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Abstract. Analytic continuations of the double polylogarithm function and Hurwitz-
Lerch zeta function are studied. Functional relation formula for each function is derived
again without any complicated setting nor theory. The main theoretical basement is Cauchy
residue theory.

1. Introduction

The polylogarithm function is defined by a power series
oo Zm
(1.1) le(Z)_,;m" (k € N)
of a complex variable z for |z| < 1. It is known that it can be extended to |z| > 1. For
example, several integral representations are known that furnish the analytic continuation
of the polylogarithm beyond the unit circle except for the real axis with iz > 1. Actually,
the functional relation

Nk
Z k! 2mi

is known. D. S. Mitrinovié¢ and J. D. Kecki¢ had noticed in [5] a method for deriving
the formula (1.2) in the study of Cauchy method of residue. In this paper, we focus on the
method introduced in [5] and rederive a functional relation formula of analytic continuation
of double polylogarithm

. <
(1.3) Line@= ) —5 Gikel).
0 My My

mip>my>

That is, one of our main results is as follows;
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Main Result 1 (Theorem 2.1)
Let k1,kp € Nand 0 < argz < 2m. The double polylogarithm Liy, r,(z) is continued
analytically for C and the functional relation

Lity ko (2) = (=12 Lig g, (E)

. 1 Qri)kithk logz
—kithey, ~)+——"—B —==
+ ( ) 1k1+k2 (Z) + (k] ~|—k2)' ki+ko 2]_[1

ka -\ ko —m
ki+m—1),. 1\ Qri)*= logz
—Dk E L V=7 B (===
+( ) m:O< kl -1 > 1y +m <Z> (k2 — m)' ko —m i

k] Nki—m
m (k2 +m—1 Qmi)™ log z

m=1

holds.

Restricting the variable z on the unit circle, we have the same formula (Theorem 3.1)
with the result of, for example, T. Nakamura (Theorem 2.2 of [6]).

A functional relation of multiple polylogarithm of general depth had been given, for
example, by J. Zhao in [9] upon interests of Hodge structure and our main result is the same
with depth 2 case in [9] (cf. [8]). Though these previous researches need some complicated
structure in general, our approach in this paper is simple, elementary and efficient also for
general case. Actually, we have succeeded to derive functional relation with no complicated
setting but residue calculus (cf. [3] and [2]).

We also have another result concerning Hurwitz-Lerch zeta function;

Main Result 2 (Theorem 2.2)

For a natural number k € N greater than one, s € C\Z and z € C with 0 < argz < 2,
Hurwitz-Lerch zeta function @ (z,k, s) is continued analytically on C and the functional
relation

1 (_1)k+l 1
Z@(Z,k,s+1)=—s—k+ q)(g,k,l—S)

=y (=DM (1 4 5) — Ym0 (—s) — 78y, 0 log™ z

my! my!

—Z
my+my=k—1
my,my=0

holds.

In section 2, functional relations for the double polylogarithm and Hurwitz-Lerch zeta
function will be given based on the method introduced in [5]. In section 3, we illustrate the
case that the variable z is on the unit circle (cf. [1], [7], [8] and [9], etc.).
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2. Analytic continuation of double polylogarithm

In this section, we study functional relations for analytic continuation of double poly-
logarithm and Hurwitz-Lerch zeta function. The main theoretical tools are Cauchy’s residues
and Painlevé’s theorem.

2.1. Double polylogarithm
For ky, ky € N, the power series

n © 5, n—l1 1
Z Z
21 Lipn@= ¥ — oy
@1 bk () nkin k2 nki mk2
ny>ny>0 n=2 m=1
ni
e
L 0= ¥
kl,kz(z) nikinyk
ny>ny>0

are continuous in |z| < 1 except for z = 1 if k1 = 1, and holomorphic in |z] < 1. The
function Lig, x,(z) is called the double polylogarithm.
Let fk, .k, (z; s) be a function defined by
2ni * (—=DHk!
e2mis — 1 sk (ky — 1)!

where ¥ (s) is the polygamma function

(22) Fir ey (25 8) = {p®=D(s) —y*=D(y)

' dk+1
¥ O(s) =~y log I'(s)

with the gamma function I"(s) and a complex parameter z satisfying 0 < argz < 2.

Then, fi, k,(z;s) is meromorphic on C having simple poles at positive integers greater

than one, (kz 4 1)-st poles at negative integers and a k1 + k2 + 1-st pole at the origin.
Using the difference formula

() _ gy 4 ED
v+ D=0+
of the polygamma function, we have
" (_1)k2—l B 3
Res fie ky (25 5) = e — i‘/’(kz D) — gk 1)(1)}
-1
A 1
= n 2%
m=1

forn = 2,3, .... Thus, by the definition (2.1), we have the following;

PROPOSITION 2.1. For|z| <1,

oo
Lit ky (2) = ) ReS fi k(21 5).
n=2"
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Since s = 0 is the k1 + k2 + 1-st pole, we have
Res fl ko (23 5)

! A"t o
— 1 1 2 .
= Tt k)l sk fia ke (238

Qri)kitk logz
TN Bk1 +ky \ A

(k1 + k2)! 27i

k1—1
2 1 —m—

2mi

where B, (x) is Bern0u1111 polyn0m1a1 defined by

_ZB (x)

Since any negative integer s = —n (n € N) 1s (k2 + 1)-st pole, we have
Res fi k, (z:5)

1 a2 & 2ri)l logz 11
— | _ J__
k! Jm, dsk Z T ( 2mi ) () 7" sk

=
% (—Dka—1 s —{—n)kz(lﬁ(kz_l)(s fn+l)— 1)0(k2—1)(1)) 11— S (s +n)k2
(k2 — D! —~ (s + m)k

_1 L(_l)k|+k2+1 i 1
n | pki ' mk2
m=

ka Nko—m
1 (k)m Qmi)< logz
-1 ki1+1 Bi._ o .
+=D n;)nknm ml (ko —m)l 2" (2711'

Thus, on |z| > 1, we have the following;

LEMMA 2.1. For|z| = 1 with0 < argz < 2m,

o
> Res ik, (23 5)
n=1"
L (1
= (=DIHEFILE, (Z)

- 1\ @ri)e—m 1
+( 1)k|+1 Z <kl +m )Likl+m <Z> %Bkz—m < ;if)

Let /o be a contour which comes from +o0o on the real axis, loops around 1 in the
positive sense along a circle with the small radius ¢ > 0 and returns to +o00, and I_ a

holds.



Analytic Continuation of Double Polylogarithm by Means of Residue Calculus 53

contour which comes from —oo on the real axis, loops around 0 in the positive sense along
a circle with the radius ¢ and returns to —oo. Let ¢ be a positive real number between 0 and
1 satisfying ¢ < ¢ < 1 — ¢. For a large number N € N, let [y be a finite part of /o, with
Ns <N+ %, and /_y a finite part of [_ with fis > —N — %

By the residue theorem, we have

1 N+ +ie 7"
e g ([ pareon = S - 55 5ok

N+§—18 n=2 m=1
and

—N—5—ie N
24 ( [+ ) i oz 9)ds = 3 Res fiy iy G 9)
N n=0

—7+15
where [ aﬂ represents the line integral along the segment between « and 8 for o, 8 € C.
Since 0 < argz < 27,

[1—e2™|  forJs >0,
[1—e 275 forJs <0

hold. For |z| < 1, if kp > 2, by the asymptotic formula
¥ (s) = 0(sI™ (Is| — oo, |args| < 7)
for any n € N, there exists a positive integer C > 0 so that
1
(ko — 1)!

with |s| large enough and | args| < m, and if k» = 1, by the asymptotic formula

(25) eSsargzleZnis _ 1| Z {

ly® D+ —yr Doy <c

Y (s) =logs + O(ls|™")  (Is| — oo, Jargs| < 7).
there exists a positive integer C > 0 so that
(2.6) ¥ (s) — ¥ (D] < Cls|’

for any § > 0 and any s € C with |s| large enough and | args| < w. Then, we have the
estimate
Rs

. 2rz| (ka=1) (k=)
| fri ko (23 8)1 = |s|kle~‘sargz|e2”i5 — 1| (ky — 1)‘|W e -y
2r|z|™C -
Q2.7) BRI
. — 2 .‘RSC
ik (35 < 0)

|s|kl_5|l _e—2m’s|

withC > 0,and§ =0ifky >2and 0 < § < 1 ifkp = 1.
Since

N+3-+ie
/ [ fk1 ko (25 $)1ds]|

N+5—ie
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N+% N+%+ie
=/1 |fk1,k2(z;s>||ds|+/l | i ke 5 9)11ds]

N+% 2n|z|§h‘s N+%+i£ 2n|z|§h‘s
5/ k1= Tl "’/ k1= 2mis] 1451
T N N ]

_ 2wl /0 dr| +/8 dr|
TN+ DR\ S 2 2N Jo (] 2 TN D)

27 /0 |dt| /8 |dt|
< +
(N—l—%)kl—‘s . |1+ e277| o |1+e277]

dre
<— >0
TN

holds for |z] < 1 as N — +00, we have

1 N+%+i€ 1

By (2.3), we have a contour integral representation of the double polylogarithm.

2.8)

LEMMA 2.2.

1 2ri 25 (—Dk!
Q9 Linw@ =5 [ o e T e = eVl

2mi 1
with 0 < argz < 2.

Since
—N-%—ie
/ | ik (25 $)|ds]
—N-—L+ie
-N-1 —N—1—ie
=/ | fry ko (25 S)IIdSI+/ | iy ko (25 $)|ds|
—N—%+ie -N-1
1 1 . n
—N—7 2n|z|fﬁs —N—i—zs 27T|Z|5hs
= =3 iy 1481+ =3 —2nis7 1951
- Ltie ISP T — 270 I

27 |z] N2 /0 \dz| /8 jd|
= + i
(N + %)k e |1— eZm’(—N—%+ir)| 0 |1 — 2Ti(=N=3-i7)|

2 /0 |dt| / |dt|
< + -
= (N+%)k'_8 . |1+e—2nr| 0 |1_|_62ﬂ1:|

_ 4me 0
i
TN 4k

(2.10)
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for |z] > 1 as N — +00, we have

—N—f—ze 1
N p8)ds = o— 2 s)ds .
2mi N1—r>noo (/,N / N—lie )fkl,kz(z s)ds 7ol /loo Sy ko (25 8)ds

Thus, by Lemma 2.1 and (2.4), we have the following;

LEMMA 2.3.

5 / feko (25 $)ds = Z Res fi iy (2 9)
L (1
= (—DhHeriLi o <E)
k+1 ki +m — . 1 @miyke=m logz
e Z( )le'”” (z) & —myt P o

Qmi)kitk log z
I — Bk1 +ky \ A+

(k1 + kp)! 27i
ki—1 .
2mi)™ logz\ (ki +ky—m—1
—Dh _pym+t B ki + ko —
+( )n;( I e o1 )Eki+k—m

2.11)

holds. It is continuous on |z| > 1 except for z = 1 and holomorphic in |z| > 1.

Let Cn be a rectangle, oriented clockwise, of vertices at N + % —iN,N + % +iN,
¢+ iN and ¢ — i N jumped between N + % +ig¢and N + % —ig, and C_p arectangle,
oriented clockwise, of vertices at — N — % +iN,—N— % —iN,c—iN and c+iN jumped
between —N — % —igand —N — % +ig. Puts =0 +it. Wheno = N + %,

|27 — 112 = e T — 27277 cos 2o + 1
(2.12) >14e ¥ >1

and
e(N+%) log|z|—T argz

| fr k(2 8)| <C

(N + p)h=?
1
|Z|(N+§)e—rargz

hold. Since 0 < argz < 2w, we have

N+3-+ie
/ Sk (23 8)ds| <

N+}
I Rp——
C——B e dt
N+3+iN

Nk N
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|Z|N+% e~ AL _ e—Nargz

=C

Nki—8 argz
C e—f87 _ e—Nargz

(2.14) v

-0

argz

for |z] < 1 as N tends to +co. Whens = N + % — it (tr > 0), by the estimate

(2.15) 275 — 1] = (1 4% = 27
N+5—iN ozl < C|Z|N+% N 1 .
N+%—is fk],kz (z;8)ds| < Nfi—b j e—rargz|e27ris Y T

N
N/S_(; / e(arg z—27r)tdr
&

C e(argz—er)N _ e(argz—Zn)a

=

~ Nk argz — 2m
(2.16) -0
for [z] < 1 as N tends to +00. We also have
c—iN N+3+iN
R B N R | fors @5 $)ds — 0
N+5—iN c+iN

as N — oo. Since

N+3—iN c—iN
/ Fio ko (22 5)ds = / Fo iz $)ds + f Fio iz $)ds
Cn+in L_iN

N+3i—ie N+%—i
N+3+iN N+3+ie
+/ fkl,kz(z;S)der/ Jier ko (23 $)ds
c+iN N+3+iN

c+iN
-I-/ Sk (25 S)ds+/ Jri ko (25 8)ds,
c—IiN In

—1

c+ioo

(2.18) / Sy ko (25 8)ds ~|—/ Jii ko (25 8)ds =0
c—i00 loo

holds by estimates (2.14), (2.16), (2.17) and Cauchy’s integral theorem, where the integral

ff:lo? indicates the line integral along s = c¢. By Lemma 2.2, we obtain an integral

representation of the double polylogarithm.

PROPOSITION 2.2. For|z| <1,
c+ioo 27i 7 (—l)k2

2.19) Li = — : o
(2.19)  Lig, ,(2) 270 Joine €275 — 1 5R1 (ko — 1)

{p&D(s) — y*=D(1))ds

with 0 < argz < 2.
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By the same argument, we have

-N-}—-iN R
/ Sy ko (2 8)ds — 0, / S k(23 8)ds — 0,
c—iN -N-}-iN

—N-L+iN c+iN
/ Jry ko (25 8)ds — 0, / o Jak(zs)ds >0
- N

N—Ltie —N—%+i

and thus

(2.20) / T R (@ 9)ds + / Fioto (2 $)ds = 0.

+ioco o

By (2.18) and (2.20), we have the following;

LEMMA 2.4. On|z| = 1 exceptforz =1,

c+ioo
/ fkl,kz(z; S)dS = _/ fk],kz(z; S)dS = - fkl,kz(z; S)dS
loo c

—ioco o

hold.

Let us recall the following theorem;

Painlevé’s theorem

If I is a rectifiable Jordan curve lying in a domain D in the complex plane and if a function
f is continuous in D and analytic in D \ I, then f is an analytic function in the entire
domain D.

By Lemma 2.2, Lemma 2.3, Lemma 2.4 and Painlevé’s theorem, we have the follow-
ing;

THEOREM 2.1. Let k1,ko € Nand 0 < argz < 2n. The double polylogarithm
Li, x, (2) is continued analytically for C and the functional relation

. . 1
Lig, k,(2) = (_1)k1+k2L1k1,k2 <E>

. 1 Qri)kithk logz
—kithey, - )+ "B —==
+ ( ) 1k1+k2 (Z) + (k] ~|—k2)' ki+ko 2]_[1

ky ky—m
ky+m—1Y, . 1\ Qri)*= logz
—Dk L V=7 B (===
ey n§)< k=1 > ”“*’”(z) (ks —m)! k“”<2m'

k] ki —m
m (k2 +m—1 Qmi)< logz
+2.D ( ky— 1 )‘;(k”m) (kl—m)!Bk'_m<2ni)

m=1

holds.
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2.2. Hurwitz-Lerch zeta function
For any «, 8 € C, the function

o0 Zn
PP =2 Gy

is called Hurwitz-Lerch zeta function, which is holomorphic on |z| < 1 under the condition
a #0,—1,—-2, ... Especially for 8 > 1, it is continuous on |z| = 1. In [4], C. Ferreira
and J. L. Lépez had studied analytic continuation of @(z, 8, o). They had given two kinds
of considerations under conditions of «. In this section, we give a functional relation of an-
alytic continuation of Hurwitz-Lerch zeta function using the method in [5] under a different
condition with [4].

For k € N, let gk (s, z; t) define a function of a variable ¢ with complex parameters
s,2€ C(s ¢ Z,0 < argz < 2m) given by

2mi I

e2mit _ (s +t)k ’
which is a holomorphic function on C excepting for simple poles att = n (n € Z) and a
k-th pole at t = —s. By (2.5), we have

(2.21) gk (s, z;t) =

27 Nt
k5.2 1) = el
|S _I_t|ke\xtdrgz|62mt _ 1|
27T|Z|mt ot > 0)
- ~S

k|p2mit _ - ’

(222) <qrer e
(3t < 0).

|S ~|—t|k|e_2”” _ 1|

Since the residue of gk (s, z; t) att = n € Z is given by
n

Z
R y ) = ——,
Res gk (s, 2 1) G
we have, for |z] < 1,
00 00 o
(223) ;533 ge(s,2:1) = ;W =@ ks +1)

which is holomorphic in |z| < 1 with s € Z, and, for |z| > 1,
0 —n

oo
Z
Res L) = —
L Re w0 =0

n=0

1 (_l)k o0 7"

=T > k

s z n+1-—ys)
n=0

1 =Dk 1

(2.24) =—+ D(—, k,1—5)
S Z

Z
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which is holomorphic in |z| > 1 with s ¢ N. Both functions (2.23) and (2.24) of variable z
are continuous on the unit circle |z| = 1 if k > 1. The residue of gi(s, z; ¢) att = —s is

Res gk (s, z; 1)
t=—s

1 CdRY T 2mif
= lim ,
(k — 1)l t—>—s dik=1 | ¢2mit — |

k—1

= k=D Am, gE

- (k_1 1 A, 2 e [%(mmm_m} [d : ZI}

[(r cotmt + 27i By)Z']

e mi'mo! drm2
my,my>0
(2.25) D (=DM (1 4 5) — ) (—s) — widy, 0 log™? z
! !
my+my=k—1 mi: ma!

my,m2>0

which is continuous in |z| > 1 and holomorphic in |z] > 1 where §,, 0 is the Kronecker

delta symbol
s =11 m=0),
m0=1 0 (m#£0).

Let N > max{|9s|, |3s|}. For |z| < 1, since

N+3+ie
/ gk (s, z; 1)[|d1]

N+7—i8
N+} N+1+ie
=/ |9k (s, 23 t)lldt|+/ lgk (s, z; 1)||d2]
N+i—ie N+1
N+3 27 |7) M N+3+ie 27|z M
= k|,—2mit |dt|+ k| p2mit |dt|
N+1oie |5 + t[kle=2mi0 — 1| Nil o Is+ofFle2T 1|
0 27T|Z|N+%
=/ |

e |Rs + i35 + N 4 4 4 inlk|1 — g 2ri (V3 +im)

: : n
0 [R5 +iSs + N+ L 4 inlkle2miNFatin _q

0 27 € 27
< | + 1 ||
—e [IN + 5| — [Rs[|“|1 + e=77] 0 [N+ 5| — [Rs[|“|1 + e==77]
dme
B i BT N
(N + 5 — [9is)*
(2.26)

— 0 (N — 4+00)
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holds, we have

1 o0
(2.27) —/ gk (s, z; dt = E Resgi(s, z; 1) = z2®@(z,k, s +1).
2mi Ioo 1 t=n
Similarly, we have
1 > 1 (—DF 1
2.28) — gk (s, z; dt = E Res ge(s, z31) = & + D(—,k, 1—5)
2mi I_oo e t=—n N Z

Assume that fis > 0. Since there are no singular points in the domain bounded by
Cn + Iy, and t = —s is the only singularity in the domain bounded by C_x + [_y,

/ gk (s, z; )dt =0,
Cy+In

(2.29)
/ gk (s, z; )dt = —2miRes gk (s, z; 1)
C_n+-N t==s

hold. Using the estimate (2.22) of gk (s, z; t), we can see, by similar arguments with the

above section, that
N+L+iN N+1tie
/ gk (s, z; )dt, / gk (s, z; )dt
C

+iN N+3+iN
N+3—iN c—iN
f gk(s, z; 1)dt, f gk (s, z; D)dt
N+j—ie N+%—iN

tend to O for |z| < 1 as N tends to +o00, and

—N-}—iN —N—%—ie
/ gk (s, z; Ddt, / gk (s, z; t)dt
c

—iN —N—%—iN
—N—}+iN c+iN
/ 9k (s, z; Ddt, f gk (s, z; t)dt
~N—%+ie ~N—%+iN

tend to O for |z| > 1 as N tends to +00. Then, we have

c+ioo
/ 9k (S, Z; t)dt—>/ o gk(s, oyt
(2.30) Cn cioo

c—i00
f gk (s, z; )dt — gk (s, z; t)dt
C_n

c+ioco

as N — +o00. Thus by (2.29) and (2.30), we have

c+ioo
/ gk (s, z; t)dt = —/ ' gk (s, z; t)dt ,
(2'31) lso c—ioo

c—i00
gk (s, z; )dt = —/

gk (s, z; t)dt —2miRes gr (s, z; 1) .
c+ioco t==s

l—oo
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For the case Ms < 0, taking c satisfying 0 < ¢ < min{NR(—s), 1} and redefine
loo, l_oc and Cy, C_n,In,I_n in the same manner with the above section. Then, for
N > max{|3Js], [Ns|}, we have

/ gk (s, z; t)dt = —2miRes gk (s, z; 1),
Cy+In t=-s

(2.32)
/ g (s, z;)dt = 0.
C_N+H_-Nn

Thus we have

c+ioco
/ gk (s, z; )dt = —/ gk (s, z; t)dt — 2mwiRes gr(s, z; 1),
2.33) ~ eioo -

c—ioo

gk (s, z; )dt = —/ gk (s, z; t)dt .

I_x c+ioco

For both cases, we have the following;

LEMMA 2.5. On|z| = 1 exceptforz =1,

/ i (s, z; t)dt = —/ gk (s, z; t)dt — ZnitRes gk (s, 25 1)
loo 0 =—

holds.

By (2.25), (2.27), (2.28), (2.31), (2.32) and (2.33) and Painlevé’s theorem, we have
the following;

THEOREM 2.2. For a natural number k € N greater than one, s € C\Z and 7 € C
with 0 < argz < 2w, Hurwitz-Lerch zeta function ®@(z, k, s) is continued analytically on
C and the functional relation

1 -1 k+1 1
2P ks + )=~ + =D k1)

—s Z (=)™ MO(1 4 5) — Y (—5) — 7i8y, 0 log™ z
—Z

| !
mi+my=k—1 mi: s
my,my>0

holds.

3. On the unit circle case

For 6 € R, let us consider z = 2 case for Sk (25 8) of (2.2) and gi (z; 5) of (2.21).
By (2.7), we have

2nC

_ (Js > 0),
. k=46 2mis —
27i0. s|f1—=2|1 — e
| fioka (€275 )] < {181 |27,C !

- Js <0
|s|k1—8|1_e—2ms| (‘5 )
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with C > 0,and§ =0if k; > 2and 0 < § < 1 if k; = 1. Thus, for k; > 2, by (2.12),

N+%+ie N+1tie 27 C
2mif.
/ ik (@7 5)l1ds] < / S S—_
N+L+iN N+Lgin [0 1 — eomr
2rC(N —¢)
(N + k=

tends to zero as N tends to +00. We can also see that all integrals along segments between
N+3+iNand N+ 3 +ie, N+3—iNand N+1—ie,—~N—5+iNand—N — § +ie,
and, —N — % —iNand —N — % —i¢ tend to zero as N — oo. Thus, we have the following
result;

THEOREM 3.1. Letki,ky € N (ky > 2). Then,

Lit, t, (€2710) = (— 1A+ Lip, 4 (e727)

itk
(k1 + k2)!

ky Nkr—m
ki+m—1Y\,. 0, (2mi)"
+(=D1 Y ( L )L1k1+m(—e2”"’) Biy—m ()
m=0

+ (=DRFRLi g (e7271) 4 By 14, (0)

(ko — m)!

k
1 " k2 +m— 1 (27Ti)kl_m
+Z(—1) < ky — 1 >§(k2+m)mBkl—m(9)-

That is, restricting the variable z on the unit circle, we have the same formula with
Theorem 2.2 in [6].
Similarly, we have the following;

THEOREM 3.2. Letk € N (k > 2), and s € C\Z. Then,
) ) 1 ) )
eZJTle(p(eQ.ﬂl@, k,s+1) = —— + (_l)k+le—2ﬂ10¢(e—2m€’ k,1—s)
S

_ - 2mist Z (=DM (1 4 5) — " (=s) — TP, 0 (27i)"26™
mi! mo! )

mi+my=k—1
my,m>0

Substituting 6 = 0 for the results of Theorem 3.1, we have the formula which is the
same with that given in [1].
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COROLLARY 3.1 (cf. [1]). Assume that k| + ky is odd number. Then,

1
¢k, ko) = —Eé(kl + k2)

~

[£1]
e (’“ e 1) £y + Kk — 2m)z @m)
=0

m

~

1—1

(-1
+(=phtt 3 <k1 + ’;{22__21’” B 1) s(ky + ko — 2m)t (2m)

m=0

holds.
Substituting & = 0 for the result of Theorem 3.2, we have the obvious formula

(=D *D (A 4 5) + yE=D(—y) _ Z 1
k —1)! s+ )

JEZ
of the polygamma function.
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