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Nonlinear interactions of tenuous electron beam, background, unmagnetized plasma, and
self-consistently generated Langmuir and ion-sound waves are analyzed in the framework of plasma
weak turbulence kinetic theory. Full numerical solutions of the complete weak turbulence equations
are obtained for the first time, which show the familiar plateau formation in the electron beam
distribution and concomitant quasi-saturation of primary Langmuir waves, followed by fully
nonlinear processes which include three-wave decay and induced-scattering processes. A detailed
analysis reveals that the scattering off ions is an important nonlinear process which leads to
prominent backscattered and long-wavelength Langmuir wave components. However, it is found
that the decay process is also important, and that the nonlinear development of weak Langmuir
turbulence critically depends on the initial conditions. Special attention is paid to the electron-to-ion
temperature ratiol./T;, and the initial perturbation level. It is found that higher value§ ofT;
promote the generation of backscattered Langmuir wave component, and that a higher initial wave
intensity suppresses the backscattered component while significantly enhancing the
long-wavelength Langmuir wave component. 2001 American Institute of Physics.
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I. INTRODUCTION wave and wave—particle interactions should take over, and
_ y the plasma should exhibit turbulent behavior. However, the
The study of beam—plasmiar bump-on-tail instability  detailed nonlinear beam—plasma interaction process beyond
and subsequent nonlinear development is a classic problefie quasilinear stage is less than completely understood. One
in plasma physics. Contemporary plasma turbulence theoryf the main reasons is the lack of comprehensive analysis of
which began with quasilinear theoty,has largely been de- theoretical equations to interpret particle or Viasov simula-
veloped in the context of the beam—plasma instability. At-tjon results. Within the context of incoherent turbulent pro-
tempts were made to extend the quasilinear theory t0 iNCOlsegses the weak turbulence thetir?! which generalizes
porate .theS%ffects of spontaneous quctuaﬁdrgs_nd stable e quasilinear theory, is in principle available, and can
oscillations?”® Numerical solutions of the quasilinear equa- therefore be applied to the beam—plasma system. Numerical
T.'fn Itn orze- and twcl)q-dllcn;7e?3|or_15 ;%n alsol_bet_foun:J I?h thesolutions of the weak turbulence equation can then be com-
lierature(see, €.9., kel jrinspired by applications 1o the pared in detail with simulation results. However, to this date,
solar type Il radio burst problem, quasilinear treatment Ofno attempts have been made to systematically solve the full
beam—plasma instability in a system with spatial inhomoge-

. S : set of self-consistent weak turbulence kinetic equations. In-
neity along the direction of the beam propagation were ex-

tensively investigatetf;®and the influence of other physical stead, certain nonlinear processes are presumed to dominate
effects, such as the density fluctuatidfi’ on the beam— & Priori. and terms which reflect other processes are then

plasma instability development were also discussed in thdiscarded at the outset. For instance, Refs. 32-35 focus on

literature. the wave—wave interactions, while Refs. 36—-38 only empha-
It is widely accepted that the primary saturation mecha:Siz€ the nonlinear wave—particle interactions. _

nism for the bump-on-tail instability at a relatively early qua- ~ Of course, weak turbulence theory cannot describe co-

silinear stage of the evolution is the velocity—space plateaffereént nonlinear processes such as particle trapping which

formation in the beam distribution function. Once the systenivere thought to be the primary saturation mechanism of

has reached the quasilinear saturation stage, nonlinear wavé&eam-—plasma instability in the early days. This was largely
motivated by early simulation resuft$“°and to some extent

AEloctronic mail zieboll@if ugs.br by laboratory experiment&;**many of which were specifi-
YElectronic mail: rudi@ufpel.tche.br cally designed to test the very trapping phenomenon. How-
®Electronic mail: yoonp@ipst.umd.edu ever, depending on the physical parameters and initial setup,
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numerical simulatior§“¢=*5or laboratory experimem$®  Il. THEORETICAL FRAMEWORK
can produce results that are in good overall agreement with

incoh t turbul th Specifically. f id We start from the formulation derived in Ref. 67, which
Incoherent turbulence theory. specifically, for a very co oris valid for electrostatic interactions only, ignoring the effects

intense beam, the trapping can become significant, at least B¥ thermal fluctuations and an ambient magnetic field. In the
the early stage, but for a weak beam the weak turbulencgresent analysis, we only retain those terms in the general-

approach is now known to reliably describe the instabilityjzed kinetic equations derived in Ref. 67 that are commonly

development. found in the conventional weak turbulence theory. It includes
In this regard, it is noteworthy that, on the basis of renor-the contribution of Langmuirl() and ion-sound $) waves.

malized kinetic theory, some serious questions on the validFrom Eqgs.(16), (18), and(23) of Ref. 67, which reduce to

ity of quasilinear theory were raised in the 198%s%In  the well-known equations of conventional weak turbulence

particular, it was argued that the so-called turbulent particleiheoryw‘31 if we ignore the harmonic nonlinear eigenmode,

trapping leads to a significant modification of quasilinearthe dynamics of Langmuir waves is governed by the follow-

theory which invalidates the quasilinear approximationing equatior®®°

which constitutes a lowest-order theory in the weak turbu- 3|?L

lence perturbation scheme. However, subsequent experimen-

tal and simulation efforts to verify the theoretical claim that

turbulent trapping should lead to a significant increase of the

velocity—space diffusion rate, failed to produce definitive + Z

resultg®0-6465 , /
Almost a decade had passed when Liang and Diafffond — (0" wp 175, 4" oy 1051

carried out a correct renormalized kinetic analysis to show P

that the effects due to turbulent trapping on the velocity— — E dk’f dvU, . (k—Kk')- ~

space diffusion is insignificantly small, thus reestablishing o' =+1 v

the validity of quasilinear theory. Meanwhile, on the basis of

carefully designed numerical simulations, Dtlndemon- X

strated that early simulations which showed wave trapping as

a dominant saturation mechanism were largely due to a small D

simulation size and insufficient mode resolution. Dum'swhere o=+1 represents waves with phase velocitigs

simulations showed that the wave trapping is but a transient cwy /k, F, andF; are the electron and ion distributions,

phenomenon, a finding in agreement with experimental findew, andk are the wave angular frequency and wave vector,

ings by Dimonte and Malmbery, for instance. Dum also respectively,w,e and w,; are the electron and ion plasma

pointed out the significance of backscattering of primaryangular frequencies, defined hy),=4mnee/m;, m, and

Langmuir waves by the ions, which is one of the processe8) being the electron and ion masses, the equilibrium

described by weak turbulence theory. Muschietti and Bfum €lectron density, ane the absolute value of the electron

then solved a simplified weak turbulence equation in whichtharge. The various coefficients in E@) are given by

terms depicting only the quasilinear process and induced w2

scattering off ions are kept while the decay process is ig- Fsz%}é(awk—k'v),

nored. However, to this date, the relative roles and impor- k

tance of induced scattering off ions versus the three-wave ) 7€ o (k-k')2

decay process are not completely resolved. Recently, Vk’k,=§ 22 o

Cairn$® discusses the issue of the roles played by the decay Te Kk *[k—K'|

JF
— L Ly . €, oL
ot a'wkf dVFkk EY, Ik

L L L,o'L,d"S
kafdk'ka,[ka|k, Ik*k'

’ n
o,o'=*+1

m '
L € L
(gox—0"wg) Fe= —(awy) Fi | 1o 17,
1

versus scattering processes, which are the two main nonlin- % 5(‘T‘Uk_‘f’wt/_‘7"wi o)
ear processes in the context of weak turbulence theory. How- @)
ever, since the discussion by Cairns is based upon purely a e (k-k')?

analytical means, one cannot demonstrate the effects of the Ukvk’:w_z 2 KZK'2 Slowg—o' o= (k=k')-V],
two processes in a quantifiable manner. pe e

Our purpose in the present paper is to solve the full set = |k|3\3, (Me/m)Y2(143T;/To)Y?,
of conventional weak turbulence kinetic equations for thewhere)\%
first time, and to examine the roles of various Wave—WaVve i 70 ¢
and wave—particle interactions in beam—plasma interaction Tne first term on the right-hand side of E@) which
processes. The structure of the paper is the following: In Segontains the delta function(ocw,—k-V), depicts the in-
Il we formulate the theoretical equations to be numericallyguced (or stimulated emission/absorption, or equivalently,
analyzed in detail. In Sec. Il we conduct the numerical comthe bump-on-tail instability linear growth/Landau damping.
putation of the equations. Finally, some comments on th@bviously, this process is dictated by resonant linear wave-
results obtained and on the perspectives for future work apparticle interaction. The second term on the right-hand side
pear in Sec. IV. represents the nonlinear three-wave decay process, which

=Te/4mnye? is the square of the electron Debye
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preserves the frequency and wave number matching condi- 7 € ey (k-k')?
tion between two Langmuir waves and an ion-sound wave, V= YR TWE [k—k'|?
as the delta function conditiorﬁ,(awk—o’wt,—o”wffk,), 4wpe M k™k

indicates. Finally, the third term on the right-hand side dic-
tated by the factordlcwi—o'w; ., —(k—k')-v], de-

scribes the inducedor stimulated scattering of Langmuir xﬁ(awk—a’wt,—a”wik,),
waves off particles. The induced scattering off the electrons
(i.e., the first term within the large parantheses which in-
volvesF,) is called the nonlinear Landau damping in early

literatures. The same nonlinear wave—particle interaction
process involving the ions is termed “the scattering off Xﬁ(awf—a’wt,—a"wt_k,)
ions,” or generalized nonlinear Landau damping off ions.

X |Xe(k—k’,0'w||;—(r’wt,)|2

7 € k- (k—k")]?

4ol m2 K2 [k—K'|?

VS

k,k': k2|Xe(k10-wE)|2

The ion-sound wave kinetic equation is given by and
2 12
oS m € (kk )
al—k=<mL ISk | Fot Tep | o V=5 2 2z
at k k &V e mi I k pe me k k
L’ L L 2
+ 2 O'wkf dk’ ka, [ O'wk |Z,/L Iz/—’Lk’ | Rexelkk ,O.ka 7 ka/z)]
0",0'”=il ! |E(k_k,,0'(l)k_0',wk;)|
— (0w 1+ o wr 10918, X Slow— o o, —(k—k')-V],
2 where e(k,w) =1+ y(K,») + xi(k,w) is the linear dielec-
Ffzﬁﬂk% 5(owf—k-v), tr_ic response func_tion. In the literature, the general expres-
2 sions such as given above are sometimes used for the
induced-scattering coefficiefft. However, in the discussion
s e w [k - (k—k")]? of the three-wave decay process in the literature, the simpli-
Vik=7 T_E, k2k'2|k—k'|2 fied versions of_x/t’k, andvf’k, as defined in I_Eqs{Z) and_(3)
are used invariably. For the sake of simplicity and internal
X 8(gwi— o' oy, — 0" oy ). (3)  consistency, we resort to the simplified expressions/fp,[,

andvi’yk, , andU, ., throughout the present analysis.

In what follows, we simplify the analysis by considering
a one-dimensional limit where both the particles and the ex-
: . . < cited waves propagate either in the same direction or in ex-
ingly, we have redefined the various coefficients . actly opposite directions with respect to each other. We pro-

Uik, etc. , . ceed by defining the following nondimensional quantities:
For the electron dynamics, following the standard meth-

ods as found in the conventional weak turbulence theory, we Z=®/wpe, 0=kve/wpe, T=wpet, U=v/ve,  (6)

utilize the usual quasilinear approximation, which ignoreS\Nherev§=2Te/me, and we define the normalized distribu-
the effects of nonlinear wave—particle interactions on th&jons F (u) and F;(u), such thatfdu Fo(u)=fdv F(v),

particles. Moreover, we only incorporate the wave—particleyqy F,(u)= fdv F;(v). We also define the nondimensional
resonance between the electrons and Langmuir waves. Frofghye intensityl , such that

Eq. (42) of Ref. 67, we thus obtain

In Egs. (1) and (3), we have modified the definition of the
ion-sound wave intensity;, as compared to that appearing
in Ref. 67, by dividing it by factop, 17— 13/ uy . Accord-

1
9Fe_ i( i) @ gongr, ) 1= [ dale “
S\ M, )
art v i The dispersion relations for tHeand S waves are obtained
where by considering the bulk of the distribution function. For the
Langmuir waves, the familiar dispersion relatiomk

me? Ki k; = 1+3k?\2,)Y2 reduces to the normalized form
D= | dk—' 3 S(owk—k-v)Igt. (5) pel oe)

m32 k2 o=%1 zq=(1+30%/2)"?=1+ 30?4, 8

For the ion distribution, we assume a constant Maxwelliarwhile the ion-sound wave dispersion relatimrf:kcs(l
distribution with thermal speed, = (2T;/m;). +3T;/Te) Y (1+ K\ 3,) 2 becomes

At this point, we should point out that the three-wave s 21 12
decay coefﬂmentsv:;’k, and Vflk,, and the coefficient for Zg=AA(1+a772) aA, ©
the induced scattering), - , as defined in Eq41)—(3), are  where
based upon a number of approximatiéhstowever, in prin- L im\12 37|12
ciple, more general expressions of these quantities in terms 5 — ( e) ( + ') (10)

of various linear response functions are available. These are J2im Te
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In approximating the ion-sound dispersion relatij it has

been assumed that the wave spectra are significant onty for

sufficiently less than unity.

Muschietti and Durf discuss the effects of the more
general Langmuir wave dispersion relation obtained from the

Nonlinear development of weak beam—plasma instability 3985
oFe 0 (

21
dr  au

IF
|U| [G)(U)(larl_)q—l/u+®(_u)(|q|—)q—1/u|]m) .

11)

The ions remain stationary, with the distribution function in

full dispersion equation rather than the simplified expressior?orrnalized form given by

(8), z'a, which is a monotonically increasing function qf

They discuss that the use of more general numerically com-
puted dispersion relation results in a significant quantitative

1

Jm

Te
Me Ti

m; Te 2

___u>_

Fi(u) .

(12

Fer o

different in the induced scattering process. In this sense, ReAfter variousu integrals are explicitly performed by virtue of
38 is more general than our approach. However, since thethe delta function resonance conditions, paying careful atten-
study ignores the decay process at the outset, it is difficult téion to all possible signs ofd,os’,0"), the resulting nondi-
assess the effects of adopting the same numerical dispersiomensionalized set of kinetic equations are given by the sub-

relation on the decay process.

sequent expressions. First, the forward- and backward-

The electron quasilinear diffusion equation in the nor-propagating Langmuir wave kinetic equations={1, and

malized form is given by

defined in the positivel domair) are given, respectively, by

=t wzt [ oF _ _
q q € *L _ Lr,Ly+L =S _ /5L *S L L *+L
W_i_z(m> . lg + 70— 7 n25[2gl gyl 2q" n~ (Zg- 4l 297 5T 22— 5l a1
q u=tzq/q
* ¥S xS * *
+7Tnzé[zalqJIr_nl2Q+n_(zlti+7ilZQ+7/_Z|2_Q+7/|qur_77)IqL
+ 7O (=)0 (20— 1) n25[ 25 ; gl 20> (Zr—ql 200 5T Zog—pl mo) g
+ 7O (=)0 (n—20) n 2l 251 5 ol 5220 (25 ol 5 22— 2520 o) g -
w F, 2T, Z% _—
IWJ’ 0|0I'|CI+CI'|U((9—Ue Te L i) loilgt
0 1 atq u==3(q—q’)/4
w F, 2T, Z% L
ij dol’lq—q’IU(a—ue - .) It (13
0 1 9-q u==3(q+q’)/4
|
where I1l. NUMERICAL ANALYSIS
Equations (13)—(15), together with Eq.(11), form a
7=A4A/3. (14) q (13-(15), tog q.(11)

coupled system of equations which we have solved using a
fifth-order Runge—Kutta method.For the application which

For ion-sound waves, the resulting equation for forward- a”qollows, we used the velocity and wave number ranges cor-

by

37

&IiS
q L
== 8 7%

or

dF¢

Ju

*
Iq

S

|

+Z( _ ) ZL[ZLIiL |iL
2 OUn= Q)1 241 Zq] (- )2 (a+ m)i2

Te
_?i(ZUFi))

— S
u—rzq/q

*S

L +L L +L
(2 ay2l (a7 mz— Zg+ i (-2 g

m LroLy=L FL
+ 50 M n24lzgl (g3 el @- 2

+S

5. @y

L FL L +L
—(Z(g+ 2! (a= myr2 = Za- il (a+ myr2)!

backward-propagating components are given, respectiveIylc,JSpOI.Ming to— 15<u<15, and X 10 8<q<0.5, respec-

tively (or —0.5<g<0.5 if we convert theg-range corre-
sponding to the backward propagating waves into a negative
g-range by virtue of the symmetry relatioh, “=1_¢, o
=L,S).

In the present formalism which ignores the spontaneous
thermal fluctuations, the choice of initial level and functional
form of the wave spectrum are somewhat arbitrary. In a com-
plete theory in which spontaneous effects are included, the
issue of the initial wave level and spectral form would matter
less because, to a certain extent, the contribution from the
spontaneous emission to the initial wave level and spectral
shape is expected to be of primary importance. Such a theory
is, of course, available in the literatue?”2°3%°As a matter
of fact, Ref. 38, for instance, incorporates just such an effect
in its numerical study of weak Langmuir turbulence.

In the present analysis, however, we do not include such
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an effect. The reason is that the present analysis actually
forms the first part in a two-part series. The second part,
which is forthcoming, deals with the numerical solution of
the generalized weak turbulence thédrin which the har-

monic Langmuir wave is included as part of the eigenmode IO%EJFB(“)
system. For such a problem, however, there is no readily-
available theory which includes the effects of spontaneously | 10000

generated fluctuations. Therefore, for the purpose of a com-
parison between the conventional treatment of weak Lang- 4

muir turbulence, and the general treatment including the har- T
monic Langmuir mode, it is better to ignore the spontaneous -

fluctuations in both cases. Obviously, in the future studies the 777 7 L A A
present simplifications must be removed. ) L

In any case, for the present situation, we chose the initial
wave level to be constant over the range ]]Q*6<q<0_5 FIG. 1. A plot of electron distribution functiorEe(q,r), vs_u_gndr, for the
for both the forward and backward propagatihgand S castLa ofnb/20=2>< 10‘47,4ub=5, T./T;=7, and with an initial wave level
e ! . of 15(0)=1(0)=2x10"*.
waves. The specific functional form for the initial spectrum — ¢ q
is not expected to matter too much, since the waves in the
unstable range will be amplified while the damped portion of
the spectrum will exponentially decrease shortly after theions are notoriously difficult. Of these parameters, we
initial stage anyway. However, the magnitude of the initialchooseu,=5.0 anda,=1.0. In the numerical analysis to
spectrum does matter greatly, as we will see. To discuss thiellow, for the sake of simplicity and the length of the article,
effects of the initial wave amplitude, we have considered twove do not vary these parameters. However, the temperature
levels of initial normalized intensityl ;(0)=2X 10~% and  ratio T./T; is an important parameter, hence we consider
1,(0)=5x10"*, for g in the range k10 °<q<0.5. four possible choicesT./T;=4, 7, 10, and 14. The reason
For the initial electron distribution, we have assumed &T./T; is considered to be important is that the three-wave
combination of a Maxwellian distribution and a drifting decay process involves ion-sound waves which are heavily
Maxwellian, damped unless this parameter is sufficiently high. In the lit-
5 erature it is often said that when,/T; is low, then the in-
F.(0)= ( 1— @) exp(—u°) N Np 1 duced scattering should dominate, while for reasonably high
€ Ny J No \mr T./T;, the decay process should be more important than the
induced scattering proce¥5As a reference, the value of
Xexp{ (U_UD)T T./T; in the solar wind is approximately 4, for which the

aﬁ (16) ion-sound damping rate should be marginal. The choice of
T./T;=7 is already unrealistically high for the solar wind.
The number density ratio of the beam to background elecWe nevertheless consider&d/T; up to 14 in order to assess
trons,n,/ng, is a highly relevant parameter. We have takenthe importance of this parameter in the nonlinear process.
into account a couple of considerations in the choice ofFor the majority of the discussions on numerical analysis,
n,/ng. First, although in this article we address generichowever, we have considered an intermediate valyéT;
plasma physics issues associated with the beam—plasma in-7.
stability, we are nevertheless concerned with physical situa- In Fig. 1, we plot the electron distribution function,
tions in the solar wind and interplanetary space, wingiley,  Fo(u, 7), in the logarithmic vertical scale versusand r, for
is very low (as a matter of fact, it is often said that the solarn,/ng=2x10"4, u,=5, a,=1, IE(O)=I§(0)=2>< 1074,
and interplanetary application of a beam—plasma interactioand T./T;=7. We have plotted the distributiof.(u,r) at
is perhaps the ideal case where the weak turbulence theorytisne intervals corresponding te=0, 250, 500, 18, 2
entirely applicablg Second, the simulated computer experi- X 10%, 3x10°, 4x 10°, 6x 10°, 8x10%, and 10. The rela-
ments of beam—plasma instability have many practical diffitively early-time development of.(u,7) is as expected
culties in dealing with very low, /ny. However, the present from the usual quasilinear diffusion theory. We observe that
theory does not suffer from typical numerical and computetthe bump-on-tail feature quickly develops into a plateau by
resource problems. Therefore, we have chosen to considertlde time the system has evolved t6-2x 10° or so. It is
situation which has not been considered in numerical studiemteresting to note that for a sufficiently long timebeyond
of beam—plasma instability before. Specifically, we choosé000 or so, the electrons are seen to develop an energetic
the value ofn,/ng=2x10"4. tail, and that the electron distribution in the negativeange
Other parameters are the normalized average beanhevelops a mini plateau, somewhat similar to the plateau on
speedu,, the ratio of beam velocity spread to backgroundthe positiveu side. This is intimately related to the genera-
thermal speedy,,, and the electron-to-ion temperature ratio, tion of backscattered Langmuir waves by the combined de-
T./T;. Of course, the ion-to-electron mass ratio is given bycay and scattering processes, as will be discussed below.
the real valuem; /m,=1836. This is another advantage of the Of particular interest is the development of wave inten-
present approach, as the true-mass ratio computer simulaky spectra. In Fig. 2, we plot Langmuir and ion-sound wave
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the beam—plasma instability development, we have consid-
ered various terms in the wave kinetic equations one at a
time. Of first and foremost importance is the quasilinear
process—that is, the induced emission/absorption, or equiva-
lently, the bump-on-tail growth and Landau damping. In Fig.
3, we present the result of the numerical computation of
Fe(u) and Ig(r) in which both the decay and induced-
scattering terms are turned off artificially, and only the qua-
silinear terms are kept. In this case, the ion-sound waves do
not participate in the process, and thus the spectral intensity
Iﬁ( 7) is not shown. The result is as expected from the classic
quasilinear theory in that the linear exponential growth is
followed by a saturation stage, while the damped portion of
the initial wave spectrum exponentially damps out. The nar-
row peak in the Langmuir wave spectrum is the result of a
small remnant positive gradient in the beam electron distri-
bution, F¢(u), which persists for awhilésee Fig. 1 near the
high-velocity edges of the velocity plateau far=10°,
2x10°, and 3x10%). The persistence of the gradient in
F<(u) seems to be the result of quasilinear diffusion approxi-
mation which we adopted for the electrons.

It is interesting to note that although the initial beam
feature disappears as a result of plateau formation and thus
the quasilinear wave—particle interaction process should no
longer be effective, the bulk of the electrons nevertheless
appear to be heated and the energetic tail is seen to form. The
overall feature associated with the energetic tail in the late
phase of electron distribution development is qualitatively
similar to that seen in the full solution, Fig. 1. This can be

FIG. 2. A plot of Langmuir wave intensit)d,;(r), and ion-sound wave . . .
intensity, 15(7), vs q and 7, for the case ofn,/n,=2x10"%, u,=5, explained by the fact that although linear beam—plasma in-

Te/T;=7, and with an initial wave level of;(0)=15(0)=2x10"% This  stability is quenched by the time the plateau has fully devel-
plot corresponds to the solution of a complete wave kinetic equation includoped’ the initially imposed waves are continually absorbed
?ng the induced' emissiofguasilineay, decay(three-wave interactionand by the bulk plasma through a Landau damping process. Note,
induced-scattering terms. . .
however, that the mini plateau structureFg(u) for u<O0 is
absent in the present quasilinear solution, and that the distri-
bution features rather smooth profiles over the entire nega-
intensity spectral,'a(r) andlqs( 7), corresponding to the same tive u range. On the basis of Fig. 3, we thus conclude that
run as in Fig. 1, in logarithmic vertical scaled vergspsndz.  while the gross characteristics of beam—plasma instability as
In Fig. 2, to aid the visual representation, we have added ahown by the evolutions of electron distribution function and
small constante=1x10"° to the spectra. As a result, the spectral intensities shown in Fig. 2 can be understood in
actual quantity plotted are |Qg||a(7')+€] and Iogo[lqs(r) terms of zeroth-order quasilinear theory, the peakg-ad
+ €]. The horizontal lines at=0 correspond to the initially andg~ — 0.2 in the Langmuir wave spectrum, the generation
constant wave intensities. The portion of spectra correspondf ion-sound waves, and the plateau associated with negative
ing to positiveq belongs to the forward componentﬁ,"(a-) velocities in the bulk electron distribution function must be
and |;S(T), while the negativey regions are for the back- due to nonlinear processes.
ward componentsl,;"(r) and I;S(r). For relatively early To understand the origin of the long-wavelength modes
times, one can see that, depending on the spectral range, taeq~0, the backscattered component ngar—0.2, as well
initially constant wave spectra quickly damp out, stay con-as the nature of negativeplateau, we have then considered
stant, or get amplified. Note that the linear bump-on-tail in-the wave kinetic equations fdr and S waves in which only
stability theory predicts a maximum growth rate around the quasilinear terms and the terms due to three-wave decay
~1/u,=1/5=0.2. In accordance with such a prediction, theprocess are kept in the wave kinetic equations, but in which
Langmuir mode initially grows exponentially fay around the terms corresponding to induced-scattering processes are
0.2. For later times £~2X 10° or s0, one can observe that artificially “turned off.” The solution of such equations are
the long-wavelength Langmuir modeear g~0) and the displayed in Figs. 4 and 5. First, as expected, the time devel-
backscattered mode @@~ — 0.2) begin to grow as a result of opment of the electron distribution is very similar to that of
nonlinear processes. Meanwhile, the ion-sound waves corkig. 1 or that shown in Fig. 3 in an overall sense. However,
tinuously damp out almost everywhere, except ngaO unlike the quasilinear case, the late-time behavioF gfu),
andg~0.4. especially the negative- plateau formation, closely re-
To analyze the various nonlinear processes involved isembles that of Fig. 1, which indicates that the detailed struc-
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lo IL(’C) FIG. 4. A plot of electron distributioffr¢(u) in the same format as Fig. 1,
804 QL. A except that only quasilinear and three-wave processes are considered. In-
.L. Approx. p y q p :

duced scattering terms are ignored.

substantially. Specifically, the decay process leads to the gen-
eration of a backscattered Langmuir mode rggar— 0.2 and

the long-wavelength mode at~0, as in the full solution.
Note that the primary Langmuir wave level decreases in the
nonlinear stage, as the wave energy in the bump-on-tail
mode is removed into the said long-wavelength mode and
the backscattered mode. By and large, the decay process

0.5 q

FIG. 3. A plot of electron distribution functiorf;¢(u,7), vsu and =, and logl IL(T)
Langmuir wave intensityg(r), vs g and , in the same format as Figs. 1 0°4
and 2, except that this solution represents the classical quasilinear approxi-
mation, where both the three-wave and induced-scattering terms are ignored,
and only an induced emission process is retained. The ion-sound waves do
not participate in this process.

QL.+3W

ture associated with the electron distribution for late times
can be attributed to the quasilinear absorption of initial wave
energy by the bulk electrons combined with the nonlinear
wave-coupling proce¢sy which modifies the Langmuir
wave spectrum, which in turn leads to the said negative-
plateau.

Second, we note that the ion-sound wave spectrum is
gualitatively similar to that shown in Fig. 2, in that the spec-
tral range of nonvanishingmode waves at a late phase,
namely,g~0 and g~0.4, are in agreement with the full )
solution. This is to be expected since the physical processes
which affect the ion-sound waves are linear damping and the
three-wave decay process only, and that the ion-sound waves 10000
do not participate in the induced-scattering process. How-
ever, the detail spectral shape is appreciably different from
the full solution which includes the induced-scattering pro- 6000
cess. This shows that the induced-scattering process, al- 4000
though it does not involve ion-sound waves directly, can nev-
ertheless affect the excitation & waves in an indirect
manner, through the modification of forward and backward 0 0
L-mode spectra, which in turn, enter the three-wave decay q

process. . . . L
. . FIG. 5. A plot of Langmuir and ion-sound wave intensities in the same
Finally, the evolution of thé& wave shows thf'it the decaY_ format as Fig. 2, except that only quasilinear and three-wave processes are
process affects the spectrum of the Langmuir waves quiteonsidered. Induced-scattering terms are ignored.
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appears to be quite effective in the generation of Langmuir
and ion-sound modes in spectral ranges not accessible from
the standpoint of linear theory.

The origin ofg~ —0.2 (backscatteredandq~0 (long-
wavelength Langmuir modes produced by the decay process
can be understood from E¢L3), i.e., that the decay of pri-
mary Langmuir wavesl*'- into product waves involves 24 10000
backward-propagating Langmuw wavdg,k and smallq
Langmuir waves with a wave number neat-q. From this, 4] A
we see that the backscattered Langmuir waves with wave
numbers equal tg =+ 7, and the long-wavelengttsmall q)

Langmuir waves with wave numbers+q, are affected by AL L /L A S B S B b
the decay process. u

Figure 6 displays the time evolution of the electron dis-
tribution F,(u) and Langmuir wave spectrumﬁ;(f) when 10&015(1)
only the quasilinear and induced-scattering terms are keptin
the wave kinetic equation. In this case, the three-wave decay  ;
terms are turned off, and thus, the ion-sound waves do not 4
participate in the process. The induced-scattering process =
consists of two terms, one involving the electrgnenlinear 10000
Landau dampingand the other, the ionscattering off iong 8000
Of the two processes, we found that the electron nonlinear
Landau damping term is almost completely negligible, and =
that the induced scattering is dominated by the ions, which is
in agreement with Ref. 37. According to Fig. 6, one can 2000
clearly see that the scattering off ions leads to the excitation o
of a long-wavelength Langmuirgt~0) mode and the back- 05 q
scattered componentj{- —0.2). The scattering of primary
Langmuir waves into a long-wavelength mode nea+0
comes from the term with resonant velocities,

log,, Fe(u)
09

Q.L. + Ind. Scatt.

6000

4000

0.5

FIG. 6. A plot of electron distribution functiorf(u,7), vs u and =, and

Langmuir wave intensityg(r), vs g and 7, in the same format as Figs. 1

and 2, except that in this solution only quasilinear and induced-scattering

(17) terms are retained, but three-wave interacfibecay terms are ignored. The
ion-sound waves do not participate in this process.

u=+3(g+q’)/4
in Eq. (13), while the backscattering of a primaty wave
into an oppositely travelind. wave originates from terms
which involve resonant velocities, process is kept among the wave-coupling terms, i.e., Fig. 4,
_ , and third, the one where only the scattering off ions are
u==3(q-q")/4. (18 considered in the nonlinear terms, i.e., Fig. 6. To aid the
The former condition can be understood from the fact thateaders, therefore, we have replotted in Fig. 7, the spectral
unless bothq and q’ are very small, such thai==*3(q  wave intensities of the backscattered componbdq't,, and
+q')/4<1, the induced scattering cannot be effective. Onthe primary Langmuir wave componehj; , in a linear ver-
the other hand, in order for the resonant veloeity £3(q  tical scale versug (but to eliminate the jaggedness, we have
—q’)/ to remain smallg andg’ must be almost equal. Since interpolated the curves, so the results are much smoother
g’ pertains to the backward mode, this means that’ is  than the previous figurgsat the end of the computational
almost equal but opposite in sign. The above consideratiotime, 7=10%. The linear scale makes it clear that the approxi-
shows that the induced-scattering affects bqtkO and  mate approach of retaining only the decay process is a poorer
~—0.2 modes, just as the decay process does. representation of the full solution when compared with the
From the discussion thus far, one may conclude that bothesult obtained by the scheme in which only the scattering is
the decay process and the ion-scattering process operate retained. This result, therefore, shows that of the two pro-
an overlapping spectral range and that both processes leaddesses, the decay process is less effective than the scattering
the excitation of waves in spectral ranges that are not accesff ions, although in general, one must retain both.
sible by a linear wave—particle interaction process. The In view of the fact that the decay process is expected to
present result also shows that, in general, both the decay afe rather sensitive to the choice of electron-to-ion tempera-
scattering effects should be considered simultaneously, arndre ratio, To/T;, we have considered various values of
that ignoring one process over the other may lead to quantif./T; other than the previous choice ®{/T;=7 to deter-
tatively erroneous results. mine how sensitive the nonlinear processes are to the change
To determine which of the two processes are more imin this parameter. According to the literatuiie,/T; is one of
portant in a relative sen$é we have made the comparisons the decisive parameters which determines the relative impor-
among the three results at the final time 10%, that is, the tance of the decay process versus the scattering. We have
full solution shown in Fig. 2, one in which only the decay therefore considered three cas&s/T;=4,10, and 14. The
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QL.+ FIG. 7. A comparison of the full solution and the ap-
. ind. scatt. 6 proximate solution in which only the quasilinear and

L Full ; A +L QL. +3W induced scattering terms are included. A plot of the pri-
Iq,| solution | QL+/ Iq, QL.+ ind. scatt. mary Langmuir wave_intens_ity{L(r), and backscat-
3W tered Langmuir wave intensity; ~(7), vsq at 7= 104,
] Full solution shows that the approximate solution over-estimates the

backscattered component while under-estimating the
primary wave level.
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results are displayed in Fig. 8. Other parameters are the sanfiont, that is, the scattering coefficients in E43) have a
as in the previous case, namely,/no=2x10 4, I'a(O) factor (2T./T;) u F;. This means that the higher the ratio
= I§(0)=2>< 104, u,=5, anda,=1. First, let us consider T./T;, the larger the scattering coefficient.
the case of./T;=4. In this case, the ion-sound wave damp-  An interesting and peculiar feature associated with Fig. 8
ing should be higher than the previous case, and thus thie the fact that a§./T; increases, not only does the back-
decay process should, in principle, be able to proceed lesscattered Langmuir wave intensity increase, but also the de-
efficiently than the case df,/T;=7. Indeed, this appears to tailed shape of the wave spectrum near the end of the com-
be partly true, as the top-right-hand panel shows. The iniputation time becomes more structured. It is seen that both
tially constant level of the ion-sound mode is seen to quicklythe primary and backscattered waves in the case of high
damp out over the entirg range, except nead~0 andgq  T./T;, such as 10 or 14, develop small-scale structures in
~0.4. However, it is important to note that the generation ofspace associated with the wave number spectra, which can-
the Smode by decay instability is still operative despite thenot simply be attributed to the discreteness of the numerical
relative low temperature ratib./T;=4, as the persistence of g spectrum or numerical noise. Instead, this appears to a
the bump onl JS nearq~0.4 shows. genuine result of actual physical processes. In order to inves-
Let us proceed further with the caseTaf/ T;=10, while  tigate such a feature, we have again considered the reference
all other parameters are held constant as before. The resise ofT./T;=7, but this time, we have computed the rel-
corresponding to this value of temperature ratio is displayegyant equations for time interval twice as long as before,
in the middle panels of Fig. 8. The development of an io”'namely 0< 7<2x 10%. The results are summarized in Fig. 9,
sound wave spectrum over time shows that the damping ighere the distributionF 4(u) and theL mode intensity,'i(r)
less effective across the board, since the higher the ratigre piotted in the same format as before. Two features are
Te/Ti, the lower the linear ion-sound damping rate. Theprominent. The first is the clearly visible negativeshoulder

similar trend can be observed in the case of an even highej the broad tail in the electron distribution, and the other is

value of T¢/T;=14. Thus, we have confirmed a general trendie gevelopment of small-scale structures in the wave inten-
that the higher the rati®./T;, the less efficient is the damp- sity spectrum.

ing of the sound waves. However, we also find that even for

a temperature ratio as low d%/T;=4 (which is typical of 36 noted, nonlinear wave-coupling processes beyond the
the solar wind conditiop the depay process is still effectlve.. quasilinear stagéhe decay and the scattering off ionsan

We note that although at first sight the temperature ratiq,, simply stated a& —L'+$S (and vice versa and L+i
Te/T; should not affect the scattering off ions, the higher | / thase processes lead to the enhanced peaksjnear
Te/T; nevertheless leads to a more efficient scattering. In_g 5 andg~0. Consider the backscattered moté, near
short, the temperature rafi, /T; influences both the decay o __ g5 TheL’ wave interacts with the bulk electrons near

and scattering processes. To understa'md thi;, we aga?n %0:1/q~—1/0.2~5, and gets partially absorbed by these
back to Eq.(13), and consider terms which depict scattering g|actrons via Landau damping, while at the same time, also

off Iio/zs. l(;lot_e+t?r,1at bo/th/4 resonar;)t velq<:|ilties,= ;_;3(?] being scattered off ions again via the secondary prokéss
—q')/4 andu==3(q+q’)/4, are substantially smallerthan ;) "\ ;ndergo secondary dechy—L +S. The partial

unity such that only the ions with velocities much Sma”erdamping leads to the development of a negativ@lateau in

%he tail neau~—5. The secondary scattering and decay of
anL’ wave leads to the dumping of wave momenta back to
1 (m Te\ 2 m; Te the positiveq domain which belongs to the primary Lang-
u Fi:_(__) uexp{ - — —u?, muir wave. However, each time the Langmuir waves are
Jaime T m ) : . .
scattered off ions, their momenta is altered in accordance
which appears inside the scattering term, can be finite only ifvith the resonance condition=3(q—q")/4~u;, whereu,
(m;/mg)(To/T;) u?<1. Therefore, the above quantity is not is the normalized thermal speed of the ionsy
very sensitive to the change ./T;, since the resonant = (T;/To)Y3(m./m;)*?, or in the case of decay, the wave
<1 anyway. On the other hand, the induced scattering offnomentum difference is dictated loy =qg= ». In this way,
the ions has an overall multiplicative factor of 2 T; in  the transfer of wave momentum frolod wave toL wave and

Our interpretation of these features is as follows: As we

process. This can be seen by the fact that the quantity
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FIG. 8. Langmuir wave intensit%(r), vs g and 7, for the case off./T;=4, 10, and 14. Other physical parameters are the same as in Fig. 2.

vice versaleads to the development of small-scale structurghe present approach to an extremely long-time behavior is
in the Langmuir-mode wave spectrum. This process repeatde absence of the spontaneous fluctuations. In particular, the
itself. The present finding that the Langmuir wave spectrunspontaneous scattering process is expected to broaden the
develops a fine structure iy or equivalently, ink space, is  wave spectrum such that the development of narrow stria-
in agreement with the heuristic analytical description of theyjgns in the wave spectrum is expected to be smoothed out
backscattering process of Langmuir waves in terms of wavg,mewnhat.

steepening and diffusion ik space’*"® As mentioned already, in the present formalism which

We could have pushed the numerical computation fur'ignores the spontaneously generated thermal fluctuation, the

ther in time to see whether the structures in the wave spec=_ . o . .
o choice of initial wave level is somewhat arbitrary. Therefore,
trum develops even further, but within the context of the

present scheme which assumes that the ions are stationary/¢ SOUght to understand to what extent the choice of initial
is not very meaningful to consider extremely long-time be-Wave level affects the outcome of the numerical analysis. For
havior without allowing the ions to slowly respond. In fact, this purpose, we decided to consider a case which is identical
the normalized timer=w,t=2x10* already corresponds !0 the first case, namely, /ng=2x10"*, T/T;=7, u,

to the ion plasma oscillation period,it~466. This time =5, anda,=1, bUtlé(O):|§(0)25>< 1074, instead of 2
period is mostly likely well into the ion quasilinear diffusion X 10" “. First, the evolution of the electron distribution func-
time. Another consideration which limits the applicability of tion is shown in Fig. 10. As with the case shown in Fig. 1,
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nent peak neag~—0.2 and a smaller peak negre=0, as
was seen in Fig. 2, we now have a higher peak mga0,
and a much lower peak negr= —0.2.
In order to comprehend the result shown in Fig. 11, we
have proceeded with the same steps taken previously. First,
0. we turned off the induced-scattering effect, and only retained
V/Aﬁ the three-wave decay terms. We have next solved the wave
0 01 02 03 kinetic equation with the three-wave decay term turned off.
03 02 01O The results of the two competing approximation schemes are
q
shown in Fig. 12. These results can be compared with Figs. 5
FIG. 9. A plot of electron distribution functiork¢(u, ), vs u and , and and 6. As with Fig. 5, it can be seen that the decay instability
Langmuir wave intensityq(7) vs g and, for the same case as in Fig. 1, o545 to 5 weak growth of a Langmuir wave spectrum in the
except that the final evolution time is twice as long as shown in Fig. 1, . . . .
namely~ ranges from 0 to X 10", vicinity of q=0 andq=—0.2, which confirms our earlier
statement that despite the apparent absence of enhanced ion-
sound wave peaks, the decay process is nevertheless opera-
there is nothing particularly surprising as far as the developtive.
ment of electron beam distribution is concerned. Note, the induced-scatterir{gff ions) also generates the
The corresponding wave spectra evolution is shown irmodes in the similar spectral range over which the decay
Fig. 11. The left-hand panel shows logarithms I(j(r), process is operative. This is, again, in agreement with the
while the right-hand panel shoW;f‘(r). The format is the earlier case of lower initial wave intensity. Thus we conclude
same as before. A noteworthy aspect of the present numerictilat despite the difference in the detailed spectral features,
result is that the ion-sound waves do not show any apparetie relative roles of decay process versus induced-scattering
development when compared with the case considered iprocess remains more or less the same as before, in that both
Fig. 2. Unlike the previous case, no enhanced ion-soungrocesses lead to the generation of backscattered and long-
waves appear in the spectrum, but instead the ion-soundavelength Langmuir modes, and that the induced scattering
waves damp out from the initial level over time. The ion- is generally more effective. However, unlike the case shown
sound wave signature is often cited as the evidence for thim Fig. 6, the long-wavelength modeg{0) possesses a
decay process at work. From this, it might be concluded thatnuch higher level of intensity when compared with the
the decay process is not effective in the present case afave neaq= —0.2. This difference cannot be accounted for
higher initial wave level. However, as we shall see, this ison the basis of any simple arguments.
not the case. The decay process is still quite operative as far To summarize the present findings, first, it can be sur-
as the generation of backscattered and long-wavelengtimised that by and large, the decay process, although weaker,
Langmuir modes are concerned. It is just that the productloes indeed contribute to the nonlinear wave-coupling pro-
ion-sound wave intensity is not significant in this case. cess in a significant manner, but the induced-scattering off
The primary Langmuir wave spectrum follows the famil- ions is the more efficient of the two. Second, the detailed
iar pattern of initial exponential growth over an initially un- numerical results of the two cases with different initial wave
stable domain aroung~ 0.2, and exponential damping over intensity are very different from each other in that the rela-
the absorption region. The major difference is in the spectraiive levels of backscattered versus long-wavelength Lang-
characteristics associated with the Langmuir waves whictmuir modes are reversed in the two cases. At the present
results from the nonlinear processes, as shown in Fig. 11, iime, we are not able to offer a simple explanation for such a
which II&(T) is plotted versug and 7. Instead of the promi- discrepancy, but can only conclude that the nonlinear devel-
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FIG. 11. A plot of Langmuir wave |ntens|ty (7), and ion-sound wave FIG. 12. A comparison of Langmuir wave intensities computed on the basis
intensity, | 5(7), vsq and, corresponding to the case considered in Fig. 10. of a quasilinear plus three-wave approximation scheme vs the approxima-
This solution corresponds to the solution of the complete wave kinetic equation in which only quasilinear plus induced scattering terms are kept.

tion including all the terms.

with respect to the primary Langmuir waves with compa-
rable wavelength K ~—k_, wherek_ denotes the wave
number associated with the beam-excited primary Langmuir
wave, andk, signifies the backscattered componeas well

opment of the instability is indeed very sensitive to the
choice of initial wave level. This calls for a more systematic
study in which various parameters, including the initial wave

level and the beam spead,, which we have not varied, and

the temperature ratio between the background electrons an?cil a Iong-wavelengthk(vO) Langmuir wave c_om_ponent.
e decay process is shown to operate in the similar spectral
the beam electrons, which we have assumed to be equal

needs to be carried out. Moreover, an improved numencalange as does the scattering of Langmuir waves by ions. Itis

so found that the generation of ion-sound waves, which is
computation is necessary in which the spontaneous thermal

Often cited as an indication of the decay process, is not nec-
fluctuations and dynamic ions are included in the theory.
essarily always evident. Therefore, the present case studies

have established the fact that the apparent absence of product
ion-sound waves is not necessarily the indication that the
We have numerically solved the complete set of weakdecay process is ineffective.
turbulence equations as found in the literature, which in- It is found that the damping of the ion-sound waves be-
volves a quasilinear diffusion equation for the electrons andtomes weaker as the ratio of electron to ion temperature,
wave kinetic equations for Langmuir and ion-sound wavesT./T;, increases. Highef./T; should promote the activity
The wave kinetic equations describe the induced emissiorof the three-wave decay procé8sHowever, in general, we
three-wave decay, and nonlinear induced scattering prado not expect to find a circumstance, regardless of the value
cesses. of T./T;, where the decay process actually dominates over
We find that the induced scattering of beam-excitedthe scattering off ions, since the scattering off ions also be-
Langmuir waves off the ions is an important nonlinearcomes more efficient a6./T; increases.
mechanism beyond the quasilinear st&é® but we also Finally, it is found that the initial level of wave intensity
find that the three-wave decay process, although somewhgteatly affects the later outcome of the nonlinear spectrum of
weaker, is quite significant such that it cannot be ignored athe waves. In particular, we find that the higher level of
the outset. The induced scattering off ions is shown to geniitial wave intensity leads to the prominent growth of long-
erate Langmuir waves propagating in the opposite directionvavelength Langmuir modes, while the backscattered com-

IV. CONCLUSIONS AND FUTURE DEVELOPMENTS
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