based on, by

Berkson (1955), Cox (1958), Bradley & Terry (1952) etc. are
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discussed, but the point has been made %hat "oe....the known
properties of their estimates are large sample properties...."
(Bucker, Degroot & Marschak (1963a)). This statistical fact

las been seen as an insuperable barrier to the use of the
estluwation and goodness of fit procedures previously discussed.
wuplrical work has therefore been deflected into testing certain
velationships among the preference probabilities predicted by the
seneral random utility and other models,'e.g. Becker, Degroot

& marscinak (1963b,c). Many of these have becn in situations
wilers cholces from more than a pair of alternatives have been
observed. However, this deflection has not led to a great deal

of empirical work for, as Luce & Supves (19565) point out ".....

nasty statistical problems that have hardly begun to be formulated,

N

"Because the

let alone solved" appear. Tuey conclude that
v.sults of tests of observable propertics of preference
vrobabilitles are almost never clear cut, one is left with a
distinet feeling of inconclusiveness." Probably because of such
problems with this a.proach and because parameter estimation

a peared hagardous using individual binary choice data, otner
response modes rave gained in sopularity. All the evidence

sbout peoples' subjective values to be revorted uses some kind of
rating response, elther actual numerical or grapnical ratings or
bide bo buy or sell alternatives. The evidence against the
assumption that choices, bids and ratings can be used
interchangeably has already bsen cited. In evaluating substantive
vidsnce to be discussed it should be remembered that the

followin hyyochesis: when a person rates one alternative higher

than the otner ne may consistently make the contrary choice, has
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not been disproved.

1t would be rather odd if the yresent trend of using
rat.ng type response modes continued and weighty evidence built
up about how people make decisions, none of which included
observations of actual decisions. The need to carry out experiments
using actual choice data is one of the main reasons for
abttempting a guantitative study using choices.

Recent results from experiments which collected rating
and biddinz data to see which guantitative information integration
models are favoured are conflicting. Two studies by Tversky
(19567 a),b)), the first of which has already been discussed,
broadly supported the clasgsical SEU model. In the first, bids
for simple gambles,cigarettes or packs of sweets were won with
gome probability and bids for "comwmodity bundles" of cigarettes
and sweets were obtained from prisoner subjeots. In the second,
bids for simpe gambles where money was won or lost were observed.
In both studies'analysis of variance of the bids (logs of the
bids in Gthe case of gambles) showed good support for the general
55U information integration wodel. In the second study, the
classical SuU model, with utility of money assumed as a power
function of money, ulo) = 0O and u(l) = 1 zave excellent prediction
of the bids. The study Shows‘that the utility scale of the bids
was about bthe same as the utility scale of the value part of the
cambles, (so that subjects showed no utility for gambling), and
also that the subjective probability of complementary events
summed bo unity i.e. that (s(p) + s(p) = 1. In the first study,

however, accentance of the nypothesis of no utility for gambling

led to rejection of the nypothesis that o(p) + s(p) = 1 and vice
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versa. Thus the general SEU model, but not the classical one was
acceypted.

Slovic and Lichenstein (1968a)) and Andriennsen (1971)
conducted studies examining bids and ratings for duplex gambles.
LThey considered an additive model,

R-ﬁ-co + clPW +c, SW + cBPL + 04‘SL where the ci's
are individual parameters, PW, SW, PL and SL are the gambles'
parameters and R represents the bidding or rating response.
Results of both studies indicated a good fit of this model but
unfortunately, it was compared mainly to the «V model, (it was
considerably superior to this), not %o more plausible
alﬁernatives. Evidence of whether.models including interaction
terms weresignificantly better than the above model was
discussed by Sloviec & Lichenstein. They carried out a pilot study,
which, they said, showed that more complex models did not fit
better than the above. No details are given, however and 1t is
not clear whether this test was of group or individual data. They
conclude that most variance not due to the model can be ascribed
to error, though they do not say how they arrive at this.
Andriennsen's study investigates whether the above model can be
extended to other situations, in particular to a "skill"
situation. He concludes, among other things that in many cases
the model is no better tnan .V and that responses are largely
determined by situational factors not related to the gamble's
parameters.

In a study of ratings for "offers to gamble", mainly
of lotteriss which cost a fixed amount, Sjoberg (1963) studied
the general HwoU model using a technique based on factor analysis

that he developed in an earlier pa er, Sjoberg (1965). He found
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that for most people the model accounted well for the data. Tor
some subjects a simpler additive model similar to Sloviec &
Lichensteln's fitted the responses but for most of them the
general model ,SEU was necessary. The study by Anderson &
Shanteau (1970) discussed earlicr also Tound evidence thatb
probabilities and payoffs were integrated multiplicatively. They
observed ratings for duplex gambles and found that no kind of
straight additive model was satisfactory though the SEU
information integration model was broadly successful. There were
significant interactions, nowever, which followed no particular
vattern. These could not be accounted for by the model.

These studies indicate that in many cases a simple
additive model can account quite well for the way people make
ratings and bids for gambles. Where it has been compared to the
Zeneral SiU model, however, the latter has generally been
superior. In simple riskless situations, where the number of
dimensions of the alternatives is not too large the additive
model has been found adequate, and other models Lhave not led to
significantly better fits (Tversky 1967a), Shanteau and Anderson
(1969). |

It can.be noted at this stage that the finding that
people reverse their preferences in bidding and choosing among
sawbles, Lichenstein & Slovic (1971),Lindman (1971) cannot be
saccounted for by any utility model of the kind under consideration.
They can account for behaviour within the bidding and within the
choosing situations but the models which apply in the two
fbié obvionsly delincates an outer

situations are different.

- . SrPARRS - 1 —~ 1
bound of the model's domain. However, the only explanation

v . . : : . e nal , ;
offered by either authors 1s al iinformation processing" one which
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1s Just as piece-meal as the above suggestion that different
models apply in different cases.

Some closely related work on the study of clinical
Judgements should be noted. A clinical judgement is not a
decision as has been understood in the foregoing. That is, it
is not a selection from a set of multi-attribute alternatives
under the direction of prevailing wmotivation. However, assessments
about multi-attribute alternatives are made in clinical
judzements and where these can be interpreted as judgements of
preference the two fields overlap. It is not surprising, therefore
that information integration models based on the general linear
model have been considered extensively in clinical judgement
‘studies. Certain features of the kinds of situations'generally
considered in clinical judgement studies that are not shared
by those which are our current concern are:

i) no information about the costs involved in giving different
Judgements is explicitly given.
ii) tne uncertainties involved are not discussed.
iii) the unreliability of the information source is not discussed.
iv) tne number of dimensions that each alternative has is large.

Because of these dissimilarities between the two kinds
of situations clinical judzement studies will not'be considered
in detail. The review by Goldberg (1968) covers the field and
chows how information integration models based on the general
linear model can account for judgements about complex stimuli
made by experbts and nalve subjects in a variety of situations.

Before leaving functional measurement studies work on
a class of models similar %0 the information integration ones

. . o Fhe mail petis to the
should be discussed. In early years the maln competitors ¥
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SulU and additive models were those based on the suzgestion that
people are primarily influenced by the alternatives' expected
value and secondarily by the higher moments, variance and skewness
e.8. Coombs and Pruit (19560). Related to this is the idea that
people have specific probability preferences. Much experimental
evi@ence nas been adjudged tp support these ideas (sdwards

(1963, 1954a)b)d)), Coombs and Pruit (1950), Van der Meer (1963),
but Slovic and Lichenstein (1968a) point out that 2robabilities,

~

payoifs and moments have all been confounded with one another so
that considerable ambiguity has resulted. Slovic, Lichenstein
and their associlates have carried out a series of studies
observing choices and bids for gambles (mainly duplex gambles)
where this confounding of variables was avoided. They have shown,
rather convincingly that people base tiueir choilces and preferences
on bthe svecific information given about chances and amounts of
wins and losses (Lichenstein (1965), Slovic and Lichenstein
(1968a),0)), Slovic (1959b)), Lichenstein, Slovie and 2Zinc (1969),
Payne and Braunstein (1971)) and not on subtle combinations of
tﬂem such as the moments. Algo they were unable to find any DM
whose subjective assessment of any probabllity dimension appeared
t0 be non-monotonic with objective value. Tuaey concluded then,
that probability preferences, if they exist are not very powerful
determiners of choice.

The demolition of the "moments" and "probability
preference" theories is the most conolusivevresult to date of
the stuiy.of inforuation integration models. Results about which

secific model accounts for the dsta best is conflicting. A

o
Ko obd

criticiecm of some of the studies cited is that the model tested

o . e w £ comps r models. The basic
for goodness of fit was nov compared to other mode

1e5.



criticism of recent guantitative studies of information
integration models, however is that they provide evidence about
decision making yet decisions are not actually observed. The
need (o back up this evidence with experiments where actual
declsion making takes place is one of the main reasons for the

experiments to be described.

seguential Decision Making Studies.

There have been four studies of decision making in
scquential and dynamic environments where DMs have had full
information. “dwards (1962a)) reviewed the main areas of research
in sequential and dynamic situations and only one of these generally |
included full information. That which he called "statio
sequential" which seems to include such situations as when a |
seyuence of cholces between bets are made which are then played é
after every choice. This corresponds to what has been defined |
carlier as the "independent sequential situation”. Now, earlier
it was suggested that this situation was suitable for the study
of the effects: previous outcomes of choices and current status
(in the case of gamble choices, current capital). In the |
independent sequential situation the above factors are not
confounded with dynamic ones. Dynamic studies will be considered
later but first let us discuss the sequential ones.

Edwards (1962b)) has reviewed his own work in such

citustions. e found in his probability preference gXxperiments

(particularly 19544 )) that "S's can be made to win exceedingly

large amounts of money, Or he mide to lose substantial, but

smaller amounts of money, without significantly cinanging thelr

. P CAhenateid S cxamined the effects
choices," (1962b)).  Lichensteln (1965) examine eli



on bids for gambles of the amount of money previously won or

lost in gambling. She found no effect. Greenberz and Weiner

(19¢6), surprised at tnese findings which,  they suggest, are

counterintultive investigated the factors reinforcement nistory

and amount of money possessed in a 3 x 3 factorial experiment.

fhere were about 14 S's assizned to zroups representing each

factorial cowbination. They were given an initial stake (at one

of 3 levels) and a twenty number bingo card containing nine

winning, nine losing and two neutral numbers. An accomplice

picked numbered discs, supposedly at random from a bag 9 times.

Tne nunbers chosen were rigged to give three levels of

reinforcement: 8 wins and 1 loss or, 4 wins, 4 losses and a

neutral, or 1 win and 8 losses. 1% was round that reinforcement j

uisfory, but not amount of initial capital affected a subsequent %

choice from 100 offers to gamble. |
An earlier study, Dale (1962) found that sequential

information affected peoples choices. People chose reseatedly |

one of three alternative bets in an imaginary setting under the

instrucsions o do as well as possible in the long run. Taey

were standard (x,p,y) bets with expected values -1, O and +1

points. Half of the subjects were shown, in addition to the basic

inforuation about the bets, the points zained from playing the

bets forty times»in an earlier scssion. It was clear tnat when

peovle were gziven the 2dditional sequential information they chose

that gamble with the highest expectation significantly wmore often.

=]

lear whebther the actual sesquence oi oubcomes experienced

It is nos ¢
effected thelr cholces.

a 3 < T
Siguel (unpublished doctoral dissertation, 1969) nad
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veople choose between pairs of standard gambles under two
conditions differing in information given, each subject choosing
under each condition. Iun one condition subjects were reminded
prior to each choice, of their previous choice and its outcome
and in the other they were also told their cumulative winnings
or losses. For all 1z subjects, who made over 2000 choices each
in all, very marked choice and choice—outcome sequential effects
were observed under both information conditions. Two features
of the design may have contributed to this i) response bilas was
not controlled for and ii) the information ziven to S's prior to
eachh choice (their last choice and its outcome) may have induced
them to repeat tneir last choice (or alternatively to change it!)

Now, %t.e evidence from all these studies regarding the
erffects of reinforcement history and current capital is not
unanimous. Furthermore, wmost of them can be criticised on
methodological or statistical grounds. Dale's result is not in
dispute. It shows clearly that people were affected by information
about wbrevious outcomes. But, this is not the same as being
affected by the actual experience of these outcomes.

Edwards (19544)) and Greenberg and Weiner (1966) used
games which were rigged. Tuat is, the probabilities of events
were not what they were told; Their rcsults only avply, then to
sifuations where DM's information is inaccurate. Since 1t was
inaccurate, it is reasonable to suppose DN's might become aware
of this even thouzh they were not told. In the other studies:
Gdwards (1954a) b) d)), Lichenstein (1965) and Siguel (1969)

. : I sentati £ ¢ true probabilities
the information given was representative of the :

. D +the tudi though 1is
and payoffs. The major criticism of these studies, thouyg

128.



that the seyuential factors brevious outcomes and current

capital were confounded. This is not so important to Lichenstein's
result as her finding was negative. Edwards and Siguel's results
are difficult to interpret. Was it the capital, the
reinforcement history or both which affected choices? Other
criticisms are: i) as indicated earlier, Siguel's rssult may be
an artefact 1i) all the studies used rather insensibtive tests

of effects due to seguential factors. Clearly then, further
exverimentation is necessary. uxperiments are required in which
i) the principle factors are not confounded ii) sensitive tests
of changes in choices arc employed iii) accurate information is

siven to DM's 1iv) the effect of response bias is controlled.

Dynamic Decision Making Studies.

Sequential factors have been examined in dynamic
situations in four studies. Cohen et al (1959) gave subjects an
initial stake and obszrved the amount they bet on either a red
or a black number of a roulette wheel (they could choose the
colour). They found that the previous choice and the previous
cutcome aifected both their choice of colour and thnsir choice of
amount to bet. It is to be expected that the effsct on choice
of colour would diminish in the face of more basic differences
bobween Lo alternatives. The same kinds of effects on amount

bet were found by Hachauer (1970) in a field study of roulette

olaving behaviour. In both studies it is not possible to say
play

whetner previous outcome O current capital were the major

. , e ; thinxzs were coniounded.
deberminant of amount bet because tnese Lialngs were

Lapoport and Jones (1970) and Rapoport et al (1970) examined an

outimal model for a similar dynamic situatlon to the roulette
oL
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playing one. In the first study subjects bet wlay points on one
of two alternatives a fixed but unknown number of times. He
could bet as much of his stake on any trial as he wished and ne
won or lost this amount. In %the second study a seyuence of bets
were made where four possible outcomes might occur. At any trial
nis capiltal had to be divided among all four alternatives and he
won four times what he had placed on the outcome which oceurred.
In both of these studies, unlike the previous two, the effects

of current capital and previous outcome were examined separately.

soth were found to have a positive effsct on proportion of capital

wagered on the most likely outcome. I¢ is felt that previous
outcome iad a marked effect because the probabilities involved
were not explicitly given (though they were well learned). If
the probabilitiss had been known exactly 1t is suépected tnat
subjects would not have allowed themselves to be influenced much
by Lrevious outcomes. The more sbriking effect, though was that
due to amount of capital possessed at the time of choice.
Proportion wagered on the most likely outcome was a u-shaped

function of this.

In these four studies in dynamic situations positive

;

fects on amount, or yroportion wagsred were found due to

o)

h

e

either, or both of the sequential factors, previous outcome and

current capital. This 1ls rather surprising 1ln view Of the

lack of effect they have been found to have in purely seguential

i i I } me c the 1 roretation
situationg. ror the moment, let us choose bthe interpre

' 5 of sequential factors were due to

shat wost of the eilec

cr

o [ 7 hsg 3 1 " i ked ffect in
current capital. This cersainly had she more marfed errect

Rapoport and Jones (1971) and Rapoport et al (1971) and since the

. b, 1 H Sy
sequential facbors were confounded in the other studies taey do

. el e R = i ne
N0t vrovide evidence againsct the caosen lnterprevation.  lae
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problem is, then that the effect of current caoital on decizions
made in dynamic situations is not the same as its sffect in
sequential ones. This solution to this problem mav lie in the
following fact.

In all ofithe above studies when current cépital changes
80 dosgs the chance of arriving at certain future declsion states.
People very likely modify the amount they bet as a function of
sne probable future decisions available rather than as a function
of current capital itself. The ambiguity of interpretations
epitomises previous studiecs of dynamic decision making. The
independent variables are not well controlled and any number of
models can "explain" what is going on. Before the foregoing
studies could be useful congiderable clarification of the meaning
of trnelr findings is reguired.

The only exteansive programme of research in dynamic
declsion making under relatively complete information has been
carried out by Rapoport. His approach is to consider guite
complex dynamic decilsion situatibns that have been studied as
business or economic yroblems and develop or borrow the ontimun
decision tneory for them. Tnese are proposed as inibtial aypotheses
of actual behaviour which are then tested. The two studies
mentioned above perhaps provide the most successful of the opbtimal
médels that nave been considered by Rapoport. Uespite the effects
of bthe sequential factors (which optimal models would not predict)
the strategy people adopted was surprisingly close to optimal.
Other studles by Rapoport nave unforsunasely suffered rather
of indeoendent variables. In a study

badly From the confounding

. 3 R T o] P> oy ¢
of a larkovian decision Lask involving transitions among three

131,



declsion states (Rapoport, 1968) the optimal model appearsd to
be guite successful. However, behaviour could also be
explaineld by the rather simple, far from optimal strategy of
waking decisions to increase the likelihood of a transition to
sae most favourable decision state. Three earlier studies
considered a situation known as the readers' control problem
(Rapoport 1966a), 1935b), 195T). The readers' control problem
15 a multistage dynamic decision problem where DM is reguired
to walte a serles of decisions to minimize a cost function which
sepends on the state of affairs prior to a decision, the decision
mace and a chance event. The expected cost is to be minimized
over all stajes and the opbtimum strategy is known from dynamic
prograaninz theory.

In all three exveriments the group mean decisions
followed the opbtimum ones closely but an examination of
individual declsions revealed errors which could not be explained
in terms of the optimal model or variations of it.

It 1s felt that rather 1little progress has been made
in sne stuly of dynamic decision making because the situations
sbudied nave been complex. The powsr of the experimental method,
c0 control situational factors and tnereby strip away as much
ambizuity as possible, has not been fully utilized. It was
indicated in the introduction tnat progress in the study of

. ey e 1
cigion waking under uncerbainty would be painstakingly slow.

@]
¢l

Unambiguous cxperiments in simple situations ;re here preferred.



Chapter 5.

Static Experiments. )

Wualitative and quantitative techniques for examining
information integration models in static situations have been
described. The wodels can be examined qualitatively using
statenents of preference and binary choices and yuentitatively
using the latter. The technidues will be used to compare
different models in static situations where DM's are presented
with pairs of simple or duplex gambles. #The sub-zoals within
this broad objective will now be introduced, first with regard
to WFA and then functional measurement.

The alternatives presented in bthe experiments will be
simple gambles and duplex gambles wnere the parameter PL remains
fixed at PL = 0.5. The information integration model of main
interest as far as}wFA is concerned 1s the S&U model. This is a
suveclal case of the multiplicative representation hypothesis,

H5 when the alternatives are simple gambles and 1t is a special
case of the dual-distributive representation uyposhesls, H9 when
tne alsernatives are duplex gambles. To test oSulU, tTherefore one
could examine the complete set of appropriate conditions i.e.
H5C1 - HHCS for the simple gambles and 1I9C1l - H9C4 for the duplex.

First though, these should be examined logically. The
zero conditions are ratner trivial. It can be assumed for
every subject that the scale values associated with probabilities
and payoffs of zero arc shémselves zZero. For these elements the
conditions on zeros can easily be showa to be satisfied. It is

S | ot i <+ Y
not expected that other zeros would exist so unt}l the contrary
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is demonstrated the zero conditions can be disrcgarded. Two
other rather trivial assumptions about peoples choices can be
made. The first is reasonable when the motivating variable is
money while the second is more general and is hypothesized in
the SuU model (see chapter 2). They are as followss
1) In the general definition of S5£U, if each X0 V4 € Xi is
a monetary quantity ui(xi) < ui(yi) <¢>.x15§;yi for i =
I, ....., k.

ii) for each Pys 94 6’Pi’ s. (p.) 5::3. (qi) <=> Pi<§ 4y for

i ¥ i
i=1, 2,....k

It can eaéily be shown for simple and duplex gambles
that the sign degendence/indegendence conditions predicted by
SwuU follow from these two assumptions, which amount to what uas
been zalled tae "sure thing principle". Thus, if one is prepared
to accept the sure thing principle (see Edwards, 1954c)) it is
only necessary to test experimentally the weak order and
cancellation conditions. Similarly if one was inﬁerested in
the inexact S2U model for simple gambles the empirical task
would be to test the semi-order and cancellation of strict
preferences conditions. Accepting the sure bthing principle has
a further consequence: for simple and duplex gambles all_simple
polynomial functional relationships ot:er than the S5EU model can
be rejected. This is because the sure thing principle violates

the zero, independence and sign dependence consequences of all

non-3:U0 models.

Although these concluslons seem reasonable, a word of
caution should be expressed about rejecting hypotheses because
trivial predictions are violated. This can»be illustrated with an
smpirical study made by Coombs and Huang (1970 ). They carried

134.




out an ordinal analysis of veoples' perceived risk of certain
gambles. The gambles were of the wheel of fortune type of the

toram (x, p = %4, y) where an amount x was won Wwith probability %

and otherwlise an amount y was lost with probability %. vSuch gambles
are completely characterized by their expected value, @ = (x + y)
/2 their range, R = x - y and the probability of a win, P = 3.

A further factor, the number of plays of a gamble, C can be
included. Gambles from the set & x R x ¢ can be examined with
resoect to thelr riskiness. Coombs and Huang (1970) considered

the distributive simple polynomial model, i.e. the wmodel which

says that the percieved risk of the whole gamble, PR is a
distributive function of the percieved risk of the components,

sy C and Rt PR = (by (£) + b,(R)) b3(0). The ordinal analysis
they verformed supports this model. Krantz and Tversky, (1971)

in discussing the modsl state that support also can be found

from the effective zero classes which exist. However, it is easily
demonstrated that this is not so. Any gamble with a range of

zero must have a percieved risk of zero, regardless of its

expected value or the number of times it is played. Tnis, as

can be seen from the results on zeros reported earlier, must be
incompatible with the above distributive model. The wisdom of
rejecting the model on the basis of this should be questioned,
thouzh, as 'gambles' with a zZero-ranze ars clearly trivial. If

the model is shown %o be satisfactory in the Jomain of non-

trivial sambles much stronger reasons for rejecting it are

necessary. Tnis may also be true in considering peoples’

preferences for gambles. Violations of results about zeros

predicted by some model would not be sufficient grounds for

Wnile the diagnostic value of zero results is not

rejecting it.




in dispute it should be recognized that real tests of a model
must be based on its performance in non-trivial cases.

Tae sure thing principle unlike the zero conditions
applies to quite a wide range of choice situations. It is not
conceriied with only a few trivial alteruatives. Any models which
dewonstrably violate it, therefore, need not be considered further.
In the experiments of this chavter then, WFA will be used b0 examine
the ordering and cancellation conseguences of the exact SEU model
only. Two previous experiments involving simple gambles,

Coombs, Bezembinder & Goode (1957) and Tversky (1969) have
audressed themselves to the triple cancellation and transitivity
of strict preference conditions repectively. No previous study,
however, has focussed on cancellation and transitivity of
indifference. Tunis is considered an omission which should be
rectified since the exaci SzU model makes very strong predictions
about indifference. If violations are found which canunot be put
down to error then the inexact SEU model must be accepted as the
more plausible alternative. In this chapler, this comparison
between exact and inexact 355U models 1s made when simple gambles
are considered but no particular conseyuences of 35uU are
cmphasized in the cas: of duplex gambles. Here a general WFA is
attempted since no otner study using such alternatives is known.
If the general «FA showé that the SsU wodel is satisfisd more
rigorous tests of particular conditions shodd follow.

As well as these substantive problems some
methodological guestions will be raised. In chapter 2 it was

: : 3 - i cd wi GF ¢
noted that the sbtatistical tests assoclated with GFA have not

been fully worited out. Therefore 1% was necessary to attempt

certain ad hoc solubtion., whose success i1s also under investigation.
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Previous studies investigating functional relationshivs
quantitatively have considered additive and SiU models. For
both simple and duplex gambles this will be done in the
cxperiments of this chapter. As well as this it will be necessary
to examine the extent of bias in estimates of subjective value
for the particular designs used.

In experiment 1 all the procedures previously discussed
will be used to examine the statements of preference and binary
choices of a single DM who is confronted with simple gambles.
Because data from only one individual has bezen collected this is
to be regarded primarily as a feasibility study of the
techniques.

In experiments 2 and 3 more substantial amounts of
data are collected: statements of preference for simple
gambles in experiment 2 and binary choices for duplex gambles
in experiment 3. QFA is applied in experiment 2 and both (FA

and functional measurement are carried out in experiment 3.
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Experiment 1.

The examination by QFA and functional measurement of a single

subjects binary choices and statements of preference for

simple gambles.

The aims of this experiment were, for the single
subject:
i) to test the SEU model and probabilistic model 1 for binary
choice data by QFA,
1i) to test the SEU model and the simple error model for
statements of preference by GFA4,
1ii) to compare additive and SEU models by Bock and Jones'
method of functional measurement using the binary choice
data.
In any empirical test of the consequences of a representation
aypothesis the pairs of alternétives used is crucial. In this
experiment it was decided to consider a 4 x 3 factorial set of
amount to win.x probability gambles and a similar set of lose
ones. In order to emphasize the conseyuences of the 3ScU model
for indifference, small differences in wrobability and payoffs
were seclected. If i) and ii) show that the SkU model is
successful Gthis is despite the fact that the gamble sets were
such that transitivity and double cancellatlion of indifference
could be tested. This selection of gwambles close in subjective
value also gziven an advantage with respect %o iii) above, in
that it is likelv to reduce ths chance bf observing zero or one

prefzrencs frejuenciss. A limitation of the experiment, though
is baab subjective. scales of only a small range of simple

zambles can be obtained.
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wxperimental Design.

A win set and a lose set of‘simple gambles were
constructed. Let the win set be P x 3W and the lose set P x SI,
wiere P = {TO.40, 0.45, 0.55, O.60j§, SW = {T+ 75p, + 80p, + 85%
and SL = -{f85p, -80p, —75p?5. A gamble from the win set is
one where sw; € SW is won with probability P & P and
nothing is won with probability (l—pj). Similarly, in a
gamble from the lose set, slilé oL is lost with probability pj &

P. All pairs from the win set and all pairs from the lose set

he other are vresented to the

ot

suci that neither dominates
subject (8). This gives 18 win pairs and 18 lose pairs.

In the first part of the experiment binary choice
data was collected. kach of the 35 yairs were presented to the
subject 7 times. The Jjuxtaposition of gambles in a pair, with
respect to left-right was random. The order of the 252 trials
was also random exce.t that if the vair had appeared during the
previous 10 trials it would not appear at the vresent trial.
Tiie respoanses available to the subject were either 'chose gamble
one' or 'chose gamble two'. o indifference judgcment was
allowed.

In the second part of the experiment statements of
preference were obtained. The 36 gamble palrs were presenﬁed
in rundom order and on each trial 3 stated which he preferred or
whether he had no preference. The order of presentation of the
i the juxtaposition of gambles in a pair were both
randoi.
Subject

The Subject was a male research assistant in the

Departunent of Psychology, University of Stirling aged 24.
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Erocedure
For the binary choice part, a stimulus tape was
prepared for a standard ICL teleprinter. After the

instructions were given S ran the tape through the reader until

the first pair were printed in the following forms

Choice One A Choice two.
Amount to
lose * 75p 80p
sihance .00 .55

Choice +vevvvnunnn
* Win appears here on win pairs.

After the word 'choice' there was some runout on the
input tape and 3 stopued the reader. He then punched either
'1' or '2) depending on his choice and restarted the reader, until
the next palir had been typed on the teleprinter printout. The
operation was repeated 252 times until the experiment was
completed. During the experiment, the teleprinter punch was
switched on giving a paper tape record of tue stimuli and
responses. Tiais toow about 2'hrs. 15 mins.

Tue subject, before he began, was told that at the end
of the experiment, one trial would be picked at random and he
would be required to play the gawble chosen on that trial. He
was to be given a stake of 75p before this, so he stood to lose
only a few pence and to gain up to 160 p over all. This was
intended to give some realism o his choices and provide

b

1. sedious btask of watching the teleprinter

motivation for
print. He actually won 130p.

Approximately two weeks later, the 36 gamble pairs,
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randomized for left-right position were pregented to tae
subject in booklet form. The booklet was made up from
teleprinter printout with the gamble pairs written in the same
form as for the first part of the experiment. This time, S was
asked simply to indicate, with an imaginary choice situation in
view, which he preferred or if he had no preference. He wrote
onec, two or a dash accordingly and went through the booklet

e by vage in about fifteen minutes.

"

4]

i
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Results and Discussion

The raw data for the binary choiﬁe situation is shown
in the rfinal columns of tables 5.1 and 5.2. These columns give
the number of times the subject chose gamble two of each pair.
“ne raw data for the stasements of preference can be derived from
the "stated preference" columns of the tables.

First, a result was obtained pointing to the validity

of the roposed analysis of the binary choice data in terms of the
. following
binary preferences vprobabilities. The/ two factors may make the

analysis invalids

i) Subjécts remember their previous cholce on a particular

pair and tend to repeat 1t.
ii) they change their minds about some preferences half way

throuch the experiment. Suppose che raw data is put in the

Forw of 35 binary sequences of ls and 2s, one for each palr

- .th ;
sresented. A 1 or 2 at the Jth peition of the 1 seguence

indicates that the subject made this choice at the jth

orecentation of the ith vair. If either of the invalidating
“setors does nave an effect then +he number of runs in this data

. . . 91 Foam the he xpected under the
setbrix will differ markedly from the number exp
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null nyvothesis of no effect. For the data obtained, the
expected number of runs, E(R) = 76, the standard deviation,
sD(it) = 3.5 and the observed number of runs, K = 75. These
figures were obtained by calculating R, «(R) and Var. (R) =
[fSD(R)i} 2 for each seyuence and summing over all sequences.
It can be concluded from the above Tigures that the two factors
are not likely to have affected choices. The basic Bernoulli
wodel, which says that choices between any pair are determined

by a counstant preference probability is not disconfirmed. Further

analyses based on the binary preference frequencies shown in
Fizures 2.1 and 5.2 can therefore be carried out.

Gualitative Functional Analysis

For the choice data the unrestricted maximum likelihood
vreference pattern under probabilistic model I can be found.
This  ”tCern,and also the pattern of observed statements of
sretference can be augmented by the assumed preferences amohg
pailrs in which one gamble dominates tue other. This defines, for

cach wind of data, a strict preference relation over the set of

simple gambles,with an indifference relation as its symmetric
complement. One can test both relations To see if the gualitative
vroperties vredicted by the SEU model are violated. TIrom chapter

2 it is known that to do this it is sufficient to test conditions

H552 and H5C3', the weak order and cancellation conditions

N . . s 4 2
respectively. This test showed that a small nuaber of violations

of the conditions occurred. The guestion was posad as to what !

is She minimum number of preferences that must be changed in order

L . ot : vattern of preferences
to eliminate thesc violations. If the pa k

wost consistent wish the data does not satisfy SkU, perhaps one

‘very similar to it does. Lot the k value of a preference pattern
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‘be the number of preferences different from the pattern that best

fits the data. The following algorithm was used to try to find

sowe vattern consistent with SuU having the minimum k value. It

was applied to both kinds of data.

i)
ii)

iii)

iv)

Take the pattern of preference most consistent with the data
find the relation that takes part in most violations of SuU
change 1t to the value which reduces the total number of
violations most
repeat the last two operations until no violations of
SuU occur.
This algorithm worked to give a value of k = 3 for the
statements and k = 1 for choices. The preference patterns
obtained are shown in tables 5.1 and 5.2. Thev can only be
recarded as estimates of the min k patterns as nothing is
known about the algorithm wrnich selected them. It probably
worked because the violations of the initial patltern were
few. The results of the algorithm can be regarded as
estimates of the maximum likelihood patbterns consistent with
SiU assuming the relevant probabilistic model. Assuming
thess are reasonable estimates, the SZU model can be
tegsted by the likelinood ratio test against the general
"point probability" models. The chi-syuare statistics
used in these tests, with their degrees of freedom are
shown in table 5.3.

Also in table 5.3 the SzU model is compared to
two other information integration models: the expected
value (ZV) nvpobthesis and a'level of advantages"

hypothesis. Tne level nypothesis is as follows:
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i)

ii)

iii)

iv)

label the most advantageous probability 3, the next 2 and
the least advantageous 1.

similarly label the values componants in rank order

define the level of advantageousness of a gaﬁble as the sum
of its probabiiity and value ranks.

define the level hypothesis as that which predicts 3 is
indifferent between gambles of the same level and otherwise
predicts that he prefers the gamble with the hizher level.
It can be seen from table 5.3 that by the LR test of choice
data, level and &V can be rejected at the .00l level but
3eU cannot be rejected evsn at the 0.05 level. The
comparison of ths three models with respect to the
statements data can be made by comvarison of min k values
as well as the three LR tests. Both comparisons show

that SiU is superior to the simple information integration
models, Tthough EV and level cannot be rejected at the
.05.level. These findings are not surprising as SEU
defines a class of models, and the one tested was chosen for
its goodness of fit while the other two are particular
models, each defining a single preference pattern.

However it does show that the analysis has led to an

improvement of goodness of fit over two quite plausible

simple models. The evidence so far points to the conclusion
that the SEU model can account for the subjects' choices

and it can also account guite well for the subjects'
statements of preference when errors are defined as above.
Neither choices nor statements coatradicted the

conscyuencesg of SiU concerning indifference, bescause

indifference did not play a prominent role in the subjects
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responding. Unfortunately, few tests of the conditions
could be made so few violations could be obkerved.
Thus, QFA was not applied to the inexact SEU model.

Functional Measurement Analysis.

Strictly speaking, Bock and Jones' analysis requires
non-zero estimates of binary preference probabilities and a large
n in an n-replicate pair comparison experiment. However, n was
guite small (7) and it can be seen from tébles 5.1 and 5.2 that
nany (21 out of 36) prefefenoe frequencies were zero Or one.

The analysis will be carried out under the assumption ﬁhat
despite these facts, the asymptotic results hold to a reasonable
approximation. The implications of this will be considered
later.

'The analysis was carried out, using only the
observations actuwally made, within each gamble set. Thus,
~o00dness of fit statistics were calculated and parameters
gstimated from two incomplete, 7 - replicate pair comparison
experiments. The observations not made could have been assumed
- and the analysis could have been based on complete pair
comparison results. However this would have led to a complete
domination of zero and one preference freyuencies, which was not
necessary because the actual observations were sufficient for
the analysis. A oonse@uence of using the incomplete design was
jthat the extreme favorable and unfavorable gambles of each set
Thus an interval scale of only ten of the

were not included.

. .. e - ’.‘ 4 . . . )
ganbles in each set was estimated. Further %o this, minimum

. . S | e o [ 3 -
normit chi square estimation of the sarsmeters of certaln sub

nodels and tests of their goodness of fit were calculated.
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Table 5.4 gives chi-square statistics (some obtained
from differences of chi-squares) of goodness of fit for the
basic Thurstone model and two additive multi-factor sub-models.
'he significant subjective values chi-squares lead us to reject
the nypothesis that the subjective values of the gambles are all
equal (within each set). If any "departure" statistic is
signiricant one can conclude that the data deviates from the
model under test more than would be expected by chance. From the
table it can be seen that the basic Thurstonian model can be
accepted and one can consider the various information integration
sub-models. The table shows the chi-square for departure from
the general additive model and the additive model discussed by
Slovic. This latter is where a gamble's subjective worth is a
weiznted sum of its probability and value components. Thus, the
two parameters of the model are the two weights. The data from
both the win and the loss set does not depart significantly from
zither of the additive models. The difference bestween the
"departure" chi-square statistics is not too great, considering
the difference in their degrees of freedom (particularly for the
win set). Therefore it is reasonable to accept Slovic's more
simple model. Particularly as this only has %wo paramnecers and
predictions can be made based on the objective values of the
gambles., Iﬁ figure 5.1 and 5.2 the subjective values predicted

by this model are compared to those estimated directly from the

b

data. Tnese confirm that the wodel fits gqulite well. Thne

paraweter cstimation for the model is shown in table 5.5.
glovie's model can be considered a special case of

1 i 3 i} [y T Har N .
the linear SLU model. In the linear SLU model the subjectilve
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values are linear functions of the objective values, and are
assumed to integrate multiplicatively. Thus,
u(g) = (a + b,p)lc + dex) = ac + bep + ad x + bdpx

where w(g) is the utility of the gamble, a,b,c,d are parameters

of the wodel and p and x are the objective probability and value
components of the gamble. In a pair comparison situation the
constant, ac cancels so there are effectively only three
varameters, bc, ad and bd. Slovic's model is the special case
where bd = 0. Bock and Jones! meﬁhods can be used to test the
it of the linear SuU model and also the specific hypothesis
tnat bd = 0. ‘For both sets of gambles the hypothesis bd = 0

could not be rejected at the 5% level of significance.

Discussion.

The conclusions from the gualitative and quantitative
analyses of the choice data are consistent with one aﬁother.
Within the win and the lose set of gambles the WFA of the S&U and
additive hypotheses is the same. Thus, acceptance of one
implics azcentance of the other. Because sign dependence with
respect to the sign of the outcomes manifestly held, though it
is reasonable to call the QFA a test of 3:U. It should be noted
that the QFA analyses of the ohoices and statements are not

really comparable, even though they were obtained from the same

DM. Six of the eighteen "min-k" preferences were different in
cach set. Differences are to be expected because 1) the

stotements were hyperthetical and the choices were not ii) the

different Jata were collected two weeks avart. The GFA does

which proposes the two components are additive within each set.
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To do this functional measurement is necessary, since if
either the additive or the multiplicative integration rule
nolds within sets the QFA will not be contradicted.

The eXpected‘test by WFA of the consequences referring
t0 indifference did not materialize. One cannot conclude that a
shorough btest of indifference has been carried out, despite the
sambles being chosen to do so. for this reason statements of

preference for the gambles used in this experiment will be

collected from a group of subjects in experiment 2. Choices

will not be collected because the algorithm available for

applving the «FA is unreliable.

The functional measurement supported Slovic's
additive wodel. It may be invalid, however, because of the
factors discussed in cnapter 2. Additional bilas in parameter
estimates way be caused by the arbitary nature of the incomplete
desizn. The scale depends on the specific pairs used and
random flﬁctuations in a few observations may affect the
scale considerably. Sampling experiments should be carried
ous to test this source of bias. As a considerable amount of
e fort would be involved, Gtnis has been left till the results
of later experiments are discussed.

The overall conclusion of the experiment 1is in favour
of bthe aypothesis that Slovic's additive model holds within win

and lose sets. It remains to be seen whether the same applies

in other experiments, where more data is collected.
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TABLE 5.1.

Win Gamble Pairs angd Minimum-K Preferences

Pair Gamble One Gamble Two Minimum-K Preferences  Raw',

No.  Amount Chance Amount Chance Stated Binary Chdlce,

Preference Choice Data |

Data Data

1 85 .55 80 .60 2%x 0 3
2 85 .55 75 .60 1 1 2
3 85 V45 80 .60 2 2 7
4 85 45 80 «55 2 2 7
5 85 <45 75 .60 2 2 6
6 85 45 75 .55 2 2 5
7 85 «40 80 .60 2 2 7
S 55 .40 80 - .55 2 2 7
S 85 +40 30 W45 -0 2 5
10 85 .40 75 .60 2 2 6
11 85 .40 75 7 .55 2 | 2 5
12 85 .40 75 .45 1 (2)* 1 0
13 80 .55 75 .60 2 0 4
14 80 45 75 .50 2 2 7
15 80 .45 75 .55 2 2 7
16 80 . 40 75 .50 2 2 “
17 80 .40 75 .55 1 2 7
18 50 .40 75 .45 2 0 4

* The pumbers in brackets show the preferences used as initial
values for the mih k algorithm. Where there is no numbers 1n
brackets the final and initial values were the same.

t Tpis gives she number of times (out of 7) gamble two was chosen.
# 1 and 2 siows whether gamble 1 or 2 was preferred, O indicates
indifference.
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TABLE 5.2.

Lose Gamble Pairs and Minimum K Preferences.*

Pair Gamble One Gamble Two Minimum-K Preferences Raw
No. Amount Chance Amount Chance Stated Binary O%g%ge |
Preference Choice
Data Data
19 75 .45 80 .40 0 1 0
20 75 <45 85 .40 2 (1) 1 0
2l 75 «55 80 .40 2 2 7
2e 75 . .55 80 45 2 2 7
23 75 .55 85 .40 0 2 5
24 75 .55 85 .45 0 1 (o) 4
- 25 75 .60 80 .40 2 2 7
26 75 .60 80 <45 2 2 7
27 75. .60 80 55 0 1 2
28 75 - .60 85 .40 2 2 7
29 75 .60 85 .45 2 2 6
30 75 .60 85 .55 1 1 0
31 80 .45 85 .40 0 1 1
32 80 .55 "85 .40 2 2 il
33 80 .55 85 .45 2 (0) . 2 T
34 80 .60 85 .40 2 2 7
35 80 .00 85 .45 2 2 7
36 80 .60 85 .45 0 0 3

#A11l the notation in this table is the same as in table 5.1.
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TABLE 5. 3.

Likelinhood Ratio Tests of Hypotheses 'level', =V and SEU

against the unrestricted hypothesis.

Hypothesis stated Binary
under test Prefcrence onoice Data
Data
K value Chi< d.f. | Caic a.t.
uV 11 44,0 35 290 . 4%%* 256
LEveL 12 45,8 35 230, 1%%% 29
SuU* 3 19.9 35 13.1 16

* the values given arec those for the min-k, SZU consistent
oreferences of Tables 5.1 and 5.2.

**¥¥% these values are significant at the .1% level.

TABLE 5.4.

SO

toodness of Fit Tests for the Funciional ¥Measurement.

Source of Win Set Lose Set
Variation Chi-square d.T. Chi-square d.f.
Subjective o

Values 24 ,68%% 9 35.567** 9
Departure from ' 1

Thurstone model 3.32 E .34 °
Total 28.00 18 38.01 18
Departure from

General 2.57 4 3.55 4
Additive

Departure from :

Slovie's 3.37 7 10.45 7
additive

** Significant at the 1% level.
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TABLE 5.

5.

The Parameter Estimation for Sloviec's Model .

Win set Lose 3et
Purameter betimate sStandard Error vestimate Standard mrror
Zrobability _ 5
treight 0.151 0.0338 0.191 0.0372
Value ‘
Ry 0.142 0.0433 0.230 0.0503
welsght
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&raph of subjective values estimated diréctly from the data

- against those predicted by Slovic's model,

WIN SET .

OBSTRVED

PRIOICTED

153,



Figure 5,2,

Graph of subjective values estimated directly from the data

against those predicted by Slovic!s model,

LO0SE SET -

UBSERVED

N ) __PRIDELTED
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Experiment 2.

A Comparison of the Exact and Inexact SuU models by GFA Applied

to otatements of Preference for Simple Gambles.

The exact SLU model reccived support from both the
binary choice and statements of preference data in exoeriment 1.
Not the algebraic, exact 5uU modei,»that i, but one which
postulates Ghat errors in statements of preferencs occur. For
the subject observed, "indifference" played only a minor role in
both statecments and chdeces. There was insufficlent data to
:xamine wnetuer indifferences had the structure predictedAby the
substantive part of the exact SZU model. The model says that
1f a person is truly indifferent between certain alternatives then
these indifferences should be in accordance with the double
cancellation condition and be transitive. The likelihood of this
was questioned in chapter 2 and ties inexact additive and
mulsiplicative representation hypotheses were proposcd as
alternatives bto the exact models. These algebraic insxact
models predict that strict preferencces have a well defined
structure but that indifferences do not conform to any laws such
as the =zbove. Under the exact models, people have a very clear

ides of when alternatives nave thne same value and when they are

-

. e s 3 . o ot . e
diffsrent. Under the inexact moliel, alternatives must be further

avart in subjective value than-some critical value before people

are prepared o express a preference.

The motivation for the nresent experiment was to

1 inexact SoU mod aging the QFA results
comsare the exact and inexact SuU models using the WP 5

] : Ty o : e : P T e B a D) 'ﬂne t I Is )
vresented in chapter 2, The simple gambles 0f experimen are

i oe O Te i L ‘Jd > 2a,C
ideal for tnis becauss there are oaly small steps along each
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dimension so that differences in subjective valies are likely
60 be small. It was decided to take a direct approach and obtain
a complete set of statements of preference from a group of subjects

and simply count the number of tests and violations of the i

conditions for QFA previously presented.
It was noted in cnapter 4 that the implications for
indifference of exact reprezentation hvpotheses have rarely

been recognized. Little is known about the role of indifference

é
|
p

in decision-mnaking. The analogy between preference scales and,

say, loudness scales may lead one to expect o find a "just ;
noticeable difference" for preference. However, whean the !
alternatives are clearly discriminable processes underlving
discriwination and preference will be entirely different.
Traerefors, in view of the lack of direct experimental evidence
tnere is no a priori reason to expect one result rather tnan the
other.

The basic quest.on this experiment sets out to answsr,
then, is whether the exact algebraic 5iU model has similar
subsbantive relevance for staiements of indifference as 1t does
for statements of strict preference. If it does, well and .ood,
but if not, two explanations could account for the lack of
structure of indifference: 1) statoments of indifference mainly
oceur at random and do not reflect "true" indifference ii) the
éubjective difference in worth between two gambles must be
greater than some threshold befors one is considered preferable.
It would bpe difficult to discern whican explanation is correct if

ihe data is fallible. Tais will be discussed furtaer in the
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results section.,

Design and Procedure.

The experiment was a replication of the statements of
preference part of experiment I except that a group of ten subjects
took part. Each was given a booklet containing the pairs of
zombles, trne presentation order and juxtaposition of gambles in
a palr being randomised differently for each subject.

The following instructions were given to the group, all
Lirst year undergraduates at Hull Univcrsity who had volunteered
to take part.

"This is an c¢xperiment, about peoples' preferences for
simple gambles involving‘small amounts of money. The gambles
can be represented by a wheel of fortune (which was drawn) with
a spinner. To play, the spinner is spun and if it lands in the
upper sector an amount x is won, if 1t lands in the lower sector
nothing is won. The size of the upper sector indicates tine chance
of winning.

You will be shown vairs of these gawbles and simply
asked which one you would prefer to play if you had to play one
of them. If you have no preference then you should say so. Here
is a typical pair (show). The wheels of fortune are not actually
drawn, but the cihance of winning is indicuted by a decimal. Next
%o the word 'choice' you should write 'l' or 'Z2' according %o
which you prefer, and if you have no preference write a dash.

As well as these 'win' gambles there are pairs of
'loge' gambles. fere 1s such a palir. Tne guestion with taese

which would vou dislike playing least, if you had to play

133
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one of them? Again, write 'l' or '2' or '-' for no
preference. I will show each of you 36 pairs, half of them win
pairs, half of them lose pairs. They're all mixed in together
s0 when you come to the next pair, first check to see which
type it is. Just work through them in your own time, do not go
back to any you did carlier at any stage."

The subjects followed the instructions through and

indicated their preferences in, on average, fifteen minutes.

HResults and Discussion.

The raw data for the group showed that thnere were gquite
wide individual differences in the tendency to use the
indifference category. Three subjects used it not at all and
one subjsct used 1t fifteeh times out of thirty six. The
median number of times it was used was four.

The basic analysis was simply to count Lhe number of
tests and the number of violations of the ordering and
cancellation coanditions predicted by the exact and inexact SEU
models within the win and the lose sets. The group results,
only are reported (see table 5.5) since the vrovortlons of
violations of any coandition were similar for all subjects. It
can be seen that the data did not allow wany bests of the
cbnditions involving indifference and such tests as there were
came from only four of tre subjects. This 1s unfortunate since
thzse are the only conditibns predicted by the exact SaU model
whicn are not.predicted by tue inexact model. All those
conditions comuon 50 both models could be bested wmany tlmes
from each subjects' results, nowever.

Taking Tthe zroup as a whole, 1t can be seen that the

3 9 +- sale oY IS =] i v Tt oA~ o
conditions involvin. strict preference were viOLntcd 2 small
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sercentage of times while those relating to indifference were
violated on nearly all the occasions on which they could be
tested. Of those conditions involving the strict preferences
the double cancellation had the greatest percentage of violations,
then transitivity, then the semi-order condition and finally the
interval order condition. This order, perhaps, conforms %o
expectations. Double cancellation implies that people can
partially order differences, or ratios of clements along the
dimensions winile transitivity implies that they can partially
order the alternatives themselves. One would not expect that
they could do the former better than the latter. The interval
order and semi-order conditions can only be violated if the
indifferencs category is used, and so the large number of tests
tozether with the small number of times the indifferenc
category was used accounts for the overall low percentage
violations of these conditions.

One can conclude from these four conditions that the
inexact SEU model was broadly satisfied. To draw the same

observe low percentage violations of all six conditions

tested. Since this is not the case it can be sald that the

exact S3U model has no substantive relevance for statements of

indifference.
It was indicated earlier that one way to follow this

up with a more positive conclusion would be to consider two

ex slanations for the structureless nature of indifference:
i) indifference plays a minor role in ‘the information integration

and stut@m@nts of indifference occur at rundom and ii) indifferences
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occur when the alternatives are closer together in subjective
value than some critical interval. To discriminate between
the two it would Dbe necessary to construct a (preferably
interval) scale of the alternatives and observe if the
indifferences were random, regardless of scale proximity. The
experiment was not designed to do this. A partial scale could
be constructed in some cases, but because of the fallible data
the "best" scale would senerally not be unigue.

Whether the exact 3EU wmodel, together with the simple
error model could aocouht for the percentage violations found
in the group was examined in a small sampling experiment.
lionte Jarlo data was generated from "statistical DM's" who
behaved exactly according to the model, with different values of
tne single parameter, &X,. The varameter, o was the
probability of an erronsous statement. The "true" preferences and
indifferences were set up from random subjective value scales of
probability and values, both monotone increasing. A data matrix
of pairwise statements of preference and indifference was set

up as follows: i) if the sure thing principle made a prediction

the stasement was taien to be in the predicted direction

ii) otherwise, a random number, R, was selegted between zero
and one a) if R. }94 the statement predicted from the
subjective value scales and a aultiplicative information
integration rule was assumed b) if R < A one of the two
statements not predicted as in a) was picked at random. In
any run, the percentage violations and number of tesgts of the
transitivity and double cancellation of indifference and strict

P S~ | 1 . ~ Wi 3 -+ "], 3 4 4 2-L< =)
oreference were calculated. olnce, Wita this method of
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generation, the number of "true" indifferences is small (zero
in theory) it is manifestly clear that the indifferences play a
minor role and occur mainly at random, as hypothesiied. Forty
simulations for each value of & stérting at 0.15 in steps of
.05 to 0.40 were carried out. The results are summarized in
table 5.7. This givesbthe mean and variance of the percentage
violations of each of the four conditions. It also shows in
how many simulations it was possible to test the conditions,
and of these what the mean number of tests was. A value of &
between 0.25 and 0.30 would appear to approximate the group
results satisfactorily. Therefore, it is confirmed that the
exact SuU model with simple error could account for the

results summarized in table 5.6. One would expect the same to be
true for the inexact S2U model with simple error, probably with
a lower ' fitted « . '

It has not been possible to reject either of the
possible explanations of the results, even though the predictions
about indifference were not remotely born out. The notion of
" fgllible data had to be introduced to explain the violations
of the strict breference conditions. If one accspts that the
data ig fallible it makes very little difference whether tie
exact or inexact model is accepted because of the minor role
of indifference. Since indifference does not seem to be too
important it will not be investigated fu?ther. The experiment
nas drawn attention to the ratiner strong predictions about
ind ifferencs miie by bthe exact 55U model and shown that they do
not hold. Tae sampling experiment puts the finding in

Tndifference is a relatively rare phenomenon

)

i
[¢

perspective.

¢



in the context of simple gambles and it does not seem that
the exact SiEU models' lack of predictive usefulness with
respect to indifference damages its‘generai usefulness %o any

great extent.

i
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TABLE 5.6.

Violations of the Testable Conditions Considered in

mxperiment 2.

Property

Transitivity of
Indifference

Double Cancellation
of Indifference

Transitivity of
Strict Preference

Double Cancellation
of Strict Prefercnce

Sepi-order Condition

Interval-order
condition

Percentage Number

of of

Violations Violations

100.0% 28

91.5% 32
4.5% - 153
10.2% 157 
1;4% ’ ; 429/
o.é%,ﬂwwamééo,_“,

- 163.

Number
of
Tests

28

35

3350

1544

130459

23662

Number
of
‘Subjects

10
10
10

10



Table 5.7.

sampling Experiment. Summary of Results from 40 Simulations

at _wach Value of Alpha.

Alpha | Transitivity Condition
Indifference Relation Strict Preference Relation
Percent Violations{lNo.of Tests|Percent Violations|No.of Tests
Mean standard Mlean  N* |Mean  Standard Mean  N¥
Dev. Dev.
0.15 | 100 - o 2.1 9| 4.07 3.77 4z24.5 40
0.20 | 100, - 1.73 15| 5.62 3.77 423.1 40
0.25 | 100 - 2.19 26| 7.19  4.22 408.1 40
0.30 | 93.62 23.067 - 2.12 26| 6.99 3.87 409.2 40
0.35 | 95.00 21.89 | 2.50 20| 7.45 4.28 410.6 40
0.40 | 100 - - 2.78 32 |10.61 4.50 404.9 40
Alpha Doublé Cancellation Condition
Indifference Relation Strict Preference Relation
Percent Violationskﬁo.of Tests|Percent Violationé do.of Testdg
Mean  Standard Mean % |Mean Standard lean  Ii*
Dev. Dev.’
0.15 | 100 - | 1.88 9 |5.52 @ 3.65 359.6 40
0.20 | 100 . - 1.92 13 | 7.44  3.91  [359.8 40
0.25 | 100 - - 2,06 15 7.77 3.26 354.5 40
0.30 | 96.82 1l.22 2.96 27 9.39 4.14 342.3 40
0.35 | 100 - - | 2.09 23 9.21 3.81 351.7 40
0.40 | 100 - 3.90 30 |10.29 4.08 335.5 40

*N is the number of simulations in which at least one test of
the copdition was vossible. The mean number of tests given

ig for this W only.
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Experiment 3.

Decisions for Duplex Gambles with One Parameter Fixed:

QFA and functional measurement of information integration models.

The aim of this sexperiment was to extend the findings
of exveriment I to DM's choices for more complex gambles, thus
avplying the techniques for investigating functional
relationships to situations wnere they had not been oreviously
applied. Duplex gambles have mors paramsters tnan simple ones.
It is therefore necessary to consider a larger set of gambles
if the investigation is to be representative.‘ But the number
oﬁ valrs that can be used in a pair comparison experiment is
finite, so the proportion of pairs that can -be taken . for a
representative set of gambles must be small. Tnis limitation
only allows a general, "goodness of Fit" type of investigation
by QFA and functional measurement at this stage. If such a
study of a wide range of gambles is successful rigorous tests
of a wmore specific nature may be worth attempting. For the
moment a more general, hopefully more representative study
of decisions for duplex gambles with one paramster Tixed is
provosed.

Lxperimental Design.

The stimulli were pairs of duplex gambles from a set
of such gambles. Parameter PL was 0.0 fbr each of the gambles
in the set wnich congisted of every combination of parameter
values: SW, SL = { a/-, 2/-, 1/—"3 and PW ={o.2, 0.4, 0.8}.
The basic design is an n-replicate, pair comparison one. A
complete design would reyuire bthe comparison of 27 ¥ 26/2 = 351

pairs. As usual, it can be assumed that people choose according
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to the sure-thing principle when a pair is presented in

walch one gamble dominates the other. This reduces the number

of pairs which should be included by nearly a half. This is
still far too many for an experiment in which n is any

reasonable size. It was decided that n = 7 would be large enough
for the purposes of the experiment. Vith n = 7 there is a
reasonable chance that for many pairs (ai,bj) from the set,

npij > 1 so that the minimum normit chi-square procedure will

be valid.

The choice of pairs to be observed is critical to the
experiment. Certaln criteria for selecting a sub-set of the
possible pairs derive from the alms of the experiment. Ffirst
of all, they should be representative of the whole set. The
smallest representative set would be one which formed a cyclic
design (see David, 1963). In a pilot experiment when a set
wiilca satisfied the cyclic condition was chosen at random 1%
wa s fbund that the daté was not suitable for minimum normit
chi-squared analysis. Zero and one preferencs fregquencies
occurred too often. To reduce the chance of obtaining such
vreference fregquencies the following device was used,
tamiliar frow experiment I. Let the elements of the sarameters
of the gambles be numbered 3, 2, 1 in order from most to least
favorable. Define the level of each zamble as the sum of its
varameter's numbérs. Tihis partitions the éet into six subsets,

the number of zambles in each being shown below.

Number of Gambles 1 36 7 6 3 1
Level 9 8 T 6 5 4 3

~
VA

rtain properties of this grouping with respect to dominance
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can be listed:: .

1) No gamble dominates another of the same level
ii) Gawmbles only dominate others of a lower level
1ii) The single gamble at level 9 dominates the rest and all
gambles dominate tuat at level 3.
iv) The gambles at level 8 dominate those at level 4.

With respect to dominance, then the level structure
is uilerarchical. It is to be exvected also that the‘subjeotive
difference between gambles will tend %o increase as the difference
between their levels increases. Tuus, to try to select gambles
cloge in subjective value it might be reasonable to choose pairs
of wambles of the same leval. Levels 9 and 3 were omitted. A
"eycle" of pairs within each level was picked at ruandom for
sach remaining level, giving 25 pairs. These are not sufficient
to ¢sbtimate the scale values of the 25 "middle" gambles by
minimum normit cni-square. To remedy this, 4 pairs of gambles,
cach of which consisted of gambleg from adjacent levels were
gelected. The 29 pairs were sufficient to snable goodness of
£it of the basic Thurstone model to be tested.

This "evelic-chain" set of sairs is illustrated in
figure 5.3. From the foregoing 1t is clear that tﬁe palrs were
selacted with the quantitative rather than the gualitative
analysis in mind. Jooumbs, Bezembinder & Joode (1957) note
that it is difficult to select a subset of pairs to test
cancellation as, depending on Di's actual preferences, any
cpall subset can lead to few, if any, tests.

By selecting triads of alternatives and presenting

. PRI . , RS
all pairs in the triad, transitivity can always be tested,
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however. With fthe pairs selected transitivity will

definitely.be tested for the gambles at levels 8 and 4,

regardless of DM's choices, but any other tests of cancellation

and transitivity will depend on what DM chooses. This is seen

as the major pfoblem for QFA. For moderate n
nuuber of pairs a complete pair-comparison is
An incomplete design leading to a jartial FA
be carried oub.

Once the pairs to be used have been

design of the experiment ig straight forward.

were each presented to DM seven times on cards as shown in

and moderate
out of the guestion.

is all that can

decided upon the

The 29 pairs

fisure 5.4. The 7 x 29 = 203 trials were carried out in

random order subject to the constraint that no pair appeared

that had appeared during the previous 10 trials. The gambles

on the cards were assigned the left and right

position

randomly, and the response obtained on each trial was DM's

decision as fo which gamble of the pair he would rather play

snould the occasion arise.
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Figure 5.3.

Cyclic-chain Design for Experiment 3.
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Figure 5.4.

A Typical Gamble Pair as shown to the Subjects.
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Figure 5.5.

1 Begin
Y
Set the preferences

for the obscrved
pairs to the ML ones

\

oet the preferences
predicted by the

A

sure thing principle
¥

v o
LY

Do the Augment the
4 sure thing preference
principle or pattern
«FA conditions accordingly
make
predictions
< Y
> No
Apply tine _
LR test to tiie QFA
Ghe current) conditions
preference |14 7
wattern
Y Count the number
ﬁND[lZ of times each
8 |obscrved preference
ig involved 1n a
violation.
v
Reset tae preferences
9 for observed pairs
Pinguitively."
Y
Cancel all preferences
10 previously set except
for observed palrs.
/
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The subjects were 10 undergraiuate students at the
University of Stirling, o asle and 4 Temale, bebween the a4 .o

of 17 and L. Tney were all volunbeers who had besen toll Shere

was bLoe posslbility of insncizal zain.

frogedure.
sach subjeoct, (UM) carried ous the exveriument

individualiy in a quict roow. Tihe experimenter told DM that

the experiuent involved msking cholces between gambles where
small cums of money could be won or lost. Ine duplex gamble
wig then Insroduced, with a plece of apparatus cOnSisting of
two duplex sawmolcs pulnted on a card, some poker chips and two
small roulette wheels, specially converted to wheels of fortunc.
The oM wasg ilven some poker chips, cacia representing one shilling,
He cnose one of Ghe gawbies, walch ae then slayed, and won or
lost chips according to the outcomes. After making a few cholce
he vas ziven a bhooklet of cards containing palrs of gambles
as in figure 5.4. He was asked to go through the booklet,

ticking thne gamble Trom the palr that ne would rather play.
These gambles were such that one dominated the other. If any
DM chose the non-dominant gamble 1t was wgumeﬁ that he had
not understood the nature of duplex zamble which was explained
again. At the <nd, the sxperimenter picksd one of the pages of
the booklet at random by chrowing a dice. DM was glven some
coips representing ghillings with wioich to play the gamble ae
chose on tus page piciked at random. Tuils he did using the

wheels of fortune.
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It was then explained that what had preceded (from
the time the booklet was produced) was é "miniature" version of
the experiment. The actual experiment would differ from it in
certain ways: i) it would not be so casy to decide between the
sambles (this information was supplied to prepare subjects for
gauble pairs where neither was dominant).

ii) a different, and larger set of pairs would be used (the
stack of gamble cards was produced at this stage)

iii) when they had made all their choides they would be given

a 10/~ stake, and they would play three of the gambles
they had chosen for real money. They would take away with
them the total amount of woney they;enéed\up with (greater
or less than 10/- depending on their luck). Therefore,
three pages from the experimental wambles would be
selected by the experimenter afb random. The gambles DM
nad ticked on these pages would be the ones he played.

A different randomization of order and "left-right"
was used for each subject. While DM was making his choices
the experimenter left the room. Lil's were asked to go through
the stack of gamble pairs page by page withnout golng back to
previous ones.

Results and Discussion.

The problem that subjects may recall their earlier
choice on some pair and repeat 1t was discussed in experiment I.
In this experiment, subjects were asked whether they noticed
any repetiﬁion in the pa2ilrs presented. All but one said they
did not, and for tne subject who did, his grounds were his

. : y e aber of combi i ambles were
velief trat only o smail number of combinations of gambles wer
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possible. They all said that each page looked similar, but wost
ol them could not say whether they had previously seen the .air
before them.

The "runs test" used in experiment I was also carried
out here. The results of the test are shown in table 5.8. It
can be seen that the observed number of runs was less than two
standard deviatious away from the exvected number for all but
two of the subjects. Under the assumption that the sampling
distribution of the statistic is not too peculiar it can be
assumed that the "bernoulli variate" hypothesis is reasonable
for these DM's. The number of runs for 355 was more than four
gtandard deviations away from the expected nuwber, and for 359
it was wore.than two away, both observed valueé being less than
those expected. Tuis can be interpreted as evidence that the
Dl's probably remembered what they responded last time and tended

trne

to respond the same. Overall, though the runs test favours
"Bernoulli" hypothesis.

A more careful check was carried out on whetiner there
was any trend in the response sequences.

As with the runs best, counsider (sach) DiM's responses
as a T x 29 matrix of O's and 1's, one row per pair of gambles
and the columns representing replications. A zero indicates
one of the gambles was chosen and a one the other. It is not
meaningful to look for a general increase in the likelihood of a
1 from the first to the last replication, as the labelling of a
regconse as 'l' is arbitary. It is meaningful, however, to
teost for signitTicant heterogeneliy of trend in tn. set of

3 Iy , N =ta m } 1 H =t
binary sequences 1or cach subject. That is, to test whether
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there is more trend in the responses sequences, regardless of
direction, than one would'expect by chance. Jonkheere and Bower
(1967) have developed a non-parametric test to investigate this
sroperty of a set of binary sequences. It tests the hypothesis
chat the extent of heterogeneous trend is greater than would be
exoected by chance under a "Bernoulli variéte" model. This test
seems to be the most sensitive test of trend available and
it is also suitable for small amounts of data as from this
experiment. Its other attributes are discussed in the paper
cited. The conditions under which Jonkheerec and Bower's "W"
scatistic for heterogeneity of trend approximates the chi-
square distribution were not met in the sresent dase.
Therefore, the transformation of W they suggest was calculated.
This is shown for each subject in table 5.9. It is denoted Z
as under the null hypothesis (no trend) it has approximately
& unit normal distribution. The null hypothesis cannot be
reiected at the 5% level (two tailed) for any subject. Thus, it
can be concluded bthat no subject changed their strétegy to any
noticeable degree. These two tests bolh support the
assumptions regarding stable responss probabilities that underly
the substantive anaiyses which follow. It is worth noting that
such bests are really necessary and should be carried out as a
matter of course. It may kwe been that trends or memory factors
were prominant which would have made the analysis invalid. The
conclusion that the experimental design‘was not suitable would
nave resulted from finding widespread GLrend or memory factors.
The binary preference freyuencies are recorded in

table 5.10. &FA and functional measurement will be based on




these.
Q.F.A.

The GFA is based on the probabilistic definition of
preference discussed in chapter 2 and used in experiment I.
#irst, three specific models will be tested against the maximum
likelihood, bernoulli model. They are the £V and level
hypotheses tested in experiment I, and the indifference model.
The last named is that which predicts DM will be indifferent
between any two gambles. The EV model is a special case of the
SuU model while the level model is a special case of the
additive model. The indifference model is a special case of
both. They can all bs tested against the gerneral unrestricted
model by the LE test, the results of which are shown in table
5.11., For subject 1 to 9 all the cﬂi-équare statistics are
sizniticant at least at the 1% level, so tuat these simple models
can all be rejected. For subject 10, howsver, the indifference
nodel cannot be.rejected (0.1 <p £0.9). Jince it is a
special case of the additive and SEU models no further GFA of
these models is necessary for subject 10. Accsptance of the
| indifference model implies acce tance of them both. The SEU
model will be tested by &FA for the other 9 subjects. |

The method of testing the 5sU model by GFA, assuming
the probabilistic model,was discussed in chapter 2 and applied
in experiment I. The only consequences of SEU relevant are the
bransitivity and cancellation conditions, H9C2, HOC3 and HOC3'.
The maximun. likelinood set of underlying preferences consistent
Wwith srese conditions can be tesied azainst the unrestricted

o.obability aypothesis by the LR test. The main problem,

i
&

point
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as before is the maximization of the likelihood of the data

under the restrictions. The algorithm which is known to do this
c¢fficlently has not been programmed. Unfortunately, an adaptation
of the less efficient algorithm»which worked in experiment I

d1id not converge to a solution in the present case.

The ad hoc method waich h2d to be used to give a
statistical ftest of the qualitative consequernces of SiU listed
above will now be described. It is far from satisfactory butb
it worked. A flow chart of the method is set out in figure 5.5.
The first step is to set the preferences for the observed pairs
bo the maximumvlikelihood onzs and also 50 set the preferences
predicted by the sure thing principle. How, in experiment I the
prefereﬁce pattern so oblained was tested to see 1f it violated
the conditions. An zmendment to this operation, shown in |
boxes 4 5 and 6 of the flow chart was necessary as the
vreference pattern in the present case was incomplete. The
ircomplete preference pattern must be examined to see if
predictions follow from the sure thing principle and/or the
«"A conditions. The predictlons ars then set to augmsnt the
preference pattern. Tests and augmentasions are repeated until
no new predictions result. Only then is the test of violations
of the QFA conditions carried out. If no violations are found
bhe pattern maximizes the likelihood of the data. Otherwise,
the number of times each ML preference was involved in a
violation was counted and this information used to reset some
of th: sreferences on the observed pairs "inbtuitively". By
simple inspection it was possible to deduce which changes would

. . s
be likely to reduce the violatlons most. Of course, a certaln
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awount of trial and error was necessary. This wnole opceration
was repeated until a set of preferences was found which resulted
in no violations of the consequences of S&U. This set was used
as an estimate of the maximum likelihood pattern consistent with
sueU. It was then tested, assuming the probabilistic error
model by the likelihood ratio test. Hopefully, figure 5.5
mates 1t possible to understand this "algorithm", It probably
worked because ihe observed pref:rences, the sure thing
principle and the consequences of SuU left the strict
vreference and indifference relations considerably under determined

The results of the WFA of the SEU model are set out
in table 5.12. For each subject the pattern closest to the ML
wreference pattern which satisfiecs SuU 1g shown. The numbers in
brackets indicate the ML preferences for those pairs where
tnsse are different from those of the pattern satisfying S&U.
It can be seen that for every subject it was necessary to
chanze only a few preferences besfore a pattern which did not
violate SKU was found. For subject 5 the initial, ML pattern
was satisfactory. Fof subject 4 the most number of changes, 8
were necessary. The median number of changes made before a
sultable pattern Was found was 2. Changes filrst atteunpted in
the "iptuitive" box of the algorithm were indifferences involved
in a moderate number of violations, which were changed to the
most likely strict preference.

In the penultimate row of table 5.12 chi-square
statistics for the LR test of the ML,iSmU consistent preference
pattern asainst tne unrestricted bernoulll model are shown.

These chi-square statistics should, under the null hypothesis
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be distributed with degrees of freedom shown in the bothom row
of the table. No chi-square is significant at the 5% level
for any subject. Therefore, the broad, "goodness of fit"

QFA test of the SEU model, assuming probabilistic model 1 has
lead to its acceptance for each subject.

Functional Measurement.

An important factor in the functional measurement is
the proportion of zero or one preference frequencies that
occurred. If they dominate, the eétimates and goodness of fit
statistics will be severely distorted. TFrom table 5.10 it can be
seen that the selection of pairs to make non-zero or one
frequencies more likely was guite successful. The most non-zero
or one preference frequencies obscrved was 14, for subject 3
and the least was 0, for subject 10. The median number was 9.

The goodness of fit of the basic Thurstone model is
shown in table 5.13. The significant chi-squures of estimation
for subjects 1 to 9 (1% level) mean that in each case the
hypothesis that all the affective valuss are zero can be
rejected. The only error cal-square value (o reach the 5%
l:vel of significance is that for subject 3. For this subjgct
the [hurstone model can be rejected, but for the remaining 9
it 1is accepted.b Subject 10's non-gignificant estimation and
error cii-squares lead to the conclusion that he was

indifferent between the gambles of all pairs and chose at

random.

The above conclusions all rest on the assumption
snat Bock and Jone's asymptotic results hold in the present case.

Y . ; o e i sanpling i
This agsumption will be examined in a small sampling experiment
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wien the rest of the functional weasurement resulbts have been
presented. This approach - discussing the findings in terms of
thie asymptotic results and questioning the assumptions
separately - is taken because in general results would be
discussed in terms of asymptotic theory. It is not generally
posulble to discuss empirical results in terms of simulated
statistical distributions.

Since the basic model seems satisfactory certain
multiplicative andvadditive information integration models can
be considered. In all cases the estimation chi-square for
subject 10 was non~significant so the random behaviour hypothesis
about this subject was not changed. 3Subject 10 will not be
discussed further. Since the error chi-square for subj=sct 3 was
"only Just" significant his results will be included in further
analysis. The two main hypotheses that will be considered are
the several additive and S&U models taat were discussed in
chaoter 3. In analysis of variance teras, the additive model
ls that which predicts no interactions are significant and the
50U model predicts snat the only significant interaction is the
biliear, SW x PW intecraction. Bock and Jones' procedures
were applied to the subjective values and variance-covariance
matrix of the basic Thurstone model for each subject. This
enabled estimation of the .arameters of tne information
integration models o be carried out and also it was possible
to partition the Thurstone model's estimation chi-squares as in
table 5.14. The additive model is tested by the sum of the
chi-squares due to interaction Gerus. The 30U model is tested

by the chi-sguare tue GO 211l interactions except the bilinear
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SW x PW oune. It can be seen tuat both models can be rsjected
for subjects 3 and 4, at the 5% level of significance. For
subject 3 these models are rejected in addition to the basic
Thurstone model (see table 5.13). The component of the chi-
syuare due to the bilinear 3W x PW interaction has a single
degree of freedom. Its significance leads one %o accept the
SsulU wodel in favour of the additive. This was possible for
5> of the 7 subjects who remain to be considered. The results
of the foregoing couparison thus lead to the conclusion that
vine xgeneral ScU model accounts for most subjects choices better
than the additive model does.

As in experiment 1, however there may be simple
linear wodels with only a few parameters based on the
oojecioive values of the gambles, which account adequately

for peoples choices. Two such models were examined,

\

corresvonding to those considered in experiment I. One is
Slovic's additive model and the other is the S&U model
where the subjective value scales are linear Tfunctions of the

!

objective values. As with the general models they are

)

g

ditferentiated by the additive model having "main effects"
only and the linear S.U model having an extra degree of
freedom corresponding to the vpermissible SW x FW interaction.
Tue partition of the basic lhurstone estimation'ohi—square
Tor Ghese models is shown in table 5.15. The table 1s
analagous %o that for the general models and conclusions are

5 3o4h modsls are rejected at the 5%

o A s ey ]
arrived ot siwmilarly.

tg 3 Tor 5 of Gthe remaining 7 subjects,

level vor subjects 3 and 8.

for the other.

aid

the lincar S.U model is accebeu am
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subject: olovids additive wodel is acczpted. This is

based on at least a 5% significance level. The inadequacy
of Slovic's model for most subjects is illustrated further
in figure 5.6. Here the subjective values estimated directly
from the data (observed) are compared to those predicted by
slovic's model. If the model fits well most points should
lie aloug the main diagonal. This 1s not evident even for

the subject for whom the model is accepted.
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Table 5.8

.
b

The Observed Number of Runs, with its Expectation and Standard

Deviation under the Null Hypothesis for Each Subject.

subject  Observed Runs, R BE(R) SD(R)
1 67 65.10 2.92
2 85 84.43 4.10
3 63 65.08 3.01
4 92 98.57 4.68
5 52  64.43 2.72
6 72, 78.14 3.70
7 71 - 75.29 3.42
8 70 | 76.43 3.60
9 .82 78.78 3.53
10 115 114.73 - 5.48

Table 5.9.

Jonkheere and Bower's Heterogeneity of Trend Statistic, Z-

for wach Subject.

Subject : 2

1 | ~1.407
2 ~0.279
3 -0.852
4 0.553
5 ~1.708
5 ~0.507
7 ~0.701
8 1.085
g ~1.701
10 -




Subject

sach Subject Made Choice One for Fach

Table 5.10.
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Table 5.11.

Tne Likelihood Ratios and Degrees of Freedom for the &5V, level

unrestricted model.
oubject Indifferencs Lzvel &V
Chil-square Dr Chi-square DE Chi-sguzare DF
1 169.98 29 170.98 28 217.73 21
2 116.86 29 89.52 25 56.76 183
3 173.70 29 | 144.78 25 166.22 17
4 79.79 29 50.94 26 122.80 22
5 173.0L 29 136.38 25 53.95 10
o 132.87 29 10z.72 25 93.856 18
7 139.32 29 1056.25 25 71.77 14
S 138,35 29 105.27 25 56.39 13
9 128.10 29 95.03 25 55.05 13
10 35.76% 29 - - - -

a probability of chi-square value, p is in the

0.10 < p < 0.90

All other chi-sguare values are significant at least at the

1% level.
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atierns of rreference Consistent with the oredictions of the SiLU
model, the chi-syuare associated with it and its degreés of freedom.l|

Gamble Pairs | Sl 52 S3 S4 55 S6 S7 58 S9
24 18 1% 2 0 1 1 2 2 2 1(0)
18 26 2 2 2 2 2 2 2(0) =2 2
26 24 1 1 1 1 1 1 1 1(0) 1
25 15 1 1 1 1 1 1 1 1 1
15 25 2 z z z 2 2 1 1 1
25 17 1 1 1 1 1 1 2 1 0
17 c1 2 1 1 1 2 1 1(0) 1 2(0)
21 23 2 0 2 2(0) 2 2 2 -1 2
23 9 1 2 1(0) 1(2) 1 2(0) ¢ 2(0) 1

9 15 2 1 1 2 2 1 0 0 2
9 14 2 1 1 1(0) 1 1 1 1 1
14 20 2 2(0) 1 2(0) 2 1 1 1 1
20 22 z 1 2 0 1 2 1 1 1
‘e 8 1 2(0) 2 1 2 2(0) 2 2 2
3 12 2 2(0) 1 2(0) 2 1 1 1 2
12 16 2(0) 1(0) 0 1 2 1 2 1
15 6 1 2 2(0) 1 2 2 2 2 2
6 14 2 2 2 1 2 1 1. 2
6 7 1 1 1 1 1 1 1 1 1
7 5 2 2 2 2. 2 2 2 2 2
5 19 2 1 1 2 1 1 1 1 1
19 13 1 1 2 1 1 2 2 2 2
13 3 1 2 1 1(0) 2 2 2 2 2
3 11 2 2 2 2 0 0 1 1 0
11 7 1 1 2 1 1 0 1 2 1
11 4 1 1 1 1 1 1 1 1 1
4 10 Z 2 1 2(0) 2 1 1 1 0
10 2 1 0 2(0) 1 2 2 2 2 2
2 4 1 1 1 2(0) 1 1 1 1 1]

Jii-square 3.300 12.930 6.555 32.73 1.317 5.102 5.5655 13.2757.847

gegrges of 7 14 7 18 5 11 9 12 8 j

frsedon |

* If the oair is (a,
and 2 indicates a
indtisl, ML ors

2y
oAy
Dres.

b), 1 indicates &> b, 0 indicates a ~ D
H. he numbers in brackets indicate tae
s waere hnese differed frowm the final
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Goodness of Fit of the Basic Thurstone Model.

oubject

Egstimation

72.,00%*
57 . 86%*
60. 42%*
45,7 4%*
84.07**

v P~ v

62. 46%*
73.55%%
59.09%*
65. 37%*
10 24.01

(O

O &

Degrees of :
. 24

Freedom

Chi-Syuares.

Error

2.70
3.27

14.34%

1.32
2.55
1.65
1.40
11.01
1.12
3.32

* indicates significance at 5% level,

**% indicates significance at 1% level.
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al

.70
.13
.08
.06
.62
.11
.95
.10
.49

.33

e




TABLE 5.14.

The Goodness of Fit of the SEU and General Additive Models:

Partition of the Hstimation Chi-Syuare.

oubject Components of the Estimation Chi-sguares
Main Effects Bilinear SWxPW  Remainder of
Interaction Inﬁeractions
nrror
1 50.17** 0.20 21.63
2 27 . 64%% 4.00% 26.22
3 28 .87%* 0.30 31.25%
4 10.10 6.33% 29.30%
5 54 .52%% 5.83% 23.72
6 36.66%% ' 10.56%* 15.24
7 56,81%% 3.03. 13.76
8 34.91%% 8.06%* 16.11
9 41.17%* 6.11% 18.21
Degrees of 6 l. 17
Preedom

% indicates significance at the 5% level

%% ipndicates significance at the 1% level.
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Table 5.15.

Goodness of Fit of Slovic's Additive Model and the Linear SEU

ModelstPartition of Estimation Chi-Syuare.

Subject

Ul -+~ W o H

()

WO o

Degrees of

Freedom

Components of the ustimation Chi-square.

Main effects

40, 49%*
25.35%%
16.08%*
12.50%*
49.65%*
25, 61%*

. 50.44%%

23, 40%%

28, 22%%

SWxPW Interaction

0.5

6.33%
0.40%
4.88%

12.90%*

18.46%*

6.78*x

0.04
14.13%%

% indicates significance at the 5% level.

*% indicates significance at the 1% level.

I__l

(@)

Remainder
Interaction
(srror)
31.46%
26.08
37.94%
28.40
21.62
18. 39
116.29
35.65%
23.03

20




Figurc 5060
Graph of subjective values estimated directly from the data

against those predic#:d by Slovic'!s model. -
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4 Sampling Lxperiment o sxomine the Assumptions Underlying the

Functional Mecasurement Analysis.

The purpose of this simulation is to examine the test
and scaling assumpbions for the particular experimental desizn
used in experiment 3. The method used is the same as for the
sampling experiment reported in chapter 3. Sets of data were
simulated from a prodess which generated data under the standard
Thurstone case V assumptions with sampling standard error equal
to one and known subjective values. Tne known subjective values
were those that nad been cstimatcd in experiment 3 for subject 9.

250 sets of data in the 7- replicate, incomplete pair
comparison situation of exyperiment 3 were simulated under the
abov: conditions. The minimum normit chi-syuare method was then
used to estimate the subjesctive valucs and derive ths goodness of
it statistic, SSE. From the theory set out in chapter 2 the
theoretical variances of the estimates and the theorstical
sampling distribution of 3SE under the null hypothesis arc known.
The expecfed values of bthe estimates are, of course the actual
input values. There are 25 objects about which subjects nad to
choose in experiment 3, labelled arbitarily 1 to 25. The
location of the estlimated scale in the sampling experiment was
fixed Dby letting object 25 be zero. The estimates obtained,
therefore were of tGhe reﬁaining 24 objects relative to the last
one.

The mean and sampling variance of the 250 esfimates of
each subjective value were computed and the 250 38u values

obsained were recorded in a histogram with lower limit Zero and
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ste» size I. In figure 5.7 the mean ohserved subjective values
are plgtted against thne actual subjective vualuss. Of course,
the expected plot should bé along the main diagonal. It can
be seen tuat the mean estimated scale of subjective values is
somewhat compressed, relative to the actual scale. It does
appear, though bhat the mean observed values at least retain the
same order as the true values and apart from a scaling factor
the interval propertics appear similar to those of the true
scale. Figure 5.8 plots the observed sampling variances azainst
theoretical ones and reveals the estimation prdcedure to be
somewhat erratic, the observed variances being in many cases
far nigher than expected. It is probable that this is due to the
palr comparison design being very incomplete, observations from
only 29 out of about 150 non-dominating pairs being taken, and
also to n being only 7.

The theoretical sampling distribution of 35SE is the
chi-square with 9 degrees of freedom. It is plotted in
fizure 5.9 along with the histogfam of.the observed SSE values
from the simulation exgeriment. It is clear that the actual
sampling distribution of S8k does not, in the case of the
design of experiment 3, corrcspond very closely so the theoretical
one. However, the 95th percentile of the observed distribution
was 19, far higher than that of the theoretical distribution.
Thus, using the theoretical distribution and significance
level 5% for the goodness of fit statistic is likely to be a
conservative test of the model. That is, there will be a
tendency to rejsct the model when it is true.ratner than acceaut

it when it . is false.




The results of the simulation experiment can be
sunmarized as follows. When the design of experiment 3 is used
there will be some bias in the estimation of suﬁjective value.
This is swamped, however by the variability of the estimates
produced by the procedure, which makes it somewhat unreliable.
The actual sampling distribution of SSE deviates congiderably
from that expected, but a 5% significance level based on the
theoretical distribution can safely be used to give a rather

conservative goodness of fit test.
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Digcussion.

As in experiment I, results from WFA and functional
measurement are wore or less compatible with one another. In
particular, both analyses concluded that one of the subjects,
subject ‘10 chose randomly. UFA of the general SEU model led to
its acceptance for all 9 subjects. Functional mea urecment
showed that at least one of the additive or SEU models was
compatible with all 9 "non random" subjects' choices with the
possible exception of subject 3 for whom the basic Thurstone
model appsared doubtful. Unfortunately the broad consistency
between the two approaches is not surprising because of the
lack of power of the WA test. This will be discussed further
in the final chapter.

The functional measursment showed that additive models
can adequately account for the decision making of some
subjects. For most of them, however multiplicative models were
significantly better. The general S&U model accounted well for
5 subjects choices and the linear SiU model, despite the fact
that it only has 4 parameters accounted adequately for 5 of the
9 "non-random" subjects' choices. That this simple wodel fitted
the data is rather useful. It means that predictions of choice
based on bthe objectiVe values of any gambles considered, and
estimates of only 4 parameters can be made with reasonable
confidence.

The above conclusions, which are satisfactory from
a theoretical voint of view, are clouded by doubts about the
assumpbions underlying the statistical tests of the models.

Tiie chi-square values observed in the LR tests of SEU by QFA
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are in most cases considerably lower than those expected.  This
may be due to the affects of the LR test bsing a conditional
one in this application, a point discussed in chapter 2. It

may be yuite wrong to assume that the appropriate degrees of

freedom for the test is the number of actually restricted
observations. However, it is not worth following up the
suspicion of faulty test assumptions as there was a subjective
element in the procedure used to estimate the maximum likelihood,
SilU consistent preference pattern. The current methodological
issues associated with GFA will be discussed in the final

chapter.

The functional measurement proceeded by true algorithms
and it was possible to test the assumptions underlying it
empirically. The test showed that the estimation procedure
was somewhat unreliable, in tunat two sets of data generated under
the same assumptions could give widely differing subjective value
sstimates. Since th: tests of functional relationsnlps were
bused on such estimates cneir uhreliability is the resason that
doubt abous the conclusions regarding the functional relationships
is warranted. However, general optimism can be retained about
the method of Ffunctional measurement used. Its faults may be
rectified by a different choice of incomplete design or a larger
n than 7. In the experiments Lo be reported in sequential and
dynsmic situations, this type of analysis rather than wFA will be

applied as it has far less problems at present than the latter

type of analysis.
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Chapter 6.

Sequential Ixperiments.

Sequential decision making situstions were discussed
in the introduction and previous research on the effect of the
situational factors, current capital (cc) and previous outcome (o)
was reviewed in chapter 4. In the presenf chapter, 2 experiments
are to be reported. In the first, experiment 4, subjects
reyeatedly make decisions between the same pair of duplex gambles.
In the second, experiment 5 pairs of _ambles, the ssme pairs as
were used in experiment 3 are presented to subjects in an n-
replicate, incomplete pair cowparison experiment. usach zamble
ciiosen 1s olayed Lefore the next pailr is presented. In
exveriment 4 meny choices ars obtained on a single pair and in
experiment 5 a few choices are obtained on many pairs, hopefully
enubling a coumprehensive sxamination of the effects of the two
seguential variables to be carried out.

If szquential variables have no, or only "second order"

o

¢ffects the same information integration wmodels as applied in

1O

ic situations, including addifive and SJU models may account

0]

)
T

t
alequately for decision making in sequential situations. To

this end, in experiment 5 a functional measurement analysis‘of
inforuation integration models is carried out. It was decided to
use functional measurement, rather than WFA in view of the
difficulties already encountered with the latter.

Tn chapter 4 cerbain methodological and statistical

-~

criticisms of previous research on Ghe sffect of sequential

faciors were wade. The following recomusndatlons for future

experiments were suz.oesbtedd i) the factors o and cc should not
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be confounded 1i) sensilbive touis of changes in résponding
should be used iii) DM's ‘information should reflect the true
vrobabllities and payoffs associated with alternatives and

iv) the effect of response bias should be controlled. All these
things were put into practice in experiments 4 and 5.

Lappoport et al's (1971) solution to i) of blocking the sequence
of choices and assigning different cc values at the start of each
block was adopted. The factors cc and o can never be completely
unconfounded but the blocking reduces the,depen&enoy a great
deal. Jonkheere and Bower (1957) have developed a sensitive

test of trend waich will be applied in fthese expériments to
examine chanzes in respoading as a function of time, cc and o.
The other experimental or statistical lumprovement which needs

50 be explained ig how to deal with response bias. There were

z physical responses possible on any trial. Which alternative
corresponded tobwhich'fesﬁonse was randomized over trials. It is

hoped that these practices will make the results obtained much

less suspect.




sxperiment 4.

An Investigation of the Effects of Previous Outcome and Current

Capital on Repeated Choices from a Pair of Duplex Gambles.

The basic model underlying this experiment is a random
utility wodel, similar to the Thurstonian information integration
models previously discussed. Suppose the duplex gambles are 81
and goe The decision maker mskes a choice between them and the

samble chosen is then played. Let this continue through n stages,
t

tl, oy e tn and let the utility of g4 at stage tj be:
uley, tj) =8yt ey,
where aij is a congstant and eij is a random variable with
m(eij) = 0 and S5 40 ©iy uncorrelaised, ;5 = ey =5 1=1, 2.

Thoush other distributions of the error term would suffice, it is
convenient to assume that it is distributed logistically.

The aims of the experiment are to test certain hypotheses
about the difference in utility between 81 and 859 which can be

expressed as

N

J
= (alj - aZj) + (elj - ezj) = adj + ey

where the d suffix denotes "difference". The assumption

ulggs tj) = u(gy, t4) - u(gs, tj)

that e, is distributed logistically follows from assuming the

d
component errors are.

The first test ig of the hypothesis that adj is not a
function of t. itself. That is, that there 1s no change in the
¢hoice rovability simply due %0 time passing. The other basic
is indevendent of the previous choice

hypotaesis 1s That ajg

made.




If the above hypotheses arc rejected it will then be
vossible to investigate the effects of current capital and previous
outcomes, which is the major purpose of the experiment. This ainm
can be put in terms of the above basic model. (Reference to tj
in the utility difference equation can be omitted if no trend is
found ). Suppose the previous outcome was a change in capital of
0 pence and the current capital is ¢ pence. The hypothesis that
these affect the utility difference can be put in terms of the
general linear model:

u(gd) =ay+ 1 +m, + (lm)OC + e

c
where 1, m and (lm) are the main effect and interaction parameters,
and a4 becomes the zeneral mean. Standard tesfs of whether o

and cc affect the utility difference, and if so whether thelr
effects are independent can be carried out. Many other

hyootheses about how previous outcomes, choices and capital affect
choices caﬁ be proposed and some of these will be discussed in

tue results sectior. That the previous ones have been selected as
the "key" hypotheses is largely a result of following previous
work. Utility differences have commonly been hypothesizéd to

change with current capital and previous outcomes so this is

what has been examined.

The bxperimental Setting.

The duplex gamble is introduced fto DM using the game

for this purpose described in sxperiment 3. In the actual

experiment, thougl, wheels of fortune are not used. The usual
diagramabic form of presenting the camble alternatives is used,
but actually playinz a duplex gamble is mechanized. The basic

inToruation about the events in the n-stage sequential umbling
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game that DM is requested to play is iven to him on a control

vanel which is represented in figure 6.1. At the start of the ’
Tirst trial of the game, DM is given a stake, in shillings. The /
‘

amount is shown on a meter which is controlled manually by the |
experimenter. At the start of every trial, one of the blue lights
A or B is on. This indicates which information card (A or B)
should be used on this trial. These cards give the probability
and payoff information about the gamble alternatives and are
shown in figure 6.2. It can be seen that the only difference
between them is that choice T is on the left on card B and on the
right on card A.

The information card to be used is positioned below the
control panel. If DM wishes to play the gamble on the left of
the card ne pressess the button on the left of the control panel.
Similarly for the gamble on the right. Wnich button he presses,
and wnich light was on (A or B) at the start determines which pair
of ontcome lights are relevent on this trial. This relationship
between outcome lights, initial lights and resoonses is shown
in table 6.1. In this mechanized duplex gamble gawme, DM wins if
she win outcome light comes on and he loses if the lose light comes
on. The complementary events "not win" and "not lose" occur if
the a propriate lizht does not come on. Thus a play is formally
equivalent to a play of a duplex gamble on wheels of fortune if
the probabilities of the various events correspond to the
croportions given on the information card, and payoffs also
After observin:y the outcome lights, DM and the

corresponud.

experimenter calculabe the net zaln or loss, which is recorded

. Do P R L = 1 a . in
on the "current capital’ meter. Tnls ends the trial The start

- N s Sy A M s a1 M
of the next trial is preceded by DM pressing the next trial
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button, after which light A or 3 comes on.

Obviously, the purpose of using the alternative
information cards is to enable response biases to be taken account
of . This usually will be done by letting the probability of
light A coming on be 0.5 (and light B also). Thus, there are
usually two sets of probabilistic events in the game: the onset
of lights A and B and the onset of the outcome lights.

This mechanical gambling game is sequenced by alpha-—
numeric information on a punched'paper tape which is read by a
standard tape reader. The information is used in a logic circuit
which directs the events to and from the control box. Thus, the
winole play of the gaune is predetermined. The uncertainties of
the game are introduced in tne construction of the paper tape.
An algol computer rogranme was written to make the tape and a
reliable pseudo-random number procedure generated the symbols
which signified the uncertain events with the appropriate
probabilities. The sequence of events during an experimental
session, including choices and outcomes was output on paver
tave by a tape punch.

The main advanta:e of this mechanization is obviously
speed. Its main disadvantage is that DM must take the
experimenter's word that the gasme is fair. Unlike the wheels of
fortune form of gamble, it is not seen to be fair.

Subjects.

Ten undergraduates from the University of Stirling, ©
male and 4 female took part in individual experimental sesslons.
They did not know when they volunteered that they wouid be paid

for participating.
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Experimental Design.

The first problem in the design of this experiment 1is
to select a suitable pair of gambles. The main criterion is that
there should be no obvious choice. The gémbles should be yuite
close to each other in subjective value, so that both are chosen
a. reasonable number of times in the session. (If one of the
sambles 1s chosen all the time this is not particularly
informative).

Minor considerations are that both gambles should be
rcasonably favorable and both should give a reasonable number of
favorable and unfavorable outcomes during a sequence of plays.
Hopefully this will keep morale and motivation at a rcasonable
level. Bearing such things in aind, the pair of gambles shown
in Tigure 6.2 were sclected. I[hese are two duplex gambles with
positive expected value, one of which gives a small advantage
with respéct to payoffs while the other gives a small advantage
with respect to probabilities.

The subject is required to play a series of sequential
wames, described in the previous secbtion, with the selected vair
of cambles. Over the whole series, the current capital vefore
any choice and the outcomes of the previous one are not completely
confounded as the stake given at the begiuning of a game changes
from zame to game.

Some realism is injected into the-situation by telling

DM that after he has played all the games, one of them will be

chosen et random and he will be pvaid the amount he won on that

1 < '3 L T 1oc - I ‘"~ t
zame. Should ne be nypined" in any game, that 1s, if his caoital

falls balow zero bhen his winnings will be counted as zero and

no
o
N




ne will go on to the next game.

The next design problem is to decide how many trials
per game and how many games to have. Preliminary experience led
to the decision to use about 200 trials in total, as these could
be comfortably played in about £ hour. If the number of trials
in a zame is small the sequential nature of the task is less
important, and if it is too large the main variables will be
move confounded. It was decided to play about 30 games of 7
trials in any session, bearing these points in mind.

The final decisions to be made are concerned with what
stakes to use, and whether to select stakés randomly or
according ﬁo some balanced procedure. It was decided tofive
Difs 3/~-, T/- or 11/~ stake, and to attempt to control the effect
of tne order in whici the stakss are givén by a procedure due 1o
H.ourap (19567). Now,.thé choice of stakes was partly determined
by o desire to keep the orobabilitv of rum (as previously defined)
low. With 3/- stake the probability of ruin if gamble 1 is played
7 times is 0.164 and if gamble 2 is played 7 times it is 0.140.
Tnese are, perhaps lérge enough to affect DM's asssssment of
prbabilities of entering future states waich as discussed
before, is undesirable. This point will be discussed more fully
later. An advantage of using a stake as low as 3/~ thqugh is
that the subjective differeance between winning about 3/- and
winning about 11/- is likely to be quite large. Such
differences in current capital are likely to reflect real

subject.ve difisrences.

suppose each of the 5 stakes begins a game 9 times, and

each tiwe it appears, each possible combinatlion of gstakes in the




previous 2 games avpears only once. To meet this condition 2
"dummy" games must be added at the start of the session. Within
this constraint a random order of stakes was used. Subjects
played 29 games in all, the first two being considered as practice
games to be discarded in analysis. A set of stakes satisfying

the above condition is shown below:

7. 7 T 11 7 7 311 7 11 3 11 11 3 7 3 7 11
11 11 7 3 3 11 33 3 7 7

Random seguences of this type were produced by a computer
programme of the algorithm due to Durap. The main purpose of
using this type of sequence was to avold a preponderence of any
varsicular patterns of stakes which may occur if an ordinary

random seyuence was used and which may vroduce artefacts.

Procedure.
Most of the details of the procedure were given in the

last two sections. In this section it is summarized and detaills

not already mentioned are added.

Subjects were told that this was an experiment where
they would have to make choices between gambles for small amounts
of money. They would win money, but the amount depended to some
extend on luck and to some extent on which gambles they chose
to play. There was a swall chance that they would win nothing,

but they would not lose. (In fact, for the 10 subjects, the

median winnings was ll/—, the lowest 7/— and the nighest 18/—).
The duplex gamble was introduced to them with the

apvaratus used for this purpose in experiment 3. They played a

= NN oy 3 A 1 = . AR A el A
sequential zame of 5 stages, and it was explained that the

. VL . 23 ; P e S 1 ; P
result of the game was what They finished witlh, not the difference
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between 1initial and final amounts. They were told that GShe
cxpriment consisted of playing a series of such games with 7
plays per gume. Their stake would be 3/-, 7/- or 11/-, varying
from game to game. If they fell telow zero the game would be
ended and they would go on to the next game. The results of all
gedes would be recorded and at the end, one result would be picked
at random which would be the subjects' wages Ffor participation.

They were then told tuat to save time, and to enable
the experimenter to keep an accurate record of the experiment,
tney would play the gawmbles with a wmachine. One of the gamble
information cards was produced and they were told that these
were bhe alternatives they would have to choose between. The
way the machine worked, and how taelr current capital was recorded
was explained bto Tthem. They played a trial game of 7 stages
starting with 7 shillings. Probabilities of events in this trial
bore no resemblance to actual ones. Ilue trial was intended to
familiarize subjects with the procedure. All combinations of
win/not win and lose/not lose occurred. cubjects had to be told
tne significance of no light coming oh after they responded (it
meant they had neither won nor lost). Assurances were given that
she game was not rigged. . It was stressed tuatb paying with the
machine was "just the same &as if.tka roulette wheels were spun
on gach play".

As a final check on whether they understood duplex
gambles, 3 cards of pailrs were shown GO them sugh that one gamble

-

ominated A1l subjects at this stage chose the

she other.

()

dominating gamble.

During the experimental session, the subject sat
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facing the control panel on the desk before him. The
information cards were one on top of the other in front of the
panel and the "current capital meter" was to its left in a
Jsrominant position. As the blue light changed from A to B, the
subject placed the ajppropriate information card on %the top.

Tie experimenter sat opposite the subject durinz the session,
checking the workings of the apparatus, setting the current
caplital before each game, altering the meter according to the
ouscomes and recording the results of each zame. Unavoidably,
therefore, he was an integzral part of the experimental situation.
subjects invariably talked about how they were doing, and
souetimes attempted to sound out about whetner thelr choices
wereapproved. The experimenter's general attitude was to
indicate they were to decide accordiug to thelir own wishes.

Apart from this a low profile was maintained. Experimental
scssions lasted about one hour, each subject receiving a
different sequence of wins and losses. Subjects namss were taken
as the eﬁd, and the auount they won determined (in the way

o a

(O]

previously described). Their winnings were forwarded to &th

few days after the whole experiment was finished.



Plgure 6.1.

A Representation of The Control Panel for the Sequential

Gambling Game.

A
®

1. 2.
WAIN LOSE WIN  LOSE
o o © °

LEPT HAND

o
GAMBLE

B
®
3. 4.
WIN LOSE WIN LOSH
o [<] o o
NEXT RIGHT HAND
TRIAL a
=]
GAMBLE

@ KoSrONSE BUTTONS

e BLUs LIGETS (information card cues)

o OUTCONMe LIGHTS

The significance of the various lights and buttons is

exlained in the text.

Table 6.1.

The connection between the information card used, the choice

made and the relevant pair of outcome lights.

Qutcome Pair

Information Card Choice
A _ gamble 2 1
A gamble 1 2
B gamble 2 4
B gamble 1 3
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The Gamble Information Cards.

Pigure 6.

A
SHOToE II SHOTCRE T
WIN LOSE WIN LOSE
2/~ 3/- 3/- 2/-
> _/ U
. _

CHCICE I

WIN
3/-

LOSE

=
N

2/~
@

CHOICE II

WIN

@’

LOSE

3/-
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Results and Discussion.

In the experimental session, the games wers logically,
but not necessarily psychologically independent of one anotuer.
Lt is necessary, therefore to test whether the DM's preference
probabilities changed as a function of the trial number in the
wnole session as well as whether they chansged as a function of
stage number within the gawes. In order to make the first test
zach subject's set of respounses was coansidered as a wnole ssquence.
Kendall's 8 statistic was calculated for each. Under the null
nypothesils that the preference probability over the whole session
is constant 1t is known that S has asymptotically the normal
distrivbution with zZero mean and known variance. The S—statisfics,

e

normalized to unit variance are shown in the "across games”
column of table 5.3. On the basis of this test the null
hypothesis cannot be rejected for any subject. Io test that
within each game, tiere is no trend iﬁ response provability the
data can be considered as a game X stages, 29 x 7 matrix.
Jonkheere and PBower's trend test can be applied to this. Tests
for heterogencous trend were not made as all 29 protocols
consist of resyonses by a single individual. Jonknecere and
Sower's S-statistic for each subject 1s shown in the last
column of table 5.3. This different stasionsarity null hypothesis
can be rejected at bhe 5% level for subject 8 and at the 1%
level for sﬁbject 5. Subject 8 made very few 'Z' regponses,
nearly all of thnem early on in the games. Subject 5 chose both
guite evently, but tended to make choice 2 more as the game
vrogressed.

The next preliminary hypothesis to test is whether DM's
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responses are dependent on earlicer ones. The whole sequence can
be considered for this. On the binary sequence for each subject,
one can test the restricted hypothesis that the sequence is an
n-stage Markov chain against the more general aypothesis that it
is an n + 1 stage llarkov chain. Anderson & Goodman (1957) give
asymptotic likelinood ratio tests for such alternative hypotheses.
The likelihood ratio is transformed to a statistic which, under
the null hypothesis that the nizher-order iHarkovian model is no
better than the lower varies asympbtotically as chi-square with
degrees of freedom eyual to the difference between the number of

varamebers in each model. In table 5.4, H2 represents the

A

second order, Hl the first order Markov model and H_ the indenendent

°

that H- is

bernoulli model. The likelihood ratio tests show o

accepbed over Hl at the 1% level for sgbject 4 and that Hl is
accepbed over HO a’t vérious levels for subjects 4, 5 and 8. For
tre remaining subjects, the simple bernoulli model HO can be
accepted. Inspection of subject 4's responses reveals tunat his
strategy was to decide which gamble to choose at the beglnning

of each game and sbick to it throughout that gaas. Such a
strategy obviously will leud to very marked response dependenciss.

The preliminary analysis has showan that the basic
bernoulli model can be acceted for all subjects exceut 4, 5 and
8, whose responses were seyuentially deendent. (Subjects 5 and
S's responses were non-statlonary as well as seguentially
dependent). The latter group should therefore be excluded from
the analysis of the affect of current capital and previous
outcomes which is based on bthe bernoulli assumptions.

Each subjects' responses were put into a frequency

. . S - s my
table suca as uhat shown in table 5.5 for subject 10. The
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current Capital x Previous Outcoae, CC x O division is the
basic one. Several S's protocols were examined, and it was decided
to dfine the classes low, medium and high current capital as
5/- or less, between 7/~ and 9/- inclusiveg and 10/- or more
respectively. Previous outcomes were divided according to whether
overall DM nad won, neither won nor lost, or lost. Tie nine
Cells'of thuese tables all contained a reasonable number (more than
10) of observations. Lebt us now denote fhe levels of the factors
by the suffices O, 1 and 2. In table 6.6 the transformations of +the
frequencies required to make the analysis outlined in the
introduction are shown for subject 10. The first two rows are
the observed pr0gort;bns of 1's and total number of observations
in each cell. Tahe tuird and fourth rows are the empirical
logistic transform of the proportions and estimates.of their
variances. |

Following Cox (1970), pp 30-40, an unweighted least :

squares analysis of the Z 's was carried out. Tue maln effects

and interactions weré partitioned into components, cach with a
single degree of freedom, by the method of ortnogonal polynonials.

Thne wmain effects were partitioned iuto linear (Lcc and LO) and
guadratic (§&__ and Qo) components and the remaining effects

N ¥ee ‘
were partitioned into thelr Interactlons (LCCX By Lcc X Qo’ }

w %L, « X &). Wnen these are normalized, under the
ce o’ “cc 0 .

nypothesis that all effects are zero, the 8 components for each
subject should be random samples from the unit normal distribution.

i - Y cetr e o 1
Thev are showa in table 0.7. One way to test the null

s de i o - R
nypobhesis is to examine the extreuas values of the set of

Only one of these, the L

contrasss for cach subject. e
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contrast for subject 10 is significant at the 5% level. For
this'subject, one can consider the remaining 7 values and test
the sxtreme value in the same way. It is not significant.
lables for the above tests are given in Biometrika Tables for
statisticions, Vol. 1, Pearson & Tartley (1958). Also for each
subject, the absolute values of the contrasts can be ordered and
plotted against the expected values of the order statistics.
ouch grapns are shown in figure 6.3. Subjects 4, 5 and 8 are
included in this. Li%ke most of the other subjects, the observed
conprasts fall rather close to the expected values under the null
hyposthesis. The LCC contrast for subject 10 is the only point
whicin deviates marsedly from the expected line.

Because of the above rather negative finding all manner
of ways to check tnat O and CC did not»markedly affect choices
were tried. 1In paftioular, choices were ordered over the whole
seyuence according to what current capital DM nad at the time of
choice. Then, Kendall's 5 was calculated for the resulting
seguences. Soﬂe othér operations made on the data were as
Follows: Freguency tables of respouses made for diffecrent
categories of agzregate outcomes over the srevious few trials
were constructed. Frequency tables for the first response in
each zame, classified according to stake, and also for the las®
response in each game, classified according to outcomes in the
zame were both constructed. Tnese manipulations of the data
all failed to reveal any further positive effects of current
capltal or previous outcomes.

Taus it appears that the basic bernoulli wmodel

adequately accounts for most subjects' choices. Tue single

N
—
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.




parameter of this wmodel is the preference probabilibty for choice
one over choice two. In table 6.8 estimates of it are shown for
subjects except 4, 5 and 8. A Z-test, using the binomial
approximateion to normality, of whether the values were
siznificantly different from 0.5 was carried out. It can be seen
tiat che hypothesis could not be rejected at the 5% level for
subjects 1, 2 and 9. For tanese subjects it can be concluded that
they were choosing randomly. Subjects 3, 6, 7 and 10 all had a
preference for choice 2, indicating that they weighted
probabilities more than payoifs. The results which support the
bernoulli model also support the idea that static information
integration models, such as the additive and SiU models can
account for choice behaviour in sequential situations. All
such models re¢yuire that choice probabilities are constant,
desvite changes in sequential variables.
The results‘for the 10 subjects can be summarized as
follows:
i) the choices of three subjects (4, 5 and &) were dedsendent
on trial number and/or the vrevious cholce made.
1i) only one of bthe remaining subjects (10) was affected by
either cc or o, and he appeared to be affected by cc.
iii) the remaininz subjects' choices could be prlained by the
bernoulli model, three of them (1, 2 and 9) appeared to
choose randomly and the bther three (3, 6 and 7) showed a

preference for choilce 2.
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Table 6.3.

PTests of Responge Trends Both Within and Across Games.

Subject Across Games,

Z-scores

-0.958
0.838

v~ W

0.078

O G [o)}

-0.481
10 -0.057

-0.394

-0.193
1.214
0.084

*Significant at the 5% level,

Within Ganmes
Jonkheere's z-statistic

0.206
~0.498
-0.229

0.179
~2.663%%
-0.642

0.961
~2.450%

1.149

0.446.

**Siznificant at the 1% level, 2 tailed.
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Table 0.4.

Likelihood Ratio Tests for First and Second Order Response

Dependencies, Across Games.

Subject X°(H,,H, ) X2 (H,,H_)
1 0.31 13.10
2 0.40 2.36
3 aa8 3.65
4 13.20%* 97. 37*kx
5 6.43  5.13%
6 5.06 0.06
7 2.{1 0 0.03
. R
9 2.06 0.11
10 2.71 1.23
Degrees of o 1
Freedonm
X g . 1%
** ) ipdicates the 1% level.
* ; 7
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Table

~

.5.

Qs

The Fregquency of Subject 10's Responses Classified

According to Response, Current Capital and Previous OQutcome.

Surrent Capital

@
S T |
Povl Low | Medium n High
= | }
P previous Qutcome |
Loss Zero Win| Loss Zero Win|{ Loss Zero Win
1 4 2 2 2 2 1 8 13 24
c. 12 10 20 6 5 17 9 12 35
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Table 6.7.

Results of the Unweighted Least Squares Analysis.

Contrast, Subject
1 2 3 5 7 9 10
L. 0.10 0.33 -1.54 -0.40 -0.23  0.10 -3.29%
oo 0.68 -0.06  1.65 0.87 -0.31  0.45 1.3
L, ~ -0.60 0.17 0.0l 0.58 -0.13 -l.52  1.96
% 0.44 0.52 1.80  2.36 -0.12  0.64 -0.92

L x L 0.87 -1l.21 0.42 1.61 -0.69 0.18 0.83
L . xvy, =0.32 -0.04 0.74 0.88 0.48 -0.95 0.20
.. x L 0.29 0.01 0.24 -0.13 0.68 l.44 -0.71

§. Xy 0.04 =-0.69 -L.43 =2.22 0.06 =0.75 0.51

* Significant at the 5% level.
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Bernoulli Model Parameters.

Subject  Estimate of p(l, 2)
1 '0.441
2 0.568
3 0.351%*
4 -
5 -
6‘ 0.27T***
7 0.360%%
8 -
9 0.548
10 0. 314%%% o
Y Indiéétes that the parameter is significantly
* % different from 0.5 at the (.1%
level.
(.1%
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Fipure 6,3,

Graphs of absolute standardized logistic factorial contrasts

agalnst the expected semi-normal order statistics.,
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sXperiment 5.

A Study of Information Integration Models in s Sequential

Decisgion Making Situation : the effects of previous outcomes

and current capital.

In this exveriment we return to the incomplete, n-
replicate palr comparison design, in order to gtudy information
integration wodels by functional measurement under "real play"
conditions. The simplest way to do this would be to repeat
experiment 1 or 3, but allow cach zamble chosen to be played
before the next choice is made. The subject could be given a
stake at the beginning of the experiment and be allowed to take
away with hiw what ae ends up with after playing all the chosen
vambles. This, essentially is what will be done. The gamble
~sairs of experiment 3 will be presented to the subject in real
vlay situation. But, the change from the static to the sequential
environment makes it preferable to change other featurcs of the
cXoeriument. The seQuentialienvironment is that much more
interssting for the subject, so it is reasonable to expect him
to wake wore choices before becoming bored. 3o, a laréer n in
the n-replicate pair comparison experiment can be used, making
the parameter estimates more reliable. Also suppose assumptions
of the Thurstonian model do not hold in a sequential situation.
In particular suppose Gthe response probabilivies change as a
function of trial number, current capital, previous outcomes oOr

Sowe Tunction of all three. In this case 1t would be inappropriate

Ia) . . —— Y 7 i al
“unctional measurcment, Or any analysis based on an

]

<

to atbbeuy

- : LRNRU m o - 1 ¢
assumpbion of stable preference probabilities. Tests of whether

R - i1ities occ s tria
ds in preference probabilitles occur, as tr. L

e ey e E S
ST EMATLS T 21

number, wrevious o bcome DI CULTeny Cap.




carried out. Thus the argument which led %0 the "blocking" of
trials in experiument 4 applies. After blocking, previous
outcomes and current capital will not be so highly correlated.
Tests of their effect on choice probabilities can therefore be
made more or less independently.

Experiment 3 gave encouraging results supporting
inforaution integration models in a static situation. 1In
experiment 4 there was little evidence that the utility difference
between a particular pair of gambles chanzed when previous
outcom:s or current capital did; The first aim of the present
experiment is to see 1f this finding of experiment 4 can be
extended ton a wider set of pairs of zambles. If it can, it
will then ve possible to test the information integrétion

podels in sequential situations.

Lxperimental Design.

The design of this experiment can be nicely
sumgarized. The design of the sequential decision making
sltuation of exvweriment 4 is used, the difference being that the
pair of gambles available to DM changes froam trial to trial. The
pairs used follow the incomplete n-replicate palr comparison
design of experiment 3. The pairs are the 29 from the same set

of duplex gambles with the srobability of losing fixed at 0.5

snat were studied in that experiment.
The experimental setting is identical to that of

experiment 4, i.e. DM plays the mechanical version of the

sequeniial waunbling game. DM plavs 58 seguential gambling games
~ < 7=y Gl . ) =, +

of seven stages per guauwe. Instead of just two alternative

zamble inforuation cards belng available, as in experiment 4,
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there are booklets of gamble information cards.

The booklets of gamble information cards are made up
of the stimulus cards from experiment 3. It willlbe recalled
that 1n experiment 3 there were seven cards for cach of the 29
pvalrs, the 203 cards being in random order, except tnat no pair
appeared 1f 1t had done so in the previous 10 trials. There was
a different randomization for each subject, and for any pair,
the juxtaposition of the gambles was random. In thé present
experiment, two of these scts of 203 stimulus cards provide the
gauble inforwmation cards for each subject. Thus, DM chooses
between each pair 14 times. Tae order of the 405 information
cards 1s the same as in experiment 3, one set of 203 following
tlig other. A slight reordering was made around the middle of

he sequence to make sure that no pair appeared if it aad done

w

ct

so in the previous 10 trials. With this order, the cards were
split into sets of seven, giving the basis of the 58 zamble

inforuation bobklets. To each booklet a page was added at the
beginning giving the stake with which DM would start +that zame,

and the number oi tue zZame.
o ma ‘3 Ty
Three stakes were used, 8/, 13/~ and lu/—. The same
algorithm was used Gto zive the order of stakes, balancing for

sequence cffects, as was used in experiment 4. Two orders, such

that each stake was preceded by every combination of stakes in

- E 1] o - 3 f
the previous two games were used. Wien the "dummgy pair" of

stakes are included at the begiuning of each order this zlves

29 gtalkes ' 4s btnis device was not crucial to the

»)

o

L)

¢ seyuences ol

2 - ~takes a 1little better than
eXoer.aent - merelv spreadins the ~takes a 1ittle betier o

o ve i simy to make the
. } . - vanes included simply to make
com:lebe randomizacsion - vhe gaaes 1
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balancing for seyuence sffects coumplete were not ignored iua the
analysis. The particular levels of stake were selected to glve
a reasonable spread of current capital and a small orobability
of ruin. As before, ruin is defined as occurring when ones
capital falls below zero. Thus with 8/- stake, one will alwavs
plav at least 3 of the 7 gambles in a game. To play fewer than
four gambles in any game one would have to be guite unlucky.
iHopefully, then, DM does not pay too much attention to the

possibility of ruin and we shall not lose much data.

subjects.

Five undergraduates at Stirling University, volunteers
who were told they would be paid took part in individual
experimental sessions. There were 3 female and 2 male students,
between 18 and 22 years.

Subjects were introduced to duplex gambles in the usual
way. Then, a booklet of 5 duplex gzamble pairs, where one
dominated the other was produced. On the firgt paze was written
"practice gawe", and "stake 8/-". DM played the sequential
Zame, working through the bookiet choosing the dominating
vamble of each pair, which was then plaved using the roulette
wheelsg. If the non-dominating zamwble was ever chosen more
explanation about duplex gambles was given and the game was played
azain., It was explained that the result of a game was what DM
ended up with, not the difference between final and initial cash.

Then Dii was introduced to the mechanical gambling
ap.arasus. e played the practice game on it. The experimenter

. . P d- O " ) v ,:—’ Y
set the current capltal wmeter o 8/~ before he started. The blue

]
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button A was on at the start of the zame, and the tape which
controlled the apparatus was such that light A would always
come on when DM pressed the "next trial" button. I
significance in this experiment, then is to inform DM +that he
can make the next choice whenever he is ready. DM put the
booklet on the desk below the control panel, open at the first
sauble pair. To choose the gamble on the left, he pressed the
left hand button, when the pair one outcome lights are relevant.
Pressing the right hand button signified that he chooses the
rizht hand gamble and pair two outcome lights become relevant.
Blue light B and pairs 3 and 4 of outcome lights are redundant
in this experiment. In the practice game, the controlling

tase was written such that UM would experience all kinds of
ontbcomes. Misunderstandings about the situation were cleared up
and DM was ready to start the experiment proper after this.

The experimsnt proper was carried out in exactly the
sam~ way as experiment 4, exceut that at the start of each zanme,
Dil placed a new booklect below tune control panel and called out
the initial stake for that gams. The exverimenter set the
meter, and an additional duty was to check that the next pages
of the bboklet was turned up prior to D choosing.. Since the
order of gamble pairs was known 1t was relatively straigntforward
to sequence the control tape for the apparatus so that the
outcomes occurred with the probabilities given on the card.

Iﬁ this experiment, sessions lasted about 90 minutes.
Subjzcts' winnings were determined in the same way as in
cxperiment 4. They collected them a few days after the

completion of the experiment.
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Results and Discussion.

Bach subject chose between each of the 29 pairs of
sambles 12 to 14 times. Subjects were ruined only occasionally.
In all, only 9 observations were lost from the 5 l4-replicate
palr comparison experiwents. The first task was to make 3 data
m.brices for each subject. Iis responses (whether he made
cholce one or two, as understood in experiment 3) to each pair were
ordered in different ways in each matrix: with respect to trial
number, magnitude of previous outcome and current capital.

This gave 3, 29 x (approximately) 14 data matrices. If the 29

5l

palrs of gambles label the rows of the matrix the problem is to
discover whether, as one moves across the rows, there is a
tendency for the _robabilities of "one" responses to change.
That is, to discover whether response probabilities change as
trial number, magnitude of previous outcome or current capital
increases. Now, direction of change is of no interest since

the labelling of responses as "one" or "two" is arbitary. Thus,
Jonkneere and Bower's heterogeneity of trend statistic, W is
nore appropriate than their trend statistic Z. The assumptions
under which VW auproximates the chi-square distribution when the
null hypothesis holds are not met. Tnerefore, for all 3 data
matrices for each subject the transformation of W suggested by
Jonkuecere and Bower was calculated. Since, under the null
hypothesis that response probabilities are constant within rows
this is distributed as the unit normal it can be’denoted by #%.
These % - scores are tabulated in table 6.9. None reach
siznificance at the 5% level (two-tailed). For certain %'s the

probability that a value as extreme as the %z would occur under
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the null hypothesis are given. It casn be seen that the most
doubtful #'s unde: the null hypothesis are subject 1's value
for current capital (p = .0758) and subject 2's value for
previous outcome (p =0.0644). According to this test, then,
the above subjectslmay have been influenced by the sequential
Tactors indicated, though the evidence is not oo conolusive.'
Tnere are no grounds for supposing that response probabilities
chanzged with time, or that the seyuential factors affected
any other subjects.

For all subjects, then, it is reasonable to procede
withh the functional measureament analysis. The goodness of
fit of the basic Thurstone model is shown in table 6.10. |
since none of the error chi-squares resach significance it can be
concluded that the basic Thurstonian model accounts for all b
subjects responses. Somewnat surprisingly, the estimation chi-
sgnares also fail to reach significance for 4 of the 5 subjects.
"or these subjects the hypothesis that they are choosing
randomly cannot be rejected. Subject 5 was the only one who
avpeared to show preferences for some gambles over others.
Thig is the only subject for whom it is necessary to consider
which multifactor submodels best account for his preferénces.
With his data, let us consider certain additive and SEU informatiot
intezration models. Tails parallels the analysis carried out}
in experiment 3. Following this, the random bernoulli model,
which accounts adequately for the remaining subjects indifferences
will be discussed.

As before, the two main hypotheses to be considered

are the general additive and S5EU models. The former predicts
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that only main effects are significant and the latter gredicts
that the bilinear, SW x PW interaction is the only significant
interaction. After Bock and Jones' procedures arec applied to the
Thurstonian subjective value estimates and their variance-
covariance matrix, the Thurstonian estimation chi-square can

be partitioned. The partition for the general additive and SiU
models 1s shown in table 6.11, for subject 5. The main effects,
bilinear SW x PW interaction and remainder interaction (error)
chi-squares are all significant at least at the 1% level. The
significance of the sum of the interactions shows tiat the
additive model can be rejected and the size of the bilinear

SW x PW interaction shows that the 32U model is significantly
better than it. Unfortunately, the remainder of the interaction
is significant and the SsU model, on this basis should also be
rejected. But, 1t is clear that the SiU model, with only seven
sarameters accounts for most of the variation in the estimated
subjective values. With the two ste procedure adopted there

are two chi-square cbmponents.due to error. The first was
obtained during the ecstimation of the subjective values and the
second is what was called the remainder interaction above. An
F-test of whether shese two chi-squares could nave come from

the same population can be carried out. The value obtained,

P = 4.58 is about at the 5% significance level (degrees of
freedom 17 and 5) which is not conclusiVe evidence against the
hypothesis. Thus, if the basic Thurstonian scaling model is
ccosated Ghere is no conclusive evidence that the remainder
interaction chi-square did not occur at random. It is
re.sonable, then, to accert the SuU model, especially as no

gore ~eneral information integration models nave been considered.
- (S
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Furtiher support for the model comes from figure 5.4. EHere
subjective values predicted by the SiU model are compared to
those estimated directly from the data. It can be seen that the
points lie along the expected line.

Also as in experiment 3, Slovic's additive model was
comnured to the simple linear 35sU model. The latter has an
additional parameter, which can be referred to ag the SW x Py
interaction. The partition of the Thurstonian estimation
chi-square with respect to these two models is shown for subject
5 in table 6.12. “he main point of interest unere is that the
linear SeU model is significantly better than Slovic's additive
model, though neither can be accepted. The latter part of
thils conclusion is made on the basis of the significant error
cni-sguares for both models aﬁd thne former vart on the basis
of the significance of the SW x PW interaction chi-square.

Tne linear SEU model has newver seriously been proposed so it is
not necessary to defeud or attack it. The analysis of the

two models based on the objecti?e values can rest nere,
therefore, with Slovic's.additive model rejected.

As well as the preceding findings for subject 5 it
nas been shown that the other 4 subjects a pareuntly chose
randomly. This is not the first time such & result has been
found: the same was btrue for 1 subject in experiment 3 and
3 subjects in experiment 4. "Random" results in seguential
situations have served to emphasize the negative findings
reurding seyuential factors. In the nresent experiment the
somble information should be Ghe main determiner of choice.

Tie sincle subject who was influenced by 1t was not influenced
e ols su
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by the sequential factors. Alse, she four sustjechs wao
appeared to be indifferent to changes in sgamble information
also appeared to be influenced littls by urevious oubtcouwes
or current caplital. Thus, when the prisary Ffachors under
investigation had little effect it was not because of the
effect of the secondary, seguential factors. Thusse rssulis
all support the bernoulli model and thareby the idea that
static infofmation integration models can account for choice
behaviour in sequential situations.

Before leaving experiment 5, the extent of bias in
the estimates of the subjective values of the alternatives

will be examined for subject 5 in a short konte Carlo study.

FOV M
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Tgble 6.9.

1 B o ! TT - P S ; ~t . . e
Jonkheere anc Bower's lleterogene ity of Trend Statistic, Z

calculated for each subject, to determine heterogeneous trends

with respect to trial number, current capital and previous outcomes.

\

Subject Trial Nuwber Current Capital | Previous Outcmn%
4 P z Iy z p ;
1 0.548 - -1.844 .0758 | -0.388 - ;
2 - 0.200 - 0.054 - 1.848 .0644 i
3 -1.260 = - 1.438 .1498 1.159 - ;
4 1.254 .2076 -1.257 - 0.004 -
) 0.588 - - 4 -0.649 - 1.536 0.1lz6

The p-columns give, for selected z's the probability that a value

as extrene as the z would occur under the null hypothesis.

Table 6.10.

Goodness of Fit of the Basic Thurstone Model.

Subject | Chi-Squares

| Estimates srror | ' Total

23;25 2.86 26.11

2 18.50 9.41 27.91

3 25.87 2.28 28.15

4 32.59 7.74 40.33

5 122, 7T*** 2.28 125.05
pozseof 5 23

*#% indicates significance at the .1% level.
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Table 6.11.

Goodness of Fit of the General SEU and Additive Models for

Subject 5 ¢t Partition of the Estimation Chi-square.

Main Effects

Component of 68 8Gx*

Chi~square

Degrees of
Freedom

On

Bilinear SVWxPW
interaction

18.40%*

** indicates significance at the 1% level.

Table 6.12.

Remainder
interaction
(error)

35.56%%

17

Goodness of Fit of tne Linear S&U and Slovic's Additive

Models: rartition .of Thurstonian Estimation Chi-sguare.

Main fffects

Component of 50,10%*
Chi-square

Degrees of

Freedom 3

** indicates significance at

239.

SWxPW
interaction

25.19%%

the 1% level.

Remainder
interaction
(error)

45.43%%



. _Figure 6.l -
Graph of subjective values estimated directly from the data
against those predicted by the general SEU model for subject 5.
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A Sampling Experiment to Examine the Assumptions Underlying

the Analysis of Experiment 5.

The purpose, and method of execution of %this sampling

experiment were the same as those of the simulation of experiment

3. It was hoped to test whether the bias in cstimates of subjective

value was small coupared to the sampling variance and if the
the theoretical distribution. Data in the l4-replicate pair
comparison situation of experiment 5 was generated under
Thurstone case V assumptions. The assumed subjective values
of the processes were those estimated for subject 5 in the
exveriment. As with the previous sampling experiment mean
estimates and variances of 250 simulations were calculated.
The 250 values of S3& were recorded in a histogram.

Figure 5.5 shows the mean estimates plotted against -
the actual subjective values and figure 6.0 shows the sampling
variances plotted against the theoretical ones. Compared to
the T-replicate situation of experiment 3 the extent of bias in
cotinates was much less and the estimates tusmselves were wore
reliable. Somewhat surprisingly, however the sampling
distribution of the goodness of fit statistic, S5&
a.proximated bthe tneoretical distribution worse than was the
case in the earlier simulation. Most observed values were
between O and 3 and the distribution had a large "tail" area,
10% of values being greater than 18. The goodness of fit
test, onen appears to De an gven more conservative test than
was the case in cxperimeat 3.

om the poor apsroximation of the sampling

P
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distribution of SSE to the theoretical the design with n = 14
seews t0 enable a far more reliable functional measurement to
be carried out. Where it is possible, then it would seem to
be desirable to use an n of at least 14 in incomplete, pair
comparison designs where Bock & Jones' functional measurement

procedures are to be applied.
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FIGURE 6.6

Observed, ‘%Cmr\o[ma \/an ance of Sob(ed’\uG

Voloes, qomy\q\' Tesretital Uanaice 1nthe.

Suinvlaion of Exponri enk 5

5 X
< X
X
4 xx ¥
Observed. " .
. 3 . ).
\asriamee
X
2 <
7&&%
1
% x% x
{" ~
O 1 2 3 4

Theoretical. Vanonce.

2lk,




Fiaore 6.7

_G‘mph of the Theoreheal Freg JoeNCy Diskdilhohion of -

SR and_ e %h%(’oqm)m of SSE m foe %tvmo \qhon .
Q&&D@nM@/\kS’

704

20~

10+




Chapter 7.

A Dynamic Experiment.

The discussion so far has centred around simple
information integration models of decision making in static
situations and examining them by «FA and functional measurement.
When seguential decision making situations were studied these
same information integration models applied, because the
alternatives themselves could still be described by the same
information dimensions. A "dynamic" alternative needs additional
dimensions to couwplete its description, however. In fact,
for an n-stage dynamic decision making situation, the number
of dimensions reyulred to describe Tthe simplest alternative is
rather larze. It would be difficult to give a comprenensive
.xamination of additive or SusU information integration models
in the dynamic case. The more realistic aim of the experiment
50 e described is to consider a 2-stage situation and to
examine how some of the information dimensions are integrated
while others remain fixed.

Consider the career choice problem discussed in the
introduction. The information that Uil considers initially
is about the payoffs and probabilites of the first and the
second stagzes ant also the probabilities of beiug in the
different second stage states. A bettlng game, with the same
basic characteristics could be constructed. The time scale
would e amuch weiuced, of course, and tae payoffs would e on

4 sinle diwension. Hevertheless, interesting conflicts

bebween imwediate sdvantages and temporally - more distant ones

™0
I
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or between immediate advantages and the probabilities of goilng
to favorable decision states could be constructed. Such a game
is represented in figure 7.1.

This is a two stage, decision devendent betting game
in which DM has complete information about all agpects. He
begins the game at A with a certain stake, in new pence. He
must cnoose between the gawmbles Al and 42. Both are bets of the
(x, 1/2, y) type, where x pencs is won with a probability 1/2,
otherwise y pence is lost. Uhen he chooses Al or A2, he also
chovses the wheel of fortune associated which determinss whether

his choic

td

is

[©)

ne zoes to B or C in the second sbtage. .In
between the bets BL and B2, in C it is between C1 ani <2.
Phese, in general are bets of the type (x,p,v) where x is won
with urobability ¢, otherwise y is lost with probability (1 - p).
Initial conflicts between proximal advantaszes (payoffs) and
distal advantages (probabilities and payoffs) are deteramined
bv the parameter values of the gambles at both stases. The
degreevof dependence of later choices on earlier ones is
determined by the orobability of going to B (and couvsrsely C),
the parameters of the wheels of fortune associated with Tae
alternatives in A.

In this zame, although choices and zveats dSceur in
quick succession, the baslc conflicts common to all dyaamic
decision situations are present. A rough information processing

wodel can be propoéed. It seems likely that people will start

work backwards whean considering the

[oN)

n

®

at the Jinal stages
iuitial choice. Taat is, they wiil first decide which second
stazs they prefer o be in. Then, thev decide wiilch Tirst stage

=



alternative they prefer. This decision will involve the First
staze information, with the probability of going to their
preferred second stage state included as a2 dimension of tae
alternatives to be welzhed up. Models of decision making for
such alternatives, similar to the information integration
wodels for static alternatives can be considered. It would be
v0ssible to consider them as representation hyuvotheses and
study them by FA, or as wultifactor submodels of basic
Jnurstonian models, to be studied by functional measurcment.
At Ttne present time the latter is more feasible.

Let us conéider again the.game depicted in figure 7.1.
Suppose different zames are constructed in which the second
Stage states all rewain fixed, and as shown in the figure.
Suppose also the probability of a win is 0.5 in stage A for botn
alternatives. Now, subjects are invited to gay a series of
zames in which tre three carameters of each alternative in A4,
amoun: won (SW), amount lost (SL) and chance of going to A(PA)
all vary from game to game. Tae 3zU model, in this case,

£

corresponds to an additive one. If the subjective value of a

caible alternative in A is denoted Doy 5(¢) and subjectiv
scales of the three variable parameters by U, i=1, 2, 3 then

.

she general S8U, or additive model stabtes that: s(¢) = Ul(SW) +
Ju(uL) + U3(PA). Thne simple linear ouU model zlgo corresgonds

to an additive model and states thats: 5(G) = Wl.SM + WZ.SL + W3.PA,
where the W 's are parameters of the model and SW, 3L and PA are

o

the obieciive valuss o

9]

quwble saramsters. They can be

Tt

auze obner features

O

vt oin this simple way, of course, only bz

e Fixed. Pae aim of tne exoseriment to be reported is to Gest

the above models by Zock and Jones method of functional




measurement. It 1s intended as & small stey towards the

descriptive study of dynamic decision making.

bxperimental Setting.

It is clear that to test the models discussed it will
be necessary to unave an efficient way of playing the games, if
a real play situation is contemplated. OF course, 1t would
be possible simply to describe the game, and then show subjects
information sheebts about waich to make decisions, in the manner
of cxperiment 3. It seems wmore likely that subjects will
understand the alternatives and will give highly motivated
responses 1f they ars involved in a real play situation,
nowsver. The most e¢fficient wav available for this was to
antouwate the game using tae £lliott 903 computer of the Department
of PYsychology, University of Hull.

To explain she automated gaune, the following is a
description of the events in‘a practice session which was used
to introduce the experiment to the subjects. The subjesct sat
before a teletype which was on-line to the computer. On a desgk
bo nis left were inforuwation sheets for 5 games. Taey were
in a stack, numbered in the top right nand corner. It was
c¢xplained to the subject that in the experiment he would be
asgked to play a serics »f betting games. Defore sach zame he
wag to suppose that he had a stake of 105p. The significance
of the information shecet was explained to nim, and the

computer was prozrammned. A flow diagram of the events in the

.
ol

[}
foe e
w

()

@

sme is snown in Jigure 7.2. A Clnal printout o

[

illusbeused in figure 7.3. After any gawe, as shown in the flow
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diagram, the next game begins. The subject removes the previous
information sheet to reveal the next relevant one.

Now, the computer programime controlling the ssquence
of ¢vents shown in figure 7.7 was written in algol, and an
important feature of 1t is the way the comvuter "plaved" the
zambles. Uncertain events were determihed as follows: the
probabilities and payoffs were fed in as data via the tape
reader before every guime. Bzfore any uncertain event a random
numoer in the range of O - 1 was selected and compared to the
vrobability of one oi bthe two possible events. If the number
was less than this probability then that event occurred,
otherwise the complementary one occurred. The random number
vrocezdure was a standard Elliot one, based on the Lehmer
conzruance method. Bya parameter read in at the start of the
oro-ramme 1t was possible to select one of 64 strings of
random numbers. Thus, sessions with the same order of games
could be made to have different outcomes. At tae end of the
secssion, the subjects' first-stage responses are outpubt to the

computer tape punch. The projramae controlling the experiuent

Py

ct
o

carries ous some re—ordering of this data to enable th

ex o erimenter to guickly assess une duta. After the data nas
been outpus in this way "FIVISH" is printed on Gthe teletype.

e subject knows hs session has ended as (hopefully) he has

| This then is the setting

no more information sheets before him.

in which bthe experiment Gakes place. It has a great advantage

i

over the real play condlitions of the last two experiments in

: b e . 3 ey .
tnat it Ls fully automated and Gae =Xperimenter need not be

present. As with the earlier real play settings, however 1t
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is cssentlal that subjects acceut the veracity of bthe data on

the information sheets.

bxperimental Desgign.

The stimuli were roughly‘described.earlier. Dii's
vlay two-stage games which involve choices between certain
wambles. The second-stage gambles are always the same, those
shown in figure 7.1, and thé information integration models of
interest are relev@nt to the individual’s initial decisions in
the games. The Bock and‘Jones'vanalysis reyuires a pair-
comparison experiment where pairs of alternatives from some set
are repeatedly presented. Now, aﬁy alternative in A can be
fully characterized by bthe values of the sarameters 3SW, SL and
rA when otvher featbturcs of tne gzame remaln fixed. It was
decided to consider the set o alternatives which consisted of
every combination of: 3W, SL = 2.659,40p, iBﬁ}eum PA =
{’.75, +50, }255 . This experiment rescables experiments 3
"and ' 5, therefore, in that alternatives are from a 3 x 3 x 3
product set. The problem of choosing a subset of pairs in the
incomplete pair-comparison design is thsrefore similar. The
solution decided on, for reasons, discussed in the sarlier

i

experiments was to use a cyclic chain design. That 1s, withih
caoﬁ level, as previously understood, a cycle of .alrs was
sclected, eéch cvele linked by another pair. In the light of
¢Xoerience with tnis design it was decided to include an extra
pailr between each cycle, thus strengthening the links between
them. Hopefully, this will wake the scale sstimation more

reliable. It also wives more degrees Of freedom for testing
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the basic Thurstone scale. The 33 pairs to be ussd are
illustrated in figure 7.4,

Also in the hope of improving the reliability of the
e¢stimation from that of experiment 3, an n of 12 in the n-
replicate experiment was decided upon. This means the
experiment involves each DM in playing 12 x 33 = 396 games. It
was felt that these could be played in 3 sessions of 132 games.
An additional methodological point of interesﬁ, therefore will
be to see 1if trends appsar over the 3 sessions.

In each sesszion, the same order of games was used.
The set of 33 pairs was presented four times in order.
landomization fbr order was within each éet of 33 pairs of
alternaﬁiVes, unlike sarllier experiments. Between replications,
care was taken to ensure that no game was playved on any trial
if it had been played in the previous 10 trials. Subjects
were told that they had 105p stake with which to play each
game (note they were not actually given it). Current capital
was tnerefore controlled by keeping it constant for each zame.
ith this stake there was no possibility of ruin. Also each
game was logically if not psychologically indenendent.

The procedure used so that there were real
consequences of the decisions was as followss After eaoh‘session
a zame was vicked at random and the result of this game
recorded. Subjects were paid the average of these three
results. Thus, payoffs could vary between 0 and 210p, but
because of the averaging were unlikely to approach the
The cowpubtsr used a different string of random

exbroues.

numbers to generabte events 1n cach session of the experiment.

fhus, in each session outcomes would be different even if

no
\J%
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subjects made identical sequences of choices.
Prior to each subject's first session, a preliminary
set of five games was played. This was to familiarize

subjects with the games and the structure of a session.

Subjects

Five post gradﬁate students, all from Hull
University took part. They were all volunteers who were told
the nature of the experiment, its probable duration and

payoff. They were all male, between 21 and 24 years.
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Figure 7.2.

Flow chart of the esvents in the two-stage betting game.

Sesslon begins .n, the game number set to O
1 <
T —
n set to n + 1, computer vrints:
GAMLL n.
subject checks information sheet
is for zame n. A
Compuber prints: Cioose AL or AZ.
Fayoifs and Subject Payoffs and
probabilities puncaes Al or Az Az probablilities
of Al are n teletype 4 of AZ are
relevant relevant
& ¥y
Comuut eI
Prints: Lo "plays" zamble WIN Zrints:
losc 7 pt—e == of first — = Jwin X
stace
\r A
. Computer S At s
Prints: W p‘.g N Prints:
e spins whee Y o
Choose o siaoose
Al or A2 for secong Bl or B2
= OF tage slate
\% Y
V]
Subject
puncies crolce
A
Zrintg: LOSE Computer WIN r?lnts:
Lose y < o nolays" gamble ~ twin x
'ov .
Prints: end of game, resilt w . =
- losses)

(where w is 109p + wins
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Figure 7.3.

Typical Teletype Printout Resulting from 3 Games.

GAME 1
STAKE 105
CHOOSE A1 OR A2

Al WIN 40

CHOOSE Bl OR B2
Bl
WIN - 40

END OF GAME
'RESULT 185

GAME 2 |
SIAKE 105 .~/
CHOOSE Al OR A2

Al I0SE 15

CHOOSE C1 OR G2

c2 .

LOSE 10

 END OF GAME I
RESULT 80

GAME 3
STAKE 105
CHOOSE A1 OR A2
Al WIN 40
CHoISE ¢1 OR 02




Figure Te4.

The Cyclic-—chain Design for Experiment 5.

Key
///24\\\ Gambles’ Parameter Values

18——25 Code o :
Number P W L
26 .75 65 49
o135 25 .75 65 55
,//? \\\\ 24 .75 40 15
17 9 23 .75 40 40
\\\\\ | / 22 .75 40 65
23 21 .75 15 15
21”’//// 20 .75 15 40
/ 19 .50 15 55
22 20 18 .50 65 15
///' \\\ 17 .50 65 40
8 .14 16 .50 65 65
| \ 15 .50 40 15
12 6 14 .50 40 40
13 .50 40 65
\ / 12 .50 15 15
11 .50 15 40
f 10 .25 15 65
g .25 55 15
//////’ ‘\\\\\\\ 3 25 65 40
19 7 .25 65 65
‘ 6 .25 40 15
5 25 40 40
\ / 4 25 40 65
3 25 15 15
//,/’ o .25 15 40

A line between two zambles
indicates shat this palr were
presented.

N
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frocedure

Subjects sat in front of the on-line teletype which
was in a quiet room away from the actual computer. The
experiment was introduced to them at the start of the first
session with the following words, after the vreliminary
session information sheets had been indicated to them:

"This exveriment involves playing a series of betting
sames, which have 2 stages.

At the start of each game vou are given a sbtake of
105p with which to bet. In the first stage of the game you
are in A, and you .ust choose between the bets Al and AZ
which are represenied hnere. (state A is indicated).

I5 is .asiest to shink of the circlss as wheels of fortune,
whicrn nave a pointer. To play a bet, the pointer is spun, and
if it lands in the top sector you win, and if not you lose.
30, the size of tihe top sector indicates your chance of
winning and the size of the bottom sector your chance of
losing. In these zames, the bets in A give an equal chance

of winning or losing. Waen you are in 4, vou must take the
second wheel asggociated with taec bebt chosen. The wointer on

hig second wheel is spun, and where it lands decides where

[ )

<

A

E [+ <O
!0 bO Co

By, and if it is the bottom one you g
At the second stage, vyou are eithsr in B or C, and
vou simply choose between the bets available. The result of the
vame 1s vour sbtake, wlus or minus vour botal winnings or
losses.
Vou piay bhe guac with the computer. It gilves you

. " to vla e game. Jou type in
the basic intormation for you to play the game JP

i-aa)
LD




yvour choices on the teletype and the computer types- back how
much you win or lose and which state you go to. It plays
fairly, and when an event occurs it does so with the chance
indicated to you."

The 5 dewonstration games were bthen nlayed by the
subject. It was explained tiat the state B was more
‘avorable taan C and these always remained the same. They
were told that the chances of going to B and O, +the amount that
could be won or lost all changed, but the chance of winning
or losing in A did not change. As the subject played the
demonstration games, any other points were cleared up. Also,
nis choices were observed to make sure he always ciuose the
dominant owne, where one choice in A was dominant. The
instructions ended as follows.

"What you have just played is a miniature version
of an experimental session. I want you to play 3 sessions,
playing 132 games in each. &ach should last about 1 hour.

At the end of each session, we will pick out one of the games
at random and record bthe result. You will be paid'the
average result of these three -ames. Tnls is to zive you an
incentive to consider your choices carefully. Remember, each
zame begins with a stak= of 105p."

The subject then began the experimental session and
the experimenter left the room. At the end of the session
he returned and the vayoff game was selected by a coin tossing
procedure. For the second and third sessions, subjects were
merely reminded of the payoff conditions and the general

structure of the game. The turee sessions for each subject
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were played at the mutual counvenicnce of the subject and
experimenter. Most were carried out on successive days and
none were more than three days apart. After the final session,
subjects were paid and guestioned about their strategies and
any other points about ths experimesnt. In particular, whether

sney thought the computer had played "fairly.®

Hesults and Discussion.

It is wmore important to test for trends in
responding in this experiment than it was in the previous ones
because here the data was collected over Three sessions.
Intuitively it seems more likely that wmore chinges will occur
over a longer time s.an. As in experiments 3 and 5, therefore,
each subject's data was arranged into a gamble palr x |
replications matrix. Jonkhcere and Bower's heterogereity of
5rend test was carried out on each 33 x 12 data matrix so
formed. Jonkheere and Bowers' transformed W statistic is
aporoximately unit norwal under the bernoulli null hypothesis.
Their values, denoted by % are shown for cacn subject in table
7.1. It can be seen tlat the null hypothesls can be rejected
at the 1% level for subjects 2 and 5 and the alternative
hypothesis that changes in response probability occur is
accepted for these subjects. For subject 3 also the z value
is unlikely under the null hypothesis (p = 0.0672, two tailed).

Now, the conclusion from the above is that for 3
subjects any analysis based on an assumption of constant
preference probabilities is dublous as this assumption is

demonstrably not met. However, rather than waste this data it




was decided to proceed with further analysis and consider the
results to be undermined by the lack of stability of the response
probabilities. This further analysis, as described in the
introduction is by functional measurcment o invéstigate two
additive information integration wodels. The second column of
table 7.1 shows the number of gamble pairs for each subject
whose preference frequencies were not zero or one. Since the
number of pairs in each case is 33 it is clear that zero and
one preference freyuencies did not dominate. Thus, parameter
cstimation by Bock and Jones' methods is not likely to be too
blased and the goodness of fit statistics will probably
ayproxi@ate the asymptotic ones quite well.

The results of the Bock and Jones' functional
measurement analysis are presented in thé usual way. First the
Zoodness of fit of the basic Thurstone model is shown in table
7.2, From the estimation chii-sguares it 1s clear that the null
hypothesis of all equal subjective values can be rejected at
the 1% level for all subjects. Tae error chi-sguares are all
non-significant showing that the fit of model to data 1s good.
The same cannot be said of the additive submodels that were
considered. The goodness of fit of the general additive and
lincar additive models defined in the introduction is shown in
table 7.3. All estigmation chi-sguarss are significant, showing
that both wodels account for more variance tian expected by
Crance. ﬂést error chi-squares are significant also, however
showing the models do not fit oo well. In particular, the
error chi-squares assoclated with the linear additive model
are significant for 4 subjects and. those assoclated with the

seneral additive model‘are significant for 2 subjects. The
e ~
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more successful model is the general additive one, and in
figure 7.5 subjective values predicted by it are plotted
azainst those obtained directly from the data for each subject.
The graph for subject 3 indicates that there is s single point
well away from the observed = nredicted line. Possibly the bad
fit of the model for this subject can largely be attributed o
this.

The grapns of figure 7.6 are plots of estimated
subjective values of alternatives against‘one or other of their

parameter values, for subjects 5 and 3. For subject 5 it

(@]
©
o]

be seen that all 9 grapins are rouzghly parallel. Anderson (1970)
discusses graphical tests of zooduasss of fit for additive
functional relationshios. The condition that must be met for
such relatlonships is parallelism. Subject 5's grapins
therefore suppori the other results for the general additive
model. Subject 3's graphs also support the previous results

as parallelism clearly does not hold. The departure from
parallelism may nelp Lo detect the source of failure of the
additive model. Tuis failure seems to be due 0 so.ae
altern.tives wiﬁh P4 =,50 not being valued as much as cxpected

in cowmparison with the other alternatives, egpecially when

—~
. £

W = 65p or 15 p. Tae alternative with W = 65p, L = 65p, and
PA =,50 is parvicularly lower than expected and is the
notably deviant one in figure 7.5. Tuis seems to be the
source of de,arture from additivity - a W x PA interaction.
The rougn grepiical mebiaod to letsct the departure from

tv did nob yield clear results for subject 1 so 1t is

/

l_).

additiv

not reporised. sore refined mebhods were not warranted Lor
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¢ither subject as no alternative information integration model
to substitute for additive ones has emerged from theoretical
discussions.

In conclusion, then it can be said that the general
additive model predicted the decisions of 3 subjects quite
well, but significant interactions between the alternative's
paraneters were found for the other 2 subjects. For one of these
subjects the source of interaciions was revealed quite clearly
by granhicul means butbt for the other it was not. Doubt about
the positive results for the seneral additive model is
warranted because ths resjsonse probabilities for 2 of the 3
subjects for whom the model fitted were unstable. Tais attempt
t0 extend the domain of simple information integration models
has not, therefore been unanimously successful. The

implications of this are discussed in the final chapter.




Table 7.1.

Jonkheerg and Bowerfs Heterogeneity of Trend Test.

Subject % N,*
1  -0.844 32
2 2.909%* 15
3 1.838 18
4 o117 31
5 3.136%* 30

*N is the number of non-zero or one preference frequencies

** indicates significance at the 1% level.

Table 7.2.

The Goodness of Fit of the basic Thurstonian Model.

Subject ) Chi-squares
Estimation Error Total
1 102.082%** 10.062 112.144
2 167.302%*%* 5.292 172.654
3 177.216%%* 6.977 184.193
4 95.0513%** T.234 102.847
5 98.518%** 6.492 105.010
Qegrees of 24 9 33
freedom

**%indicates significance at the .1% level.
Significances of total chi-squares are not shown,

thouzn all are significant at the 1% level.



_q_-",_a_'_.gl-__e_ 7030.

Goodness of Fit of the General and Linear Additive Models.

Subject - Chi-squares
- .General Additive Linear Additive
?;%;ﬁétiméﬁion“'f Lrror " Estimation Error
1 D5 JTH** 46, TL**% 49,81 %** 52.26%*%
2 142,70%%% 24.56 141.40%** 25.96
3 133.62*** C 43,60%%% 122.54%%% 54.,66%%%
4 78, LO*** 17.51 43.0T*** 51.,95%%*
5 75.15%*%% 23,37 60.To%%%  37.76%
Degreesof 6 18 3 21

Freedom

*%% indicates significance at the 1% level

* indicates significance at the 5% level.
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_.Figure 705. :
Graphs of subjective values estimated directly from the data

against those predicted by the general additive model.
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Chapter 8.

Conclusions.

wualitative Functional Analysis.

In this section the GPA results of chapter 5's
experiments will be ‘discussed in relation to the previous (FA
results described in chapter 4. As well as this substantive
discussion an attempt will be made to evaluate the methodology
developed in chapter 2 in the light of its application in
chapter 5. The substantive and methodolozical discussions will
be kept senarate. Some of the aims of the discussions will be
to suggest how and where (FA might be best employed in the
future study of individual decision making.

The main subsbantive lgsues raised in experimenss 1
and 3 were whetaer Qreferences for simple gambles could be
described by the multiplicative representation for ﬂ 5 =<PXS,<>

~and whether those for 3-parameter duplex gambles could be
described by the dual-distributive representation for
533 = <<PW x 3W x SL,$:>. Other representations were rejected
by virtue of their consequences violating the sure thing
principle.

First, let us consider the choices made for simple
cambles by the single subject in experiment 1. Any experilment
using pair comvarisons can only consider a relatively small

Thus, in the two prsvious studies

number of gamble pairs.

L - C T e pambhles WwoeTe 0DS ed the pairs used
wihere cnoilces ror slmple gambles wiTe observed the palr

i

; I e e £ 5 Larti a1 conditi in wind.
were chogen with tne test ol a garticular conditlon in nd

Joowbs et al (L967) noped to test triple cancellation and
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Tversky (1969) wanted to test transitivity of preference. The
soambles used in experiment 1 were chosen because it was hooved
bo test the'transitivity and double cancellation of indifference.
wowever indifference did not appear to play a major role in
the subﬁects' choices. In fact many of tne observed preference
frzquencies were close to zero or one. If this subject's
choices between simple gambles were going to be determined by
indifference to any great extent it is reasonable to suppose
it would have been apparent in this experiment, since the
sambles differed little in payoifs and probabilities.

Thus, the broad conclusion that the data satisfied
the SiU model is the only one that can be drawn, because no
particular conseqguence was subjscted to rigorous test. This
agrees with support for the 55U mecdel found by Coombs et al
and with certain studies applyinzg «FA to simpls gambles wiaich did
not use choice data. Among these are Tversky (19672)b) and
Wallesten (1971). It 1is clear that choice data from more
subjects should be collected to see if there are people for
whom a failr number of cholces are determined by indifference.
Then the rizorous tests of indifference could be carried out.
When the experiments wers being planned however, problems
existed which would nave made this difficult. Such difficulties
did not exisf for statements of preference. Thus a further
probe into the nature of indifference was carried out by
collecting statements of wreference in experiment 2.
Tris ex eriment put the indifference »roblem in

T+ ghowed vhat indifference did appsar to be

DECTLV:

By

]
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£ it did not appear play an importa.t part
structureless, but it did nod apyb&f to play §o)




in the way people considered simple gambles. Again, general
support for the S5uU model was found. Experiment 2 vindicates
to some extent earlier studies (e.g. Coombs et al (1957),

fagot (1959)) which explicitly excluded indifference from their
models. Probably, strict preference models with errors

defined simply will be adeqﬁate in future, though further choice
d.ta to check the minor role of indiffefence should be sought
wiien methodological problems preventing this have been
eliminated. In addition Tversky's experiment should be
replicated in such a way that both probability and payoff
dimensions are presented explicitly. The work still to be

done with QFA of simple gambles, then is (o give rigorous

tests of cach of thé.4 main consequences of SiU using gamble
pairs selected specifically with this in mind, and assuning

an appropriate error model. DBinary chnoices should be the main
duta but it should be supported with stateuments aata from
larger numbers of subjects.

. Siﬁilar conclusions are to be drawn from experiment 3,
'in'which the QFA of 3-parameter duplex gambles was,carried out.
In this experiment bthe gamble pairs were not selected with any
particular consequence of SuU in wmind. Rather, gince there
are no other GFA studies of decision waking under uncertainty
using 3 dimensional alternatives it was hoped to carry out a
broad "goodness of fit'" type test of representative pairs of
duplex gambles. Unfortunately, the more representative the
basic sebt of gambles the less rigorous is the testing of SkU's

1e Te £ 5uU in experiment then was not
conseyuences. Tne test of 5uU in experiment 3, ) s

particularly poweriul. Jevertheless, the 52U model was supported
g . £
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by these results. The next step, again after solving
wethodological problems should be to test each main consequence
rigorously by observing choices from carefully selected gamble
pairs.

some of the unresolved methodological problems of
wFA stem from the necessity to impose a statistical model on
the algebraic structures which underly the representation
hypothesés. For statements of preference data the statistical
models (e.g. the simple error model) and algebraic structures
£it together quite neatly. There is only one onroblem: how %o
maximize the likelihood of the data under the restriction of
the gqualitative conditions. This problem is all but solved.
Tne appropriate algorithm is known but not programmed. The
interim solution adopted in experiwent 2 was actually quite
reasonable and straight forward to carry out. Comparing
observations (in this case psrcentage vioiations of conditions)
wifh Monte Carlo results of "statistical subjects" benaving
strictly in accordance with the model is an orthodox solution
to wodel testing when analytic rszsults are unknown.

. o

The same satisfac

4

ory pilcture rnas not emerged with

[}

regard to binary choice data. There were 2 main problems:
i) which probabilistic model to choose and ii) how to maximize
the restricted likelihood of the data when some probabilistic

wodel is assumed. If satisfactory solutions to these problems

could be found likelihood ratio tests of the conseduences of
inforsation integration models, parallel to those for statements

LI . inY A - -
of preference data, could be carried out. The solution proposed

) . SR i . -2 : K
in chapter 2 was not sarticularly satisfactory. First of all
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conslder the choice of probabilistic model. The‘choioe wa s
narrowed down to probabilistic models 1 and 2 on grounds that were
digcussed at length and still hold. But, when probabilistic

wodel 4 1s actually ansplied it is clear that the value of its
sarameter, & which fits the data best in general iso{ = 0.5,
which is not acceptable. This should lead us %o reject model

1 2ud assume probabilistic model 2 in order to make the tests.
Unfortunately this was not vossible as it was not known how to
solve problem ii) above for probabilistic model 2. Thus,

it was necessary to assuwes model 1 and not accept &A= 0.5 which
1l2d to all kinds of difficulties, the most .rominent being:

a) the arbitariness of the sclection of o and b) the conditionality
of tue likelihood ratio test when model 1 is assuaed.

This position changes somewhat if the implications of
the substantive findings about indifference, yreviously discussed
are followed up. If indifference plays a minor role in human
decision making, it need be considered in neither representation
hypothesis nor pfobabilistic model. First of all, if
indifference is not considered an & value of 0.5 in
probabilistic model 1 does not appear to be so objectionable,
wiich removes the 'roblem a) above. However, more significantly
all objections save one disappear for probabilistic model 2.

This comes about because a linear Hrogramming method
of maximizing the restricted likelihood in the general case
becomes possible. The maximum likelihood pattern of preferences
restricted by the gualitative conditlons considered and ssuaing
probabilistic model 2 is simply that cattern with minimum

o N A 40 1 <4 B
raversals of the observed references which satisfies the



conditions. The algorithm to.do0 this is that given in
apoendix 2 with indifference omitted and the coefficients of
the binary variables in the objective function changed as

rollowss for wvariable Xij the coefficient becomes the number

of times ai was chosen over aj. The notation above is

different to that used in the apendix but the meaning should be
clear. Now, the best restricted estimate ofl-o, the probability
that observed and theorebtical oreferences coincide becomes

che _roporbtion of observed and tneoreticul prefereances waich
coincide. The parallel of this case with that of statements
dita and the simpie error model should be obvious. This
satisfactory solution is an incentive to actually programming
slie maximization algorithm, which remains the only problem.

It should be remembered that the above solution did not occur
carlier as then there was no substantive reason to exclude
indifference from the models. Butbt if it can safely be adopted

the Tuture of M4 looks much more promising.

functional IMeasurecment.

The substantive findings from the functional
neacurcment analysis of the static and sequential experiments
(numbers 1, 3 and 5) will be compared to previous results
regardléss of what dependent variable they used. How much
welznt to give to present results in view of their reliability
will be one of the main points discussed. The Monte carlo
are varticularly important in this

experiments carried out
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context.

The data from the single subject in experiment 1
allowed tests of different models to be carried out on 2 sets
of data. Both tests showed congiderable support for Slovids
additive model. This contradicted the results of the major
studies using simple gambles, i.e. Tversky (1967a)b)) and
Anderson and Shanteau (1970). These studies, which involved
bids or ratings for gambles supvorted a multiplicative model.
In experiment 1 more than 50% of tine response probabilities
were zero or one. This would lead one to expect, in view of
what was sald in chapter 3 that fthere would be bias in the
cstlnates of subjective valus. Thls undermines the result of
cxperiment 1 with respect to the functionzal measurcment.
since also there was only ons subject and only a narrow range
of simde gambles was used caution should be exercised in drawing
conclusions from the support for Slovic'é model. From the
voint of view of functional measurcment this sxperiment should
be rezarded as exploratory only. Before it could be shown
tihat a real contradiction of the ratving and bidding experimeuts

oceurred data from more subjects with a wider range of gambles

iz needed.

Tais leaves experiments 3 and 5 which both used the
sane salr comparison design involving duplex gambles (though

in other aspects the experiments were very different). The

srevious studies directly relevant to these are Anderson and

.

Ssanteau (1970) which used ratings, Slovic and Lichenstein

(19633)) and Andriennsen (1971) which both used ratings and

bids . The results from these studies are counsradictory, some
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supporting Slovic's additive model and others the SZU model.
Ths present experiments can shed some light on this because
their functional measurement results are not likely to be
cuspect. Unly a moderate jroportion of zero or one preference
frequencies were found. For most subjects in experiment 3
5liere were about 33% zero or one oreference frequencies andv
less for subjects in experiment 5. svidence from the Monte
varlo simulations suggests that tre estimation and goodness of

Iit procedures will be relatively reliable in such cases.

In experiment 3 1t was possible to reject the
hypotheslis that all subjective values were equal for 9 of the
10 subjects. In experiment 5 this was possible for only 1 of
the 5 subjects. The data from these "non-random" behaving
subjects was examined for goodness of fit with respect to
Slovie's additive model and a linear S:sU model. For 3 of the
subjects the linear SiU model was significantly superior. to
Slovic's model even if the foruer was itself rejected. Thnis
consradicts Slovic and Lichenstein (1958a)) and Andriennsen
(1971). By comparing Slovic's model to others we have shown
up its failure. A criticism of thcse otier studies is that
Shey failed to wmake such a comparison, merely being content
with stating that pilou studies "indicated" this was not necessary.

The above rejection of Slovic's model does not
automatically imply acceptance of the SzU integration rule.

Two more general models were

sy

A separate best of this was made.

coupareds the zeneral additive model and the general 35zU model.

Both of these models found general support in the experiments.




But, a specific test of whether the general SiU model was
significantly better than the general additive model was
osogsible. This test revealed that for 7 of the "non-random"
subjects the general SiU model should be accepted and for 2
the alditive model should be accepted. For the remaining "non
randon" subject neltaer model could be accepted. These results
confirm the general conclusion that was made in chapter 4
regarding previous research using functional measurcment.
That is, simple additive models account guite well for people's
responses in many cases. Bub, where these have been compured
%o Tthe 52U model this‘has generally been shown So be superior.
The examination by functidnal measurcuent of additive
and o.U information intezration rules in static and seguential
decLsion situations has been successful. Trne ilonte Carlo
rssults, and the results of the actual experiments have
vindicated the use of Bock and Jones methods on small amounts
of choice data from individual subjects. As long as care is
taken not to gply the techniques inapproprictely there is no
reason why the procedurss suould not be used extensively in

the future.

The Sequential Factors Previous Outcomes and Current Capital.

In chapter 4 it was proposed that experiments should
be carried out to examine sequential factors which were not

suscevtible to certain criticisms of earlier studies. In chapter

5 this was done. Propertiss of the exveriments (4 and 5) in
this chapbter included: i) experimental controls to elliminate

. 1" e "o Ny 5 - .
artefacts due to resoonse bias and to "unconfound" “he principle

‘
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seyuential factors and ii) réther better statistical tests of

¢cnanges in responding than had previously been used. Also, the
situation was realistic, in the sense that the sequential
factors were not deliberately emphasized more than they would
be In a natural setting.

Generally, the results supoorted the finding of
Lichenstein (1965) and idwards (1954a)b)d)). That is, neither
sequential factor influences people's choices in a setting
wrere subjects inforumation corresponded to actual probabilities
and gpayoffs. Ixperiment 4 resembled that of Siguel (1959), bvut
did wob find strong seguential degendgncies. This suggests
snat nls results were artelfacitual.

Phese negative findings of chapter 6 are in fact
rather useful. They mean that static models will probably be
adsyuate in sequential situations. Furvhermore, it nelps us
50 undérstaﬂd behaviour in dynamic siltuations where previous
putcomes and curfent caplital apparently devermine what'people
choose. It suggests that it i1s not the change in fortune, or
tiie run of success or fallure itself which albters peovles choices.
Latuner, it is due to dynamic factors which change concommitantly

with sequent.al ones. .iost likely, the fact that psople's

opportunities for future Jdecisioas change when taelr capital

does is thne true deverminant of thelr changing behaviour.

@

Finally, there is the finding That many people appear

o choose at random in independent segusni.al situations. In

e present, rather narrow discussion of inforuation intezration

qodels this can be parsimoniously explained by saying there

was no difference in subjective value in the pairs of alternatives

=8




vresented to the subjects. Or it may be that with a small amount
of data 1t was not possible to detect differences which were
acoually taere. If apoarently random behaviour is in fact common
in decision making situations, however the mechanisms underlying
it st be Ghe subject of a wider explanatory theory of decision
waking. It does not seem likely %that if a strategy eambodied

in some functional relationship model was actually followed by

w0 :le then they would arrive at indifference so often.

Dynamic Factors in Decision lMaking.

The findings of chapter 7 are clearly very limited.

‘hey showed that people took account of the Tfactor: probability

4 LLT Y

]

ol going to favorable/unfavorable fubture decision states in a
simple, decision dependent, dynawmic situation. Further to this
chey snowed taat for only some veople is 1t likely that the
above factor.would be integrated addifchly with ofther firsst
stage inforuation dimensions. The future of tne additive

wodel looks bleak in tae conbtext of dynamic decision meking
Lituations. Tiowever, some informzsion intvezration mddel .uust
be able to account well for the data as the basic Thurstone

scaling model fitted very well for all subjects.

D

Tn the discussion at the beginning of chapter 7 it

by Dﬂs in dynamic situations must nécessarily be rather complex,
mirroring the complexity of the alternatives that they face.

ine only wodels similar to Tae ones discussed in
which scem plausible are ones wiich propose that evaluations

and information integration is broken up into stages. For

<79.

static situations
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instance, evaluations of some single informstion dimensiong are
iwe, followed by a partial integration of HhLeir subjective
values so tnat iupressions are formed of the subjective values
0i various groups of information dimensions. Further integration
ihen takes place to produce subjective evaluations of larger
wroups of information dimensions and so on until an evaluation
of tuoe whole alternative is made. Within the context of inforumatim
integration models considered in this study such a stage-like
aodel secems necessary 1f only because any DM has only a limited
intorus tlon processing czpacity.

The n-replicate palr comparison design is clearly
not auwpropriate for a comsrencnsive examination of this_whole.
Jrrocess, odecause of the number of information dimensinns
involved. hese increase exponentially with the number of time
stozes in the dynamic situation. Xore efchiént experiméntal
paradigmslare requires, involvinz such data as ratinzs, bids,
stutements of preference.em. Of course, the n-replicate design

[

cas its place in confirming results from the more efficient

data found to broadly supvort some model or other. Thls would

v
»

nd

%

2ave to be at one of the intermediate stages of the gr

svalustive process doscribed in tae revious paragraph. Such

studies o verify the conclusions about decision making from

"non-decision making" studies of decision-making behaviour are
obviously necessary.

The above is meant to defend experimaent o agalast

the coarze tnat it is too narrow 1n range. As implied above,
CLOTEE s

- : - P Tt e oyt .- N :
She next stage in studyilng information integration wodels in

: : : s b pbsai i compreh i
dvnamic situations is to try to obsaln some more comprehensive,
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tiroush less direct evidence about the models. For instance,

by wuch approaches as discussed by Goldberg (1958) in his review
of cmolirical research on clinical and osher complex judgzements.
Tue studies discussed byGoldberg differ from studieg of dynamic
declsion waking in the kind, taough not the complexity of the
altern:tives which must be evaluated. They‘show that it is
pvossible to carry out zmpirical research to find how people
cvaluate complex objects. An objection levelled against them
i2s been that the informastion intezration models proposed may
only be paramorphic descriptions of the judgemental process.
D.ils charge becomes particularly plausible when the nuaber of
inforaation dimsnsions of the alternatives judsged by subjects
becomes very large. However, 1t is a charge that would be
levellied at the whole of the present study since no altesrnative

class=s of models were considered ui any stage. For this reason

it 1s discussed in the next section in bihac context of the whole

study.

Inforuwation Intezration Liodels: Homomorphic or Paramorphic?

"It is appropfiate in this last section to reconsider
she philosouhy underlying the experimental Investigation which
#as bzen reported. Above all the view has been taken that
verbal theories hide assumptions which one should bz aware of
and implications which should bs tested. The answer has been

%0 try to state any models used in mathenatical terms so taat

I s o
[PEURCH I ARG

cumotbions becouwe =xulicit and thelr consequeunces derivable
and testable Theoretical formalism has been accompanied by tne
< LEU I .

Whnat were seen as

use of formal experimental methods.




luportant variables were controlled by either holding thenm
coiistant or varying them independently and systematically to

k)

bricy out their effect on the dependent variable, thne choice.
Liie virtues of formalization are well known and its validity
in vclentific endeavour will not be discussed. But, formal
dodels are necessarily specific and can only capture a
wicrocosm of reality. They need to be set in a broéder, less
rormal conceptual framework and they are only valid to the
¢xtent that thls supsrstructure is.

Let us consider the framswork within which the formal
andels of the vresent study ars set. The ap ropriateness of
citls framework deteralnes the major strengbihs znd weaknesses
of the study. The class of information integration models of

benav_.oour derive historically from an economic theory of wman.

Tnev are the result of the gradual generalization by psychologists
of clugssical Utility Theory (sce Edwards 1G54c, 1961). The
zeneralization was Jound necessary as the ysars went by to

cccount Tor the discrepanciss between the way actual and ideal
decision makers behaved. An ideal declision maker aas been
described wany times. He 1s rational, fully informesd and
intent on maximizing expected utility. The success of classical
Utilisy Tneory in the context of economic decision making is

5 the fact that a concensus can be reacned about what 1is

!
cr

due
rabional, what information 1s reguired before choosing and
w.st the objective of the cholce 1is.

vnat remasins of Utility Tueory in the information
inte:ration models of this study is the idea that'peOQle integrate
ihe available information within each alternative and select the

. i ) e s .
"hegt"., The realism of even this aspect of utility models is
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questilonable though. It is natural +that economic man should
sather his information, work out the expected payoff of each
alternative and select that with the nighest. The real
declsion maker however only has the limited resources of his
own cognitive processes. He must use then to arrive at a
declglon within the constraints of the situation. For the
individual in such a Josition processing the information within
zach alternative in burn way not be bthe most natural, or the
aost efficient means of deciding. Perhays such considerations
should nave been to the fore from the earliest psychological
studies of decisilon making. "Man the Thinker" would have been
a bitter focus tnan "dan the Profit Maksr."

Thiis root of the informat.on intezration models has
directed the alus of psychological studies which focus on them.
Tne major aim of Uvility Tneory is to prescribe what decisions
business wen should take. The major aim of the information
integration models is to describe what decislons people actually
do take., In the transfer frow the economic to the
psychological investigation it is natural Gnat the alms should
Sransfer from prescribing to describing benaviour. owever, a
description of behaviour is not an explanubtion of 1t. The
Jurpose of she early sbtudies of informat.on integration models
was not to explain behaviour. To sxplain behaviour it is
necessary o find out why people wake She cholces tney do.
Tnis is done by describing the cognitive procssses underlying
vs0oleg' actions not by describing wuat they do.

Tae present sbtudy of decision making has been

discussed as applying the explanatory mode of investigation.

Doas du, informatlion inte.ration models nave been srescented as

N
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as being homomorphic with a class of cognitive processes
underlying the behaviour. This they are, and thus it is
legitimate to consider them as explanatory models.
Traditionally though they have been descriptive of behaviour.
Wiuether they actually correspond to cognitive processes has
not been an issue. They have been evaluated in terms of how
well they describe behaviour. If they are only paramorphnic
models of the cognitive processes but make zood predictions of
benaviour then it has been felt that explanations are not
impoftant.

The explanatory mode of investigation has gained
sround in the study of decision making since Slovic and
Lichenstein's important paser (1968a). Recently a few
guantitative models of behaviour based on alternative cognitive
proccsses have been proposed. It 1s important to know under
what conditions they would be superior to our models. lany
clinical judgment studies have addressed themselves to thais
question (see Goldberg (1958)). A few nave been concerned with
more simple situabt.ons and three of Ghese sinhorn (1970), (1971),
versky (1969) will be discussed.

Zinhorn suzzested two models which might plausibly
be emploved by decision makers in some gituations: the conjunctive
aodel, where an altsrnative is only considered attractive if it
is reasonably attractive on all its dimensions and the
disjunciive model, where any alternative which is attractive on
at lezst one dimensinn is considered attract.ve. Although
sinnorn is not the first to have considered these models he

- P - P 4 4 e a~ 43
a_oears to be tne first to have attempted to evaluate them
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experinentally. Some evidence that for the sawme situation,
Jifferent peoples' evaluations are approximated better by
dlfferent models was found in an experiment where four Jjudges
rank ordered a set of job applicants. Three things were known
about the applicants, who had to “e ranked with res.cect to
acceptability for graduate school.

kvidence in a later study, Sinnorn (197f) also pointed
to ths conclusion that for some tasks and some people the
conjunctive model fitted better than the best information
inte ration model. This was more marked in a task where
supjects rank ordered jobs with respect to attrachtiveness than
in a task where subjects rank ordered a set of applicants for
sraduate school.

Tversky (1969), as already discussed, studied the
lexicographic semi-order model and the class of difference
~odels to which it belongs. Suppose DM is considering a pair of
multi-altribute alternatives. - The differenbe models suppose
5 at he considers the differencs between the values on each
dimension and then integrates the subjective values of these
differences in some way. A sveclal case would be the additive

difference model, where functlons of the subjective

$_“'

Gifferencss are integrated additively to give an overall
subjective difference with respect to subjective value, whose
direction indicates the preferred alternutive. Tversky showed

that the special case where the functions of the subjectlive

aifferences are linsar is equivalent to the additive

inftormation integration model. pxperimentally as discussed

carlier ne showed that transitiv1ty does not nold in certaln

~Y
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situations. Tnis he regarded as supportive of the additive
Ciftference model, which does not reguire transitivity for multi-
attribute alternatives. He suggests that inforwation integration
wodels may a proximate actual processes betbter in situations
wiere alternatives apoear sequentially and difference models
are better wuen alternatives appear simultaneously. Such ideas,
altihouzh intuitively reasbnable, obviously require backing up
with experiments. The need to comvare the information
integration models with such alternative models as the above
cannot be over-stresses, as what little evidence there is in
relatively simple situations seems to indicate that they are
very plausible alternatives.

Prom recent studies such as the sbove 1t looks
likely that when information integration wmodels are compared to
otner information processing models they will be shown to be
worse in many cases. Viewed as explanatory models of decision
makin: they are likely to be superceded. We have found,
Lowever that they describe behaviour reasonably well even if
they do not explain it. They will make reasonable predictions

at the gross level even if they fall down under close scrutiny

3

x

s, Tor instance Tversky (1969) found.  As desorlpglve models

groviding a paramorphism of peoples behaviour which enables

so0d predictions to be made they are likely to have a long and

useful 1life.




Appendix 1.

Tne A Priori Choice of &, the “arameter of Probabilistic

Preference #lodel 1 Tfor Binary Choice Data.

I'ne basic exverimental situation to which the
probabilistic preference wodel is relevant is the n-replicate,
palr comparison one, described in chapter 2. Let the set of
alternatives be A wibh a, b etc. € A. If there are m elements
in 4 then the subjects n x m(m-1)/2 choices are assumsd to be
independent, bernoulli trials. The binary preference |
orobability for some pair (a,b) is denoted p(a,b). When this
valr is presented to tine subject suppose he chooses "a'" k times.
‘ne set of k/n values for tue paifs presented are the. basic
dﬁta from the experiment.

Under the bernoulli model,’HO the maximum likelihood
cstimate (MLz) of pla,b) is k/n. The likelihood function of
tnls observation given HO is

L/l =l p(a,0)% . (1-p(a, b)) "
k!(n-k)!

Under probabilisgtic vreference model 1, o(a,b) can
only be in a certain range, determined by the model parameter,

o . The range is different for each of the possible hypotheses
a <f b, a ~ b and b <<, a. Suppose these hypothesés are
derioted Hl, H2 and HB respectively. The maximum likelihood of
an observed preference frequency, k/n given one of these
hyootheses can be denoted by ML(k/n]d;) where 1 =1, 2, 3.
ecial cases of bthe likelinood function

These functions are IJe

when the ML of p(a,b) under the appropriate hypotnesis 1is
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substituted. The MLE's depend on « and were given in chapter 2.

The major consequence of choosing o is that it
sdfects the values of ML(k/nIHi). Thus it directly affects tne
reonlts of likelihood ratio tests of information integzration
wodels based on probabilistic prefersnce wodel 1. The
iluformation relevant to the choice of & is tas plot of
ML(k/ani) against o for all values of k, n and i. Alpha should
be chosen based on this inforustion using certain criteria.
Tie first criterion is tnat for any particular pair (a,b) eacn
of the hypotheses, Hi(i = 1,2,3) should be plausible whatever
k/n is observed. This is so that it is 3ifficult to reject
an information‘integration model on the basis of observations
fro@ g single pair. Rejection should be due to observing
incompatible pattern of cholces which suggest violations of the
«FA conditions. The second criterion is that an observed
k/n should be useful in differentiating awmong the hypotheses,
Hi. If this were not the case a statistical tsst of an
inforuation integration model would not be powerful. These
criteria are not cqmglementary glnce thas first reyuires an ok
close to 1 and the second reyuirecs ane close to 0.5.

Now, values of X which are suitable may be different
o1 Jifferent n. Lven if n is fixed, however it 1s difficult
to assess all the plots of ML(k/ani) as functions of ol which
are relevant to the choilse of & . For tihls reason a criterion
function was used the evaluation of wnich results in some
cowpromise between the above criteria.

Tne criterion function was bassd on the functions

1 .
ﬂm(k/nlﬂi)
i:l, ,f-’ 3




which decreases as the likelihood of any of the hypotheses

increases and

min , {(ML,CK/ani )’)3
y 3

i=1,

AL(k/n I, )
which decreases as the difference between the likelihoods of
tne hypotheses increases.

For a particular observed preference frequency, k/n
the value of X which minimizes the product of these functions
should compromise reasonably between tue two criteria of
"good" oK . Suppose the vroduct of the functions is denoted by
S(k/n). The "best"« for a particular n is that which is best
on average whnen all possible k are taken into account. Thus,

it was decided to choose that o for which

Zzi(k/n) is minimunm.

k=0,n

The values arrived at for different n are to a great extent
arbitary. Tney are shown in figure Al.l and referred to by
the <uphemism "optimalek". It is felt that whether ths values
of oytimal X aposar to give a sensible compromise betwsen the
two requirements is all that is wanted at present. To enable
the suitability of the choice of & for n = 7, = 0.80 and

n = 15,0 = 0.73 to be assessed plots of log (ML(k/nhHi)) as
functions of k are shown in figures AL.2 and Al.3. Inspection

of bthese figures indicates that the compromise aimed for

between the two criteria are met.
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Appendixz 2.

taximizing the Likelinood of Data During the GFA of an

Inforuwation Integration Model when Preference is Defined

Frovabilistically.

In chapter 2 likelihood ratio tests for the QFA of
luformation iﬁtegration models were proposed. It was
indicatsed tuat the most tractable casss were for i) statements
of vreference data assuming the simple error model and ii)
binary cholce data assuming probabilistic model 1. All uses
of bthe LR test require that the likelihood of the data is
smaximized under the hypothesis of interest. This is the
difficult ?roblem in our cases, and a solution o it is
~roposed based on a re-phrasing of the wrovlem to a pseudo-
boolean programming one. - In this apsendix two examples of an
appropriate re-phrasing are given for case ii) above within
classes of preference patterns wnich satisfy certain testable
consequences of 3EU, The albternatives are a) simple gambles and
) three parameter duplex gambles. In tine final section a

simple amendment to deal with both wriA tests for case i) above

will be given.

Tue Likelinood iaximization Problem for Binary Choices Between

Simple Gambles.

The solutions of all the maximization problems rely
nsavily on the work of Hammer and Rudeanu (1968). The first
St in all cases is 5o List the tesbable counscyuences of
) S ] ~

Lodel under examination whlch are of invercst. ‘When tne

il




consecquences of interest are H5CZ, H5C3 and H533'. Reasons

» i

Lor this are given in chapters 2 and 5. The uroblem then "
becomes one of maximizing the likelihood of a set of binary j
cholces between simple gambles given that the conditions H5C2, ‘l
1

003 and H5C3' and vrobabilistic preference model 1 all hold.

e way this problem is transformed into one to which Hammer

and Rudeanu's technigues can be applied will now be described.
The properties 1502, H5C3 and H5C3' must be

converted into equations and inequalities in binary variables.

N

3 .

Suppose the set of zambles are denoted P x S with (p,,s.)€
£ o -1 J

)

+

Px d, 1i=1, +e.0,j =1, ...5. Define the variables

(1 if (o, sg) < (pyy s2)
i = K771 EA
O otherwise

1 if (py, s ) (D, 59)
and Zl,]kl 1 J k
otherwise
It is stated without proof (which is just a matter of careful
checking) tnat the properties above are eqﬁivalent to the

A

svgtem of inequalities/equalities below.

N

150

i .. Z.o..a = 1 connectedness)
1) %3499 * frrig T figxl ( :

and - = SY M i ixdifference)'
and  Zj4p1 < Zylij 0 (symmetry of in
both for all ps(ps - 1)/2 unordered pairs,

(Pia SJ >a('9ka SJ_)@ Px S

I o . — x.. 4 (trensitivitvy of strict preference)
i1) Xiji{J. + Xklmp 1jmp < 1 ‘
for all ordered triples (pi,sj),(?k,sl),(pﬂ,sp)e.? X S

£91.



iii) =z.. - ' '
) ijxl M Zklmp Zijmp £ 1 g
) ,
23 smp * Zmpkl “Zig <1 g(transitivity of indifference)
: )
Zyoss ¥ D, =
k1lij ZlJmp Zklmp 4‘ 1 g

for all ur i PDiy S 1
all unordered triples <Pi’5j)’<pk’sl)(pmsp) e€rx s

H50 3!

W) Xy Y Ry ~ X €01

(cancellation of strict praference within
win or lose gamble sets)
for all i, j, k, 1, m, p within a win or lost set

1and 1 = p)

such that not [j(i =k and k = n) or (j

il
]

or (1 =kand j=1)or (k=mand p=3)or (i=an

and p = llj
v) Xijkl + kamj - Zipml 5: 1 (cancellation of indifference)
foralll € i k< ngop
and 1 € § € 1< p < s
such that not f(j.: kand k =m) or (j =1 and 1 = ¢)
or (i = k and j =Vl) or (k =mand p=3) or (i =mn

and p = li]

Any solution of this System corresponds to a pattern'
of preference - indifference which satisfies the conditions
B5C2, H5C3 and H5C3'. The log-likelihood function of a set of

ef

nreference pattern and assuming probabilistic

d=ta given a »nr

a

1
nodel I can be put in terms of what Hamwsr & Hudeanu call a

R S = ; £ Y <. . and Z. . variab: .
veeudo-boolean function of the X, 47 A0 131 T les

JK

Lot the log likelihood of the data given tne wodel be denoted

N
O
N



by z. This function z is to be maximized subject to the

restrictions above. It is the following function of the

1 . .
Xijkl s and Zijklls'
7 = pCL . o X . .. . D
gp 13kl *i3k T T Cigin Zigia * P Cagpg Fraag
all unordered
pairs (pi,'sj),

(pk,sl)éP x S

winere the cocfficlents are

p Cjjy1 = the log likelinood when (py,s) < (95,84)
T Cijkl = the log likelihood when (pi,sj)/ﬂf(pk,sl)
5 Cijx1 s the log likelihood when (pi,sj)<< (pk,sl)

which are constants, functions of the data and the
paranster of prpbabilistic model I, £ . The problem to find
the maximum of the log likelihood (and therefore the likelihood)
subject to the conditions being congidered 1s thus transformed
t0 what Hammer & Rudeanu call a linsar pseudo-boolcan
srozramning problem. Since they give an algorithm which will
solve these tynes of uroblems (see reference) 15 is in principle
possible to find the maximum. The same method could obviously
be used 5o Gtest the SsU in semi-orders model and also to test
both models in the three parameter gamble case. Also, the
alzorithms are sultable for data obtained from partial pair
comparison experiments. This 1s important as 1t is guite
ia.0ssible to obbtain complete data for even woderate m and n.

In she incomplete case, the coefficients of the variables for
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valrs not observed are simply set to zero in the linear
function to be maximized. Let us now consider the problem of
T

maximization under SuU and preference model I for three

parameter gambles.

Tiie Likelihood’MaximizatLon Froblem for Binary Cholces between

Thnree Parameter Duovlex Gambles.

The important conditions for the WFA of 58U in this
case are, as discussed in chapters 2 and 5 the conditions

1922, H9C3 and H9C3'. As an illustration, the reformulation

of the maximization problem subject to the constraints H9Cz HIC3!

and HY9C3 will be set’out,again assuming probabilistic model 1. j
Woen the "chance of losing" parameter 1s held

constant let the set of three arameter duplex gambles be

denoted by P x W x L with elements (pi,wj,lk) where 1 = 1,

ee.9, j=1,...wand k=1, ....1. Denote the variables by

£

_ 1 if (pl,Wm,lP) <(Pi’wj’lk)
%41 ik1lmp
otherwise

l_l

Zijklmp
0 otherwise

The log likelihood of the data is expressed in terms

of these binary variables as:

Z = P:C4 yxlmp Xyikimp ¥ I Cijximp Zijklap

all unordered

Dalirs (Piawj’lk)’ + = C, Lo .
P “ijklmp “lumpijk

(211901 )

where the coefficients are analagous to those of the



orevious case.

The system of constraints corresponding to the

consequences of SyU are as follows:

Hog2:
i) Xijklmp + Zijkimp + lepijk = 1 (connectedness)
ii) Zijklmp - Zlmpijk = 0 (symmetry of indifferencg)

for'all unordered pairs <pi’Wj’lk)’ (pl,wm,lp)

<1

131) Xy si1mp * Froneqy ~ Fijkogy S

(transitivity of strict preference)

for all : iordered trlples (py ar » 1y )y (pl,wm,ln), (o.,w_,1)

Fp? g’y
iv) Zlgklmn * Zlmnpqr - Zijkpqr + %
)
%; jxpar * Zparimn T Pijklan L i Transitivity of
Zlmnijk + Zijkpqr _ Zlmnpqr 1 % indifference.

un .
for allvordered triples

(Piyw-’

J lk), (Pl’wm,l'ﬂ>’ (Pp,wq’lr>

V) Xy 5p1mp T Flasqrk T Fijsarp < L

(dual-distributive cancellation of
strict preference)
for all i, Jj, k, 1, m, Dy 4, Ty S,
such that not
[
or(i

or (i =g and j =1 and s = p):l

p and p

g and j =mand m = r) or (k

1]

1 and 1

il

p)or (L =g and m = r and s =

i
i

1 and j = a and k

95.

s)
k)




vi) Z. + 7

ijklmp T “lmsqrk ~ Zijéqrp 5; .

(duél—distributive cancellation of
indifference for all 1 <1 €1 a¢ p
1< égjn-gfzﬁsg W
1Sk ng sl such that the same
| condition as in v)

HOC 3! ~ holds.

vii) 2 + 2 . - :
) 1kalp kapmjp: T Zyyo00 L1

(double cancellation of indifference)
for all 1€ 1 € k<n <o
l\<j <l<qgw and all p
such that not |

{}i =kand k =m) or (j =1 and 1 = g) or (k = o anfl

g =J)or (i =% and j = 1) or (i = mand g = 1{]
within signed classes.
o= X, 1
vED X5 * Frapnge ~ Figonlp S

(double cancellation of strict preference)
for all i, k, m, J, 1, ¢ and all g such that the

condition of vii) holds.

These soiutions seem rather laborious but the object has been
to show that in principle at least the problems can be solved.
Only reasonable computation iacllltles need to be available
to carry out the procedure. Mow, let us turn to the

naximization problem when statements of preference are the

data.

295.




The Maximization Problem for Statements of Preference,

Assuming the 3imple Error Model.

In chapter 2 it was indicated that the likelihood
of the data given a clasgs of preference patterns would be at
a maximum for any pattern which differed from the observed
Lattern by minimum k preferences. This suggests a simple
amendment to the algorithms proposed in the last two sections.
In the case of simple gambles the constants of the objective

tunction are changed as follows:

1 when (pk,sl) < (pi,sj)
Pl =
O otherwise
1 when (pk,sl)r»r(pi,SJQ
T Ciji1 =
: 0O otherwise
_ 1 when (pi,sj)<((pk,sl)
P Cisa =

0 otherwise

This sets the objective function, 2z equal to the
number of latent preferences the same as The observed ones.
The similar substitution for the case of three paramier
duplex gambles can be made, and when the pseudquoolean
programming problems are solved and z is maximized, the

minimum k pattern of preferences is found.
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