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Abstract. We consider a cyclic analogue of multiple zeta values (CMZVs), which
has two kinds of expressions: series and integral expression. We prove an ‘integral=series’
type identity for CMZVs. By using this identity, we construct two classes of Q-linear
relations among CMZVs. One of them is a generalization of the cyclic sum formula for
multiple zeta-star values. We also give an alternative proof of the derivation relation for
multiple zeta values.

1. Introduction

For ki, ...,k € Z>1 with k, > 2, the multiple zeta values (MZVs) and the multiple
zeta-star values (MZSVs) are defined by

1
ckis k)= Y o

ky
O<ny<---<n, ny ---ny
and |
* ——
k) =Y -
O<ny<--<n, ny ey
We say that an index (ki,...,k;) € Z;l is admissible if k, > 2.

In [5], Nakasuji-Phuksuwan-Yamasaki gave an integral expression of ribbon type
Schur multiple zeta values, which is a generalization of the ‘integral=series’ identity estab-
lished by Kaneko-Yamamoto [3]. The first main result of this paper is a cyclic analogue of

their results. Lets € Z>1,r1,...,75 € Zsy,and ky 1, ..., ki, oo k1, oo ks py € Zs1.
A multi-index [(ky1,...,k1,/), ..., (ks,1, ..., ks )] is called an admissible multi-index
if

e forall 1 <i <s,theindex (k; 1, ..., k; ) is admissible or equal to (1),

e there exists I <i < s suchthat (k;1,..., ki) 7# (D).
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148 M. HIROSE, H. MURAHARA and T. MURAKAMI

For an admissible multi-index k = [(k1,1, ..., k1,r), ..., (ks,1, . .., ks,r,)], we define the
cyclic multiple zeta value (CMZV) by

(1.1) loye@®) = Y HHIM

(111,-ons,5)€S i=1 j=1 1

where
S :={(n1,1,...,05,,) € Zrl+ Tl <o <npy Zno0 < <Nap, > >N
< < Rgp > n1,1}.
By definition, CMZVs satisfy the cyclic property
Ceyeky, oo ke) = Coyeki, .o ke Kk, oo ko) (1 <i<s).
For the convergence of CMZVs, see Remark 4.

THEOREM 1 (Cyclic integral-series identity). Let k = [(ki,1,...,k1,r), ...,
(ks1, .. .. kg r,)] be an admissible multi-index. Put k; := Zr";l ki, j. Then we have

(12) M%)fﬂﬂ%%w

i=1j=1
where |
=, JE€ilLkin+1 kit ki + 1)
aj,j = 1 ’ .
— otherwise
L]
and
PR
D :={(ti1, .. otsh,) €O, DT |1 <<ty > < <tg > >t

< e <k > t1,1}~

We call (1.1) (resp. (1.2)) as series (resp. integral) expression of {eyc (k).
The second and third main theorems (Theorems 2 and 3) are two classes of QQ-linear
relations among CMZVs. Theorem 2 is a generalization of the cyclic sum formula for
MZSVs which was proved by Ohno-Wakabayashi [6]. We recall Hoffman’s algebraic setup
with a slightly different convention (see [1]). We put h := Q(x, y). We define subspaces
be, 5%, ', b and b by bhe = bhx @ by, b* := Q@ yhx, b := Q@ yh, hg :=H" Nhc
and blc = b Npc. Put zx := yx*~! for k € Z-1. We denote by h¥¢ the subspace of
@22, h® spanned by
oo
U{m R Qug € f)®s | uy,...,us € h% U {y} and there exists j such thatu; # y}.
s=1

We define a Q-linear map Zy. : h° — R by

chc(ZkL] e 'Zkl,r] R ® Tksy "% ”Y) Ccyc([(kl 1seves kl,rl), s (ks,la s ks,rs)]) .
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THEOREM 2. Foru; ® --- Q uy € b€, we have

S
chyc(”l@)"'@lfli—l QY Wu)Quit1 @+ Quy)

i=1

s
ZZchc(Ml®"'®ui®y®ui+l®"'®u3)1
i=1

where y W u; =y Wu; —yu; — u;y (see Section 3.1 for the general definition of LU).

THEOREM 3. Forui; @ ---Qus € b and k € Zx1, we have

s
chyc(’/ll Q- Qui—1 ® (zk xu;) Quit1 ®--- ® uy)

i=1

N
=) Zeye1 @ QUi ®UQuit1 ® - ®uy),
i=1
where zx * uj = zx * u; — ZxUi — U;Zk (see Section 4.1 for the general definition of x).
This paper is organized as follows. In Sections 2, 3 and 4, we give proofs of The-
orems 1, 2 and 3, respectively. In Section 5, we give an alternative proof of the cyclic

sum formula for MZSVs (see [6]), the derivation relation for MZVs (see [2]) and the sum
formula for MZVs as applications of Theorems 1 and 2.

2. Proof of cyclic integral-series identity

2.1. Nakasuji-Phuksuwan-Yamasaki’s integral-series identity for ribbon type Schur
MZVs

For the proof of the cyclic integral-series identity, let us introduce the notion of ribbon
type Schur MZVs. Let

k = [(kl,lv L] kl,rl)s cet (ks,lv MR ks,r.q)]
be an admissible multi-index with (ki 1, ..., k1) # (1). Putk; := "', k; j. Then the

j=1"%,
ribbon type Schur MZV ¢ripbon(k) is defined by
> =
(nl,lwwns,rs)es/l:l j=1 ni,j
where
! (AN
S ={(n1,1,...,n5,,) € Zzll lngg < <Ay =N < <Ny, > >R
< -vr < Rgp)-

REMARK 4. The ribbon type Schur MZV &ripbon(k) converges for any admissible
multi-index such that (kq1,...,k1,,) # (1) (see [5, Lemma 2.1]). We can show the
convergence of {cyc(k) for any admissible multi-index by the following way. First, without
loss of generality we can assume ki # (1) by the cyclic property of CMZVs. Then, since
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the domain of the summation in {cyc(k) is contained in the one of ipbon(K), Leye(k) also
converges.

In [5, Section 6.1], Nakasuji-Phuksuwan-Yamasaki gave a following integral expres-
sion:

s ki
(2.1) Sribbon (k) = /,H l_[ ai, jdti,j »

i=1j=1

where

N £ = R A R A R
h ti otherwise
L]

and
D’ ={(t1.1, ..., ts.k,) € (0, l)k1+m+k“ [Hp < <hi>h1<:-<tp >
>t <o <Utok)-
Note that S = §' N {ng,, > n11}and D = D' N {t5 4, > 11,1}

2.2. Proof of cyclic integral-series identity
In this section, we prove Theorem 1. Let

k=[G, ....k1 ) oo kst oo kg ry)]
be an admissible multi-index. Putk; := (k; 1, ..., k; ;) and k; := 2?;1 ki, j. We denote
by eyeint (k) the integral expression appeared in Theorem 1. We prove Zeye (k) = Zeycint (k)
by induction on s. By the cyclic property of CMZVs, without loss of generality, we can
assume k; # (1). The case s = 1 is just a usual integral expression of a multiple zeta
value. Note that we have

{(t11, o tsr) € O, DFT TR 1y <oty >t < <ty > > U
< e < ts,ks}
={(t1,1, s tsky) €O, DT TR <<t > < <togy > >
<o <UIgk =N}
I_I{(tl,l, s ts k) € O, 1)k1+---+ks [t < - < Hig >0 < <Dy > >1I]
< <tk < t1,1} .
Thus from (2.1),
(2.2) ;ribbon([kla o kg) = é‘cycint([kl, oo ke]) + Ccycint([kskla ko, ..., ks—1]).

Here we denote by kk; the concatenation of kg and ki, i.e., kiki 1= (ks,1, ..., ks ry, k1.1,
..., k1. From

rieer
{(n1,1,...,ns1,5)ezzl q|n111<...<n1’rl >N <o <Nopy > e >N
< DRI <ns’rq}
= ZI T > > >
={(m11, ... n5r) € Ly [ni1 <---<nypy 2np1 <---<Nap >0 N1

< <NAsp = nl,l}
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Fl+--rg
uf(nin,...,n5,) € ZZI1 Slagg <o <nyy =N <o <NH2p, > >N

< --r < Rgp <N,
we have
(2.3) Cribbon([K1, - . ., Ks1) = Ceye (K1, o s Ks]) + Leye([kski, ko, .. ks—11) .
From the induction hypothesis, we have

(24) ;Cycil’l[([ksklv k27 L] ks—l]) = Ccyc([kskls k27 L] ks—l]) .
From (2.2), (2.3) and (2.4), we have
(2.5) chcint([kl, o ke) = chc([kl, oo k)

Thus Theorem 1 is proved.

3. Proof of Theorem 2

3.1. Inner shuffle product
We define the shuffle product LI : h x h — b by
lWww=wwl=w,
uwwuw =uwwe'w)+u(wwww),
where u, u’ € {x, y} and w, w’ € h. We define the inner shuffle product LI : h x he — bh¢
by
wwx=wwy=0,
wWuw'n =u(www)u,
where u, u’ € {x, y} and w, w’ € h. Note that we have y LW w = y Ll w — yw — wy for
w e hc.
DEFINITION 5. For0 < p < g¢q < 1,let fp 4 : hc — R be a Q-linear map defined
by fp,q(x) = fp,q()’) =0and

fp,q(”l"'”k) :Z/ ay---ardty - - dtp_q

P <thy<--<tp_|<tp=q

fork > 1, where uy, ..., u; € {x, y}and

1

i u =x,
a; = 1 _

thi ui=y.

Here, for k = 2, we understand the right-hand side as aja;.

LEMMA 6. For0 < p <q <1,k € Z>o, ut,...,ux € {x,y}and w € hc, we
have
k
fp,q(ul"’ukgw)zfp,q(w)/ naidti,
p<fi<--<fk<q ;_
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% u =x,
a; = 1 ui = y
T =Y.

1—t¢;

where

Proof. Let g, 4 : hc — R be a Q-linear map defined by

gp,q(vl"'vl) ;:/ by---bdty---dy ,
p<ti<--<ti<q

where vy, ..., v € {x, y} and

Then, for all A, B € b, we have

Ip.q(AW B) = gp 4(A)gp.q(B).
The case w € {x, y} is obvious since u; - - - ux Ww = 0 and f, 4(w) = 0. Put w = v W'

(v,v" € {x, y}) and
1 1 /
= V=X - vV =X,
e A

I=p
Then from the definition, we have
Tp.qWAV) = gpq(A) - B
forall A € . Thus we get
FoqQu---ug Ww) = fp g - ue W WHv')
= gpqui--ug W) -
=9pgW) - B - gpqur---up)
= fp.qW) - gp,qQur---up).
Since g4 (1 - - - ug) = fp<t1<~~~<tk<q ]_[f:1 a;dt;, the lemma has proved. O

EXAMPLE 7. Whenk =2,u; = x,uy = x and w = yx, we have

fp,q(ngyx) = fp,q(yxxx)
_ 1 1 / dt, dt3
l—p ¢ p<t<tz3<q 15) 13
dtr dt
= fpg(x) - @ 4B

p<th<tz<q I2 13
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3.2. Proof of Theorem 2
Fors < s/, we put
1 s<t<ys,
E(s,s',t) == -
0 otherwise.
Assume that u1, ..., u; are monomials given by u; = u;1---u;x, withu; ; € {x, y}. By
definition, we have

Zeye(1 @ -+ Qui—1 @ (Y W uj) Quit1 -+ ® uy)

k.
:/D’ fp,q(ygui) 1_[ Hac,jdtc,j dpdCIa

1<c<s j=1

c#i
where the integral domain D’ C {(t1,1, .« tic1ki_y» Ps @ Lk 1,1y -+ -5 Es ;)
€ (0, l)k1+~~~+k,-_1+2+k,-+|+~~~+k5} is given by
D/ = {1‘1,1 < e < tl,kl > e < ti—l,k,«,] >p<qg>tiy1,1 <---< ts,ks > t1,1},

and a; ; is given by
1

— U =X
T J s
ai’j: { "Jl

T, Uij=V-
By Lemma 6, we have

ke
/D/ Jp.g(y Wu;) 1_[ l—[ac,jdl‘c,j dpdq

1<c<s j=1
c#i
ke dt
:/ Sp.q(ui) 1—[ l_[ac,jdtc,j dpdq/ E(p,q,t)ﬁ
D’ l<c<s j=1 O<t<l -
c#i
e dt
= l—[l—[ac,jdtc,j E(ti, tigg, )— -
D 0<t<l l—1

c=1j=1
Thus we have
chc(ul Q- Qui—1 @ (yWu;) Quit1 -+ Q uy)
e dt
=/ l_[l_[ac,jdtc,j / E(ti, tig, 1) — .
D\ oo i 0<t<l I—1
By definition, we have

chc(”l@"'®ui®y®ui+l®"'®us)
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s ke
:/D l—[ l—[ac,jdtc,j ,/()

dt
EtG+1 mod s),15 tiki» 1) ——
; 1 1—1¢
c=1j=1

<tr<
where (i + 1 mod s) meansi + 1 for1 <i < s and 1 fori = 5. Thus Theorem 2 follows
from

N N
D EGin tik. ) =Y E(trimods.1 ik, 1) (t€(0,1).

i=1 i=1
4. Proof of Theorem 3

4.1. Inner harmonic product
We define the harmonic product * : h! x h! — p! by

r+s

Zk]"'zkr*zl]"'zlszz Z Z Zm]...zmd’

d=max(r,s) f{l,...r}—={1,..., d}
g:{l,....s}—={1,..., d}
f, g:strictly increasing
ImfUlmg={1,...,d}

where
k p=133y i elmf \Img,
mi = qlg-1(; i € Img \ Imf,
kp-1iy 1414y i €ImfNimg.
Similarly, we define an inner harmonic product * : b x b lc — b lc by
r+s

T S S e zm

d=max(r,s) f:l,...r}=>{1,....d}
g:{l,....s}—>{1,....d}
f.g:strictly increasing
ImfUlmg={1,...,d}
g()=f(i)<g(s) forall i

where the definition of m; is same as the one in the previous definition. Note that we have
Zk R W = Zp kW — zxw — wzg forw € blc since

1+s

Tk ®ZY Ty — Tk KT Ty = Z Z g Zmy

d=max(1,s) fAl}—=A{1,....d}
g:{l,....s}—={1,..., d}
g:strictly increasing
Im fUImg={1,...,d}
fF)<g@or g(s)<f(1)

= Z Zml...zmd

fA{l}=>{1,s+1}
g:{l,....s}—={1,....s s+1}
g:strictly increasing

FM<g@)or g(s)<f(1)
= k2l c U, 20y 2Tk
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Furthermore, we have u1 x (up * u3) = (uy * up) x uz foru; € bl and uy, u3 € blc since

both zi, - 2k, * (21, *+ 2, % Zmy * - Zm,) @0d (Zky -+ 2k, ¥ 20y 0 2U) X Zmy - Zm, are equal
to
r+s+t

2 2.

d=max(r,s,t) f:{l,...r}—>{1,....d}
g{l,....s}—{1,....d}
hi{l,....t}—>{1,...,d}
f,g,h:strictly increasing
Im fUImgUImh={l,...,d}
h(1)<f(i)<h(t) for all i
h(1)<g(i)<h(t) for all i

where
n; = kf_l(i) i€ Imf lg_l(i) i€ Img + mh—l(i) i € Imh .
0 i €Ilmf 0 i €Img 0 i & Imh.
DEFINITION 8. For positive integers p < g, define a Q-linear map 4, 4 : f)lc - R
by
—k —k,
Apg @k, - 2ky) = Z n; 1...nrk;’
p=n1<--<ny=q
where k1, ..., k. € Z>;. Here, for g — p < r — 1, we understand the right-hand side as O,
and for » = 1, we understand the right-hand side as
alt 0 p<gq.
LEMMA 9. Forw € [jlc and positive integers p < q, ki, ..., kr, we have

—k —k
Ap.g (kg - 2y W) = Ap g (w) Z nyteeen

;
p<nj<--<n;<q

Proof. Putw := z;, ---z;,. Then we have

—k —k, —k —k- 1+ =11 7 —ls
Ap.g(w) Z ny l"'nr "= Z ny l"'nr 'y ceeng

p=n|<--<nr=q

where
X:={(m1,....np,n}, ... .0 €Z T | p<n <---<n,<q,p=n) <---<n,=q}.
Then we decompose X by the pattern of order of (11, ..., n,, n/l, .o, n), e,

r+s

X = |_| |_| Xd,fg>

d=max(r,s) f:{l,...,r}—{1,....d}
g{l,....s}—{1,....d}
[, g:strictly increasing
Im fUlmg={1,....d}
g()=f(i)<g(s) forall i

where X4, 1,4 is the set of (ny,...,n,,n},...,n}) suchthat n; = oy forl <i <r
and n’l = og4(j) for 1 < j < s where o is the k-th smallest element of {n,...,n,} U
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{n),...,n}}. Then we have

—k - -1
Z nl ]..nkrnl n; S

(nseeitp 0 n)€X g £g

— E —mj —md _
= 01 ...Od _)“p,q(Zml"'Zmd)v
Pp=01<-<04=4

where

kf_l(i) i€ Imf \ Img s

m; = lgfl(i) i€ Img \Imf s

kffl(i) +lg71(i) i € Imfﬂlmg

Thus
—k - —I
Z nl Lo, nkrnl n; Z)‘P,q(zkl"'zkriw)'
(1,eesntp i, nf)€X

Hence the lemma is proved. ]

EXAMPLE 10. Whenr =1and w = z;,2;,, we have

Apg @k *20,21) = Ap,g (21 +k20) + Ap,q (21, 2k21) + Ap.g (21,21 +k)

1 1 1
= > N > T xn T > LTk
p=ni<ny=q "1 n, P:n1<n2<n3:qn nahs p=n|<ny=q nyn,

1 1
= 2 a5 X

p=n1<ny=q "1 "3 p=<n=q

= Ap,q(21,21,) Z

p<n=q
4.2. Proof of Theorem 3
For p < g, we put
1 p<n=<g,

E(p,q,n) = .
(P.q.n) 0 otherwise.

By the definition of Zyc,
Zeye1 ® -+ Qui—1 @ 2k *uj) @ uiy1 Q-+ ® uty)

= Z 1—[ l—[ 7 )\p,q(Zkiui),

(U1 1o s P Ly s Do G L Lo Tls g )ES 1<;<s j=1 ”
c

2
where the domain of the summation S’ C Zrl+ i1 2 i s

P.q,Nit1,1, ..., Nng r, is defined by

of ny1,...,ni—1,r_y,

(mi<--<nipy>2n1<--<ni-1p, =2p=<qg>nip11 < - <Hgp =N11}.
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By Lemma 9,
> I~ - | G )
(M115 s Mi =1y 5 PoG N1, 150, )EST | 1=cSs j=1 nc ]
c#i
E(p q n)

= > I1 1_[ AR

(ULl PG 1ol rg )ES) \ 1<c<s j=1 T nelszy

c#i
- Y (M) o A
= T .
z/ n
(ny1,....05,5)€S \i=1 j= 1n nelx

Thus, we have

chc(”l Q - Qui—1 @@k *xu;) Quit1 @ Quy)

S E(ni1, niy,n)
= 2 HH z Y, e

(1,1, 05,r5)€S \i=1 j= 1n nel>

By definition, we have

Zeye1 @ QUi @2k QUip1 @ -+ ® uyg)

_ Z l—“—[ - Z E(n(i+1moc,11i),1,ni,r,-,n)

(1 1,....05,5)€S \i=1 j= 1n,] nel

3

where (i + 1 mod s) meansi + 1 for 1 <i < s and 1 fori = 5. Thus Theorem 3 follows
from

N N
Y EGin,nig,n) =Y EM@iimods).1 i) (1€ Zz1).
i=1

i=1
5. Applications of Theorems 1 and 2

5.1. Proof of cyclic sum formula for MZSVs
In this section, we give an alternative proof of the following theorem due to Ohno-
Wakabayashi [6] as an application of Theorem 2.

THEOREM 11 ([6, Theorem 1], Cyclic sum formula for MZSVs). Forky, ..., ks €
Z>1 such thatky + - - - + ks > s, we have
s ki—1
DO i = kit ke ki ki A D) =k + 1),

i=1 j=1
wherek = k1 + - -+ + k.
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LEMMA 12. Forki, ..., ks,l € Z>1 such that ks > 1, we have
Ceye(l(k1), ..oy (kD) = C(k1 + -+ - + k)
Ceye(L, ky), (ks—1), oo, kDD =Lk, o k) — ¢+ + -+ k).
Proof. 'This is an immediate consequence of the series expression of {cyc. O

Proof of Theorem 11. Fix ki, ..., ks € Z>1 such thatk; + --- + kg > 5. Put k :=
k1 + - - -+ k. By Theorem 2, we have

N
(51) ZZC)’C(Z:’Q R Tkiyy ® ()’ gzk,‘) ® Tki—y Q- ® Zkl)

i=1
s
=) Zeyeth, ® - @2y @Y Q2 ® - @ 2k)).
i=1
By the previous lemma, we have
(5.2) Zeye(ay @ @ 2p QY Q2 @ -+ @ 2y) = ¢k + 1)

for1 <i <. Since
-1
ywz = ZZl—ijH
j=1

forl € Z>1, we have
(53) ZCyC(Zk5 ® et ® ZkH,] ® (y Q Zk,') ® Zki,] ® et ® Zk])

ki—1
=Y ki — kit ke ki ki, 1) = (ki = DEK+ 1)
j=1

forl <i <s. From (5.1), (5.2) and (5.3), we have
s ki—1
YO ki = gokigrs ks ki ki 1) =k 4 1)
i=1 j=1
Thus the claim is proved. O

5.2. Algebraic preliminary
For m > 1, we define derivation maps d,, and §,, on b by

Sm(x) =0, 8u(y) = yx" 1 x +y),

Im(x) = y(x + )" 'x, 8u(y) = —y(x + )" x.
By definition, we have

Sm(zk) = 8m (yx* 1 = yx™ e + )" = zzk + Zmgk -
Thus,

d
O (Zhy + " 2hg) = Zz;q Tk @m Tt ZmAk )Ty 0 Thy -
i=1
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Therefore,

5.4) Sm(W) = Zm * W — WZyy = Zm X W + ZpW

forw € blc. We denote by [A, B] a commutator AB — BA.
LEMMA 13. Form > 1, we have

m—1

D 187, dn—jl = (m = 1) +8n) -

j=l1
Proof. Putz := x + y. we define a derivation s : h — h by

s(x) = x2, s(z) = 2.

Then we can easily check that
[s,8m] = mbm+1,
[s, Om] =m0y .

We prove the lemma by induction on m. We can check the case m < 2 by direct calculation.
Take m > 3 and assume that

Y 18 0] = (m = 2)@n-1+8m-1) .

p+q=m—1
1<p,g<m-2

From Jacobi identity, we have

0= Y (Is.[8p. 8411+ [9g. [s. 8,11 + [8,. [3y. 1)

p+g=m—1
1<p.q=m-2

=(m —2)(m — 1)(8m + Om)
- Z pldp+1,94] — Z qlép, 9g+1]

p+g=m—1 p+qg=m—1
1<p,g<m-2 I=p,g=m-2
=m —2)(m — D@ +8) —(m—2) > [85.9,].
ptq=m
1<p,g<m-1

Since m > 2, we obtain

Y 18 0] =(m—= 1)@ +6m) .

p+q=m
1<p.g<m-—1

Thus the claim is proved. O

5.3. Proof of derivation relation
We define a Q-linear map Z : h — R by

Z(Zky - 2h) =k, o k)
In this subsection, we give an alternative proof of the derivation relation
Z(0m(w)) =0 (m € Zs1,w € hY)
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due to Thara-Kaneko-Zagier [2]. We put {1} := y™ and
1 =0,

{1y = L
y(x + y)" m>0.

LEMMA 14. Form > 1, we have

(5.5) m{1} ="z {1},
i=1
(5.6) m{1}" = (=1 {1
i=1
” . . . 1 m=0
(5.7) DD a1y = { ’
= 0 m>0.

Proof. We prove (5.5), first. By definition,

n
wr=>" >
d=1kj+-+ks=n
P>

=

forn > 1. Thus, we have

= Z Zi % Zky - - - kg T Zm

=y Yo ik

i=1 d=1\ j=1 ki+-+kg=m—i
ki>1

d
+Z Z Zky - Th;ZiZkjy - - Zhg | T Zm

Jj=0ki+-+kg=m—i
ki>1

+ZZZ Z Zhy -+ ThjZiTkjgy - - Thg + Tm -

d=1 i=1 j=0k;++kg=m—i
k>1
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Here we have

The first term of (5.8) = Z Z Ty - Thjti -

d=1 j=1 i=1 ky+-+kg=m—i
ki>1

=Y > > kj—Dzgy .2y

:Z Z m—d)zgy . 2y,

d=1 ky+--+kg=m
ki>1

m—1 d m—d

The second term of (5.8) = Z Z Z Z Zhy o ThjZiZhjqy - -

d=1 j=0 i=1 ky+--+kg=m—i
ki>1

m—1
_ Z Z (d+ Dziy - Zhgy

d=1ki++kgy1=m
ki>1

m
= Z Z dzp, ... 2y

d=2ki+-+kq=m
ki>1

m
:Z Z Az - Zky — Zm -

d=1ki+-+kg=m
ki>1

Then we get (5.5).
We prove (5.6), next. We note that

m—1
m—1 __ m i—1 m—1—i
Zixzy  =mzp + 7 2y )
i=1

m—1 m—2
2xZ 7= A T T+ Y A el

i=1 i=1

2
Im—1 %21 = Zz’i_lzm_m%_i +Zm,
i=1
Im * l =Zm
holds. By taking alternating sum, we have (5.6).
The equation (5.7) follows from [4, Proposition 7.1].

. de

Zhy

161



162 M. HIROSE, H. MURAHARA and T. MURAKAMI

By Lemma 9 and the series expression of ¢cyc, we have
m times
/_/— m
chc(w QYR ---®y) = Z({l}* * W)
forw e b%. By Theorem 2, we have
m times m+1 times
e e e e
Zeye WUy - ®@y)—(m+DZeyc(w®@y®---®y)=0.
Thus, we get the following corollary of Theorem 2.
COROLLARY 15. Forw € h% and m > 0, we have
Z(F(w,m)) =0,
where F(w, m) := {1} (y wWw) — (m 4+ D{1}IH % w.

In fact, Corollary 15 is essentially derivation relation. More precisely, the following
theorem holds.

THEOREM 16. Forw € h% and m > 1, we have

m

Y EDTEG T wm = i) = O (w)
i=1

REMARK 17. By Theorem 16 and (5.7), we can obtain

m
Flw,m—1) =Y ({1} xw).
i=1
Thus Theorem 16 implies that the family of relations obtaind by Corollary 15 essentially
coincides with the one obtained by the derivation relations.
We prove this theorem in the rest of this section. We prepare some lemmas.

LEMMA 18. Form > 1, we have
m—1

> dwj(z)) =—(m = Dzp.

j=1
Proof. By Lemma 13, we have

m—1
D 18), 1 + ) = (m = DO + ) (x +¥) .
j=1

Since
m—1 m—1 )
D 08 ) ==Y O X x + 1))
j=1 j=1

m—1

==Y Oz +y)

j=1
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and
Om +8m)x +y) =zm(x +y),
we have |
> 0mj(zj) = —(m — Dzp.
j=1
d
LEMMA 19. Form > 1, we have
m—1
D =D m = DI (1Y =z,
i=0
Proof. 1t follows from the following calculation:
m—1
D =D om =Dy 1y —Z( DY m — {1~ (1)
i=0 i=0
_Z( 1) ZZJ*{I}m = # {1} (by (5.5))
i=0
=Yz Z( DR 1y
j=1
RS PR
—gzj* 0 j#m (by (5.7))
=Zm-
O

Proof of Theorem 16. Put

m
Gm(w) ==Y (=) 'FO ™ xw.m —i).
i=1
By definition, we have
Gm(w) = G, (w) + G, (w),
where o,
G (w) =Y (=D (yw (1Y % w))
i=1
and
m

Ghw) ==Y (=17 om —i + DI 1 (1 2 w)

i=1
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m
=- (Z(—l)"—l(m =i+ DT {1}"—1) *w
i=1
=—ZImxw.
Here the last equality follows from Lemma 19. Thus we have

m
(5.9) Gu(w) =Y (=D s G (1Y 2 w) — 2 xw.
i=1
Now we prove G, (w) = 9, (w) by induction on m.
We first prove the case m = 1. By the definition of G| and (5.4), we have
Giw)=yWw-—z1xw
=yww+yw—35i(w).
Here, by the definition of shuffle product,
yww+yw =0(w),
where 6 is the derivation map defined by 6(x) = yx and 6(y) = y2. Since (6 — 81)(x) =
d1(x) and (6 — &1)(y) = 91(y), we have & — §1 = 91. Thus G1(w) = (0 — 1) (w) = 91 (w).
Hence the case m = 1 is proved.
Form > 2, we assume that G, j (w) = 9p,—j(w) forall 1 < j <m — 1. By Lemma
13, we have

(m — 1) (O + 8m)(w)

m—1
= (8j0m—j — Om—j8;)(w)
j=1

m—1
=Y 6iGm—j — Gm—j8,)(w)
j=I1

m—1
(5.10) = Z (Zj * G j(W) +2;Gp—j(w) — Gp—j(z; *w) — Gm_j(ZjU))) .
j=1
Here the last equality follows from (5.4). Now we have
m—1
D (2 £ G jw) — Gmj(zj x w))
j=1
m—1m—j ' o '
=3 DT g T T (1) = w))
j=1i=1
m—1m—j ' o '
— O EDTHIET T (i (g x (1T 2 w))

j=1 i=1
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m—1 m—1
IR N EL) B P MY (TR T)) (by (5.9))
j=1 j=1
m—1m—i o
=Y D DT T T x w1 T xw))
i=1 j=I
m k—1
+Y D EDTHII T W (D T g T T xw) =i+ )
k=2 j=1
m—1
=Y DT = DI T i (1Y xw))

i=1

+ Y (=D e = DY F e i (1 = w)) (by (5.5), (5.6))
k=2

=m— 1Y (=D % (yw (1Y xw))
i=1
(5.11)
=(m — DGm(w) + (m — Dz xw.

We also have

m—1 m—1
Z (Zij_j(w) - Gm_j(ij)) = Z (Zjam—j(w) - 8m_j(Zju)))
j=1 j=1
m—1
==Y Omj(zjw
j=1
(5.12) =(m — Dzupw.

Here the last equality follows from Lemma 18. From (5.4), (5.10), (5.11) and (5.12), we
have

(m —1)(0m + ) (w) =(m — DGp(w) + (m — Dzmxw + (m — Dzyuw
=(m — D(Gp(w) + 5 (w)).

Thus the claim 9, (w) = G, (w) is proved. Il
5.4. Proof of sum formula )
e

Letk >r > 0. Putk:=[(k—r+1),(1),..., (1)]. From the series expression (1.1),

we have
fcyc(k) = C(k) .
On the other hand, from the integral expression (1.2), we have
fove () _/ dtii dtip  dtg—r+1 di) dt
eye(k) =
H<o<tpori1>0a>>t>hy L — 11 12 Hi—re1 1 =021 1—18
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=ZO" " Wzkrg)

= > clkiy ... k).

Ktk =k
kl s-~-qkr7] >1,k>2

Then we get the sum formula:

Yoo k) =),

Ky 4tk =k
kl q~-~skr71 >1,k>2
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