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Observation of Deterministic Chaos in Electrical Discharges in Gases
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We report that dc-excited discharges in gases display current oscillations which develop into determin-

istically chaotic behavior. A period-doubling route to chaos characteristic of 1D maps is established for
sealed discharges in Plucker's tubes containing helium. Besides this we report the observation of a
scenario showing properties analogous to those of the 2D map of Henon. Clear sequences of period dou-

blings are also reported for flowing discharges.

PACS numbers: 05.45.+b, 52.80.—s,

The investigation of nonlinear physical systems exhib-
iting deterministically chaotic behavior is attracting
much attention in recent years. ' Among the very in-

teresting nonlinear systems one certainly has gaseous
plasmas. Much of the interest in gaseous plasmas
derives from their practical applications (e.g. , as medium
for lasers), their potential applications (e.g. , controlled
fusion), or the study of their intrinsic properties, ranging
from complex plasma structures up to complicated
wave-propagation phenomena. As pointed out by Held,
Jeftries, and Hailer, although the possibility that plas-
mas could exhibit deterministically chaotic behavior has
been recently discussed theoretically, ' to date no clear
experimental demonstration of such behavior in gaseous
plasmas has been given. As far as electrical conduction
is concerned, self-generated oscillations have been ob-
served in several substances, although only a few sys-
tems have been studied for deterministically chaotic be-
havior. Recently, two interesting results were obtained
for solid-state plasmas. As is known, among other
uses, semiconductor plasmas are of interest as simple
models for some gas plasmas. In the first experiment,
Held, Jerries, and Hailer found chaotic behavior in an
electron-hole plasma in a crystal of Ge under electric
and magnetic fields. Martin, Leber, and Martienssen
reported chaotic behavior in the electric conduction of
barium sodium niobate single crystals at elevated tem-
peratures. These experiments are particularly beautiful
because together with observations made in a 3.39-pm
He-Ne laser by Weiss, Godone, and Olafsson, they are
the first ones to demonstrate a Ruelle-Takens-Newhouse
route to chaos outside the domain of hydrodynamics.

In this Letter we report the first observation of deter-
ministically chaotic behavior in a low-energy gaseous
plasma, namely in an electric discharge, and show that,
depending on control parameters, the current through
the discharge as well as the light from the discharge may
display stationary, periodic, or chaotic behavior. Fur-
ther, besides Feigenbaum's well-known period-doubling

route to chaos (typical of 1D maps), we report the obser-
vation of a scenario in which a period-doubling cascade
is interrupted by the appearence of a bifurcation with a
period multiplied by integers other than 2 (3 and 5 hav-

ing the largest basins of attraction). The observation of
such a scenario is particularly interesting because of re-
cent work by Libchaber, Fauve, and Laroche showing
that the new scenario might be a true property of 2D
mappings, ' instead of a modified or interrupted 1D
route. Oscillatory phenomena on dc current applied to a
glow discharge has a long history, being first reported
more than forty years ago. " These oscillations can be
followed by monitoring the voltage, the light emitted, or
the current, as we have done here. The main charac-
teristic of the oscillations depends on the particular gas,
total pressure, tube diameter, and so on. In spite of be-
ing known for more than forty years, no quantitative, nor
even a unique qualitative, explanation of these phenome-
na has been given.

Our experiment is schematically shown in Fig. 1. It
consists of measuring the current through sealed electri-
cal discharge tubes of spectral lamps (Pliicker's tubes) of
the type commonly used to calibrate low-resolution spec-
tra. The nonlinear element in the circuit is the lamp
operating in the glow regime, excited by a dc 0-5-kV
continuously adjustable high-voltage source. The
discharge tube was placed in a water heat bath to stabi-
lize its temperature. R~ and R2 constitute a 100-kA bal-
last resistor with R2 a 10-kA wire-wound potentiometer
used for fine tuning the current. Variations of the
current through the lamp were measured from the volt-
age drop across R3 and displayed on the screen of an os-
cilloscope after conveniently decoupling the dc com-
ponent by a capacitor C~ (see Fig. 1). These variations
(typically 0-0.3 mA in amplitude) were further pro-
cessed to obtain the trajectory in the phase space
dl/dt X1 The dc component of th. e current was mea-
sured by a 3 —,

' -digit multimeter shunted by a capacitor
C2 as indicated in Fig. 1. The oscillatory phenomena to
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F I G. 1. Schematic diagram of the experiment. R [ =90 k A,
R~ =10 kH, R3=5 kB, and CI =C2=0.01 pF.

be reported below was also observed by monitoring, with

a photodiode, the light from the discharge tubes.
The tubes used in our experiments were taken from a

CENCO kit designed to serve as reference lamps for
teaching purposes. Internal gas pressure and exact diam-
eters of the capilars are unknown. Although all tubes
looked very much the same, their behavior under dc exci-
tation was quite different, and (based on experience with

flowing tubes to be described below) we attribute this to
small diflerences in the gas pressure. To start, a con-
venient voltage was applied to the discharge tubes so as
to attain a regime with a dc current flowing through the
tube. Then, by fine tuning the potentiometer in the cir-
cuit we measured the current as described above. Of the
tubes at our disposal, those containing argon, neon, and
mercury always showed chaotic oscillations, no matter
what the current through them. However, in the four
helium tubes available, it was possible to see a rich
variety of oscillatory behavior, including a Feigenbaum
cascade to chaos. The main diflerence in the behavior of
the tubes was the value of the initial current where the
period-one oscillations started.

We now describe typical results obtained by measur-
ing the current through the helium discharge of one
of the commercial C EN CO 87215 spectral lamps
(Plucker's tube). In the glow regime, up to 12 mA one
finds just a stationary dc value for the current. Then a
self-generated oscillation fu=190 kHz appears superim-
posed to the dc level. The left-most trace in Fig. 2(a)
shows the time evolution of this oscillation, while the
"egg-shaped" graph on the right is the corresponding
trajectory in the phase space l(t) &&I(t). By gently rais-
ing the voltage in the circuit and then tuning R2, it is

possible to see a very clear period-doubling sequence as
displayed in Figs. 2(b)-2(e). By further increasing the
current, one observes additional bifurcations, chaos [as
shown in Fig. 2(f)], and then an alternation of windows
of periodic and chaotic motion following exactly the dy-
namics predicted for 1D maps. ' It is interesting to
mention that the value of the current at bifurcations ob-
served while increasing the current does not exactly cor-
respond to those observed while decreasing the current;
i.e. , there is some hysteresis involved in the nonlinear
processes in the discharge. Furthermore, sometimes dur-

(d)

FIG. 2. Experimental results for a helium spectral lamp
operating at about 12 mA. Self-generated oscillations of the
current I(t) through the lamp are shown on the left with the
corresponding phase portraits dI jdt & I on the right. The
current increases from (a) to (f). The scales for 1(t) are 0.04
mA/division and 10 ps/division. The phase portrait in (f) is

vertically expanded.

ing the bifurcation sequence, we observed the appearence
of a low-frequency oscillation superimposed on the sig-
nal, in a way similar to that observed by Kitano, Yabu-
zaki, and Ogawa ' while studying bifurcations in an
acoustic system. Besides the 1D route just described, we

also observed interruptions of the bifurcation cascade by
the sudden appearence of the fundamental frequency fol-
lowed by further bifurcations. Using results of Lib-
chaber, Fauve, and Laroche and of Arneodo et a1. ,

' we

argue below that while 1D maps are not enough to model
a discharge, a proper 2D map might be so.

Figure 3 shows what we typically observe in another
helium tube operating at higher-current values (=35
mA). This figure was obtained by adiabatically decreas-
ing the current through the discharge, starting from a
situation corresponding to chaotic oscillation [Fig. 3(e)l.
By lowering the current, the first periodic signal seen is

the oscillation shown in Fig. 3(d), which repeats itself
after forty peaks. By further lowering the current, we

enter a region of irregular motion, after which the sys-
tem starts to oscillate, repeating itself after ten peaks
[Fig. 3(c)]. After this, one observes a five-peak periodic
oscillation [Fig. 3(b)]. This five-peaked oscillation
sufI ers from the "parasitic" superposition of a low-
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FIG. 3. Experimental results for a helium spectral lamp
operating at about 35 mA. The description is similar to that in
Fig. 2, the scales being now 0. 1 mA/division and 20 ps/division
except in graph marked with an asterisk where it is 50
ps/division.

frequency component, as mentioned above. The low-

frequency component tends to make the trajectories in

phase space more difI use. Finally, diminishing the
current makes the system oscillate at fo=190 kHz, as
shown in Fig. 3(a).

Interesting new aspects of the nonlinear system under
study are uncovered if the aforementioned steps are re-
versed. Starting in (a), an increase in the current pro-
duced a period doubling of fo, which after destabiliza-
tion by the low-frequency oscillation turned into an ap-
parently chaotic oscillation. After this, the discharge
started to operate in a quite stable manner, showing no
parasitic low-frequency interference. By further increas-
ing the current, one reaches the stage (b) which shows a
clear period quintupling, similar to the one observed by
Linsay ' on a driven anharmonic oscillator. From
(b) (c) and on the system started a clear sequence of
period doublings of the "new" frequency f t

= —,
' fo and,

after several runs of the experiment, it was observed that
instead of the irregular gap found before from
(d) (c), one now sees the "missing" regular oscillation
with twenty peaks and further bifurcations until chaos
eventually sets in.

One might think that going from (a) (e) should be

equivalent to going from (e) (a) and that the reported
diAerences between both paths could be due to not
sweeping adiabatically enough the current. Repeated
runs of the experiment make us believe that this is not
the case. Moreover, to observe the differences, it was
much more important that a certain "aging" of the
discharge than the actual path followed. In fact, this ag-
ing could be perfectly used to classify our tubes as re-
gards to the time they have been eA'ectively used.

Recall that the basic current needed to observe the
phenomena described in Fig. 3 (i.e. , 35 mA) is higher
than the corresponding one needed in Fig. 2 (12 mA).
The relatively high current level was quite eA'ective in ir-
reversibly changing the characteristics of the discharge
in a way that, for example, the aforementioned window
between (a) and (b), where it was possible to observe
period-two oscillation, diminished with the aging of the
tube until the system was apparently jumping directly
from period one to chaos. This could be an explanation
of the failure to observe bifurcations in our tubes con-
taining argon, neon, and mercury. The aging of the
tubes certainly involves electronic processes at the
cathode but the exact mechanism at work remains un-
clear to us. With aging, the current needed to see oscil-
latory phenomena tended to increase. Besides the period
quintupling described above, we also saw period tripling
followed by subsequent period doublings.

We also searched oscillatory phenomena in open
discharge tubes of the type commonly used in laser spec-
troscopy of electrically excited fiowing gases. The much
larger internal diameter of such tubes greatly complicat-
ed things. At any rate, it was still possible to see a few
bifurcations, but the current tended very much to jump
intermittently from periodic to chaotic behavior. Clear,
but not easily controllable sequences of bifurcations were
observed in helium, argon, N2, and in air. After a self-
pulsation had been established in the current, several
period doublings were possible to observe by slightly
changing the internal gas pressure. We also observed
chaos through the same sequence of period doublings de-
scribed before by directly changing the impedance of the
Plucker discharges. This was achieved by sweeping a
variable capacitor grounded through a piece of wire
hanging directly over the capillary tube. A further in-
teresting point is that placing the discharge tube inside a
heat bath of water had the desirable eAect of enhancing
the stability of the oscillations. Without bath, the heat-
ing caused by increments in the current was sometimes
able to induce new bifurcations. In fact, with no changes
on the electric circuit it was possible to generate se-
quences of period doublings by simple heating or cooling
the bath. The current needed to observe the self-induced
oscillations increased with the temperature of the bath.

A few words about the theory of gas discharges are in
order. A microscopic description of them involves distri-
bution functions and the Boltzmann equation. To obtain
the current, however, just average values of quantities
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where n is the densit'y of electrons, t. the drift velocity,
and a and p are ionization and recombination
coefficients, respectively. The drift velocity depends on

the electric field according to

n l.'
ne kTrE — rV

y being the electron-atom collision frequency and e, m,

k, and T having their usual meaning. The electric field

E should be obtained from Maxwell's equations. Thus,
the above equations coupled to the Maxwell equations
constitute a set of nonlinear partial differential equations
(PDE) describing our experiment. The investigation of
PDE for possible chaotic behavior is still in the begin-
ning stage. ' The usual approach is to truncate them
into a set of ordinary equations. The paradigm of chaot-
ic motion, the Lorenz model, is obtained by this pro-
cedure from PDE describing a fluid between parallel
plates. It is therefore plausible to expect the above set of
PDE to display chaos. On the other hand, we would like
to mention recent work ' where the puzzling result of a
period-doubling cascade interrupted by odd-period mul-

tiplication (not consistent with predictions from 1 D
maps, even if fluctuations and nonadiabaticity in control
parameters are considered) was shown to occur in an in-

vertible 2D map (Henon map) if one allows nonadiabatic
changes in control parameters. The competition between
period doubling and period multiplication by odd in-

tegers is exactly what we observe in discharges. There-
fore, eventually "ordinarizations" of the above PDE are
expected to show a richer (i.e., 2D) Poincare map than
the usual 1D result, typical of Feigenbaum cascades.

In conclusion, we reported deterministic chaos to
occur in dc-excited electrical discharges in gases. A
Feigenbaum cascade was shown to exist in sealed capil-
lary discharges through helium, and sequences of period
doublings were reported to occur in flowing systems.
The phenomena were shown to depend on a large num-
ber of variables. Although a quantitative and even a
unique qualitative description of the mechanism respon-
sible for the appearance of oscillatory behavior was and
still is lacking, it was pointed out that chaos is to be ex-
pected from a macroscopic description of the discharge
and that the system, in spite of having many degrees of
freedom, can be modeled by 1D maps. Further, compet-

such as number density, velocity, and energy are needed.
This is essentially the macroscopic point of view, based
on the Quid, or moment, equation obtained from ap-
propriate averages over the Boltzmann equation. The
plasma acts as a conducting fluid and, indeed, many of
the basic properties of gas discharges can be explained
on the basis of fluid equations. ' The current nev is con-
trolled by

9n/Bt+V nt =an —pn,

ing with the Feigenbaum cascade, we reported what ap-
pears to be the second experimental example of a
scenario seen on the 2D map of Henon. Thus, even
though the discharge involves many degrees of freedom,
it shows complicated behavior that is similar to those
present in 1D and 2D maps. It is remarkable that these
mathematical entities can provide such a degree of anal-

ogy with the dynamics of nonequilibrium physical sys-
tems with many degrees of freedom.

One of us (J.A.C.G.) is a research fellow of the Brazi-
lian Research Council (Conselho Nacional de Pesqui-
sas).
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