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Velocity distribution functions (VDFs) that exhibit a power-law dependence on the high-energy
tail have been the subject of intense research by the plasma physics community. Such functions,
known as kappa or superthermal distributions, have been found to provide a better fitting to the
VDFs measured by spacecraft in the solar wind. One of the problems that is being addressed on
this new light is the temperature anisotropy of solar wind protons and electrons. In the literature,
the general treatment for waves excited by (bi-)Maxwellian plasmas is well-established. However,
for kappa distributions, the wave characteristics have been studied mostly for the limiting cases of
purely parallel or perpendicular propagation, relative to the ambient magnetic field. Contributions
to the general case of obliquely propagating electromagnetic waves have been scarcely reported
so far. The absence of a general treatment prevents a complete analysis of the wave-particle
interaction in kappa plasmas, since some instabilities can operate simultaneously both in the
parallel and oblique directions. In a recent work, Gaelzer and Ziebell [J. Geophys. Res. 119, 9334
(2014)] obtained expressions for the dielectric tensor and dispersion relations for the
low-frequency, quasi-perpendicular dispersive Alfvén waves resulting from a kappa VDF. In
the present work, the formalism is generalized for the general case of electrostatic and/or
electromagnetic waves propagating in a kappa plasma in any frequency range and for arbitrary
angles. An isotropic distribution is considered, but the methods used here can be easily applied
to more general anisotropic distributions such as the bi-kappa or product-bi-kappa. © 2016

@ CrossMark
& click for update

Obliquely propagating electromagnetic waves in magnetized kappa plasmas
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I. INTRODUCTION

A significant effort has been made in recent years on the
study of the properties of plasmas composed by particles
described by the so-called superthermal or kappa velocity
distribution functions (kVDFs). These distributions distin-
guish themselves from the usual Maxwell-Bolzmann VDF
by the presence of a tail (the high-velocity portion of the
VDF) that decays with velocity according to a power law,
instead of the Gaussian profile characteristic of the
Maxwellian distribution.

Various space plasma environments, such as planetary
magnetospheres, the solar corona, or the solar wind, are com-
posed by particles whose observed VDFs are better fitted by
a kappa or by combinations of kappa distributions, instead of
any possible combination of Maxwellians.' The morpho-
logical distinction between a Maxwellian VDF and a kappa
VDF is not a mere mathematical or observational curiosity.
As a consequence of this difference, the physical processes
that occur inside these environments are strongly influenced
by the particular profile of the distribution and can signifi-
cantly differ from the behavior one would expect from a
quasi-thermal plasma.

Evidence of the importance of the particular morphol-
ogy of superthermal distributions has been appearing in the
literature during the last decade. Just to cite some examples,
kappa distributions were employed by Vifas ef al.’ to pro-
vide a better description of the plasma resonances observed
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in Earth’s magnetosphere. Recent studies concerning the
quasi-thermal emission of magnetized plasmas resulting
from the single-particle fluctuations have revealed distinctive
differences whether the VDF is (bi-) Maxwellian or (bi-)
kappa.®™'! Simultaneously, several other studies have been
conducted concerning the wave-particle resonance in
Maxwellian or kappa plasmas, both in the low- and in the
high-frequency regions of parallel-propagating waves.'* 2
The last couple of research subjects are relevant to the prob-
lem of the observed temperature anisotropy of both elec-
tronic and protonic populations of the solar wind. In
laboratory and tokamak plasmas, kappa distributions have
also been used to address discrepancies between experiments
and theory when Maxwellian VDFs are employed.”
Important problems, such as cyclotron heating and wave res-
onance with runaway (or superthermal) electrons, have been
considered by this approach.”*** Finally, it has been also
observed that in a dusty plasma, the excess of superthermal
plasma particles not only affects the wave-resonance charac-
teristics (dispersion relations and damping/growth rates) but
also alters the resulting electrical charge of the dust particles
as well. 207!

Some theories have been proposed to address the origin
of kVDFs from a fundamental set of postulates. The most
accepted explanation nowadays is based on the principle of
nonadditive entropy proposed by Tsallis.>* According to
Tsallis’s postulate, many-particle physical systems that
evolve subjected to long-scale correlations and nonlinear
effects can reach a quasi-stationary (or truly stationary) state
in which the probability distribution functions of the physical
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quantities (such as the VDF) are not given by a Boltzmann
distribution, but rather by probability functions that arise
from the maximization of the nonadditive g-entropy pro-
posed by Tsallis. A detailed account about the appearance of
the kVDF as a consequence of the g-entropic principle and
the resulting implications for space (or laboratory) plasma
physics was given by Livadiotis and McComas.*> Some of
the alternative or related theories proposed in recent years
are briefly mentioned in Ref. 34.

During the last generation, the yearly number of papers
published on the subject of kappa distributions has been
growing by a measurable exponential law.** In spite of the
evident interest of the plasma community (mostly by space
physicists) on kappa distributions, the overwhelming major-
ity of papers concerned with the propagation and absorption/
amplification of electrostatic/electromagnetic waves in
superthermal magnetized plasmas has been restricted to the
particular case of parallel propagation (relative to the ambi-
ent magnetic field).*”

The more general case of obliquely propagating waves
has been tackled by relatively few works so far. A basic for-
malism was proposed by Summers et al*® In their work,
however, the results were mostly obtained by numerical inte-
grations. A similar approach was later adopted by Basu®’
and Liu et al.*® Important as these works are, the evaluation
of the dielectric tensor components via numerical quadra-
tures hampers the derivation of analytical expressions for the
dispersion relations and damping/growth rates. Moreover,
the analytical results obtained by the above authors were
derived from power series expansions that do not account for
all the possible mathematical properties of the dielectric ten-
sor, as will be demonstrated below.

Recently, Gaelzer and Ziebell** proposed for the first
time a mathematical formulation for dispersive Alfvén
waves (DAWs), which are low-frequency, quasi-perpendicu-
lar waves propagating, in this case, in an isotropic kappa
plasma. The proposed formulation obtains analytical expres-
sions for the dielectric tensor components in terms of closed-
form special functions that describe both the wave-particle
resonance and the Larmor radius effects due to a superther-
mal VDF on the characteristics of the dispersive Alfvén
waves. The formalism that was introduced in Ref. 34 ren-
dered the problem of wave propagation more tractable, and
new expressions for the dispersion relations of DAWs were
in consequence obtained.

More recently, Astfalk et al.*® reported the numerical
implementation of the method proposed in Ref. 36 to study
wave propagation at arbitrary angles in anisotropic super-
thermal plasmas described by a bi-kappa VDF.

Even more recently, Sugiyama ef al.** implemented a
dispersion equation solver for electromagnetic ion-cyclotron
waves propagating at arbitrary angles in a kappa-Maxwellian
plasma. From the purely mathematical point of view, the
treatment of kappa-Maxwellian VDFs is simpler than iso-
tropic kappa distributions, since in the former the depend-
ence of the distribution function on the parallel component
of the particle velocity (given by a kVDF) factors from the
dependence on the perpendicular component, which is
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Maxwellian. Such simplification is not possible with an iso-
tropic kK VDF.

In this work, the initial formulation proposed by Gaelzer
and Ziebell** is generalized for any number of particle spe-
cies, wave frequency range, and propagation angle. A thor-
ough and comprehensive analysis is conducted on the
mathematical aspects and properties of the dielectric tensor
components for an isotropic kappa distribution function,
which are described by analytical, closed-form expressions.
The said components are given by special functions for a
kappa plasma that are either generalizations of already
known expressions or are completely new definitions. As a
demonstration on the feasibility of the proposed formalism,
the dispersion equation is solved for high-frequency waves
propagating in various angles and for several values of the k
parameter.

This paper is organized as follows. In Section II, the
velocity distribution function and the dispersion equation for
waves in a kappa plasma are considered. The dielectric ten-
sor components are written in terms of (thermal) Stix param-
eters. Section III contains the bulk of the formalism. In there,
the special functions that appear in the dielectric tensor for a
kappa plasma are discussed in detail. Section IV describes a
simple implementation of the formalism presented in Secs. II
and III. Finally, Section V contains the conclusions.
Additional and supporting materials are provided in
Appendixes A—C.

Il. THEORETICAL FORMULATION
A. The velocity distribution function

Calling f,(v) the VDF for the plasma species a, we will
adopt in this work the isotropic kappa VDF form already
introduced in Ref. 34

. 1 kPPT(e) 1+ 2\ 1
ra(V) = 7'53/2W2 I'(o,—3/2) KaW? 7

which is valid when ¢, > 3/2. In (1), v is the particle’s veloc-
ity, o, =1, + o, where x, is the kappa index for the a-th
species and o, is a free real parameter, w, = w,(x,) is another
parameter with the same physical dimension and meaning as
the particle’s thermal speed and which depends on the x pa-
rameter. Finally, I'(z) is the gamma function.

For all practical purposes, it is assumed in this work
the xVDF form first proposed by Summers and Thorne,*!
which can be obtained from (1) by setting «,=1 and
w? = (1 —3/2x,)v},, where v7, =2T,/m, is the thermal
speed of species a with mass m, and temperature 7, (in
energy dimension). For any application of the general for-
malism presented in this work, which assumes an isotropic
kappa distribution for a given species, the general form given
in Eq. (1) reduces to the particular form introduced by
Summers and Thorne (hereafter called the ST91 model) with
the choices just given. Nevertheless, the index o, will be
kept throughout this work because it can be useful in order
to extend the formalism for anisotropic kVDFs, such as the
bi-kappa*? or product-bi-kappa**** models. The specific
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value of the a-parameter may then depend on the dimension-
ality of the distribution and on the correlation between the
different degrees of freedom of the plasma particles.*’

The distribution (1) contains the expected limiting form
of the Maxwell-Boltzmann distribution, fy ,(v) = n=%/?v;}

exp (—v*/v?,), when k, — oo. This property is easily veri-
fied by using the exponential limit
2 —K
lim <1 +y> —e )
K—00 K

and Stirling’s formula.**®® This process of limit evaluation
will be dubbed here as the Maxwellian limit.

The ST91 form has the additional property that the
kinetic temperature of the a-th species, defined from the
second moment of the distribution by Tk, =%m,(v?)

= Im, [ d®vv*f.4(v), equals the thermodynamic measure of
temperature, i.e., Tx,=1T,. 3343 This is an important prop-
erty, since a smgle macroscopic parameter, namely, T,, can
be used to measure the velocity spread of plasma species, in-
dependent on the particular value of the x parameter
(1/2 < kK < 0). Moreover, the ST91 form is also the most
probable velocity distribution function for a kappa plasma,
as obtained from Tsallis’s entropic principle.”>** This is
another important property, since it establishes a theoretical
background with nonequilibrium statistical mechanics.
These are the main reasons why the ST91 form is by far the
most frequently employed to describe kappa plasmas.

B. The dispersion equation

Starting from the well-known expression for the dielec-
tric tensor of a homogeneous magnetized plasma®’

0 UJ_ (E )1 (E‘Za) ‘Cf(l
ik, @) =9, pa B J
il ) ,+Z [—ZOOJ o =10, — k)
4. [0l Lfa}, 3)
where {ij}={x, y, z} identifies the Cartesian (in the E?

space) components of 8,,, with {%,y,Z} being the basis vec-
tors OfE ’ '—'na - npa J (pa) l] (pa)y + (UH/UJ-) (pa)‘%’
where J,(z) is the Bessel function of the first kind,*¢
Pa = kiv1 /Qu, Ly = v10fa/Ov) — vgafa/&u, and Lf,
= wdf,/0v, + kLf,.  Also, w5, = 4nn.q>/m,  and
Q,=q.Bo/m,c are the plasma and cyclotron frequencies of
the a-th species, respectively, w and k =k, x + kH2 are the
wave frequency and wavenumber, By = Boz (Bo > 0) is the
ambient magnetic induction field, and the symbols ||(L)
denote the usual parallel (perpendicular) components of vec-
tors/tensors, respective to By,.

The wave equation in Fourier space can be written as
Ajj(k, w)Ej(k, ) =0, where the Einstein convention of
implicit sum over repeated indices is adopted, A;i(k,w) =
NiN; — N25,-j + ¢;(k, w) is the dispersion tensor, and where
N =kc/ow is the refractive index. Finally, the dispersion rela-
tions are the solutions of the dispersion equation

Ak, ») = det(A;) = 0. 4)
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There are several known approximations and different
expressions for the dispersion equation, depending on physi-
cal parameters and propagation characteristics such as wave
frequency range, propagation angle, and plasma species.
Since this work develops a general formulation for wave
propagation in kappa plasmas, valid for any such characteris-
tics, a general form for the dispersion equation will be
employed which, albeit possibly not the more adequate for a
particular situation, was nevertheless able to provide initial
explicit results from the formalism.

With this objective in mind, it was found more conven-
ient to change the reference frame from the Cartesian to a
rotated frame, in which the usual limiting expressions for
parallel or perpendicular propagation angles are readily iden-
tified. In the rotated frame, the dielectric tensor components
are given by*’

1 . 1
Ehp = E((“M +oeyy) — oy o = 5(9” Eyy)
1 1 .
s =5 (xx + &yy) Tty &y = % (&x: + ieyz) ®)
1 .
Bl = 8 8- = 5 (B ),

in terms of the Cartesian components.
Finally, the rotated components can be expressed in

terms of the thermal Stix parameters L, R, P, %, ji, and U

a s45

8++:i—NE(%_l) E__ :RA

|l :p — :N+N7(‘AL' - 1)
&q =N+N”(ﬂ -1) e ZN,NH(I) - 1),

Ni(E-1)

where the first three parameters are, respectively, the usual
Left, Right, and Plasma Stix parameters (with thermal correc-
tions), which still exist in the cold plasma limit, whereas the
last three are only present when there are thermal (kinetic)
effects.*’

Inserting now the kappa distribution function (1) into
Egs. (3) and (5), one obtains, after a fair amount of algebra,
the following compact expressions for the (kappa) Stix
parameters:

i- 602 00 n )
Sl =14 2, n(— + —) 2(2)
(Rw) Z w n_z_:oo Mo Ong) "™

(6a)

P;c =1- Z pa 50(1 Z éna (9‘/ 7,1‘71)7 (6b)
n——00
A

aWa o,
TP, Z W), (6¢)

n——00

0
I AL

n——0o0
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where g, = v3/2, Vg = kiwa/Qq, Ena = (© — nQy) [k Wa,

and where Z\*F)(y, &) and Y'*P) (u, ) are special functions

n,K
that will be defined a posteriori in Section III C. In the same
section, it will be shown that in the Maxwellian limit the
functions Z and ) reduce to

;}Lnolo Z,(ﬁ;}ﬁ) (1, &) = A (WZ(E)

lim Y& (u, &) = A (1)Z(8),

K—0Q

)

where Z({) is the usual plasma dispersion (or Fried and
Conte) function, given below by definition (10), and

Hu(z) = e 7L,(2) )

is called here the (Maxwellian) plasma gyroradius function,
with 7,(z) being the modified Bessel function.*® The expres-
sions for the Stix parameters given in (6) in the Maxwellian
limit reduce to the well-known expressions that can be
found, e.g., in Ref. 45.

It is worth mentioning here that with the definition of
the special functions Z(*/ and Y*P, the Stix parameters
for a kappa plasma can be expressed in a form as compact as
the correspondent Maxwellian expressions. It will be also
shown in Section III C that these functions can always be
evaluated from analytical, closed-form expressions that do
not depend on any residual numerical integration. Therefore,
with the formulation developed in this work, the evaluation
of (6a)—(6d) can be accomplished in a computational time-
frame comparable to the usual Maxwellian limit, with no
increased overhead due to lengthy numerical quadratures.
Additionally, the analytical closed-form expressions
obtained here simplify the determination of mathematical
properties of the special functions that arise from the kappa
distribution (1), which in turn allows the derivation of
adequate approximations to the dielectric tensor and disper-
sion relations, relevant to a particular wave propagation
regime.

Finally, using the Stix parameters given in Eqgs.
(6a)—(6d), the dispersion equation (4) can be cast in the fol-
lowing form:*

1
Hy(k,w)Ho (k, ») + 5Ni/vﬁl((k, w) =0, (9a)
where

Hy(k, ) = (ﬁ —Nﬁ) (1% —Nﬁ) —N? B (L+R) —Nzl]%,

K(k,0) = =N (i + )*t — (i - Nﬁ) - ( 3 Nﬁ)ﬂz.
(9d)

Equation (9a) is convenient because it reduces to simple
forms for limiting propagation angles. For parallel propaga-
tion (k; =0), it factors into the equations for the left- and
right-handed circularly polarized modes and the longitudinal
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(or plasma) mode. On the other hand, for perpendicular prop-
agation (k;=0), Eq. (9a) factors into the equations for the
extraordinary and ordinary modes.

For the sake of completeness, and should the necessity
arise, the corresponding expressions for the Cartesian com-
ponents of the dielectric tensor for a kappa plasma are given
in Appendix C.

In Sec. III, the definitions and mathematical properties
of the various special functions that appear in the treatment
of a kappa plasma are discussed.

lll. THE SPECIAL FUNCTIONS FOR A KAPPA PLASMA

The Stix parameters for a kappa plasma, shown in Egs.
(6a)—(6d), are given in terms of the two-variable special
functions Z\*#)(u, ¢) and Y*P) (1, &). Before the proper defi-
nitions for these functions can be made, it is necessary to
give prior definitions and discuss the properties of two
related one-variable functions, namely, the superthermal
plasma dispersion function and the superthermal plasma
gyroradius function. The most important properties will be
shown in this section, with additional properties given in
Appendix A.

A. The superthermal plasma dispersion function

This special function is the equivalent, for a kappa
plasma, to the well-known plasma dispersion (Fried and
Conte) function, defined by45 48

00 2
dg= L[ T
\/E —00 Y T é

where ¢, is the imaginary part of &.

The definition of the superthermal plasma dispersion
function (kPDF) follows from the generalized expression
adopted in this work for the distribution function, Eq. (1),
and is given by

(for&; >0),  (10)

- 1 r(—-1)
 nl/2kPH1/2T (6 — 3/2)

. 2, -G-D) .
XJ dS(1+S/K) 7 <C1>?> (11)

. s—¢& A>

Z:P ()

The function Z%" (&) was first defined by Gaelzer and
Ziebell.>* The parameter « is the same as it appears in (1),
whereas f is another real parameter. Moreover, A=0+ f§
(6 =x+ o). It is also noteworthy that the definition (11) is
valid for & >0, as is the definition of the Fried and Conte
function, but the integrand of Z,({“’ﬁ)(i) has additional branch
points at s = *i,/K, when 1 is noninteger.

Again, for an isotropic K VDF, one can simply adopt the
STI1 form, set =1 and erase all reference to the parameter
o. However, the new parameter f; should be kept, because its
value is related to the wave polarization. For instance, using
the ST91 form and setting =1, Eq. (11) reduces to the orig-
inal function Z (&) employed by Summers and Thorne*! and
Mace and Hellberg® for a kappa (Lorentzian) plasma. It is
interesting to mention that the function Z(&) appears in the
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dispersion equation for longitudinal (Langmuir, ion-sound)
waves propagating in a kappa plasma along the ambient
magnetic field.

As another example, setting =0 in (11), one obtains
exactly the function Z,,(£) defined in Ref. 50 and related to
parallel-propagating electromagnetic waves in a kappa-
Maxwellian plasma, or the function Z%(g) defined in Ref. 12,
also related to circularly polarized waves propagating in a
kappa plasma.

Hence, with the definition for the function Z,(C“‘ﬂ )(f)
given by Eq. (11), one can describe the propagation of differ-
ent waves in a magnetized kappa plasma with a single
expression, in which case the parameter f§ will be related to
the wave polarization and other characteristics, as will be
shown below.

Several mathematical properties of Z,(f’ﬁ)(i) will be
derived in this section and in Appendix A. Some of the results
shown here are generalizations of properties previously
obtained in various works found in the literature.*!#>49-54

Particular values: Direct integration of (11) provides
special values of zP (&) at special points.

Value at £ =0: At this point,

269 (0) — 1 r(—1)
: nl/2k1/248 T (g — 3/2)

X J dss (1 +s2/1c)7(iil>7

where the integration must be done following Landau prescrip-
tion. This means that it is possible to employ Plemelj formula
to evaluate the integral, which results equal to iz. Therefore,

26 (0) = iy/al(Z—1)
* kP2 (6 —3/2)]

L>1). (12

At the Maxwellian limit, one obtains Z\*” )(0) Xiyn
= Z(0) as expected.

Values at & = *i,/K: At these points, it can be shown
that for 1> 1,

Jw ds(1+s2/K)l_2:+£des<1+i>_/l
— 00 S:lﬁ _\/E 0 K '

Since the remaining integral is a special case of Euler’s Beta
integral,** then

kP24 —1/2)

ZEN (i) = =i (= 1T (c—3/2)

Representations for zP )(é): The kPDF has an already
well-known representation in terms of the Gauss hypergeo-

metric function ,F (a,cb ; z) , defined in Eq. (B4). This rep-

resentation was first derived in Ref. 49 via an elegant
application of the residue theorem. An alternative and equiv-
alent derivation was already used in Refs. 26 and 34 and will
be employed again here.

First, by means of the variable transformation ¢~ '=1
+ s%/k, the integral in (11) becomes

Phys. Plasmas 23, 022110 (2016)

. ¢ ré-1
Z:P(0) = 2P T (o — 3/2)

1 . 52 -1
X J 321 =) {1 - (1 —l——)t] dr.
0 K

Identifying with the integral representation (BS5), one
can write

kT (L —1)2)
(Z—1)I(c—3/2)°

1 2
E; 1+ ™

ZEP(e) =

1,/ —
A

X2 F

; (i > %) (13)

Although a valid representation of Z,(f“ﬁ ) (&), its principal
branch is restricted to the sector 0 < argé < m (i.e., to
£;>0). Hence, this is not the adequate representation when
£ <0, in other words, it does not obey the Landau prescrip-
tion. Nevertheless, if one employs the analytic continuation
formula (B6), a valid representation is obtained, which is
shown in Eq. (A1).

For plasma physics applications, one is interested in a
mathematical representation of Z,(f"ﬁ )(ﬁ) that satisfies the
Landau prescription, i.e., is continuous at the limit £, — 0.
Moreover, it is also required that the sought representation
lends itself to the numerical evaluation of Z,(f‘ﬁ )(é), as
carried out by computer programming languages such as
Fortran, C/C++, or python, and/or by computer alge-
bra software. Such representations are called in this work
computable representations of the kPDF. Expression (13)
does not satisfy this requisite, but it can be used within con-
venient transformations for the Gauss function, thereby ren-
dering other representations which are indeed computable.

One such representation is obtained by inserting (13)
into the quadratic transformation (B7d), resulting

wp) o K PTVAT(2—1/2)
Z0(e) =i (Z— Do —3/2)
1

1,21—-1) i
XzFll P ,§<1+m>‘| (14)

Setting o= ff =1, representation (14) of Z,(cl’l)(é‘) is exactly
the original result obtained in Ref. 49. On the other hand,
with o =1 and § =0, there results again the function Z,;,(&)
obtained in Ref. 50. Hence, result (14) generalizes these
well-known representations.

It is important to mention at this point that although the
form (14) is indeed continuous across the real line of &, the
branch cut has not disappeared. It has just moved to the line
—/Kk > & > —oo. Therefore, it would be necessary to eval-
uate the analytical continuation of (14), should the branch
line ever been crossed during the dynamical evolution of the
waves in the plasma. The same caveat applies to all comput-
able representations of Z,(f’ﬂ ) (&) found in this work.

Expression (14) is well-suited for computational pur-
poses, however, other forms are more convenient to derive
further analytical expression for Z,(C“’ﬁ >(€). A representation
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that directly renders a series expansion for the xkPDF is
obtained by inserting now (13) into (B7b), resulting in

G —1/2¢ (Li-1/2 &
TkT(e-3/2)" '\ 32 7k

i /2T(J — 1) ( 52)‘”‘”

1+
kP12 (6 —3/2) T

ZeD (&) =

15)

also valid for A > 1/2 and where identity (B9) was also used.
This form immediately renders the power series expansion,
given in (A2).

The representation (15) is also important because its
Maxwellian limit reduces to a known representation of the
Fried and Conte function. This fact can be verified by apply-
ing the limit k¥ — oo to (15), employing both the exponential
limit (2) and the Stirling formula, obtaining thus

- 1 . _&
Z(Ka,ﬁ)(é)K_OS_zilFl (3/2;_§2> +in'/2e=¢ .

The function F, 2), according to (B2), is a

1

( 3 /2 ) _f
particular case of the Kummer confluent hypergeometric
function, and this result is another known representation for
the Fried and Conte function.>

The last representation for zF )(g“) to be shown in this
section is obtained from (15) with the use of (B7c), resulting
in

wp)(m __ L(2=3/2)¢7" L2«
ZP) = e —3) <5/2—/1’_g2>

22T (0 — 1) <1 . ¢2> =
kb2 (6 — 3/2) K '

+ [i — tan(Ar)]
(16)

which is now valid for /4 > 3/2 and A # m + 3/2, where m=1,
2, .... This form is well-suited to obtain an asymptotic
approximation for zh) (¢), shown in Appendix A.
However, now there are two additional restrictions. First,
when 4 is semi-integer, each term has a singularity.
Fortunately, they cancel out and in Appendix A it is also
shown the expression for (16) when 4 =m+ 3/2. The other
restriction appears due to the fact that now the branch line is
stretched along the whole imaginary axis —oo < &; < 00.

Recurrence relations: Some important recurrence rela-
tions for Z" >(f) can be obtained. Performing integrations
by parts in (11), one obtains

52) @By _ A=l ap s I'(2-1/2)
(1—1—; Z (é)_<773/22’C (g>_Kﬁ+1F(O'71/2)£,
(17a)

é) i) A=l o T(—1/2)
<1+ ZTE) = ——=2P(¢) e ey Ik
(17b)

Derivatives: Deriving (11) with respect to ¢ and then
integrating by parts, one obtains the first derivative

Phys. Plasmas 23, 022110 (2016)

(o, B)1 - _
28O = 2 e — 3y T

K (18&)
The Maxwellian limit of (18a) is the well-known formula®®
Z'(¢) = —2[1 4 ¢Z(¢)]-

Applying now the operator d"/d¢" on (11) and integrat-
ing by parts, one arrives at a first recurrence relation for the
derivatives

2B () —

K

) [ézl(coz,ﬁJrl)(n) (é)+nzl<<a’ﬁ+l)(n71) (é)

da" 2
el me.

-2 (18b)
The Maxwellian limit of (18b) is also a known result.>®

Expressions (18a) and (18b) are useful, but they relate
Z, functions with different values of f5. In order to obtain the
same-f; expressions for the derivatives, one must first return
to (18a) and insert (17b) to obtain

EN Ly r(2-1/2) -1,
<1+;)Z£ B) (5)_2[K/f+1r(g—3/2)+ - A ﬁ)(f)].

(18¢)

Deriving now both sides n > 1 times with respect to ¢, using
Leibniz formula for the derivative,”’ and reorganizing, there
results

SOV YIPNN VIS W ()

(18d)
<1 + 52)25{“4”(”“)(5) —_9 [H”_l EzPm ()
K K
J n—3
- (o,B)(n—1)
+n (K +—— )ZK (é)] ;
(n=2). (18¢)

A general representation for the n-th derivative of
zP >(é) is also obtainable. Applying the operator d"/d&" on
the form (14) and using the formula (BS), the following
expression if found:

ZEPU(E) T(+n/2=1)T(h+n/2—1/2)
kPN (6 — 3/2)T (1 + n)

n+1,2(A—1)+n;1<1+£> .
A+n 2 Kk1/2

l'nJrln!
X2k

(19)

Another representation is given in (A3).

B. The superthermal plasma gyroradius function

In the same gist that the plasma dispersion function
quantifies the (linear) wave-particle interactions in a finite-
temperature plasma, leading to substantial effects on wave
dispersion and absorption, the plasma gyroradius function
(PGF), so called in this work, affects wave propagation at
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arbitrary angles when the particle’s cyclotron (or Larmor) ra-
dius is finite.

In a thermal, Maxwellian plasma, the gyroradius func-
tion has a well-known and simple form, given in Eq. (8). In a
kappa plasma, on the other hand, despite the large number of
papers already present in the literature, the corresponding
kPGF was not categorized and systematically studied until
Ref. 34 proposed a first definition and derived some basic
properties. In this section, a more systematic study of the
kPGF is made, thereby complementing the initial formula-
tion given in Ref. 34.

Definition and basic properties: The kappa (or super-
thermal) PGF is defined by the integral

00 2
H(d,ﬁ) (Z) =2 J dx x‘]n (yX) (y2 = 22) 5 (20)

nK 0 (1 —i—xz/K)iil ’

where the parameters o, f§, and A are the same as for the
xPDF, whereas n=... , =2, —1, 0, 1, 2,... is the har-
monic (of the gyrofrequency) number. For plasma
physics applications, the function H,(ﬁ‘,‘\,ﬁ) (z) describes the
effects of finite particle gyroradius, and thus the argu-
ment will be z=p,, where u, = k% p2, with p, being the
said Larmor radius.

The definition (20) is slightly different from the defini-
tion given in Ref. 34, but the significance and importance are
the same.

At the Maxwellian limit, if one employs identity (2), the
remaining integral can be found in any table of mathematical
formulae, and one readily obtains (8). Here, this limit will be
demonstrated by the general representation of the function
Hi":;f )(z), which will be given below.

The first property to be derived is the value at the origin
(z=0). At that point, direct integration shows that*®

K
H’(Idkﬁ)(o) = 1_2 5}1,07

(2> 2), 21

where the definition of the beta function** was also
employed, and where 9, is the Kronecker delta.

Since J_,(z) = (—)"J,(z) for integer n, another straight-
forward property is H(j‘nﬁg(z) = H%P(z), which is shared by
the function ', (z) as well.

Representations for Hﬁlf‘;f) (z): When encumbered with
the task of finding a computable representation for H%f ) (2),
one could argue, quite naturally, that since the function
depends on the particle gyroradius, and since in many practi-
cal applications this quantity can be considered small, a
“first-order” approximation for Hfff;\,ﬁ) (z) could be obtained
by first expanding J2(z) in a power series, and then evaluat-
ing the resulting integrals for the first few terms. This is an
usual procedure to obtain a small-Larmor-radius approxima-
tion for the function J#,(z).

Applying this method blindly to the xPGF, however,
one would invariably obtain a result that either imposes an
artificially high constraint on the value of the x parameter, or
is plainly incorrect, from both the mathematical and physical
points of view. The reason for this unfortunate outcome is
simple. Considering an arbitrary value for the harmonic
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number 7, the lowest-order approximation for the Bessel

function is*
1 2 2|n|
J,z(z) ~ 5 () .
’ (In[)~\2

Inserting this approximation into (20), one would obtain,
to the lowest order,

_Kk[(Z—|n[=2)

(=)
(@) = 2P |n|'r (4 - 1)

n,K (KZ)‘Hl’
which only exists for 4 > |n| 4 2. Higher-order terms can be
included from the series for J2(z), with the outcome that the
term of order k£ > 0 will be proportional to I'(4 — |n| — k —2),
thereby imposing the even stricter constraint A > |n| +k + 2.

Consequently, it would appear as if for a plasma where
Larmor radius effects are important up to order K >0 and
thermal effects demand the inclusion of up to N > 0 harmon-
ics, the particles in such a plasma could only have a VDF
with A >N + K + 2, where the lowest possible value is 1> 2,
the constraint already imposed in Eq. (21). Moreover, the
minimum value for the parameter x, resulting from this con-
straint, would be linked with the harmonic number 7n. This is
an undesirable and altogether unobserved restriction to the
allowable values for the k index, which has been measured
to be as low as k ~ 2, both in the solar wind and in the
magnetosphere.'="

On the other hand, recalling that the asymptotic behav-
ior of the Bessel function for large argument is*®

2 1 1 2
2 2
~ <
J,(2) - cos (z > |n|m n) ,

nZ

the ensuing asymptotic behavior of the integration in (20) is

(. —3/2) [

MO~ oo Ve

n,K
showing the constraint A > 3/2, independent on the harmonic
number and near the observed values of k. Hence, the exact
value of the integral in (20) must always exist for any har-
monic number 7, and the correct constraint imposed over K
must be independent of n and close to the small values
observed in the interplanetary environment.

Additionally, the assumption that the kappa gyroradius
function can be somehow expressed as a simple power se-
ries, as is the case with the function 5 ,(z), is simply incor-
rect. As it will be shown below, for certain values of the A
(or k) parameter, the function Hﬁ,f;f) (z) displays a logarith-
mic behavior, not present in the Maxwellian PGF. It will
also be shown that even when HS‘,’(B) (z) is represented by a
power series, the lowest-order terms contain a contribution
proportional to a noninteger power. These terms are com-
pletely overlooked by the simplified approach described
above. As a consequence, even if one could argue that the
parameter is small enough to justify a power-series approxi-
mation from the outset, the result would be incorrect due to
the lacking terms.

Therefore, it is the contention in this work, as it was in
Ref. 34, that approximate expressions for the kappa
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gyroradius function can only be sought after an exact,
closed-form representation is found. It is that representation
that will provide the mathematically (and physically) correct
approximation for the function.

Starting again from definition (20), the gyroradius func-
tion H,g",f} )(z) will now be represented in terms of the Meijer
G-function discussed in Appendix B 2. First, inserting repre-
sentation (B15c) into (20), one can write

1/2 }
j—1 poo
H(“B) (Z) _ K/L J dw n,—n,0

" 0 (k+ w)’ﬂ”_l

G}% [2zw

)

after a simple transformation of variable. Identifying this inte-
gral in formula (B12) and using identity (B11b), there results

2k 5, 1/2
- G912 . 22
r(—1) 13[ " Az.,n,J @2)

Formula (22) is the exact, closed-form representation of
the kappa plasma gyroradius function. According to the defi-
nition of the G-function, the only restriction imposed in (22)
is A#3/2, 1/2,—1/2,.... Hence, the overall constraint
imposed over /. is still determined in (21), namely, 4 > 2. For
the ST91 form, this implies that x >0 or 1, depending solely
on the parameter f§ and quite within the measured values for
K in the solar wind VDFs.

Using formula (22) and the definition (B10), one obtains
another proof of the Maxwellian limit. Accordingly,

7 11 I'(n—s5)I'(1/2+5)
;}Lm H? ,cﬁ (2) = \/_ZHZJ T +n+s)

Kr(i_2—5> s
—1"(/1 ) (2xz)

11 (T(n=s)I(1/2+5) s
_ﬁﬁL T(1+n+s) (22)°ds

1 1/2
= \/—%Gi; {22 n‘n] .

Identifying with (B15d) and (8), one concludes that
indeed H"P) (z) == #,(z).

Looklng now for computable representations, the func-
tion ’Hn “F)(z) is divided in two cases, depending on the na-
ture of parameter /: integer or noninteger. The second case
is handled first. If A—2 —n is noninteger, then formula
(B14) is valid and one obtains

X lim

K—00

V2 | T(n+2— T4 —3/2)

I'(Z—1+n)
_ A—3/2
x (2x2)" 2 Fy / 12Kz
A—1—nl—1+n

TG —n—2T(n+1/2) .
T(2n+1) (2%2)

+1/2

X 1Fs nt1/ 2nz | |, (23)
n+3—212n+1

where the 1F2< a

b o z) function is defined in (B3).

T /K

MO =t

n,K
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Two important observations about (23) can be made.
First, one can clearly observe that if A is integer, either term
will always contain a singularity. Fortunately, they cancel
out and the result can be written in terms of known functions.
This case will be treated below. The other observation is that
when / is not integer, if one writes (23) explicitly as a power
series, as shown in Eq. (A4), each term in the expansion will
be proportional to a noninteger power of z.

The second case occurs when 4 is integer, i.e., A=2+k
(k=1,2,...). In order to show that now the xPGF is also rep-
resented by known functions, the limit A =2 will be tempo-
rarily considered in (22), in which case formula (B15e)

—G

shows that
‘ 1/2
VT 0,n,—n

= 2kK,(V2Kz)1,(V2kz2),

where K,(z) is the second modified Bessel function.*® This
result shows clearly that in this case the function has a loga-
rithmic singularity since, for z ~ 0,

H<°"ﬁ> (Z) (/1 2) K %

1
n,K 3

Now, in order to obtain the expression for physical val-

ues of . =3, 4,..., one must take into account the formula
(B13), the Leibniz differentiation formula,>’ and the
identities™®

g [ PlavD)] = (5) 2P

oz"
o" [*"/ZK,,(a\/_)] (_%) z<iV*")/2K,,in(a\/E)'

8"

After some simple algebra, one obtains

2K KZ /1/271 i=2 ;L — 2
o) - _ - | = S
Hn,K (Z) 1—‘(2_1)(2> ;( ) ( s )
X K, (1) (V2K2) 1 (V202), (24)

which is valid for A=2+k (k=1,2,...).

With identities (23) and (24), all possible values for the
parameters and the argument are covered and adequate
approximations for Hn K (z) can be obtained. As an exam-
ple, in Ref. 34 dlspersmn relations for dispersive Alfvén
waves propagating in a kappa plasma were derived from
suitable approximations to the xPGF. From the computa-
tional point of view, representations (23) and (24) also come
in handy. The Meijer G-function is supported by some com-
puter algebra software and also by the mpmath library.”®
However, for computationally intensive applications, codes
written in Fortran or C/C++ are better suited.

In order to evaluate the function Hfﬁ‘;c/j) (z), a special
code written in Modern Fortran® was developed. A
complete description of the code structure will not be given
here. Suffice it to say, that for the case / integer, given in
(24), library routines that evaluate the modified Bessel
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functions were employed, whereas for noninteger A, although
the series (23) formally converges for any 0 < z < 0o, round-
ing errors corrupt the accuracy of the result for 2xz = 10 and
other strategies are needed. The code that was written evalu-
ates Hﬁ,‘f,’cm (z) in roughly the same time-frame taken by any
library routine that evaluates a transcendental function, with
an accuracy of the order of the machine precision.

Figure 1 shows some plots of the function M\’ (z),
evaluated with the code that was developed. The Maxwellian
form ,(z) is clearly reached for x >> 1 and the departure
from the Maxwellian increases as k diminishes, as expected.
The plots also show that the greatest relative departure
occurs for small z (z = 1), implying that the effect of the
k' VDF is more pronounced on small-gyroradius particles.

A situation where rounding errors could be important in
the developed code might occur when 4 is in the vicinity of
an integer, when the code still evaluates formula (23), but
near the poles of the gamma functions. However, for the
test cases considered, the code demonstrated a robust per-
formance, as illustrated in Fig. 2, which shows plots of
HE,?,’CO) (1/2) varying x, for some values of n. The graph shows
that the code provides smooth results for all 5/2 < x < 50.

Derivative and recurrence relations: As the last mathe-
matical properties for the xPGF, their recurrence relations
will be deducted now.

Starting from the representation (22), if one writes down
the explicit Mellin-Barnes integral from (B10) and evaluates
the derivative of the argument, one obtains

d 5, 1/2
4 galy
dy 1,3 ly A—2,n,—n
T T(A=2—95)(n—sT(1/2
= )’_J ( (= 9L (1/2+3) sy’ds.
2ni ), I'n+1+s)
5 T T T T 1
~ —  J(2) (Maxwell)
{ AN — H(2): x =50.0
[ — ~i50
a4 N — = 05.0 108
N —_ =02.5

,0]
HED(2)
ST
0°0):

@),

FIG. 1. Plots of function H,(f’),‘\.o)(z) for n=0 (full lines) and n=1 (dashed
lines) and several values of the k parameter. The limiting form #,(z) for k
— 00 is also included.
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FIG. 2. Plots of H{%?)(1/2) as a function of « for =0, 1, 2. The limit value
H,(1/2) is also shown.

Since T(n—s)=(n—s) 'T(n+1—s), adding and
subtracting n in the integrand above and then changing the
integration variable as s — s+ 1, there results

d o 1/2
dy 1317 A—2,n,—n
1/2
121
= G’
SRl A—2,n,—n
_LJ [(4A—3—9)T(n—s)(3/2+5) ‘s
2mi I(n+2+s) s

Finally, writing 1 = (n + 1 +s) — (n — s), reorganizing
the terms, and identifying the result back to (22), one obtains

K o f— p—1
5 M - e,
(25a)

n,K

H(fx,ﬁ)'(z) = EHE“;}[;) (z) —
2t

which has the constraint 4 > 3 imposed.

Going back now to the first expression for the deriva-
tive, employing the same identity for the gamma function,
but now cancelling the denominator, one obtains in a similar
way

M) = —THED ) o

o f— o, f—1
: M) - )

n—1,x
(25b)

which has the same condition A > 3.
Finally, by adding and subtracting (25a) and (25b), one
obtains the additional relations

M) = — 5 M)
1 - e
+§/1 -2 H’(ﬁ/{s’fl)(z) + Hﬁtiq,xl)(z) ’ (25¢)
and
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Ry — % (-1) (2,8-1)
2;HV!,K (Z) T -2 anl,rc (Z) - HnJrl,x (Z) . (25d)

In the Maxwellian limit, the recurrence relations (25a)—(25d)
will reduce to the corresponding expressions for #,(z) and
A" (z) that can be obtained from the recurrence relations of
the modified Bessel function.*®

Further properties of the function Hﬁl‘i‘,’cm (z) are given in
Appendix A.

C. The two-variable kappa plasma functions

After discussing at length about the functions z# )(f)
and H ’ﬁ (z), one is finally ready to return to the two-
variable functlons 2B (y, &) and Y*4F o )(u, ) that appear in
the Stix parameters (6a) (6d) for a kappa plasma.

In order to define these functions, one has to first go
back to Eq. (3), introduce the kVDF (1) into the integrals,
evaluate the derivatives, identify the rotated components via
Eq. (5), and then finally identify the Stix parameters in (6).
By an adequate change of integration variables and some
algebra, one can verify that the functions in question can be
defined as

00 2
Z(o(‘ﬁ) , ZZJ d x‘]n(yx) Z(a,ﬁ) é ’
n,K (lu f) 0 X (1 +x2/K))'_l K \/m
(26a)
2 (> X, (VX)) pp1 (V)
@h ey =2 d 1 +
YD (1, &) Mjo I
(26b)

« 7(h) ¢
* VI1+2/k)

where 12 = 2.

Applying the limit kK — oo, one obtains the expressions

(o.¢]

Zﬁl‘f';f)(u, &) — ZZSC“’B)({)J dxxefxzfg(z/x)
’ 0
2 o y
VD18 = 2200 [ et e s )
’ 0

that can be found in any table of integrals. The final result
will be Egs. (7).

As it was already mentioned, functions similar to
Zglf‘,’cm(u, &) and y,ff (4, &), also defined in terms of a
remaining integral, were already considered in Ref. 36 and
have recently been numerically implemented in Ref. 39.
However, the advantages of having exact, analytically
closed-form expressions for these functions are plenty. First
of all, they simplify the derivation of adequate approxima-
tions for dispersion relations, damping or growth-rate coeffi-
cients, among other quantities related to wave propagation.
Moreover, analytical and computable representations are usu-
ally advantageous for numerical applications, both in terms
of computing time and accuracy. As an example, the avail-
ability of analytical expressions for the kappa gyroradius
function allowed the authors of Ref. 34 to obtain physically
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correct expressions for the dispersion relations of dispersive
Alfvén waves.

As it will be shown presently, the two-variable functions
defined above have contributions from both one-variable
functions Z\* ’ﬁ)(é) and HE:‘};/}) (z). It was shown here that the
former can always be written in terms of the Gauss function;
hence, it is hypergeometric (i.e., given by a power series) in
nature. However, the second one is not in general of the
same nature. Therefore, the functions Z*P(u, &) and
y(“ m(,u, &) are not representable in general by any two-
variable hypergeometric function such as the Appell or Horn
series.®!

The analytical, closed- form representations sought for
functions Z,(1 ) (1, €) and V¢ %) (i, ) can be derived in the
following manner. Con31dermg first the function Z< ,/3) in
(26a), if the quantity ¢ is a point inside the domain of the
principal branch of Z( >(C) then, as the integration is car-
ried out, the argument {(x) = £/4/1 + x2 /i follows a curve
in the complex plane attachlng the point {(0) = & with the or-
igin. Since it is always possible to find a region R where the
function Z{"" >(C) is analytic and that contains the whole inte-
gration path, Taylor’s theorem assures that it is possible to
expand the function in a power series around any interior
point of R. Therefore, for any 0<x<oo, the function
zF >(C (x)) can be expanded in a power series around { = ¢,

SN k) (=)
iﬁ)(wl—&-xz/ic) Z_;ZZ_;(_y(Z) k!

—)2

xz,gﬁvﬂ)(’()(g)(w ) . Q7

Inserting (27) into (26a), one can immediately identify the
Hﬁ;‘;ﬁ function from the definition (20) and obtain

ok k ok
25 (0 :;/ZO(_)«@ ot

<z D (. 80

K

Following the same procedure for yn “P) (1, ) in (26b), one
obtains

ook é‘K (*é)k
z;;( PR
(

PO EHEE P ),

(28b)

where the identity (AS) was also employed.

Although expressions (28a) and (28b) look formidable,
they allow a significant speed-up for numerical evaluations
of functions Z(“ P, &) and y;‘f (u, ). A short test was
performed, comparing the evaluation of ZSI p )(,u, &) both via
numerical quadrature applied to formula (26a) and by trun-
cating the k-series in (28a) to a value k. > O.

Call Zg, (1) the result obtained by truncating the series
(28a) up t0 k = kpax and Zip(u) the result of (26a), evaluated
via an adaptive quadrature routine, with requested relative
accuracy of e =10 ">, This will be considered the “correct”
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value, against which the truncated series result can be com-
pared. Figure 3 shows plots of the relative difference
A = |1 = Z4m/Zin, both for the real and imaginary parts of
the functions. The results were obtained by keeping fixed
n=0,0==0,xk=2.5and { =1+, and varying p.

Figure 4 shows the same results, but now for the har-
monic number n = 1. The results show that indeed the relative
difference decreases with k.. Interestingly, the approxima-
tion with k.., =0 was indeed better than with k,,,=1 in
both figures, but from ky,x=2 the quantity A steadily
decreases, for both the real and imaginary parts, by roughly
one order of magnitude for each successive value of k.

In both figures, for k., =4 one gets roughly A, ~ 107>
and A; ~ 10~*. If one were to plot both Ziy (1) and Zum (1)
for k,.x =4 in the same slide, the graph of the latter would
be almost indistinguishable from the former; however, call-
ing Tgm and T, the average computing time per point for
Zam and Ziy, respectively, for n =1 and k,,x =4 in Fig. 4,
the ratio of time per point resulted Tgym /Tine = 1072 In
(28a), the total number of Z&P®) (&) evaluations is kmax + 1
whereas the total number of Hfﬁ,}p /2 (1) evaluations  is
%(kmax + 1) (kmax +2) (15, for kyax =4). Nevertheless, the
evaluation of Zg,,(u) was in average almost 100 times faster
than the evaluation Zi,(u). The speed-up can be further
increased if one employs the recurrence relations for
Z,i“‘ﬁxk)(f) and Hflf,'(mé/z)(u), derived in Secs. III A and I1I B,
which were not used in the tests. However, in this case, a
stability analysis of the recurrence relations must be first
carried out.

Therefore, although Eqgs. (26a) and (26b) are simpler to
implement, for computer-intensive applications, one should
employ the closed-forms shown in (28a) and (28b). As was
also argued, these last representations also allow for the cor-
rect derivation of approximations, valid for some particular
range of particle species, frequencies, propagation angles,
and wave polarization.
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FIG. 3. Plots of the real (solid lines) and imaginary (dashed) parts of the rel-
ative difference A between functions Zg,, and Zj, for n=0, a= =0,
Kk =2.5, £ =1+1 and different values of k..
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FIG. 4. Same as Fig. 3, but forn=1.

IV. NUMERICAL APPLICATIONS

As a simple application of the formalism developed in
Secs. II and III, the dispersion equation (9) was solved for
some particular cases.

Since the intention was to solely provide a simple
demonstration of the formalism, it was assumed an electron-
proton plasma, both formally described by the same distribu-
tion function (1), and both in the ST91 form. However, the
dispersion equation was solved only for high-frequency
waves propagating at arbitrary angles with B,. Hence, the
protons only serve to provide a stationary background by
taking m, — oo (m,: proton mass). The Stix parameters in
Egs. (6) were evaluated with @ =e only and by truncating
the harmonic number series to —7,x < 71 < fyayx. In all solu-
tions presented below, 7., = 1.

The kappa plasma functions 2%/ (1, &) and Y (1, &)
and their derivatives in Eqs. (6a)—(6d) were evaluated in
(28a) and (28b) on the lowest possible order, i.e., k. =0.
In this case, the exact expressions (28a) and (28b) are
replaced by the approximations

~ (1B
2P, ) = HP () Z00) (&)

& (LB) K _

Vo (1:8) = = HIV 0z (),

in which case their formal structure is the same as the
Maxwellian limits (7). One must point out here that although

22}’!{)(#, &) and jif:;(ﬁ)(,u, &) are approximations when the
distribution function is the isotropic kVDF given in (1), or
when one employs a bi-kappa model, if one employs instead
another anisotropic distribution model, such as the product-
bi-kappa or kappa-Maxwellian VDFs, which describe statis-
tical distributions of particles with uncorrelated velocity
directions, the same structure will correspond to the exact
expressions for the functions Z*F(u, ¢) and yﬁf;f)(u, &),

since the expansion (27) will not be needed in these cases.



022110-12 R. Gaelzer and L. F. Ziebell

Figure 5 shows the numerical solutions of the dispersion
equation (9), i.e., the dispersion relations, for high-frequency
waves propagating at three oblique propagation angles, rela-
tive to Bg: 0=10°, 45°, and 80°. For each angle, the disper-
sion equation is solved for different values of the x
parameter, including the Maxwellian limit. The other physi-
cal parameters adopted in Fig. 5 are: w?,/Q? = 0.5, corre-
sponding to a low-density plasma, and v%,/c* = 107, Both
these quantities determine the electron beta parameter

2 .2
_wpe Te __ neTe

ﬁe*

Q2 ¢ Bj/8n

=5x%x1077,

which measures the ratio of the thermal to magnetic field
energy densities. Hence, the dispersion relations in Fig. 5 are
typical to a low-beta plasma.

Since for oblique propagation the polarizations of the
eigenmodes are elliptic, in this work, we adopted a simplistic

I—_— Maxwell 65100 | pp

k=20.0 ©,/Q2=0.5
=10.0 vi/*=10*
=05.0 B.=5x10"

(=)
=]
(9]
—
—_
(9]
[\
NS
()]
W

FIG. 5. Plots of high-frequency dispersion relations in a low-beta, kappa
plasma, as the numerical solutions of the dispersion equation (9), for propa-
gation angles 0 = 10°, 45°, and 80°. For each angle, the dispersion equation
is solved for several values of the k parameter, including the limit k — oo
(Maxwell). The modes with elliptic polarization are named: RX (right-fast
extraordinary), PO (plasma-ordinary), LZ (left-slow extraordinary), and W
(whistler).
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nomenclature that combines the names for both exactly par-
allel or perpendicular directions. In the slide for 6 =10°, for
instance, the blue curves are labelled “RX” because in the
parallel direction case (0 =0°), these would be the modes
with right-hand circular polarization (R). On the other hand,
at the perpendicular direction (60 =90°), they would corre-
spond to the fast extraordinary mode (X). Hence, this elliptic
mode is termed the RX, or “right-fast extraordinary” mode.
The “PO” mode is the “plasma-ordinary” mode, since for
0=0° this mode would be the longitudinal (plasma, P)
mode, whereas for 6=90° it would be the ordinary (O)
mode. The mode “LZ” or “left-slow extraordinary” would be
the left-hand circularly polarized mode (L) for parallel or the
slow extraordinary (Z) for perpendicular directions. Finally,
the “W” or “whistler” mode is the lower-frequency branch of
the R mode for 6 =0°, which disappears as 6 — 90°, since
only the electron inertia is included in the dispersion
equation.

In each panel of Fig. 5, the cut-off frequencies wgy and
wy corresponding to the R and L modes cut-offs for a
Maxwellian plasma,* which are independent of the propaga-
tion angle 0, are also identified.

Since in a low-beta plasma the thermal effects are less
important, the effect of the long tail of the kVDF is not very
pronounced. Notwithstanding, the dispersion relations
noticeably depart from the Maxwellian case as x decreases,
with the x =20 case practically identical to the Maxwellian
limit. One also notices that the departure is roughly constant
in wavenumber for almost all modes, although the W mode
is the least affected by the shape of the VDF.

A quite different scenario appears for a high-density,
high-temperature and high-beta plasma. Figures 6-8 show
the solutions of (9) for w?2,/Q =50, v7,/c* = 107* and,

ke/wye

FIG. 6. Plots of high-frequency dispersion relations in a high-beta, kappa
plasma, as the numerical solutions of the dispersion equation (9), for propa-
gation angle 0 = 10°. The dispersion equation is solved for several values of
the x parameter, including the limit x — oo (Maxwell). The modes with
elliptic polarization are named: RX (right-fast extraordinary), PO (plasma-
ordinary), and LZ (left-slow extraordinary).
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FIG. 7. Same as Fig. 6, but with propagation angle 0 =45°.

consequently, f,=0.5. In this case, the effect of the super-
thermal particles on wave dispersion is considerably more
important than it is in a low-beta plasma. Now the W mode
is not shown because it occupies a region well below the dis-
played range of frequencies. In all propagation angles, for a
sufficiently small x the dispersion relation for a given mode
and at the same wavenumber can assume a range of frequen-
cies previously taken by another mode for a larger x.
Therefore, it is expected that the effect of the superthermal
tails on the VDFs will be significant for moderate to high-
beta plasmas in all propagation angles.

Further studies of oblique waves propagating in super-
thermal plasmas will be conducted in future papers, includ-
ing the effects of anisotropies in temperature.

FIG. 8. Same as Figs. 6 and 7, but with propagation angle 0 = 80°.
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V. CONCLUSIONS

In this work, a general treatment for the problem of
wave propagation in a magnetized superthermal plasma was
proposed. The formulation is valid for any number of parti-
cle species, wave frequency, and propagation angle.

The dielectric tensor components are written in terms of
thermal Stix parameters, which in turn are written in terms
of special functions that appear when the velocity distribu-
tion functions are isotropic kappa distributions. The mathe-
matical properties of the special functions are discussed in
detail and several useful identities and formulae are derived.

As a demonstration of the usefulness of the formulation
proposed here, the dispersion relations for high-frequency
waves propagating at several angles relative to the ambient
magnetic field are obtained as the numerical solutions of the
dispersion equation for a kappa plasma.

It is expected that this formulation will be very useful
for the study of wave propagation and amplification/damping
in superthermal plasmas such as the solar wind or planetary
magnetospheres.

ACKNOWLEDGMENTS

The authors acknowledge the support provided by
Conselho Nacional de Desenvolvimento Cientifico e
Tecnoldgico (CNPq), Grant Nos. 304461/2012-1, 478728/
2012-3, and 304363/2014-6.

APPENDIX A: ADDITIONAL PROPERTIES OF THE
KAPPA PLASMA FUNCTIONS

1. Properties of Z\*¥ (¢)

Other representations: Employing formula (B6) and the
function (B9), result (13) can be analytically continued
across the line &; =0, resulting in the representation

—(2-1)

(o, ) _ lap) . 2i\/EF(/l—1) ( 52>

Z (5)7ZK,NC(£)+/Kﬁ+l/2r(g—3/2) b ’
(A1)

where Z,(f,\fg(f) is the non-continued representation (13), and
B 0, O<argé<n
' 1, n<argé<2n (or— 7 < argé<0).

Notice that with (A1), the branch cut moved to the line
—\/Kk > & > —o0, as is the case of all other computable rep-
resentations of Z\*” (&).

It is easy to show that Z,(f"/;) (&) always reduces to a poly-
nomial when /. is integer. First, starting from (15) and insert-
ing into (B7a), there results

. ivar(i—1) 20 (4 — 1/2)¢
Z2P(e) = [Kﬁﬂﬂr(a —3/2)  «FT(c —3/2)

—(2-1)
2_111/2 52 ( Ez>

F P —— 14+ = .
2 l( 3/2 7 K> T
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According to (B7g), if A=2+4+m (m=0, 1, 2, ...), the
Gauss function reduces to a polynomial of degree A — 2. This
result is also interesting because its Maxwellian limit is
another well-known representation of the Fried and Conte
function,*® Z(¢) = iﬁe’izerfc(fié), where erfc(z) is the
complementary error function.

Series  representations:
obtained for the kPDF.

Power series: Inserting definition (B4) into the form
(15), one readily obtains

bt TG4+ k—1/2) (&)
0—3/2 Z [(k+3/2) (_7>

=0

" n/2r(7—1) (1 N §2> ey
; s
kB2 (6 — 3/2) K ’

Several expansions were

(A2)

which converges within the radius |¢*| < . The Maxwellian
limit of (A2) reduces, via convolution, to the well-known se-
ries for Z(&). %

Asymptotic series: Inserting definition (B4) into the
form (16), one readily obtains

K/”Flo'jéjz 12 1/2 <_5_’€2)k
i — tan(im)] (1 n 5_2) o

When A =3/2+m (m=1, 2, ...), the result above is
not valid, since singularities appear in both terms. In this
case, one must return to (15) and employ the special case
(B7f), in which case there results

ZE0(e) =

2T —1)
kB+1/2T (6 — 3/2)

71/2 -B 1
@B (§) = _ K
200 = T(k+0—3/2)¢ { k+>
K "1°°1“k+m+1/2)
k—1)!
(G (@)
2
IFCINES
(m+1/2
. [(m+1/2) < 52)
1/2 >
e T et a— 3\ ke ’
where

tm,k:lp(k'i'l)_w(k'*'m_‘_%)-

This result shows that there is a logarithmic singularity for
the case 4 =m + 3/2 when |&? /x| — oo.

Derivatives: Starting from (19) and applying in
sequence transformations (B7e), (B7a), and (B7b), one
obtains

Phys. Plasmas 23, 022110 (2016)

1 n
ZP (&) 2 F(’“‘E*i) 2¢
—iny/mn! T(6-3/2) FGJJ) VK
22
1 , r(z—lﬂ)
X2 F| 2+2 H—E —é— —1'72
3/2 * r<1+3>
2
PRRTRLE 2
X2F1 1+2 §+§ _é— 5 (A3)
1/2 K

which immediately renders the power series expansion for
Z(“ B)(n) Q)

Taking the limit x — oo in (27), and using the value
(12), the resulting expression,

- /a2 -1)
YT (g — 3/2)

ﬁ)(k)(é) _

is a sum rule for the derivatives of the xPDF. Once again,
the Maxwellian limit returns a known result™®

2. Properties of 1%/ (z)

An explicit power series expansion when / is not integer
can be written from (23) and (B3) as

o) k
HP (2) = M ZH L A%
k
where
)y LU —n=2C(n+1/24k)
n,k( ) —
F@2n+1+k)(n+3—2),
C(n+2—)T(2—3/2+k) sy

IFrO—14n+kA—-1—n)

Notice that each term in this series is proportional to a
noninteger power of z.

Another identity related to the derivative of H,Sf‘,;.ﬁ)(z)
will be obtained now, regarding the integral in the definition
(26b). Starting from (B15b) and employing formula (B13),
one obtains

JOO dr x3Jn,1(Vx)Jn+;lf:/x)
0 (14+x2/K)

Gy
w d
:__J dr
Vrdp o (1

recalling that V= 2u. Then, using formula (B12) and identi-
fying the result with the definition (20), one concludes that

1/2
2,LLx’
n,—n,—1

+ xz/K)/ﬁl

)
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JOC A X3Jn71(’/x)fn+~1(Vx) _ 1 ku H(“'p”)’(,u). (AS5)
0 (14 22/r)"! 24-=2""F

APPENDIX B: HYPERGEOMETRIC FUNCTIONS
EMPLOYED IN KAPPA PLASMAS

There are two classes of special functions that are
employed in this and other theoretical works concerning
superthermal plasmas, namely, the generalized hypergeomet-
ric series and the Meijer G functions. Some of their proper-
ties will be presented here.

1. The generalized hypergeometric series

The general expression for the hypergeometric series is
0 e k
ais ..., 4 P)i z
R B W e LD

k= )k
where p, g are natural numbers, the sets {a,}, {b,} and the
argument z are in general complex, and (a), = I'(o 4 n)/T ()
is the Pochhammer symbol. Unless explicitly stated, all
properties presented here can be found in Ref. 63.

Except when any of the inferior parameters by,..., b, is a
nonpositive integer, the hypergeometric series ,F,(---;z)
belongs to the class C” Tt within its convergence radius,
which divides it in three classes: (i) p <g¢, (ii) p=¢g+ 1, and
(iii) p > g + 2. In this work, we employ functions of the first
two classes. Series of class 3 are not convergent except at the
origin. The Meijer G-function, discussed in Appendix B 2,
lends an analytical representation for these functions.

a. Class 1 series: The Kummer and ;F,
hypergeometric functions

The Kummer confluent hypergeometric function: The
Kummer function is defined from (B1) as

a o (@) 2
m(b,z) —;b—)k— (B2)
The F; ( bac ; z) hypergeometric function: From (B1),
0 k
(@), =
1F2( z> = —. (B3)
b,c’ ; (b)i(c), k!

Notice that both these series, for |F; and F,, converge for
any |z| < oco. Thus, the 1F,(---;z) function belongs to the
class C*, is meromorphic on the b, ¢ planes except at the
nonpositive integer points and entire on the a, z planes.

b. Class 2 series: The Gauss function

The Gauss hypergeometric series is defined from (B1)

as63 .64

a,b_z _ - (a)k(b)ki
2F1< i ) ; G (B4)
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This series, and all other functions belonging to the same
class, is convergent within the unit circle |z| < 1 and condi-
tionally convergent along it. Some properties of the Gauss
function are presented below.

Convergence at |z| = 1 and analyticity: Over the unit
circle, the series (B4) converges: (i) absolutely if R(c —a
—b) >0, (ii) conditionally if —1 < R(c —a —b) <0, and
(iii) diverges if (¢ —a — b) < —1. For |z| > 1 the function
must be analytically continued.

The Gauss function has a branch point at z= 1, with the
branch line running over 1 <z < oco. The principal branch is
defined as the region 0 < arg(z — 1) < 2.

When a=-m (m=0, 1, 2, ...) and ¢#0, —1, —2,...,

—m,

the function »F( ;z) reduces to a polynomial of

z)= 2F1(bca7 z).

Integral representation: The Gauss function can be
expressed, when fic > Rb > 0, by the integral

a,b - F(C) ! b—1(1 _ \c=b=11 )4
2F1( o )_7l"(b)l"(c—b)Lt (1—1) (1—1z) “ar.
(BS)

Analytic continuation: Writing z =x + iy, the difference
of the values of ,F'| across the branch line x > 1 is

a,b . a,b .
oF s x+ 10 | —F, ;x — 10
c c

o 2mil(e)(x — 1)’
C T(@)T ()T (c—a—b+1)

c—a,c—>b
X, F ;1—x . (B6)

c—a—b+1
Linear and quadratic transformations: The analytical con-
tinuation of the series (B4) can also be accomplished employing

degree m. Obviously, »F ( a,cb

. a,b . .
several known transformations of ,F ( ’C ;z), either linear

or nonlinear. Some of these transformations are given below

oFy ("Cb )z(l—z)"“’zﬂ(““’f_b ;z> (B7a)
:F(c')F(C‘—a—b) P ( a,b '1—2)

l"(c—a)l"(c—b)2 Natb—c+1’

e Z)C_a_;, I'(c)T(a+b—c)

['(a)T(b)
X 2F ) (f_‘a“fb‘fl 1 ) (Jarg(1 —2)| <)

(B7b)
~ I(e)T(b—a) » a,l—c+a l
- F(b)r(c —a) (=2) 2F1< 1—b+a 7Z>

['(c)T'(a —b) B b,1—c+b 1
+F@ﬁ@t?$ﬁ)%ﬂ<1a+b’g

(B7c¢)
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_ 2a—1,2b—-1 1 1
1/2
=—(1- F +-V1 -
(1-2) 21<a+b_1/2 i5+5 Z>
(B7d)
a,b ! 1b
Al T | or |, 2927 a2
~a+-b+-’ 1 1 L
—a+-b+
2 2 2 2a+2 3
(B7e)

Some special cases of the transformations above are
also relevant for this work. If b—a=m (m=0, 1, 2,...),
then

T ’"la(m k—1)!

|
;—J
/‘\
M
/—\
9
|
Q
I
>\7‘
~
l\]

k=0
( )k(a ) —k—m
Z K(k+m)T(c—a—k—m)
x[n(—z) (k 1)+ ylk+m+1)
—Yla+k+m)—ylc—a—k—m)),

00
=0

lz] > 1
; (B71)
larg(—z)| < =
where 1/(z) is the digamma function.**
On the other hand, if a=-—m (m=0, 1, 2, ...) and

neither b nor ¢ are nonpositive integers, the Gauss function
reduces to the polynomial

Pt - B (e

n= n=0
(B7g)

Derivatives: The general formula for the n-th derivative
of the Gauss function is

d" b a),(b) +n,b+

Other functions in the same class: We have also
employed the function

lFo(f;z) 52F1<“’Cc;z> =(1-27“  (BY)

2. The Meijer G-function

The Meijer G-function is that function whose Mellin
transform® can be expressed as a ratio of certain products of
gamma functions. Consequently, its definition is given by
the Mellin-Barnes contour integral
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o] saloi)eom
where
CI)<(bz) ;S) - ,ﬁlr(l _ bf+s)Aﬁlr(aj —s).

In B10), p, ¢g=0, 1, 2,..., 0<m<qg and 0<n<p. If
m+1>gq or n+1>p, the product is replaced by one. The
notation is such that (ap)ial,az, ...,ap, and (b,)=by,

by, ..., by. It is assumed that the ¢;’s and b;’s are such that no
pole of F(b —s)(=1,...,m) comc1des with any pole of
I'(l—ar+s) (k= 1,...,11), ie, aqx—b;#1, 2,.... It is also

assumed that z = 0, since the origin is a branch point.

The integration contour L in (B10) corresponds to that
of the inverse Mellin transform, but deformed in such a way
that the poles of I'(b; —s) (j=1,..., m) lie to the right of the
contour, whereas the poles of I'(1 —a;+5s) (j=1,..., n) lie to
the left of the same path. A detailed account on all possible
integration paths can be found in Refs. 63, 66, and 67. All
properties of the G-function shown here are likewise found
in these sources.

The G-function has remarkable properties. For
instance, it contains all generalized hypergeometric func-
tions, but it also represents functions that cannot be
expanded in a power series anywhere, such as functions
with logarithmic singularities. The definition (B10) forms
a class that is closed under reflections of the argument (z
— —zand z — z '), multiplication by powers of z, differ-
entiation, Laplace transform, and integration. The last
property, in particular, means that the integration of one or
a product of two G-functions is a G-function. Computer
algebra software takes advantage of this property in order
to analytically evaluate integrals by representing the inte-
grand as G-function(s).

Elementary properties: The following identities can be
easily obtained from the definition (B10):

(ap) 1—(by)
Gl =Gl
(bg) 1 — (ap)
(ap) (@) +0
Gl T =6 , (Blla)
S L (by) (by) +0
Gm,n ‘ o y A2y .y, Ayy ]y ..oy dp
bl, ...,bm,berl, ...,bq,h o
ay,...,d
=Gz ", (B11b)
bi,...,by1
where for (B11b), n, p, g > 1.
Integrals containing the G-function: Amongst the

myriad integration formulae available, this work makes
use of
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)

_ E m+1,n+1 [ﬁ ‘ ap)] .

I'(o) Cpiige o —a, (by)

~ 1
— —0 ~m,
L ¥y + )G

(B12)

Derivatives: The following formulas are employed:

d* —by (m,n (a,,)
@{Z pr,q z (bq)]}

:( )k —b kan (aP) , (m>1)
by +k, bz,...,b
(B13a)
d* (@) 0, (ap)
k P _ matl 14
A G ‘(bq) = Gm [z) | B

Representations of special functions: If no two of the b,
(h=1,., m) parameters differ by an integer, all poles of
®(---;s) in (B10) are simple and then the G-function can be
expressed as a combination of the hypergeometric series
(B1) as

T(b; = by) T[T (1 + ba — )

m, . J=1 J=1
o] -3 :
=TT T+ b= b)) [T T =)
Jj=m+1 Jj=n+1
1+b,— (a
« thqufl h ( p)* : (7)p7mfnz ,
L+ by, — (by)

(B14)

which is valid for p<g or p=g and |z| < 1. The notation
I'(b; — by)" means that this term is absent when & =.

If any pair of b, parameters differ by an integer, then
expression (B14) is no longer valid and the singularities in
different terms have to be cancelled out by a limiting pro-
cess. In this case, the final result will contain a logarithmic
singularity and the G-function will then represent a function
that is not simply expandable in a power series. A detailed
account of this lengthy process is given in Ref. 66. Although
this case is relevant in this work, the obtained results can
always be expressed by known functions.

A short list of function representations is given below

q
a ; F(bj) 1—(a
R e e e
(by) ! 0,1— (by)
['(@)
j=1
(B15a)
L, 0,1/2
Ju(\/E)JV(\/E)ZTGm Z‘/H'V MtV p—v p-vy,
T 20 2 2 2
(B15b)
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1
T2(Ve) = %G}é[z] Vl_/,fo} (B15¢)
g (2 RIPSE 1/2
e 1y<2)_ﬁchz[z y,—y}’ (B15d)
Mﬁ)z{y(ﬁ)—ﬁcf;{ o,lf_y} (B15¢)

In particular, representation (Bl5a) gives meaning to a
hypergeometric function ,F,(- - -;z) whenp > g+ 1.

APPENDIX C: CARTESIAN COMPONENTS OF THE
DIELECTRIC TENSOR

The components of the dielectric tensor in Cartesian
coordinates and in terms of the Stix parameters are*’

gxng & ziiﬁ,
)
s(xz) =NNjn &y,=5—-Nt+N],
X
& :ilNJ_NHC 8~7=P,
(%)

where § = (R +L) and D = (R L) are, respectively,
the Sum and leference (thermal) Stix parameters, and 1 =
$(t+ ) —land { =% (¥ — jt) are kinetic parameters.

Then, using the expressions (6) for the kappa Stix
parameters, one obtains

k—1+z

Z 760a n;\u a

naooa

%,2)
3 pa n ;\[,
DK — § § éOa )
n——o00 a
2 00 0,1
1 Wy W2 n L 02 ,w
Me = — 5 Oa ’

wQ, ¢~ 0 0a

1 2z
=3 ng a2 Z >0a agmaua
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