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Abstract

In this paper, we apply the lasso-type regression for the index tracking (IT) and long-short investing strate-
gies. Due to its capacity of both (1) performing variable selection in linear regression, and (2) being ad-
equate for high-dimensional problems, lasso becomes an interesting technique for portfolio selection. We
consider three market benchmarks (S&P 100 and Russell 1000, from the US stock market, and the Ibovespa
Index, from the Brazilian market), with data from 2010 to 2017. Also, to assess the quality of lasso-based
tracking portfolios, we also solved the IT problem using cointegration to have a basis for comparison of
the results obtained using lasso. The findings for IT showed similar performance between portfolios based
on lasso and cointegration. Nevertheless, portfolios lasso presented average monthly turnover at least 40%
smaller, which indicates a considerable advantage regarding transaction costs (represented by the turnovers)
in comparison with cointegration.
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Resumo

Nesse artigo, aplicamos o modelo de regressao lasso para as estratégias de investimento de index-tracking
(IT) e long-short. Devido a sua capacidade de (1) realizar selec@o de variaveis em regressao linear, e (2) ser
adequado para problemas de alta dimensionalidade, o método lasso torna-se uma técnica interessante para
selecdo de carteiras. Em nossa andlise, consideramos trés indices de mercado (S&P 100 e Russell 1000,
do mercado dos EUA, e indice Ibovespa, do mercado brasileiro), com dados de 2010 a 2017. Além disso,
para analisar a qualidade do método lasso para carteiras de index tracking, também resolvemos o problema
de IT usando cointegracdo, de forma a ter uma base para comparagao dos resultados obtidos com lasso.
Os resultados para IT demonstram desempenho similar entre carteiras baseadas em lasso e cointegracao.
Porém, carteiras utilizando lasso apresentaram turnover médio mensal pelo menos 40% menor, o que indica
uma vantagem considerdvel em termos de custos de transagdo em comparagdo com cointegracao.
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1. Introduction

Stock index tracking (IT) is a passive investment management that consists in building a portfolio of
stocks to replicate (or track) as close as possible the performance of a market benchmark, such as the Stan-
dard & Poor’s 100. Many methods have already been proposed in the literature to solve the I'T problem, and
most of them determine the tracking portfolio by minimizing its tracking error: the difference between the
historical returns of the tracking portfolio and the index over time. Moreover, a natural extension of index
tracking is the long-short strategy (also referred to as market neutral), which is a self-financing strategy
that aims at exploring temporary market inefficiencies through buying undervalued stocks and short selling
overvalued stocks (Alexander and Dimitriu, 2002). Even though such approach lacks a broader implemen-
tation among many hedge funds due to its short exposure (Badrinath and Gubellini, 2011), it is an attractive
tool for investors as a result of its self-financing and market neutral characteristics. Thus, in this paper, we
present an implementation of the so-called Lasso-type regression (least absolute shrinkage selection opera-
tor) to solve both the IT and long-short investing problems, due to its capacity of both performing variable
selection in linear regressions and providing good-quality solutions for high-dimensional datasets.

Different formulations for the IT problem have been proposed in the literature, such as optimization
(Konno and Wijayanayake, 2001; Mezali and Beasley, 2013), optimization combined with simulation
(Consiglio and Zenios, 2001), heuristic methods (Beasley et al., 2003; Scozzari et al., 2013), cointegra-
tion (Alexander, 1999; Alexander and Dimitriu, 2005), and lasso-type regression (Wu et al., 2014; Yang
and Wu, 2016). In spite of their methodological distinctions, however, past studies usually carry out their
analysis considering a standard feature, which is the use of a cardinality constraint to limit the size of the
tracking portfolios and diminish transaction costs. Therefore, such constraint requires a methodology that
performs variable selection to determine the combination of stocks that minimizes the difference between
the performance of the portfolio and index.

The lasso approach has been introduced by Tibshirani (1996) and is a method that makes variable se-
lection automatically in linear regression modeling through the generation of sparse estimates of the coef-
ficients (Zeng et al., 2012). Additionally, it is a method successfully used in statistical modeling especially
with high-dimensional datasets. Such features make this technique interesting for the index tracking prob-
lem, mainly as a result of the need to impose a cardinality constraint on the size of the tracking portfolios as
well as the possibility of forming efficient portfolios to track larger indexes that are composed by hundreds
or even thousands of stocks.

Regarding the studies that employed lasso for the IT problem, Wu et al. (2014) proposed the so-called
Nonnegative Lasso, which consists of computing the lasso regression constrained by having all coefficients
equal or larger than zero, thereby avoiding short positions in the portfolios. Later, Yang and Wu (2016) ex-
tended this approach and introduced the Nonnegative Adaptive Lasso. Nevertheless, the studies mentioned
above focus on the introduction of two statistical approaches, while their empirical analysis to the index
tracking problem is quite limited.

Thus, our study differs from the previous literature as we focus on the financial environment and apply
the lasso-type regression to different markets using diversified sample sizes. More specifically, we use
three datasets in our empirical tests: S&P 100 and Russell 1000 (US stock market — respectively, databases
with 102 and 907 stocks), and the Ibovespa Index (Brazilian stock market — dataset with 55 stocks). Also,
because the most widely used approach to solve the index tracking and long-short strategies is cointegration
(for instance, Alexander and Dimitriu, 2005; Li and Bao, 2014), we also solve the IT problem using this
approach, as we seek to have a basis for comparison and validation of the results obtained using lasso.

Finally, we extrapolate index tracking and also use the lasso regression to construct long-short market
neutral strategies, since the process for obtaining portfolios long-short is very similar to the index tracking
one. Such strategy aims at building market-neutral portfolios, thus having low correlation with the market
benchmark. Moreover, portfolios long-short are self-financed, which is done by short selling overvalued
stocks and assuming long positions in undervalued stocks among the index constituents>.

3In addition to this approach, long-short also may be developed by pairs trading or trading strategies that involve a stock and
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Overall, the lasso-based index tracking performed well regarding returns and tracking error in all an-
alyzed cases, especially for the US market. Furthermore, as we compare the results for index tracking
obtained using lasso with those obtained using cointegration, we notice very similar performance in all
cases. However, despite having comparable cumulative returns and volatility, portfolios lasso have average
monthly turnover at least 40% smaller than the average monthly turnovers of portfolios using cointegration,
which implies transaction costs at least about 40% lower for portfolios using lasso. Such outcome is inter-
esting since the reduced turnover implies a substantial difference in transaction costs, thereby fulfilling the
expectations regarding a passive investment: to diminish costs while keeping a satisfactory performance.

As a result, the contribution of this paper is twofold. First, we add to the index tracking literature by
widely testing a statistical model (lasso) that has only been used a few times in past research (and with
limited empirical analysis). To expand previous studies, we adopt market benchmarks with different sizes
(from 55 to 907 stocks) as well as from distinct financial environments (US and Brazil). Also, we compute
index tracking portfolios using an alternative approach (cointegration), so that we can compare and validate
the results obtained using lasso. Second, the empirical testing also presents innovations as we use lasso
to explore a market neutral long-short strategy. Consequently, we also contribute to the finance studies by
showing how a different statistical approach can be consistently used for long-short, considering the more
substantial simplicity in the use of lasso relative to cointegration (which is a two-step method that requires
a more extended analysis, as referred in Section 3.2).

This study is organized as follows. Initially, Section 2 describes the method associated with the lasso-
type regression. Then, Section 3 presents the methodology of the study, including the guidelines for the
index tracking and long-short investing strategies, as well as the description of the cointegration approach
based on simulations. Finally, Section 4 describes the empirical tests and our results, and Section 5 con-
cludes the study.

2. Lasso — Least Absolute Shrinkage and Selection Operator

2.1. Lasso: General Concepts

As Konzen and Ziegelmann (2016) point out, the central goal of a linear regression analysis consists of
estimating the coefficients for the model y; = By + X, B +€;, where y; € R is the dependent variable to be
predicted, X; = (x1;,...,x)T € R¥ is the vector of independent variables, the union of By and B is the set
of predictors (Bo,P1,...,Bx)T, and €; is the error term — considering a model with variables j € 1..k, and
time frame i € 1..N. To compute such model, some approaches are available; among them, one of the most
popular is OLS (Ordinary Least Squares), which is based on the minimization of the sum of the squared
residuals (SSR) as follows:

N k 2
Bors = argmin )’ <)’i —Bo— ) Bjxji) (1)
=

Bo.B1;-..BriceN

However, as pointed out by Tibshirani (1996), the OLS approach presents some inconsistencies, spe-
cially as we increase the number of independent variables and move to high-dimensional models*. For this
reason, Tibshirani (1996) cites two specific techniques that attempt to overcome the OLS inconsistencies:
subset selection and ridge regression.

Nonetheless, both techniques have downsides as well. In the case of subset selection, the procedure
consists basically in the use of discrete choice to drop or add variables to the model as one aims at locating
the best combination of input information for the model. Thus, the ideal situation in this case would be to

an ETF (Exchange-Traded Funds) (Avellaneda and Lee, 2010).

4According to Tibshirani (1996), the OLS estimates has basically two issues: (1) prediction accuracy, which results in
parameters with large variance, and (2) interpretation, which is the case especially in large models since the method does not
perform variable selection and thus make the interpretation of the results more difficult and inaccurate.

3



81

82

83

84

85

86

87

88

89

90

91

92

93

94

test all 2% possible combinations of the variables (Konzen and Ziegelmann, 2016). Yet, such analysis has a
strong drawback in terms of computing time necessary to test all combinations>.

Regarding the ridge regression, Tibshirani (1996) points out its stability in terms of coefficients, in com-
parison to subset selection, as ridge regression consists of a continuous process that shrinks the regression

coefficients. To carry out such process, the model receives a penalty on the sum of the squared residuals:

A _ k 2
BRidge = argmin Z <yi - BO - Z Bjxji> ()
607617“'761( IEN J:l
Subject to:
k
Y B <1 3
j=1
r=0 )

which is equivalent to:

A L 2 ‘
BRidge = argmin Z <yi - BO - Z Bjxji) + A Z B? ©)
j=1 J=1

Bo.B1,.--,Bx | ieN

In Equations (2)-(4), the parameter t > 0 works as a control for the penalty, which means ¢ has the same
role as A in Equation (5). In the case of Equation (5), increasing A strengthens the shrinkage process, while
setting A = 0 results in [3R,~dge = BOLS.

Different from subset selection, however, the ridge regression approach does not involve variable selec-
tion. As Nasekin (2013) highlights, the regression analyses usually face a situation where many independent
variables are irrelevant for the model and may actually decrease its prediction power. As a result, Tibshirani
(1996) proposes the so-called lasso approach, which consists of a shrinkage method that aims at combining
features from both the subset selection and the ridge regression. In this sense, the lasso-type regression
imposes a penalty on the coefficients (similar to the ridge regression); meanwhile, its estimating procedure
works similarly to calculating the subset selection process continuously. Thus, the method results in the
shrinkage of some of the coefficients while setting others to zero, achieving the final goal of performing
variable selection in the regression model.

Tibshirani (1996) defines the lasso estimates in the form of the following optimization problem®:

n k 2
= argmin i —Bo— X ii 6

Blasso [307[5g1,...,[3k iEZN (y BO jg] Bj j > ( )
Subject to:

k

Y IBjl <1 ()
j=1
t>0 ()

where the variables and parameters have the same definitions from the models for GOLS and BRidge- Addi-
tionally, we have the assumption that x;; are standardized, thus resulting in Y ;cy xx; =0 and (1/N) Y;cn x,%l. =
1 for each k. However, even though Equations (2) and (6) are similar, their Constraints (3) and (7) (which are

3Tt is possible to find some algorithms in the literature to solve the subset selection problem, such as forward and backward
elimination (Hastie et al., 2009), and the Dantzig Selector (Candes and Tao, 2007).

To keep the description of the lasso-type regression short, we omit the explanation regarding the properties of Blam. For
instance, we refer the reader to Zhao and Yu (2006) and Konzen and Ziegelmann (2016) for a complete description of the lasso’s
consistency.
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applied on penalty parameter ¢) are slightly different. As a consequence of Constraint (7), the optimization
in Equations (6)-(8) takes the following form using the Lagrangian:

R k 2 k
Blasso = argmin [Z <yi —Bo— ) Bjx ji) +1 ) \Bj!] ©)
= =

Bo,B1-Bk | ieN

As Tibshirani (1996) and Hastie et al. (2009) point out, the model in Equation (6) might be re-parametrized
by standardizing the predictors, so that the solution for By is Bo = ¥; thereby, we can suppose y = 0, thus
omitting Bo. Furthermore, in a similar way to the ridge regression, parameter ¢ in Constraint (7) works as
the penalty imposed on the coefficients. Nevertheless, while the ridge regression imposes a penalty of L,
norm with le':] B2, the lasso regression is characterized by a penalty of L; norm with Z’;zl IB;| (Hastie
et al., 2009).

In Equations (6)-(8), as t > 0 represents the penalty on the coefficients and works as a control of the
amount of shrinkage applied on the estimates, Tibshirani (1996) defines ﬁ? as the full least square estimates

(OLS coefficients) and tg = Z];':1 |B(j)\ Therefore, setting ¢ < ty leads to a shrinkage of the solutions in
convergence to zero, with some coefficients equal to zero. On the other hand, for ¢ > 7y, the lasso regression
estimates will be equal to the OLS estimates. For instance, letting = /2 has the effect of (roughly)
shrinking the OLS coefficients by 50% on average (Hastie et al., 2009). For this reason, the parameter ¢
should be selected in a dynamic process to minimize an estimate of the expected prediction error.

Finally, concerning Equation (9), it is worth noting that A = 0 (in the same way as ¢ > fy) results in
lasso coefficients equal to the OLS ones. Moreover, increasing A implies a larger penalty that forces the
coefficients to converge towards zero. Hence, the choice for A (or, equivalently, the choice for 7) becomes an
important step for the lasso-type regression to achieve good quality results (Nasekin, 2013), and is related
to the calculation of the prediction error. As Tibshirani (1996) emphasizes, one option is to choose the
value of the penalty parameter to minimize the prediction error, which is based on the construction of a
cross-validation style statistic. In this study, we opted to employ the K-fold cross-validation method since
it is traditionally used in the literature (Hastie et al., 2009).

2.2. K-fold Cross-validation

Hastie et al. (2009) describe the K-fold cross-validation as the simplest and most used method to estimate the
prediction error. According to Efron and Tibshirani (1993), starting from a simple regression model, the pre-
diction error (PE) consists of the expected squared difference between a future response and its prediction
from the model: PE = E(y; — $;)?. Then, the in-sample mean squared error is MSE = (1/N) ¥;cn (vi — ;)%

However, a more realistic application would be to split the data into training and testing samples, thus
using the fitted model from the training sample to estimate the MSE of the testing sample (Efron and
Tibshirani, 1993; Tibshirani, 1996). Based on this idea, Efron and Tibshirani (1993) presented the following
Algorithm 1 for cross-validation:

Algorithm 1 K-fold Cross-validation (Efron and Tibshirani, 1993)

Step 1: Split the data into K roughly equal-sized parts

Step 2: For the k-th part, fit the model to the other K — 1 parts of the data, and calculate the prediction error
of the fitted model when predicting the k-th part of the data

Step 3: Do the above for k € 1,...,K parts, and combine the K estimates of prediction error

For instance, if we set K = 5, then for each k € 1..K, the model will be fitted for the data of all K — 1
parts, and the fitted model will be used to verify the MSE of the k-th part of the sample. As described by
Efron and Tibshirani (1993), if we let k(i) be the part containing the i-th observation of the data, and define
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9 “() a5 the fitted value for the i-th observation (estimated with the fitted model with the k(i)-th part of the
data removed), then the cross-validation estimate for the prediction error (or cross-validated MSE) will be
as follows:

CVMSE = % Z (yi —9; "(’)> (10)
ieN

In the lasso-type estimation, the K-fold cross-validation is used to compute the CVMSE statistic in
Equation (10) employing different values for A. Hence, the chosen value for A will be the one that results
in the least value for the cross-validation error. As A increases, the results should present an increasing
number of coefficients equal to zero, which tends to lead to larger error; then, the best value for A, as
already mentioned, is the one that minimizes the cross-validated error. In our empirical tests described in
Section 4, we use K = 10, i.e. 10-fold cross-validation, based on Breiman and Spector (1992) and Kohavi
(1995), who claim that K = 5 or K = 10 are satisfactory choices to solve the lasso-type regression in general

cases.

3. Methodology of the Study

In this Section, first we present the basic methodology for the portfolio selection using both index tracking
and long-short investing strategies (Sections 3.1.1 and 3.1.2). Later, we describe the essential guidelines to
solve the index tracking portfolio selection using cointegration (Section 3.2).

3.1. Index Tracking and Long-Short Investing Strategies

3.1.1. Index Tracking

According to most of the past literature, index tracking portfolios are commonly evaluated by their
tracking error (TE), which is defined as the standard deviation of the difference between portfolio and index
returns in a specific time interval (Beasley et al., 2003; Guastaroba and Speranza, 2012):

|
TE:—[

=

T

t=1

1/2
(rP —Rt)zl (11)

where T is the time frame (for instance, one month), ¢ € 1..7 corresponds to each business day in our
dataset, r! is the portfolio daily return, and R, is the index daily return.

Concerning the lasso regression, the I'T problem is implemented as follows. The dataset contains a time
series of daily log returns for the market index and N stocks, where "5': represents the daily log return of the

J-th stock on the ¢-th day, and Rf represents the index daily log return. Then, we implement Equation (9) in
the following equivalent form:

R N 2 N

Blasso = argmin [Z (Ri—Bo— Y Bjri) +1 Y |B,-|] (12)
Bo.B1,--. By | reT j=1 j=1

where R! = log(P,/P,_1), P, is the index price on the ¢-th day, rét =log(pj:/pji—1), and pj is the stock

price of the j-th stock, j € 1..N.

The value for A is computed using K-fold cross-validation according to Algorithm 1, with K = 10, i.e.
10-fold cross-validation. After computing Equation (12), the IT portfolio is defined by normalizing the
coefficients f3;, j € 1..N, to sum up to one; as a result, the stock weight of the j-th asset in the portfolio
equals the normalized value of the j-th coefficient.

Finally, concerning the lasso predictors, we set up two definitions. First, we impose a constraint on the
number of lasso coefficients that may take value different from zero, which means to restrict the size of each

portfolio. Second, in contrast with prior literature (Wu et al., 2014; Yang and Wu, 2016), we do not impose
6
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a nonnegative constraint on the parameters. Hence, we allow the IT portfolios to have short positions.
Usually, IT models avoid short positions due to liquidity and cost issues because shorting stocks might be
difficult as a result of the potential lack of stocks available for rent, thereby leading to larger transaction
costs. However, because the indexes selected for the empirical tests in our study are composed by the most
liquid stocks in the markets, we opt to allow portfolios to have short positions. Furthermore, our results
already account for the larger costs associated with short selling, as explained in Section 4.

3.1.2. Long-Short

Alexander and Dimitriu (2005) describe the long-short strategy as a natural extension of the IT optimization
using cointegration. However, in the case of long-short, we take the original index returns and use it to build
enhanced indexes by adding (index plus) and subtracting (index minus) an annual excess return equal to 0.%.
For instance, if we set o0 = 5%, then the construction of the index plus consists in adding an annual excess
return of 5% (uniformly distributed over daily returns) to the original index daily returns. Likewise, the
index minus is constructed by subtracting 5% from the original index returns. Once the indexes plus/minus
are built, we estimate the long-short portfolio with lasso by using Equation (12) to calculate two models,
the first of them using the index plus instead of the original index time series, and the second one using the
index minus. For each regression, the coefficients should be used to form a portfolio normalized to sum up
to one (similar to the index tracking methodology). As a result, the outcomes will be two portfolios (plus
and minus), and the final wight of the i stock in the long-short portfolio will be the difference between its
weights in the portfolios plus and minus.

According to Alexander and Dimitriu (2005), the conceptual background that supports the choice for
long-short strategy is its self-financing characteristic, since investing in the long-short portfolio is the equiv-
alent to selling the short portfolio (constructed using the index minus) to obtain the resources necessary to
buy the long portfolio (constructed using the index plus). Then, portfolios long-short are expected to pro-
duce positive, low-volatility returns that are uncorrelated with market returns. As a result, such strategy
follows Roll (1992) and Stucchi (2015), who argue that indexes may be inefficient, thus giving the investor
the possibility of forming portfolios to outperform the market.

3.2. Cointegration Approach based on Simulations for Index Tracking

The concept of cointegration was introduced by Granger (1981) in time-series analysis and formalized by
Engle and Granger (1987). Since then, empirical studies (Alexander et al., 2002; Alexander and Dimitriu,
2005) have shown that financial assets can be found to be cointegrated quite often, and this has motivated
an alternative approach to equity trading and portfolio construction. By using all information embedded in
prices, it may be possible to detect a long-run equilibrium between a portfolio and a benchmark, which then
can be used to indicate the optimal strategic asset allocation.

Cointegration is a statistical feature which defines that a set of time series that are integrated of order 1,
i.e. I(1), can be linearly combined to produce one time series which is stationary, 7(0). Formally, if we set
S146:82¢,-..,5:, to be a sequence of /(1) time series, and if there are nonzero real numbers B1,B2,...,Bx
such that 3151 4,252, ..., BnSn, becomes 1(0), then Sy 4,524, ...,S,, are said to be cointegrated (Hamilton,
1994).

When applied to prices in a stock market index, cointegration occurs when there is at least one portfolio
has a stationary tracking error, i.e., when there is a mean reversion tendency in the price spread between
the portfolio and the index. This property does not provide any information for forecasting the individual
prices in the system, or the position of the system at some point in the future, but it provides the valuable
information that, irrespectively to its position, the prices of the portfolio and the index will stay together on
a long-run basis.

The design for the use of cointegration in asset allocation is based on a two-step approach as follows.
The first step for the selection of a tracking portfolio requires the analysis to confirm that each price series
is I(1) in a predefined time frame of in-sample data. Then, we estimate the linear regression in Equation
(13) (given a predefined in-sample calibration period) to infer the portfolio weights. The estimation may
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be carried out using OLS or an alternative approach such as non-negative least squares (NNLS), hence
ensuring non-negativity on the regression coefficients. The linear regression consists of:

log(P;) = Bos+ Y Birdog(pis) +& (13)
i=1

where P; denotes the index price on the ¢-th day, p;; denotes the stock price of the i-th stock, i € 1..N, and
€, is a zero-mean “tracking error”. By normalizing the cointegration coefficients ; (for i € 1..N) to sum up
to one, we determine the proportional weights of the i-th stock in the portfolio.

The second step is to apply the unit root test on the series of residuals €, resulting from Equation (13) to
confirm that the linear combination of the price series of N stocks /(1) is a stationary combination with order
1(0). To confirm if such stationary combination occurs, we apply the Augmented Dickey-Fuller (ADF) test
on & to test the null hypothesis of no cointegration, where 7y is the coefficient of the lagged fitted error term
&,_1 in Equation (14). If we let g be the order of the autoregressive (AR) process, € be the estimated error
term from Equation (13), and A€, be the change between two error terms, then the ADF regression takes
the following form:

q
A& =¥& 1+ Z O:AE i + ur. (14)
i=1

By rejecting the null hypothesis, we confirm the time series of estimated residuals is stationary, thereby
attesting that the variables used on the regression are cointegrated. We consider the critical values suggested
by MacKinnon (2010) at 1% level of significance for the ADF test. Then, as the null hypothesis is rejected,
the portfolio obtained from Equation (13) consists in a valid portfolio to track the market benchmark.

Finally, as described by Alexander and Dimitriu (2005), cointegration fits in the context of portfolio
selection and IT strategy due to its features as an appropriate method for long-run asset price dynamics.
However, a drawback of past studies lies in the issues relative to asset selection to compose each portfolio,
which is usually exogenous to the portfolio optimization process, since the OLS method does not make
variable selection. Thus, we seek to mitigate the difficult concerning portfolio selection through the use
of a series of simulations to form each cointegrated portfolio, as we aim at making the portfolio selection
endogenous to the solving process. In this process, to obtain the portfolio for each in-sample subset, first we
form a sequence of M different portfolio candidates, where each portfolio is composed by s stocks randomly
selected, i.e. s corresponds to the limit size of each portfolio. Second, after constructing M different
portfolio candidates and discarding the ones that do not meet the cointegration requirements previously
described, we select the portfolio whose estimation of Equation (13) resulted in the smallest fitted sum of
the squared residuals’.

4. Empirical Tests

4.1. Database and Testing Setup

We select three databases: the S&P 100 (one of the main benchmarks in the US market) and 101 stocks;
the Ibovespa index (reference benchmark in the Brazilian market) and 55 stocks; and the Russell 1000
index (composed approximately by the 1,000 largest firms in the US equity market) and 907 stocks. All
three datasets were extracted from software Economatica, a financial database widely used in Brazil by
both market participants and academicians. Our database includes daily stock prices from January 2010
to September 2017, and contain 1,921 trading days. Prices are adjusted for (1) splits, mergers, and other
corporate actions and (2) the payment of dividends.

In this study, we select M=50,000, so that we form 50 thousand distinct portfolios to select the best one based on the sum
of the squared residuals. We use 50,000 because this was the maximum number of different combinations that we were able to

form. As M increases, there is a larger use of physical memory (RAM) by the CPU, thus imposing a limit on the number of M.
8
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For each dataset, we select two sizes for the tracking portfolios. To track the S&P 100, we form portfo-
lios limited to 15 and 25 stocks; regarding the Ibovespa index, we estimate portfolios up to 8 and 12 stocks;
finally, regarding the Russell 1000, we form portfolios limited to 30 and 40 stocks. Additionally, to com-
pute the tests, we choose in-sample intervals equal to 480 data points (similar to Alexander and Dimitriu,
2002), each data point being one business day, whereas out-of-sample intervals equal 60, 120, and 240 data
points (which means to perform portfolio updates roughly every three months, six months, and one year —
i.e. quarterly, semiannual, and annual updates). Consequently, we obtain a total number of 24 portfolios in
the case of quarterly updates, 12 portfolios with semiannual updates, and 6 portfolios for annual updates.
Moreover, we also consider a buy-and-hold case in which we do not update the portfolios over time.

Concerning the lasso-type regression, the empirical analysis consists in evaluating Equation (12) with
index and stocks daily returns. In contrast, the tests based on cointegration are estimated with index and
stocks daily prices as described in Section 3.2. Finally, we highlight that the results presented in the next
Sections already account for transaction costs as we compute the daily returns in the rolling window projec-
tions (Han, 2005; Do and Faff, 2012) as r;; = log(%) + log(}jr—g) —d, where C represents the transaction
costs, and d refers to the costs related to short positions. In our empirical tests, we set ¢ = 0.5% (which
refers mainly to brokerage fees), and d = 2% per year (which refers basically to rental costs). Both costs
are discounted from the return of stock i every day the portfolio is updated.

4.2. Index Tracking Using Lasso — Indices S&P 100 and Ibovespa

We start the empirical analysis using lasso regression to solve the index tracking problem for S&P 100 and
Ibovespa. The portfolios were compared using the following performance measures: (i) Annual average
returns; (i) Cumulative returns; (iii) Annual volatility; (iv) Daily TE average; (v) Daily TE volatility; and
(vi) Monthly average turnover, which defined as follows:

w vV e\
) : i=1 1" i
LZ ( 2 )] " ? )

where np is the number of portfolios estimated per portfolio size and updating frequency (for instance, con-
sidering quarterly updates, we form a total of 24 portfolios), p and p — 1 are time instants where sequential
rebalancing were carried out, and f equals 3 for quarterly rebalancing, 6 for semiannual rebalancing, and
12 for annual rebalancing.

The results are in Table 1 and Figure 1. Concerning the S&P 100, we can initially notice in Table 1
the good quality of the results in terms of tracking performance specially in the case of portfolios up to 15
stocks and quarterly update, and up to 25 stocks and semiannual update, as they present cumulative returns
very close to the index. Also, we can observe the outstanding results of portfolios buy-and-hold, considering
that these portfolios are held constant throughout the entire out-of-sample interval (roughly 5.5 years); in
both cases (portfolios up to 15 and 25 stocks), the choice for buy-and-hold results in annual average returns
(respectively 12.41% and 12.48%) very close to the index average annual return (11.43%).

TABLE 1 HERE

Additionally, increasing the size of the portfolios from 15 to 25 stocks results in smaller portfolios’
average tracking error for all updating frequencies (comparing portfolios with the same updating frequency),
as it would be naturally expected (intuitively, larger portfolios should track the index more accurately).
Moreover, increasing the size of the portfolios also results in larger correlation with the benchmark index
and smaller average monthly turnover.

Regarding the Ibovespa index, first we highlight the considerably larger volatility of the Brazilian index
in comparison with the S&P 100. In fact, Table 1 shows that the Ibovespa has annual volatility equal to
23.05%, almost twice as large as the annual volatility of the S&P 100 (12.47%). The consequence of such
volatility is noticed in the portfolios’ average tracking error, where the values for the Ibovespa tracking

9
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portfolios are in general twice as large as the values of the portfolios tracking the S&P 100. Nonetheless,
we may also see the good quality results for Ibovespa tracking portfolios in terms of cumulative returns,
specially in the case of portfolios up to 8 and 12 stocks with semiannual and annual updating frequency.
In those cases, the difference between the portfolio’s cumulative return and the index’s cumulative return
remains below 10 percentage points.

Furthermore, we point out to the fact that increasing the number of stocks in the portfolio results in
smaller values for portfolios’ average tracking error, annual volatility and average monthly turnover, as
well as larger correlation with the index. Such results are in line with the conclusions drawn from the S&P
100 tracking portfolios.

Out-of-Sample Forecast - Lasso Portfolios up to 15 stocks - Semian./Annual Update
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Figure 1: Out-of-sample forecast per index and portfolio updating frequency

4.3. Index Tracking in a High-dimensional Dataset — Index Russell 1000

According to the literature on lasso (for example, Tibshirani, 1996; Nasekin, 2013; Konzen and Ziegel-
mann, 2016), a common characteristic of this statistical approach is its capability to solve especially high-
dimensional problems. Such feature is a result of the capacity of the lasso regression to perform variable
selection through its penalty function imposed on the coefficients, which leads the model towards a shrink-
age process that selects only the most relevant coefficients in the regression.

For this reason, we also opted to carry out an empirical analysis of index tracking using a larger market
benchmark: the Russell 1000, which is theoretically composed approximately by the 1,000 largest firms
listed in the US equity market. In our specific analysis, the dataset for the Russell 1000 has a total of 907
stocks, thereby imposing a challenge for the index tracking problem since the Russell 1000 constituents
have minimal concentration in the index portfolio.
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We describe the results for the tracking portfolios in Table 2 and Figure 2. Initially, we can infer from
Table 2 once again the good quality of the tracking solutions in terms of both the average annual returns
and the cumulative returns. In the case of portfolios using quarterly updates, the cumulative returns are
very low and the tracking performance is poorer relatively to the other updating frequencies, since the
more frequent portfolio updates resulted in larger transaction costs that penalized the portfolio’s cumulative
performance. However, as the update interval increases, the results become consistent for all remaining
portfolios (semiannual and annual updates, as well as the buy-and-hold strategy). Also, increasing the size
of each portfolio (per updating frequency) resulted in lower portfolios’ average tracking error and annual
volatility, as well as larger correlation with the index. Such findings are in accordance with the results for
the S&P 100 and the Ibovespa, where we also obtained slightly better performance with larger tracking
portfolios.

TABLE 2 HERE

Out-of-Sample Forecast - Lasso Portfolios up to 30 stocks - Semian./Annual Update
T T T

3 T
Russell 1000
% e — Lasso Semiannual Mﬁwﬂ#ﬁ: 4l
a:_,; ————— Lasso Annual - e
®q Ml
>
I I I I I
Mov 2011 Jan 2013 Mar 2014 May 2015 Jun 2016 Aug 2017
Time
Out-of-Sample Forecast - Lasso Portfolios up to 40 stocks - Semian./JAnnual Update
3
Russell 1000 ! ! | !
o 2| T~ — Lasso Semiannual ol
v |- Lasso Annual - & L =
3
T 4 e AT —
= 1
9 | I | I I
Mov 2011 Jan 2013 Mar 2014 May 2015 Jun 2016 Aug 2017

Time

Figure 2: Out-of-sample forecast per index and portfolio updating frequency

4.4. Validation of the Lasso-type Regression: Comparison with Cointegration Based on Simulations

As discussed in the previous subsections, the application of lasso regression to solve the index tracking
problem resulted in promising conclusions regarding the capacity of this method to perform portfolio se-
lection. Still, a comparison with another statistical method might be useful as an attempt to shed some
light in the discussion related to the previous findings. So, due to the extensive use of cointegration in the
previous literature on index tracking, we also opted to estimate the tracking portfolios using this method, as
we sought to have a basis for comparison and validation of the results obtained using lasso.

To carry out the cointegration tests, we followed the methodology described in Section 3.2. Also, we
highlight that the use of the OLS regression would most likely result in negative and positive OLS estimates,
1.e. long and short positions in each portfolio. Nevertheless, none of the portfolios obtained using lasso
presented short positions. For this reason, we chose to estimate cointegration using non-negative least
squares, thereby avoiding short positions in the cointegrated portfolios.

The results for cointegration (hereafter, referred to as OLS-NN) and lasso are described in Table 3 and
Figures 3 and 4. Initially, Table 3 has a summary of the results using lasso and OLS-NN for each of the
three indexes. As a result, for all three indexes, we can notice very similar performance among portfolios
lasso and portfolios OLS-NN, observing either cumulative returns, tracking error or the volatility results.

TABLE 3 HERE
As the findings for portfolios OLS-NN and lasso are hardly distinguishable in terms of overall perfor-

mance, we turn our attention to the portfolio concentration and average monthly turnover, because both
11
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measures might be translated into portfolio risk and costs. Figure 3 compares the concentration of the stock
weights in the portfolios for each index. In this analysis, we consider all 24 portfolios obtained per index
and size of portfolio, so that we are able to verify the concentration of the stock weights.

In Figure 3a, we can see that the tracking portfolios for the S&P 100 have slightly lower average weights
using lasso, if we compare portfolios with the same size. Nonetheless, portfolios lasso also present more
extreme (outliers) weights, which justifies the larger annual volatility values for lasso portfolios in Table 3.
Moreover, similar conclusions can be drawn from the results for the Ibovespa (Figure 3b) and the Russell
1000 (Figure 3c). Overall, portfolios lasso have a larger number of stocks with weights recognized as
outliers, supporting the fact that those portfolios resulted in larger volatility for all three indexes.
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(C) Russell 1000 - Portfolios up to 30 and 40 stocks

Figure 3: Distribution of the stock weights in the portfolios per index, size of portfolio and statistical model

Nonetheless, despite the slightly better results of OLS-NN portfolios regarding the concentration of
stock weights in the portfolios, we see a remarkable advantage of portfolios using lasso by observing Figure
4. Here, we compare the average monthly turnover and the portfolios’ average tracking error (organized
by index and size of portfolios). Thus, the figure shows that the average tracking error per portfolio is
slightly smaller for portfolios using OLS-NN. For instance, portfolios OLS-NN using the S&P 100 and
limited to 15 stocks have average tracking error equal to 0.032%, 0.023%, and 0.016% respectively in the
cases of quarterly, semiannual, and annual updating frequencies; in the meantime, portfolios lasso have
average tracking error equal to 0.040%, 0.029%, and 0.020%. However, as we observe the average monthly
turnover, the values for portfolios lasso are at least 50% inferior: 6.0%, 4.3%, and 3.3%, against 25.7%,
12.4%, and 6.6% for portfolios OLS-NN.

The complete list of results for average monthly turnover is presented in Table 3, and the same pattern
mentioned above for the S&P 100 can be noticed in the results relative to the Ibovespa and the Russell
1000. As a result, Figure 4 shows that, on the one hand, portfolios formed using lasso and OLS-NN
are very similar concerning overall performance (represented by average tracking errors). On the other
hand, the substantial difference regarding average monthly turnovers implies that portfolios using lasso
have considerably lower costs. Thus, we can infer from these results the good quality of the lasso regression
solutions for index tracking; although lasso portfolios have slightly inferior performance in some cases, this
approach resulted in portfolios with overall costs at least 40% lower than portfolios OLS-NN.
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Figure 4: Comparison between Average Monthly Turnover and Portfolios’ Average Predicted Tracking Error

4.5. Results for Long-Short Using Lasso

As described in Section 3.1.2, the goal of long-short strategy is to explore temporary market failures by
assuming long positions in undervalued stocks and short positions in overvalued stocks among the index
constituents. The selection of those stocks is made through the use of benchmarks plus and minus obtained
by adding/subtracting an annual percentage 0% to the index (uniformly distributed over daily returns). To
estimate the long-short portfolios, we selected ot = 2.5% for each of the three indexes. Moreover, we also
calculated long-short portfolios limited to 50 stocks based on the S&P 100 (maximum of 25 stocks for
each of the portfolios long and short separately), portfolios limited to 30 stocks based on the Ibovespa, and
limited to 80 stocks based on the Russell 1000.

The results are presented in Tables 4 and 5. Since all portfolios naturally have stocks with short positions
and increasing volatility (in comparison with tracking portfolios), we diminished the updating frequency
and adopted monthly, bimonthly and quarterly updating intervals. Additionally, even though short positions
increase transaction costs, we emphasize all results already account for transaction and management costs.
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Initially, we observe consistent results using both indexes concerning the American market. In Table 4,
we notice positive average annual returns for the portfolios based on the S&P 100 and Russell 1000 regard-
less of the updating frequency, with best results for monthly and bimonthly updates. Concerning the S&P
100, some portfolios had negative cumulative returns in 2013, 2015, and 2017; and regarding the Russell
1000, the negative returns are restricted to 2015 and 2017. Nonetheless, the positive average annual returns
are a consistent result, especially if we consider portfolios long-short are theoretically zero-cost portfo-
lios®. Furthermore, the correlation between each portfolio long-short and the index is very close to zero
in all cases (except for a few portfolios with the Ibovespa), thus stressing the market-neutral characteristic
produced by this investing strategy.

TABLE 4 HERE

TABLE 5 HERE

5. Conclusions

In this study, our goal was to extend the use of lasso regression to solve the index tracking optimiza-
tion problem and the long-short investing strategy. Hence, we selected a wide variety of datasets from
different market environments (United States and Brazil) as well as with distinct sizes (ranging from 55
to 907 stocks). Thus, we aimed at assessing the performance of the lasso regression to solve the index
tracking problem in different financial environments (US and Brazil), as well as in the case of using a
high-dimensional dataset (index Russell 1000, with a database composed by 907 stocks).

The results described in Section 4 showed overall good quality solutions in all the tests carried out. In
the case of index tracking, we noticed the capacity of lasso to form portfolios that tracked consistently both
the American and the Brazilian indexes. Then, regarding the comparison between lasso and cointegration,
the outcomes showed that portfolios lasso had monthly turnovers at least 40% smaller than the turnovers of
cointegrated portfolios. Such results pointed us towards the conclusion that portfolios lasso had, in general,
transaction costs at least 40% lower than portfolios using cointegration, in spite of the similar performance
of both methods.
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Table 1: Overall results for index tracking using lasso - S&P 100 and Ibovespa'

S&P 100
Portfolios up to 15 stocks
S&P 100 Quarterly Semiannual Annual Buy-and-Hold
Average Annual Return 11.43% 10.88% 13.93% 14.18% 12.41%
Cumulative Return 106.04%  103.08% 138.48% 140.38% 119.62%
Portfolios’ Average Tracking Error - 0.040% 0.029% 0.020% 0.008%
Annual Volatility 12.47% 14.56% 14.47% 14.49% 14.52%
Correlation - 0.930 0.936 0.937 0.939
Average Monthly Turnover - 6.05% 4.31% 3.29% 0.00%
Portfolios up to 25 stocks
S&P 100 Quarterly Semiannual  Annual  Buy-and-Hold
Average Annual Return 11.43% 7.49% 11.67% 13.23% 12.48%
Cumulative Return 106.04%  66.84% 109.78% 127.74% 118.35%
Portfolios’ Average Tracking Error - 0.031% 0.022% 0.016% 0.007%
Annual Volatility 12.47% 14.48% 14.17% 14.15% 14.19%
Correlation - 0.932 0.949 0.956 0.956
Average Monthly Turnover - 5.70% 4.27% 3.19% 0.00%
IBOVESPA
Portfolios up to 8 stocks
Ibovespa Quarterly Semiannual Annual Buy-and-Hold
Average Annual Return 6.87% 6.98% 10.02% 10.04% 11.46%
Cumulative Return 25.30% 14.43% 36.80% 35.44% 37.51%
Portfolios’ Average Tracking Error - 0.083% 0.060% 0.044% 0.019%
Annual Volatility 23.05% 29.25% 29.22% 29.65% 29.33%
Correlation - 0.943 0.942 0.941 0.930
Average Monthly Turnover - 4.88% 3.63% 2.94% 0.00%
Portfolios up to 12 stocks
Ibovespa Quarterly Semiannual  Annual Buy-and-Hold
Average Annual Return 6.87% 5.06% 7.75% 9.32% 10.92%
Cumulative Return 25.30% 4.32% 20.75% 30.12% 40.76%
Portfolios’ Average Tracking Error - 0.069% 0.048% 0.035% 0.016%
Annual Volatility 23.05% 28.07% 27.87% 27.93% 28.29%
Correlation - 0.954 0.956 0.958 0.952
Average Monthly Turnover - 4.46% 3.24% 2.49% 0.00%

! Average Annual Return refers to the average of the cumulative returns for each year from 2011 to
2017. Cumulative Return refers to the return calculated cumulatively during the entire out-of-sample
period. Portfolios’ Average Tracking Error refers to the average of the tracking error calculated for each
portfolio according to Equation (11). Annual Volatility refers to ¢ x v/252, where ¢ is the standard
deviation of daily returns verified during the entire out-of-sample period. Correlation refers to the
correlation between daily returns of each strategy and daily returns of the index during the entire out-
of-sample period. Average Monthly Turnover is calculated according to Equation (15).
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Table 2: Overall results for index tracking using lasso - Russell 1000

Russell 1000

Portfolios up to 30 stocks

Russell 1000  Quarterly Semiannual  Annual  Buy-and-Hold
Average Annual Return 12.03% 7.63% 14.04% 14.39% 13.57%
Cumulative Return 109.86% 64.80% 133.51% 138.65% 128.43%
Portfolios’ Average Tracking Error - 0.038% 0.027% 0.019% 0.008%
Annual Volatility 12.70% 15.67% 15.12% 14.89% 14.70%
Correlation - 0.916 0.937 0.947 0.947
Average Monthly Turnover - 8.38% 6.25% 4.52% 0.00%

Portfolios up to 40 stocks

Russell 1000  Quarterly Semiannual  Annual  Buy-and-Hold
Average Annual Return 12.03% 2.63% 11.95% 13.68% 13.57%
Cumulative Return 109.86% 23.71% 109.31% 129.61% 128.43%
Portfolios’ Average Tracking Error - 0.034% 0.025% 0.018% 0.008%
Annual Volatility 12.70% 16.17% 15.05% 14.82% 14.70%
Correlation - 0.880 0.930 0.946 0.947

- 8.53% 6.40% 4.60% 0.00%

Average Monthly Turnover

17



$0038 Z1 03 dn sorjojiog

$y003s § 03 dn sorjojrI04

VdSHAO4I - HALLVODHAN-NON S10

%000 %b6V'C YT e %9V Y %000 %Y6'C %e9€E %88 - Toroung, A[IUOTA 95LIAY
%910°0 %S€0°0 %8¥0°0 %6900 %6100 %ty0°0 %0900 %€80°0 - Jo1rg SUIYORL], 9FBIOAY SOI[0fI0]
%6T'8C %E6'LT %LYLT %L0'8C %EE 6T %S9°6C %TT 6T BbST6C %S0O'ET Aoe[oA Tenuuy
%9L 0% %T1'0¢ %SL'0T %TEY %ISLE %¥iSe %08°9¢ Bev vl %0¢€°ST UI3oy 2Ane[nuny
%T6°01 %TE'6 %SLL %90°S %9Y° 11 %¥0°01 %001 %869 %L89 WY [ENUUY 25LIAY

PIOH-pue-Ang  [enuuy  [enuuelwdS  Apouend) plOH-pue-Ang  [enuuy  [enUUBIWRS  A[IolenQ) edsoAroq]

$0038 71 03 dn sorjojirog $y003s § 03 dn sorjojI0g
VdSHAO4I - OSSV1

%000 DYy 9 %9911 %6E €T %000 %659 %BLET] %S9°SC - Toroung, A[IUOIA 25eIoAY
%S00°0 %T10°0 %LI00 %¥20°0 %900°0 %910°0 %¢€T0°0 %200 - JoL1g] SUTYORL], 9FBIGAY SOT[OJIO]
%9T €1 %6LTI %e8CI %TTEL %T6'E1 %69°¢1 %9¢€l BLEE] %LYCl Ane[oA Tenuuy
%E1'SLT %BLTTY] %yeell %69 Y9 %86°LY1 %S9LST %6T SEl %1001 %0901 WINoY LApe[nuIny
%SS 91 %88°¢cl BLITI %889 %S V1 %8CS1 %IV EL %eV 01 %EV 11 WY [enuuy a5eIoAy

PIOH-pue-Ang  [enuuy  [enuueiwioS Apouend) PIOH-pue-Ang  [enuuy  [enuueIwoS  ApIojen) 001 dS

$y0018 ¢z 01 dn sorjoyiIog $3[0018 GT 01 dn sorjoJiIog
001 d%S - HALLVOAN-NON S10

%00°0 %61°¢ %LTY %OL’S %00°0 %6T'¢ B1EY %S09 - Toroung, A[YIUO 25eIoAY
%L00°0 %910°0 %TT0°0 %1€0°0 %800°0 %020°0 %620°0 %0%0°0 - I011F] SUTYORL], 9FBIOAY SOI[OJIIO]
%6111 %BSTY1 DLV %8V V1 %TS Y1 %6V 11 DLy V1 %S V1 %LYC1 AnejoA [enuuy
%SE 811 %YL LT1 %8L 601 %1899 %HT611 %8¢ 0v1 %87 8E1 %80°¢01 %0901 UIoy 2Ane[nwny
%81l %ETEL BLITIT %6Y"L %1¥Cl %81°¥1 %e6'El %8801 %bev11 IOy [enuuy OFeIoAY

PIOH-pue-Ang  [enuuy  [enuUBIWOS  A[IOuend) pOH-pue-Ang  [enuuy  [enuueiweg  A[I9)eng) 001 dS

$3003s Gz 03 dn sorjopIog

$)[003s G1 01 dn SOI[0J)I0]

001 d%S - OSSV'1

(eA)ESON-UON S'TO PUE OSSE[) [opoW [eonsIels pue (000 ] [[9SSNY pue ‘edsaaoq] ‘001 d29S) Jewyouaq josiewr 1od Sur{oes} Xapur 10j s)[Nsal [[BI9AQ ¢ J[qRL

18



%000 bS8'L %66°S1 %90 1€ %000 BI9°L By Sl BYLTE - Iosoumn], AUOIA 95eIoAy
%L00°0 %S10°0 %1200 %6200 %L00°0 %9100 %00 %00 - I011g SUDjORL], 9FLIAY SOT[Of1I0]
%S6°cl %98°¢1 BbLOEL %09 ¥1 %e6'El %S6°cl B10V1 BEV V1 %OLCI Aoe[oA [enuuy
%89°1¢C1 %L1 SCL %98 LT1 %10 1L %bT8 601 %6681 %19°601 %bES VI %98°601 WINIY 2AnE[UINg
%30°¢l %30°¢l %8yl %018 %SETI %8l %BEL'TI %89°L %¢c0Cl WM [enuuy 95eIAY
PIOH-pue-Ang  [enuuy  [enuuelwaS  Apouend) plOH-pue-Ang  [enuuy  [enuueiweS  Apoaend) 0001 [[essny

$Y0018 () 03 dn sorfofiI0g

$3003S ()¢ 03 dn so1[0JII04

000T TTASSNY - HAILVOAN-NON S10

IoAouIn], A[JIUOIA 9FeIoAY

%00°0 %09t %019 %EeS'8 %000 %TSY %ST9 %8¢’8 -
%800°0 %810°0 %S00 %1e00 %3000 %6100 %LT00 %8€0°0 - Jo11g SUIYORL], 9FBIGAY SOI[OJIO]
%OL Y1 %T8 Y1 %S0'S1 %L191 %OL Y1 %6871 %TI'S1 DL ST %OLTI Aoe[oA Tenuuy
%ey8Cl %19°6C1 %1601 %BILET %et 8Tl %S98¢E1 %1Seel %0819 %98°601 WINIY 2Ape[nuIny
%BLSEL %89°¢l %S6°T1 %€9°C %BLSET %6E Y1 %v0v1 %EYL %¢e0Cl WY [enuuy o5eIoAy
PIOH-pue-Ang  [enuuy  [enuuelwRS  Apouend) plOH-pue-Ang  [enuuy  [enuuelweS  Apoyend) 0001 [[essny
$001S () 03 dn sorjoJ1I0g $3003S ()¢ 03 dn so1[oj1104
0001 TTASSNY - OSSV1
%000 %b6S°S %156 %L 81 %000 BIT°S BbSY'6 %6£°61 - Toroung, A[IUOIA 25eIoAY
%0100 %0€0°0 %0¥0°0 %650°0 %910°0 %¥€0°0 %L70°0 %6900 - I0117] SUTYORL], 9FBIGAY SOI[OJIO]
%Sy €T %SEST %LOYT %TT'ST %68°LT %ST9T %¥6°ST %¥T 9T %S0°€T Ane[oA Tenuuy
%0L V8 %S9 %ee99 %6598 %E8'SS BLLTE %88'1¢ %99°81 %0¢°SC WMoY LAne[nuIny
%9T €l BITT1 %S811 %L1 %61°C1 %BY6'L %89°L %SS'L L9 WY [enuuy o5eIoAy
PIOH-pue-Ang  [enuuy  [enuuelwioS  A[ouend) p[OH-pue-Ang  [enuuy  [enuuerweg  A[1o)reng) edsoroq

3ded snoradad woay panunuod ¢ Iqe],

19



Table 4: Overall results for Long-Short using lasso per market

benchmark!
S&P 100 - Portfolios up to 50 stocks
Monthly Bimonthly Quarterly
Average Annual Return  3.31% 3.85% 2.48%
Cumulative Return 23.71% 28.44% 17.66%
Annual Volatility 8.52% 8.43% 8.44%
Correlation 0.009 -0.004 -0.066
Skewness 0.265 0.206 0.284
Kurtosis 1.369 0.936 1.583

IBOVESPA - Portfolios up to 30 stocks
Monthly Bimonthly Quarterly

Average Annual Return  2.04% 2.72% -3.66%
Cumulative Return 14.20% 18.17% -24.98%
Annual Volatility 16.61% 17.10% 15.75%
Correlation -0.007 0.003 0.019
Skewness -0.133 -0.104 -0.158
Kurtosis 1.547 1.912 1.740

RUSSELL 1000 - Portfolios up to 80 stocks
Monthly Bimonthly Quarterly

Average Annual Return  4.78% 4.08% 2.44%
Cumulative Return 34.88% 29.43% 16.44%
Annual Volatility 9.91% 9.80% 9.68%
Correlation 0.115 0.074 0.016
Skewness 0.222 0.133 0.078
Kurtosis 2.627 1.913 2.492

1 Average Annual Return, Cumulative Return, Annual Volatil-
ity, and Correlation are calculated as indicated in Table 1.
Skewness (Kurtosis) refers to the skewness (kurtosis) be-
tween daily returns of each strategy and daily returns of the
index during the entire out-of-sample period.

Table 5: Cumulative return per year for Long-Short strategy!

S&P 100 Ibovespa Russell 1000

Mont. Bimont. Quart. Mont. Bimont. Quart. Mont. Bimont. Quart.
2011 2.0% 1.5% 1.5% -09%  -0.9% -0.9% 1.3% 1.0% 1.0%
2012 9.3% 7.6% 29% -49%  -38% -11.0% 24.0% 18.9% 11.4%
2013 1.8% 1.8% 21% 1.0% 5.5% -16.7%  7.9% 9.9% 6.8%
2014 6.1% 11.9% 11.8% 2.0% -0.5% 3.0% 4.0% 5.6% 4.9%
2015 31% -2.3% 0.0% 11.1% 21.8% 86% -8.1% 9.1% -123%
2016 144% 12.8% 7.8%  1.7% -1.5% 9.6% 7.3% 4.2% 3.7%
2017 713%  -63% -46% -1.7% -1.5% 1.1% -3.0% -1.9% 1.6%

Average 3.3% 3.9% 25%  2.0% 2.7% 37%  4.8% 4.1% 2.4%

! The Cumulative Return per year refers to the return calculated cumulatively during each year of the
out-of-sample period.
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