
~ Nuclear Physics  B10 (1969) 27-34. North-Holland Publ. Comp., Amste rdam 

CHARGE COMMUTATOR FOR A N Y  MOMENTUM 
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Abs t rac t :  The nucleon mat r ix  e lements  of the charge comnmtation relat ions are  con- 
s idered  for a r b i t r a r y  momentum. The resul t ing express ion is exact.  The high-mo- 
mentum l imit  reduces to the A lde r -Wei sbe rge r  sum rule. Fo r  zero momentum 
one obtains the known low-energy resul t  together with a closed express ion for the 
correct ion.  

1. INTRODUCTION 

T h e  c o m m u t a t i o n  r e l a t i o n s  of the  SU3 x SU3 (or SU2 × SU2) c h a r g e s  [1] 
have  been  u s e d  s u c c e s s f u l l y  to  d e r i v e  sum r u l e s  and  l o w - e n e r g y  t h e o r e m s .  
T h e  w e l l - k n o w n  A d l e r - W e i s b e r g e r  sum r u l e  i s  m o s t  e a s i l y  o b t a i n e d  by d i -  
r e c t l y  e m p l o y i n g  the  c o m m u t a t i o n  r e l a t i o n  t a k e n  b e t w e e n  p r o t o n  s t a t e s  a t  
i n f i n i t e  m o m e n t u m  [2]. L o w - e n e r g y  t h e o r e m s ,  on the  o t h e r  hand,  a r e  c o n -  
v e n t i o n a l l y  d e r i v e d  by c o n s i d e r i n g  o f f - s h e l l  a m p l i t u d e s  of t i m e - o r d e r e d  
p r o d u c t s  in t he  l i m i t  of v a n i s h i n g  f o u r - m o m e n t u m  of the  v - m e s o n .  The  of f -  
s h e l l  a m p l i t u d e  i s  o b t a i n e d  u s i n g  an i n t e r p o l a t i n g  n - m e s o n  f i e l d  de f i ne d  by 

= 1 ~)tA~(x ) (1) 

w h e r e  A S ( x )  (~ = 1, 2, 3) i s  the  a x i a l  c u r r e n t  o p e r a t o r  and  n u m e r i c a l l y  
f n  -~ ~ M p .  T h e  c o m m u t a t i o n  r e l a t i o n s  then p r o v i d e  the  d e s i r e d  g e n e r a l i z e d  
W a r d - i d e n t i t i e s .  The  low e n e r g y  r e s u l t s  o b t a i n e d  in t h i s  f a s h i o n  m u s t ,  of 
c o u r s e ,  be  c o n n e c t e d  wi th  the  q u a n t i t i e s  t aken  a t  t he  p h y s i c a l  v a l u e  of t he  
p ion  m o m e n t u m ,  a s  i s  d e s c r i b e d  in an e n l i g h t e n i n g  p a p e r  by F u b i n i  and  
F u r l a n  [3]. A c l o s e  look  a t  the  r e l e v a n t  f o r m u l a e  then  r e v e a l s  tha t  by such  
a p r o c e d u r e  one s i m p l y  c o m e s  b a c k  to the  c h a r g e  c o m m u t a t o r ,  but  t a k e n  
b e t w e e n  s t a t e s  of . f ini te  (or  z e r o )  s p a c e  m o m e n t u m  [4,5]. T h e  e n t i r e  p h y s i -  
ca l  con t en t  of t he  c h a r g e  a l g e b r a  shou ld  be  d i r e c t l y  o b t a i n a b l e  f r o m  the  
m a t r i x  e l e m e n t s  of t he  c o m m u t a t o r s .  

In t h i s  no t e  we s tudy  the  SU2 x SU2 c h a r g e  c o m m u t a t o r  b e t w e e n  n u c l e o n  
s t a t e s  of a r b i t r a r y  m o m e n t u m .  F u b i n i  c o n s i d e r e d  t h i s  m a t r i x  e l e m e n t  u n d e r  
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the assumpt ion  of commuting cur ren t  d ivergences .  We shall show that it is 
possible  to avoid this assumption.  It turns  out that the disconnected contr i -  
butions a re  decis ive for smal l  space momentum.  As expected f rom the above 
d i scuss ion  we find a close connection with Weinberg ' s  fo rmula  [2] for the 
sca t te r ing  lengths for  pions on protons  and - of course  - with the Adler -  
Wei sbe rge r  resu l t  for GA/G V. 

2. THE CHARGE COMMUTATOR 

We d iscuss  the commuta to r  re la t ion 

~ ][--'.-jFd3xA10+i2(x' 0 ) 'AI - i2 (0 ) ] IP)  = 2<PlI~0(0) IP) lim 
p,-~p (2) 

where p denotes a proton state of space momentum p. The l imit ing p roce -  
dure p '~p  is n e c e s s a r y  since s t r ic t ly  speaking the space integrated 

f d 3 x  A ~ x ,  t) do not exist but may be used between cha rges  wave packet 
states .  

It is p rac t ica l  to separa te  the axial cur ren t  opera tor  into a longitudinal 
and a t r a n s v e r s a l  par t :  

A~(x) = A°~,L(x) + A:'T(x) 

A ~ , L ( x )  = 1 8  OXA~(x) (3) 
[] t~ 

- 

The longitudinal par t  c a r r i e s  ze ro  angular  momentum and its mat r ix  el-  
ements  contain the u -meson  pole. The t r a n s v e r s a l  par t  c a r r i e s  angular  mo-  
mentum one and the mat r ix  e lements  of A~ ,  T(x) vanish in the l imit  of ze ro  
space momentum t r ans fe r .  The s ingular i ty  at fou r -momen tum t r ans fe r  ze ro  
causes  no difficulty. Only the neutron in termedia te  s tate  in eq. (2) cont r i -  
butes  to it and can, of course ,  be t rea ted  separate ly .  For  s implic i ty  we 
take the mass  of the neutron slightly l a rge r  than the one of the proton. 

Defining the meson  source  function J~(x) by 

= + m~)~b~ (x) , (4) 

we may wri te  f rom definitions (1) and (3) 

, . i (5) = _ f~Sg(~dPin(X) + ~ b o u t ( ) )  P ~ " 

The f ree - f i e ld  par t  of eq. (5) will appear  in eq. (2) multiplied with the 
pr incipal  value t e r m  containing the ~ -meson  pole. Only the ~+p' and ~±p in- 
t e rmed ia te  s ta tes  contr ibute to these special  "disconnected d i ag rams"  
which we denote by D. 
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I (,..+,,,,>,._,<,_.,: 

1 ;~' la l+i~ I/>~'- (k)> 1 ~'++(- k) I al+ig IP) 
+ k 0 - AE (k O_AE)2_m 2 - ]z 0 + AE (k o+AE)2_m 2 

m.-  
- (m-~: -A-E~-k2  ( ko -AE)2 -k2 i rn2  -J " 

(6) 

We u s e  the a b b r e v i a t i o n s  and n o r m a l i z a t i o n s  

k = p ' - p ,  k o = ~ - m  2 + k  2 ,  

? 
AE = Po - Po ' ~1=t=i2 = ~1 + i~2 ' 

flu : 2 M p ,  (p'  ]p) : 2p o 63 ( p '  - p )  , 

Po = ~-M2 + p 2  , 

(01 ~1~i21~; )  = 4-2(2~)-~ , 

(S- 1) = i (T )54(p f -p i )  . (7) 

T h e  s c a t t e r i n g  s t a t e s  in eq. (6) a r e  the  a v e r a g e s  of " in"  and "out"  s t a t e s .  
T i m e  r e v e r s a l  i n v a r i a n c e  can  b e  u sed  to b r i n g  the  o n e - p a r t i c l e  s t a t e s  to one 
s ide  of the o p e r a t o r  J~.  

E v a l u a t i n g  the l i m i t  in eq. (6) one s e e s  tha t  it e x i s t s  and is  independen t  
of the  d i r e c t i o n  in which  k goes  to z e r o .  To d e s c r i b e  the r e s u l t  we i n t r o d u c e  
the  non s p i n - f l i p  " s c a t t e r i n g "  m a t r i x  e l e m e n t s  a v e r a g e d  o v e r  sp in  

(2~) 4 1 i j7-~i2(0) Re  T~+ = ( - ~ )  - ~  (p '~+(q)  tp> 
1 

2 S = _ ½  

w h e r e  s ,  t, u a r e  independent  v a r i a b l e s :  

s = ( p , + q ) 2  , t = ( p , _ p ) 2  , u = 0 0 - q )  2 , (9) 

wi th  

p , 2  = p 2 = M 2 ,  q 2 = r n  2 .  

The  l i m i t i n g  p r o c e d u r e  (6) l e a d s  to two p a r t s .  The  f i r s t  p a r t  (/91) i s  s i m -  
p ly  p r o p o r t i o n a l  to the d i f f e r e n c e  of the  f o r w a r d  s c a t t e r i n g  a m p l i t u d e s :  

DI (P)  3.2 3 
- 2~ 2rn~ Re (T~- - T~+)p'___p,q= 0 . (10) 

T h e  second  p a r t  (D2) con ta in s  d e r i v a t i v e s  ob ta ined  f r o m  the v a r i a t i o n  of 



30 D. DILLENBURG et al. 

the proton and meson momenta  as p r e s c r i b e d  in eq. (6) and t h e r e fo r e  it is 
not a t rue  sca t te r ing  ma t r ix  element .  

D2(P) = - ~ n  ~-~- (Po - m ~ . ) ~  Re(A_ +A+) 

+ m ~  ( P o + m ~ ) ~ - s - ( P o - m T r ) ~ - ~ u +  R e ( B _ - B + )  p,=p,q=O (11) 

In the dif ferent ia t ion the meson mass  q2 = m~ is,  of course ,  kept fixed. 
In teres t ingly ,  the r ight-hand side of eq. (11) can also be wri t ten as the d e r i -  
vative of the " forward  sca t te r ing"  ma t r ix  e lements  T~:~(p,q) = T~± (p'=p, 
.q=O, qo) with r e spec t  to the "var iab le"  qo occur r ing  impl ic i t ly  in 

2 2 2 _ 2 p o q o  + qo 2 s =Mp + 2Poqo+ qo '  u =Mp 

and explici t ly  in the covar iant  (~p~qup): 

f2 1 
D2(P) = - 2 ~ Re(T~-(p,q) - TTr+(p,q ~ 

27: ~qo qo =m~ . 
(12) 

Thus,  the wave packet  approach p '  -~ p with fixed q2 = m2 may be rep laced  
by a definite inf ini tes imal  continuation in the (kinematical)  n -meson  mass .  
F r o m  eqs. (10) and (12) we obtain 

D(p) ± f ~  I(  1-m2~ ~ 2 )  Re(TTr-(P'q)-T~+(P'q))~2qo J qo =m~ (13) 

Let  us now turn to the remaining t e r m s  of eq. (2). Inser t ing  eq. (5) with- 
out the f ree  f ields this  contr ibut ion can be wri t ten 

f2m~ +~ dqo qo +~E 
C(p) = k-~olim ~ P f_oo qo (qo + AE) 2 - k2 

MTr- (qo,q=O, p ' ,p)  - M~+ (-qo - AE, q =-k, p ',p) 
× (14) 

(qo 2 -  m2)[(qo + A E ) 2 -  k 2 "  m2] 

where  

Mn±(q,p',p) =f d4x jq~ <p,ljl~2(~)jlfi2(o)lp > . (i5) 

The pr inc ipa l  value in tegral  (14) contains two s ingular i t i es  which a re  sep-  
a r a t ed  as  long as k ¢ 0 and in which one may put p ' = p ( i . e ,  k =0 ,  A E = 0 )  
eve rywhere  except  in the last  denominator .  It can also be wri t ten  as the real  
pa r t  of a quantity having an integraad with a double pole slightly shifted off 
the rea l  axis *. Thus 
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f 2  m4 f dqo 1 
=-~Tr ~ Re {M_(q,p,p) - M+(q,p,p)}q=O" (16) C(p) 27r o q2 (qo 2 - m2 + i~)2 

Using  the L o r e n t z - i n v a r i a n t  v a r i a b l e s  v = p .  q and q2 this  r e s u l t  t akes  the 
f o r m  

f 2  d u dq 2 
C(p) = - ~  rn 4 Po Re So  u~ (q2_ m 2 + i¢)2 

6(q2 u 2 

We a r e  now ab le  to w r i t e  the c h a r g e  c o m m u t a t i o n  r e l a t i on  (2) in a f o r m  
va l id  fo r  all  s p a c e  m o m e n t a  of  the ou t s ide  p r o t o n  s t a t e  

TTr-(p, q) - TTr+(p, q)-] 
(27r)2 f2 [0- m2 ----9) Re 

2-. J q=O , q o=m Tr  qS" 

+ (27r) 2 ~2 m4 ? u-2 ~ -  jTr ..~Tr Re du  

Vo 

G~ 2 p 2  

+ ~ o  = 1 .  

(q2 _ m 2 + ie)2 
( % _ ( q 2 ,  v) - M +(q 2 , u ) )  

(18) 

We e x t r a c t e d  the n e u t r o n  i n t e r m e d i a t e  s t a t e  f r o m  the i n t e g r a l ;  the t h r e s h -  g 
m Tr ) 2 +p~ old is  now v o = p o ( 4 ( M p + -  4 M ~ + p z ) .  The  weak  coupl ing  cons t an t  

r a t i o  G A / G  y and fTr a r e  connec ted  by the G o l d b e r g e r - T r e i m a n  f o r m u l a  
which  with  o u r  n o r m a l i z a t i o n  r e a d s  

GA fzrg(O) 
- ( 1 9 )  G V Mp ' 

w h e r e  g2(m2)/47r = 14.6 and g(0) -~ 12. A c c o r d i n g  to i t s  def in i t ion  in eq. (15), 
Mrr+(q 2, v) can f o r m a l l y  be  e x p r e s s e d  as  a f i c t i t ious  to ta l  c r o s s  sec t ion  fo r  
a 7r -meson with  k i n e m a t i c a l  m a s s  q2 and l a b o r a t o r y  e n e r g y  V/Mp s c a t t e r e d  
on a p ro ton :  

_q2 
tot. 2 

M#t:(q 2, v) - 7r3 aTr~ tq , u). (20) 

T h i s  ' t o t a l  c r o s s  s e c t i o n '  inc ludes  h o w e v e r  d i s c o n n e c t e d  c o n t r i b u t i o n s  - d i f -  
f e r e n t  f r o m  the u - m e s o n  p a r t  - a t  l e a s t  f o r  f in i te  p r o t o n  m o m e n t a .  

* Since M(qo) has a square root dependence at qo = rnTr for p = 0 this s tatement holds 
only as long as p ¢ 0. In the subsequent formula  p = 0 can, however,  be reached by 
the simple limiting procedure p --~ 0. 
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The  f i r s t  t e r m  in eq. (18) v a n i s h e s  fo r  Po - -  ~ and thus  the  i n t e g r a l  shou ld  
e x i s t  in th i s  l i m i t .  N a i v e l y  t a k i n g  the l i m i t  u n d e r  the  i n t e g r a l  we ob ta in  the  
A d l e r - W e i s b e r g e r  f o r m u l a  

o~ G A 2 
d.__v [(~ (0, u) - ~+(u, v)] + ~V = 1. (21) 

, 2" Mm Tr + ~ rnTr 

We now c o n s i d e r  the  o p p o s i t e  e x t r e m e ,  i . e . ,  p = 0. In th i s  c a s e  only  i n -  
t e r m e d i a t e  s t a t e s  of t o t a l  sp in  ½ and n e g a t i v e  p a r i t y  c o n t r i b u t e  to the  i n t e -  
g r a l  in eq. (18). S ince  the  i n t e g r a n d  g o e s  a s  u - 6  a v e r y  r a p i d  c o n v e r g e n c e  
i s  to be  e x p e c t e d .  M o r e  i m p o r t a n t ,  the s m a l l  m e s o n  m a s s  f u r t h e r  s u p p r e s -  
s e s  the  v a l u e  of the i n t e g r a l .  An a p p r e c i a b l e  c o n t r i b u t i o n  to i t  could  only  
c o m e  f r o m  the i n t e g r a t i o n  r e g i o n  in wh ich  qo/rnTr i s  of o r d e r  one.  N e g l e c t -  
ing  at  p r e s e n t  th i s  p a r t  and a l s o  the  d e r i v a t i v e  p a r t  in eq. (18) we ob ta in  
fo r  p = 0 W e i n b e r g ' s  f o r m u l a  

a _ - a  + 
~ 1 i 

- ( 2 2 )  8 /2 1 + 

w h e r e  we have  i n t r o d u c e d  the s c a t t e r i n g  l e n g t h s  

aTT+ - 2(Mp+m~T ) T T± (p=O, qo =rn~T)" (23) 

Eq.  (22) i s  in f a i r  a g r e e m e n t  wi th  e x p e r i m e n t .  The  7T-meson d i s c o n n e c t e d  
c o n t r i b u t i o n s  s a t u r a t e  the  s u m  r u l e  a l m o s t  c o m p l e t e l y :  F o r  z e r o  Tr-meson 
m a s s  th i s  s a t u r a t i o n  would  be e x a c t  p r o v i d e d  no ½- b a r y o n  s t a t e  w e r e  d e -  
g e n e r a t e  wi th  the  nuc l eon  in the  s a m e  l i m i t .  

To ob ta in  a r o u g h  e s t i m a t e  of the  c o r r e c t i o n  to the  low e n e r g y  r e s u l t  (22) 
one m a y  c a l c u l a t e  the  i n t e g r a l  c o n t r i b u t i o n  by s u b s t i t u t i n g  fo r  M(q o) i t s  
f unc t i ona l  f o r m  n e a r  t h r e s h o l d  [3] 

Mp (a~_a2) jq2o_rn2+O(p2) (24) M (p~ O,qo) - M+(p~ O,q o) ~ ~ -  _ 

The  q u a n t i t i v e s  a½ and a~ a r e  the  s c a t t e r i n g  l e n g t h s  fo r  i s o s p i n  quan tum 
n u m b e r s  ½ and ~ r e s p e c t i v e l y .  Wi th  th i s  f o r m  fo r  M(qo) the  i n t e g r a l  in  
eq. (18) t a k e s  the  v a l u e  ( for  p ~ 0) 

-9 2f2(a2-a~) 

g iv ing  a 10% c o r r e c t i o n  in  the  r i g h t  d i r e c t i o n .  One m o r e  c o r r e c t i o n  i s  due 
to the  d e r i v a t i v e  p a r t  in eq. (18). It m a y  be  e s t i m a t e d  by s i m p l e  m o d e l s  and 
i t  i s  e x p e c t e d  to be  s m a l l .  

3. CONCLUDING REMARKS 

To s e e  the  connec t ion  of f o r m u l a  (18) wi th  the  u s u a l  low e n e r g y  l i m i t  
one m a y  c o n s i d e r  the func t ion  
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2 2 2 f  2 X(q 2) = X(q 2, v) q=O = (_q2 + rnn) (2~) ~ (2 5) 

× 7T lim Re fd4x eiq~<p ' ]T{dpl+i2(x) 01-i2(0) - 01-i2(x) 01+i2(0)} [p> q=O" 
p'.-.p 

Using the same procedure  which led to eq. (18) one obtains 

 lqo ) -- - 

+ (q2_ m2~2 --(2~)2f2 Re F j  dq;  Mz-(q',P) . . . .  - M+(q',p)[ (26) 

o 

The quantity X(q 2) is thus the Four i e r  t r ans fo rm of the t ime ordered  p rod-  
uct of the meson source  functions j a(x), twice subtracted at the point 
q2 =m2. The subtract ion constants X(m 2) and (a/aq2)Xlm 2 are  proport ional  
t~ the ' h r s t  and second term in D [eq. (1'3)]. They a r i se  Ifro~In the d iscon-  
nected n-nucleon in termedia te  states.  

Comparing then eq. (26) with eq. (18) one has 

X(0) = 1, (27) 

which is the low-energy  theorem also obtainable f rom eq. (25) by par t ia l  
integrat ions.  

Eq. (27) exp res ses  in a covar iant  form the content of the charge algebra.  
The insert ion of a complete set of in termediate  s ta tes  gives eq. (18) where 
the choice of the f rame enhances or  suppres ses  the contribution from the 
on-shel l  s t rong interact ion sca t te r ing  amplitude to the sum rule. 

We have seen that the s t ra ight forward  use of Gel l -Mann 's  commutat ion 
relation between s ta tes  of a r b i t r a r y  momenta  leads to a single formula  
combining the low- and h igh-energy resul ts  of the charge algebra.  Addi- 
tional commutat ion relat ions involving d ivergences  are  not needed; if pos -  
tulated, they may,  of course ,  be t reated in an analogous way. 
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