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Abstract. For a non-square positive integer d with 4 { d, put w(d) := (1 + +/d)/2
if d is congruent to 1 modulo 4 and w(d) := /d otherwise. Let aj, aa, ..., ar—1 be
the symmetric part of the simple continued fraction expansion of w(d). We say that the
sequence ai, az, .. ., dfg/2] is the primary symmetric part of the simple continued fraction
expansion of w(d). The main purposes of this article are to introduce a notion of “extremely
large end (ELE)” for a finite sequence, and to study properties for a non-square positive
integer d such that the primary symmetric part of the simple continued fraction expansion
of +/d with even period is of ELE type.

Introduction

Let d be a non-square positive integer and put @ = v/d or @ = (1 4 +/d)/2. Then it is
known that the simple continued fraction expansion is of the form

a = [ag, ay, az, - - -, ag] (the periodic part begins with ay) ,
an = ag—, (1 <n <€ —1) (the symmetric property holds) .

Here, ¢ is the minimal period. Then we say that the sequence ay, az, ..., ag—1 is the sym-
metric part of the simple continued fraction expansion of o. Moreover, putting L := [£/2],
we say that the sequence ay, a, ..., ar is the primary symmetric part of the simple con-
tinued fraction expansion of «, where [x] denotes the largest integer < x for a real number
x. For a non-square positive integer d with 4 { d, put w(d) := (1 ++/d)/2 if d is congruent
to 1 modulo 4 and w(d) := +/d otherwise. Then the canonical integral basis of a real qua-
dratic field (@(«/E) is given by {1, w(d)} when d is square-free. In this paper, we examine
primary symmetric parts of the simple continued fraction expansions of w(d).

The class number one problem for real quadratic fields is a mysterious classical prob-
lem. The class number is closely related to the fundamental unit. For instance, by Siegel’s
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Theorem, the fundamental units of real quadratic fields with class number 1 are relatively
large. It is known that there exist only finitely many real quadratic fields of extended
Richaud-Degert type (call simply ERD type; see Mollin [18, Definition 3.2.2] for the def-
inition) with class number 1 and they are determined (see also [18, Theorem 5.4.3]) with
one more possible exception. We easily see that the fundamental units of real quadratic
fields Q(+/d) of ERD type are < d, namely, they are small, by using their explicit form.
Moreover the minimal periods of w(d) are < 12 (cf. [18, Section 3.2]). According to re-
sults of Sasaki [21] and Lachaud [15], for any positive integers £ and %, there exist at most
finitely many real quadratic fields with period ¢ of class number .. Yamamoto [23], Halter-
Koch [5, 6], Williams [22] and others examined a construction of infinite families of real
quadratic fields with large fundamental units (see [22] for the history). We can observe
that these infinite families consist of real quadratic fields with various periods. Mollin [19],
McLaughlin [17], and [12] examined a construction of infinite families of real quadratic
fields with a given even period. However the fundamental unit of them is relatively small.

In [11], on the other hand, it was proved that there exist exactly 51 real quadratic fields
of class number 1 that are not of minimal type (we give the definition later), with one more
possible exception. This was shown by using the fact that if a real quadratic field Q(+/d) is
not of minimal type then the Yokoi invariant m4 of d (see Remark 1.4 (2) for the definition)
is < 3 (see [11, Proposition 4.2] and [13, Proposition 4.2]). Hence a real quadratic field
with large fundamental unit is of minimal type. Thus we have to examine a construction
of real quadratic fields with non-fixed period ¢ of minimal type in order to find many real
quadratic fields of class number 1.

Here, let d; be the smallest integer d such that the minimal periods of the simple
continued fraction expansions of w(d) are equal to a fixed positive integer £ where d runs
through square-free positive integers with d = 2,3 (mod 4). Then the following hold
for each even positive integer £ with 8 < £ < 73478; i) the class number of Q(/dy) is
equal to 1, ii) Q(+/dy) is of minimal type, iii) the primary symmetric part of the simple
continued fraction expansion of w(dy) is of ELE type (see Section 6 for more detail). In the
next section, we introduce a notion of “extremely large end (ELE)” for a finite sequence of
positive integers.

From now on, we shall state the definition of “minimal type”. For a symmetric se-
quence of £ — 1 positive integers ai, az, . . ., a¢g—1, we define nonnegative integers g, r,, by
usinga, (1 <n <€ —1):
=0, g1=1, gn=an-1gn-1+qu—22=<n=<4),
ro=1, rn=0, m=a1m-1+m2Q=n=<{).

0.1) {

For brevity, we put
A:=gqe, B:=qu-1, C:=re-1,
and define linear polynomials g(x), #(x) and a quadratic polynomial f(x) by
g(x) = Ax — (=D)'BC, h(x) = Bx — (—=1)'C?, f(x) = g(x)* + 4h(x).

Furthermore, let 5o be the least integer x for which g(x) > 0.
We consider three cases separately:

MA=1(@mod2), () (A,C)=(0,0)(mod2), () (A, C)=(0,1)(mod2).
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The following theorem was shown in [11, Theorem 3.1] which is an improvement of results
of Friesen [1, Theorem] and of Halter-Koch [7, Theorem 1A, Corollary 1A].

THEOREM 0.1. Let £ > 2 be a fixed positive integer and a1, . . ., ag—1 any symmet-
ric sequence of £ — 1 positive integers.

When Case (1) or Case (I) occurs, we let s be any integer with s > so, and put
d = f(s)/4and ay := g(s)/2. Here, we choose an even integer s in Case (1), and assume
that

0.2) g(s) >ar,...,ap—1 .

Then, d and ag are positive integers, d is non-square, ay = [v/d] and the simple continued
fraction expansion of N/d is

0.3) Vd =lag, a1, ..., a1, 2ao]

with minimal period €. Also, in Case (1), there is no positive integer d such that (0.3) is
the simple continued fraction expansion of </d.

When Case (1) or Case (II1) occurs, we let s be any integer with s > so, and put d =
f(s) and ap := (g(s) + 1)/2. Here, we choose an odd integer s in Case (1), and assume
that (0.2) holds. Then, d and aq are positive integers, d is non-square, d = 1 (mod 4),
ao = [(1 + +/d) /2] and the simple continued fraction expansion of (1 + +/d)/2 is

14+ Vd
2
with minimal period €. Also, in Case (I1), there is no positive integer d such that d =
1 (mod 4) and (0.4) is the simple continued fraction expansion of (1 + v/d) /2.
Conversely, we let d be any non-square positive integer. By using a quadratic poly-
nomial f(x) and an integer so obtained as above from the symmetric part of the simple
continued fraction expansion of N/d, d can be written uniquely as d = f(s) /4 with some
integer s > sg, and (0.2) holds. If d = 1 (mod 4) in addition then the same thing is true
for (1+/d)/2.

DEFINITION 0.1 ([11, Definition 3.1]). Let d be a non-square positive integer. By
Theorem 0.1, d can be written uniquely as d = f(s)/4 with some integer s > sg, where
f(x) and s¢ are obtained as above from the symmetric part aj, az, ..., ag—1 of the simple
continued fraction expansion of J/d and ¢ is the minimal period. If s = s0, thatis, d =
f (s0)/4 holds, then we say that d is a positive integer with period £ of minimal type for (the
simple continued fraction expansion of) ~/d. When d = 1 (mod 4) in addition, d can be
written uniquely as d = f(s) with some integer s > 59, where f(x) and s are obtained as
above from the symmetric part ay, az, . .., ag—1 of the simple continued fraction expansion
of (1+ \/3)/2 and £ is the minimal period. If s = sg, thatis, d = f(sg) holds, then we say
that d is a positive integer with period £ of minimal type for (the simple continued fraction
expansion of) (1 + \/E)/Z.

Furthermore, for a square-free positive integer d > 1, we say that (@(\/E) is a real
quadratic field with period € of minimal type, if d is a positive integer with period £ of
minimal type for v/d when d = 2, 3 (mod 4), and if d is a positive integer with period £ of
minimal type for (1 + +/d)/2 whend = 1 (mod 4).

(04) = [a()v ap,...,ae—1, 261() - 1]
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In [10], following [11], [12] and [14], we calculated sg, g(so), 7 (so). By using this
result, we construct a real quadratic field Q(+/d) of minimal type such that the primary
symmetric part of the simple continued fraction expansion of w(d) is of ELE type.

1. Introduction to sequences of ELE type and main results

In this section, we introduce a notion of “extremely large end” for a finite sequence
of positive integers and describe our main theorems (Theorems 1, 2). Theorem 1 contains
great pioneering works of Golubeva [3, 4] (see Remark 1.2). We let d be a non-square
positive integer and assume that the simple continued fraction expansion of v/d is

Vd =lag,ai,...,ar—1,ar, a1, ..., ai, 24|

with minimal even period 2L (> 4). Then it is known by a classical result (see Perron [20,
Satz 3.14]) that both

2
a <51 ="n=L-1),
and
2ag
ar =ag, ar, =ag— loray < 3
hold. When the condition
(1.1) a; =agoray =ag— 1

holds, we see that the value of ay, is relatively larger than that of the former partial quotients
ap, (1 <n <L —1). We will give new conditions which are equivalent to the condition
(1.1). For this, we consider the conditions

(1.2) “ap >2andu =ar”or“ap >4and u =ar +2”.

Here we define an integer i > 0 as follows by using the results of [10]. From the primary
symmetric part ai, ..., ar,, we calculate nonnegative integers ¢g,,r, (1 <n < L + 1) by
using (0.1), and define integers u1, uz, w, vy, v2, z, 8 by

(1.3) (rf — (=D"Yri1 +ri-1) = qror +u1 (0 < uy < qu),

(1.4) (=D 0L —qr-rL =qrz+w (0 < w < qp),

(1.5) (—D™qr —ree) +z2=qrv2a+us 0 <uz < qr).

5 — 0 ifu; <up,
BB ifu; > us.

We put
(1.6) vy i=qr(qr +uz —uy) +w,
1
(1.7) = q—L{V(QLH +qr-1) +2(qr-1 —r)}
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which is the first term of the right hand-side of (2.16) in Section 2. We determine quadratic
irrationals w, (0 < n < 2L) such that

1
CUO:ZN/E, wp =ap + s an = oa],
Wp+1

where a, = ap,—r (L+1 <n < 2L — 1) and a1 = 2ag. Then we can write uniquely
wp, = (P, + \/3) / O, with some positive integers P,, O, for each n > 1 (cf. [11, Section
2D.

THEOREM 1. Under the above setting, assume that L > 3 and d # 19. Then the
following four conditions are equivalent:

() d is of minimal type for ~/d and the condition (1.2) holds;
(i) d is of minimal type for ~/d, and either

rL =2q1-1, ar = (=) g _yrp 1 (mod q1) and ay, > 2
or

re=2q.-1—qr. a. = (=)""'qL_1(gL-1 +rL—1) (mod q) and a;. > 4
holds;
(iii) Or =2;
(iv) a; =agorap = ap — 1.
In particular, Theorem 1 leads to the following corollary which gives a family of real
quadratic fields of minimal type.

COROLLARY 1. Let p be a prime number with p = 3 (mod 4). Then if the minimal
period of the simple continued fraction expansion of \/p is less than or equal to 4, then
Q(/Pp) is not of minimal type. On the other hand, if it is greater than or equal to 6 then
Q(/Pp) is of minimal type.

REMARK 1.1. Letd = 19. Then,~/d =[4,2,1,3,1,2,8], L =3,a;, =ap— 1 =
3, Q1 = 2, and we have the following table:

n|0 1 2 3 4
an |0 1 2 3 11
1 0 1 1 4

We easily see that u; = 1, v =3, w =1,z =0,uy =1, 1 =0;6 =0,y =1,
p=ar+2=5r, =2q.-1—qr = l,andar = (=) "'gz-1(g—1 +rL-1) (mod qp).
Moreover d = 19 is of minimal type for ~/d because of s = s = 2. Thus all conditions of
Theorem 1 hold with one exception “a;, > 4”.

REMARK 1.2. Golubeva proved that (iii) yields the equation and the congruence
in (ii) when d is a prime number congruent to 3 modulo 4 ([4, Theorem 1]). However
her ingenious proof also works for any non-square positive integer d as in Theorem 1 (cf.
Section 4.4). The implication (iii) = (iv) is shown in the proof of [20, Satz 3.14] or [4,
p.1279].

Now we see by Theorem 1 that the condition (1.2) is a necessary condition for the
condition (1.1) under some conditions. So we define the following notion.
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DEFINITION 1.1. LetL > 2 andletay,as, ..., ar be a sequence of positive inte-
gers. If the above condition (1.2) holds, we say that aj, as, ..., ap, is a sequence with ex-
tremely large end (we also write thatay, as, ..., ar is of ELE type).Speciallyay, az, ..., ar,
is said to be of ELE type (resp. ELE> type) if a; > 2 and u = ay, (resp. a;, > 4 and
u =ar + 2) hold.

REMARK 1.3. We consider a sequence aj, a>. Using the calculation results in [10,
Example 1], we have

_]o ifap | a2,
(a1 —r)(ajaz +2) ifajta,

where r is the remainder of the division of a; by aj. We see that if a; | az,
u=0<a <ar+?2

and if a; 1 az,

u= (@@ —r)@aa+2)zaa+2>a+2>a
because of a; > 1. Hence we obtain u # ap and u # ap + 2. Therefore, there is no
sequence of ELE type with length 2.

Theorem 2 (2) stated below gives a way of constructing every positive integer d satis-
fying the condition (i) of Theorem 1, namely, a positive integer d of minimal type such that
the primary symmetric part of the simple continued fraction expansion of +/d with even
period is of ELE type (see the proof of the implication (i) = (iv) in Section 4.2).

THEOREM 2. Assume that a sequence ay,az, ...,ar (L > 3) is of ELE type. In
addition, we assume
(1.8) 2ap > ay,az,...,ap_1
(1.9) (resp.2ap +2 > ay,az,...,ar—1),

andput ¢ := 0 (resp. € :== 1) ifay, az, ..., ar is of ELE| type (resp. ELE> type).

(1) There does not exist a positive integer d, d = 1 (mod 4), with period 2L of
minimal type for (1 4+ +/d) /2 whose simple continued fraction expansion has the symmetric
partai,...,ap—-1,4aL,ar—1,...,di.

(2) Put ap := g(s0)/2,d := f(so)/4. Then ap and d are positive integers with

2rp4+1 +erp 2 (mod4) ifay is even,

ay=ap +¢e and d = (ay, +e)> + =2 % =
0= @z +6) aL 3 (mod4) ifay is odd.

Furthermore, the simple continued fraction expansion of ~/d is

Vd=lay+¢a,...,a.—1,ar,ar—1, ..., a1, 2ag, + 2¢]
and d is a positive integer with period 2L of minimal type for v/d.
(3) Let d be as in (2). Then we have

2
1.10)  (=1)"0, = _’L%“’ng 2aL + &) gura +r2 (1 <n <2L—1).
L
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In particular, we have

0L =2,
1 /2r + er
Or-1=73 <7L+1 L eQar + 1)) ,
2 qL
2rpa1 +erg
Q=TI

qL
Moreover, let mg be the Yokoi invariant of d defined below. Then we have my = Zqz if L
is even, and mg = Zqz — 1if L is odd.

REMARK 1.4. (1) The values of O, are related to the class number one problem
(cf. Louboutin [16]). They will be studied on another occasion.

(2) Let d be a non-square positive integer with d = 2, 3 (mod 4). We letd = d1d22 be
a factorization of d into positive integers with d; square-free, and consider a real quadratic
field K = Q(/d1). Let Oyg, be the order of conductor d5 in K, that is, the subring of
the ring Ok of integers in K, containing 1, with finite index (Ok : Oy,) = db. By [13,
Lemma 2.3], the discriminant of Oy, is 4d. Thus we consider the real quadratic order of
discriminant 4d (cf. [13, Remark 2.4]). We denote by E; > 1 the fundamental unit of
Og,. Then we can write uniquely Eq = (T + U V/d)/2 with positive integers T, U. We
define an integer my (> 0) by my = [U2/T] and call it the Yokoi invariant of d ([13,
Definition 2.1]). By a theorem of Yokoi ([13, Theorem 2.1 [B]]) for a non-square positive
integer, it holds that myd < E; < (mg + 1)d if d > 13. Thus the quantity m, gives a size
of the fundamental unit E; for d. The value of m, gives a rough size of E; instead of the
regulator log Ey.

This paper is organized as follows. After preparations in Section 2, we prove Theo-
rem 2 in Section 3. By using Theorem 2, we prove Theorem 1 in Section 4. In Section 5,
we prove Corollary 1. In Section 6, we state motives which came to consider the notion of
“ELE”, and then give numerical examples.

In [9], we will examine a construction of sequences of ELE type.

2. Preparations

We let d be a non-square positive integer and assume that the simple continued fraction
expansion of Jdisd = [ao, a1, ..., a¢—1, 2ap] with minimal period £ (> 2). In order to
prove our theorems, we collect the facts on the simple continued fraction expansions with
even period. For basic properties of continued fractions, we refer the reader to an excellent
book of Halter-Koch [8]. From the symmetric part ay, ..., a;—1, we define nonnegative
integers qy,, r, by (0.1) and define positive integers p, by a recurrence equation:

(2.1) po=1. pi=ao, ppn=adn-1pn-1+pp22=n=40.
Then the following hold (not necessary the condition “¢ even”).
LEMMA 2.1. Let the notation be as above. For 0 < n < { — 1, the following hold:

(2.2) gn+1"n — 4nfn+1 = (_1)}1,
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(2.3) Pn = Goqn + In,

(2.4) Poi1=Pip, On= 0,

2.5) Put1 + Py = a, Oy,

(2.6) d= Pl + Qu0Qni1.

2.7 0<Pup1 <ap<vd, 0< Q1 <2Vd,
(2.8) On>1(n#0),

2.9) P —dgy = (=1)" Q.

Proof. For (2.2), see for example [12, (2.3)]; For (2.3), see [12, (2.4)]; For (2.4), see
[12, (3.7)]; For (2.5), see [12, (2.16)]; For (2.6), see [12, (2.18)]; For (2.7), see [11, p.871];
For (2.8), see [11, Lemma 2.2]; For (2.9), see [12, Lemma 2.7]. [l

From now on, we suppose that £ is even. We write £ = 2L with some integer L and
define Q and R by

Q:=qr4+1 +qr-1(=arqr +2q91-1) .
R:=rpq1+ri—1(=arrp +2rp-1),
respectively, for convenience.

LEMMA 2.2. Let the notation be as above. Then we have

(2.10) A=qr=0qL,
(2.11) B=gqi_1 = Qr, — (—DF,
(2.12) C=ri—1=Rrp,
(2.13) Pt = pLgrL+1 + prL-19qcL,
(2.14) L= QQQ ,
(2.15) Orr —qLR = (-2,
1
(2.16) g(so) = q—L{VQ +2(qL—1 —rp)} +ar,
(2.17) qrso =r.C — (=Dlrp 1 + Sqr +uz —u1 —2).

Proof. For (2.10), (2.11) and (2.12), see [12, Lemma 2.2 (i)]; For (2.13), see [12,
(2.12)]; For (2.14), see [12, (3.5)]; For (2.15), see [10, (2.14)]; For (2.16), see [10, (2.6)];
For (2.17), see [10, (2.19)]. [l
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3. Proof of Theorem 2

In this section, we will prove Theorem 2 which gives positive integers d of minimal
type for /d such that the primary symmetric parts of the simple continued fraction expan-
sions of +/d are of ELE type. For this, we first analyze the value of i defined by (1.7):

1
M= q_L{V(QL+1 +4qr-1) +2(qr—1 — o)},

where y is as in (1.6).

PROPOSITION 3.1. Let L > 2. For a sequence ay, aa, ..., ar, the following hold.

(1) Assume uy = up and w = 1. Then we have

w=ap < rp =2qr-1,
u=ap+2 < rp =2q1.-1—qr.

) Ifqr > l,ar = 2and p = ay, thenry, = 2qp 1, u1 = uz, w = 1,21 gy,
gL | ro+1and z = (—DErp_y.

A Ifqr > l,ap =4and p = ap + 2, thenrp = 2qr—1 — qr, u1 = uz, w = 1,
24qr,qr | Qriq +rL) andz = (D) (rp—1 —rp).

Before proving this, we will show the following lemma.

LEMMA 3.1. (1) Ifrp=2q1p—1 (modqyr), thenuy = (—I)L(rL+1—|—rL_1) (mod qy).

Q) Ifrp =2q1—1,thenw = land z = (=) rp 1. Ifrp =2q1 -1 —qr, thenw = 1
andz = (=D E(rp—1 — rp).

(3) We have uy = (=1 1rp 11 + z (mod gy).

Proof. First we remark that the relation

3. qrro—1 — qr-1re = (="
holds by (2.2), which yields the congruence
32) qr-1rz = (=D (mod gz

(1) We assume r;, = 2q7,—1 (mod q1,). Then by (3.2), we have
qr-1ri = (=1)"2q 1 (mod qr) .

Since ged(qr, qr—1) = 1, we get r% = (—1)L2 (mod g). From this together with (1.3),
we have

ur = (r} — (D5 +r—1) = (D G +r-1) (mod gp) .
(2)If rp, =2qr—1, then by (3.1) we have
(D r—qr—re = (=D g, = (D qrre—1— (=D = (= DErp_i-qr+1.

Hence we get w = 1 and z = (—1)Lry_ by (1.4).
If rp =2g1-1 — qr, then by (3.1) we have

(D50 — qr—vr = (=D -1 — qu)re = (D o1 —r1) -q + 1.
Hence we get w = 1 and z = (—=1)X(rp_1 — r1) by (1.4).
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(3) This congruence is given by (1.5) immediately. (]
Proof of Proposition 3.1. Since arq; = qr+1 — qL—1, it follows from (1.7) that we
have
1
(3.3) w—ap = q—{(fIL+1 +qr-)(y — 1D +2QqL-1—rL)}
L
and
1
3.4 w—ap—2= q—{(fIL+1 +qr-D)(y — 1) +2Q2qL-1—qL —rL)}.
L
Here we recall (1.6):
gLz —u) +w ifur <uz,
qr(qr +ux —up) +w ifu; > uy.
In the case u; = uy, we easily see y = w. In the case u; # u and g7, > 1, we have
yzqL+w>1,
because of —q; < uz — u1 . Thus we have
y=1<4 uj=u, w=1
under the condition g7, > 1.
(1) Assume u1 = up and w = 1. Then we have y = 1. Hence by (3.3) and (3.4), we
have
2
nw—ap = —(2CIL—1 —rL)
qL
and
2
w—arp—2=—Qqr-1—qL—rL),
qL
respectively. Thus we obtain
w=ap <= rp =2q1-1,
u=apr+2 < rp =2q1.-1—qr.
(2) Assume g7, > 1,a; > 2and u = ar. Since ay, > 2 and L > 2, we have
3.5)
qgr+1+qr—1 —2QqrL—1 —rr) =arqr — 291+ 2rp = 2(qr —qr-1+rr) >0,
3.6)
qr+1+qr-1+2Qqr—1—r) =arqr —2rp +6qr—1 > 2(q —rr +3qL-1) > 0.
Suppose that u1 # us. Since g1 > 1, we have y > 1. Then by (3.3) and (3.6) we
get u > ar, which contradicts the assumption u = a;. Hence we have u; = u;. Then
we have y = w. If w > 2, then we also have y > 1 and hence u > ar. If w = 0, then
by (3.3) and (3.5) we have u < ar. Therefore, it must hold that w = 1. Then by (1) of
this proposition, we have r; = 2¢g;,_1. Hence by Lemma 3.1 (2), we have z = (— DEr_y.
From this together with Lemma 3.1 (3), we have

ur = (=D 4+ 2= (=D (—rpg1 + 1) (mod gr)
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On the other hand, by Lemma 3.1 (1), we have
ur = (=D (rp41 +ro-1) (modqp) .

Thenby u; = us, we obtain2r; 41 = 0 (mod ¢gr). Sincery isevenand grrp—1—qr—17rp =
(—l)L_l, qr is odd. This implies to g, | rp+1-

(3) Assume g7, > 1,a; > 4and u = ar + 2. Since ay, > 4 and L > 2, we have
3.7)
qr+1+qr-1—2Q2qr-1—qr—rr)=(aL +2)qL—2qr-1 + 2rp > 2(qL — qL-1+rL) >0,
3.8)
qr+1+qr-1+2Q2qr—1—qr —ro)=(ar — 2)qL—2rL+6qr—1>2(qL —rr +3qL-1)>0.

Suppose that 1 # u>. Since g1 > 1, we have y > 1. Then by (3.4) and (3.8) we get
© > ar + 2, which contradicts the assumption = ar + 2. Hence we have u; = uy. Then
we have y = w. If w > 2, then we also have y > 1 and hence u > ay +2. If w = 0,
then by (3.4) and (3.7) we have u < ay, + 2. Therefore, it must hold that w = 1. Then
by (1) of this proposition, we have r;, = 2q;—1 — qr. Hence by Lemma 3.1 (2), we have
z = (—1)E(rp_1 — r). From this together with Lemma 3.1 (3), we have

ur = (=D 4+ 2= (=D (=rp1 +re—1 — 1) (mod qp) .
On the other hand, by Lemma 3.1 (1), we have
ur = (=D (rp41 +ro-1) (mod qp) .

Then by u; = uy, we obtain 2r7 1 + rr = 0 (mod g1). Finally, since
(DI = grri1—qrore = quri-1—q1-1QqL-1—q1) = qL(rL—1+q1-1) =245 _,,
we see that g is odd. The proof is completed. (]

From now on, we assume L > 3, because there is no sequence of ELE type with
length 2, as we have seen in Remark 1.3.

PROPOSITION 3.2. Under the above setting, we assume that uy = uy. Then the

following hold:

1 2 L 2
(3.9 5o = q_z{CIL”L("L+1 +rp—1) — (=D"r; +w + 1},

L

w+ 1

(3.10) S0 = ==+ Dlaun + g’ = (~D*4).
L

Proof. Werecall Q = qr4+1+qgr—1, R =rp+1 + rp—1. By the assumption u = us,
we have § = 0. Then by (2.17), (2.12), (1.4) and (3.1), we have

qaso=qr(r.C — (=D rp_y —2)
=quri R — (=Dlqrriy — {(=D" (L — qr-1)rL — w}
=quriR— (=D qrre—1 +r} —qrr) +w
=quriR— (=D L+ D +w
=quriR— (=D} +1+w.
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This gives (3.9).

By [10, Proposition], we have f(x) = f1(x) f2(x), where
fi(x) ==qix —ri(qLR — (=),
frx) = Q% — R*(Qrr + (=Dh).

It follows from (3.9) and (2.15) that
fi(s0) = quriR — (=D*rf +w+1—rf(qLR — (=1)")
=w+1,

1
Fas0) = 0* - q—z(qu%R — (=D} +w+1) — R (Qrr + (=D5)
L

1
= q—z{qLQZriR — (=DEQ* !+ (w+ 1)Q* — g7 0rLR* — (=)' g} R%)
L
1
= q—2{(w + 10>+ qL0rLR(QrL — qLR) — (=1)H(Q%r? + ¢} R%)}
L

1
= q—z{(w + 10> +qr0rLR - 2= — (=1)EQYE + 42 RY)
L

1
= q—z{<w +1)Q* — (=DH(QrL — qLR)*)
L

= %{(w + 10> — (=14},
qr

Therefore we obtain (3.10). O

Proof of Theorem 2. 1t follows from L > 3 that g; > 1. Moreover we have a; > 2
(resp. ar > 4) by the definition of ELE type if a1, az, . . ., ar is of ELE; type (resp. ELE,
type). Then by Proposition 3.1 (2), (3), we have

re=2qr-1 —é&qr, w1 =uz, w=121qr, qr|Qroy1terp).

(1) When ay, is even, we see from [12, Lemma 2.2 (ii)] that Case (II) occurs for

ai,...,ar. When ay, is odd, since g, is also odd, we see from [12, Lemma 2.2 (iii)] that
Case (I) occurs for ay, ..., ar. Furthermore, since u; = up, w = 1, it follows from (3.9)
that

S0 = {qLr? —(=DEr?2 42

0= —lqrrri41 +r—1) — (=Drp +2}.
qar

Since gy, is odd, we have

so=rL(rp+1+re—1)+rp =rpapry +2rp—1) +rp =apry +rp (mod 2).

Thus sg is even if ay, is odd. Therefore only “Case (I) and so even” or Case (II) occurs for

ai, ...,ar, with our assumptions. By Theorem 0.1, therefore, there is no positive integer d,

d = 1 (mod 4), with period 2L of minimal type for (14+/d)/2 so that the primary symmet-

ric part of the simple continued fraction expansion of (1 + \/3) /2issuchay,az,...,ar.
(2) We recall

n=ayr+?2¢
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by the definition of ELE type. By (2.16), it holds that g(so) = © + ar. Then we get
3.1 g(s0) = 2ar, + 2¢,

and hence, we have

_ 9(s0)

3.12) ao > =ar+ec’.
It follows from w = 1,21 g1, f(s0) € Z and (3.10) that f(so) is divisible by 4, that is,
J (s0)
d= e’.
4

143

(This also follows from the assertion (1) and Theorem 0.1.) By w = 1 and (3.10), we have

f(s0)

(3.13) d= 1

1
= —{(qrt1+9-1)7 — (=D*2}.
qr

Since gy, is odd, we have
d=(qr+1+q1-17 = (=D"2 = (arqr +2q2-1)* = (=DH*2
SCRETT e

Now by recalling Q = g1+1 + gr—1, we have

(3.14) arqr +eéeqrL = (qr+1 —qrL-1) + 2qL—1 —rL) = 0 —rL,

and hence

qrlaL + &)+ qrQriq1 +ere) = (arqr + eqr)* +2qLri1 +eqrre

=(Q—r)? +2qrr41 + Qg1 — o)L
= 0% —20rL +2q1rL41 +2qr-17L
= 0% = 2q1417L + 2417141
= 0> —2(qLy1rL — qLriy1)
=0’ - (=D"2.

From this together with (3.13), we have

2r 41 +erg

qL
Now we see from (3.11) that the assumption (0.2) of Theorem 0.1 holds:

d=(ar+e)*+

g(so) =2ar +2¢ > ay,...,ar—1,4ar, .

By Theorem 0.1, therefore, we get the desired simple continued fraction expansion of +/d.
(3) For brevity, we put £ := 2L. From the above integer ap = ay, +¢ and the symmetric
sequence of £ — 1 positive integers a1, ...,ar—1,4dr,dr—1, - - - , a1, we define nonnegative

integers gy, n, pn (0 < n < £) by using the recurrence equations (0.1) and (2.1).
Letl <n <2L — 1. By (2.9) and (2.3), we have

(=D)"Qn = p? —dg? = (a§ —d)q? + 2aoqnra + 12
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and hence by (2) of this theorem, we obtain (1.10).
Substituting n = L into (1.10) and using eq; = 2q;—1 — rr and (3.1), we have
(—=D"QL = —2qrrrq1 — equre 4+ 2(arrL)qr + 2eqrrL +rf

= —2qrri+1 +eqrrr +2(rp 41 — ro—1)qr +r}
= (equ)rL — 2qLri—1 + 71}
= (2qL—1 —rL)rL —2qur—1 + 1}
=2(qrL—1rL — qLrL—1)
=—(-Dit 2.

Therefore, we get Q; = 2. Similarly, Q71 and Q1 can be calculated.

Next we consider the Yokoi invariant. Since d = 2, 3 (mod 4), it follows from [13,
Proposition 3.3] that the Yokoi invariant my of d is

]
mg=|——1|.
pe
Now by using (2.3), (3.12) and r;, = 2q1—1 — €qr, we have
pL=aoqL +ro=(aL +&)qL +2qrL-1 —eqL = arqL +2qL-1 = qr+1 +qL-1 = @,
pL—1=aoqrL—1+r—1=(aL+&)qr—1+rL—1.
By substituting them into (2.13) and by using (3.14) and (3.1), we have
pe = Q0qr+1+{(aL +&)qr—1 +rr-1}qL
= Q0qr+1+(Q —rL)grL—1+qLrL—1
= Q0(Gr+1 +qL-1) +qLrL—1 —qL-17L
= 0> — (-1~
From this together with (2.10), we have

2 20%;  2pe+(=DHg} 27 + (—1)l2g?
pe pe De L P
Here, we note that a; > 2. Then we have gy +1 = arqr + gr—1 > 2qr, and hence

pe > Zq%. Then we get inequalities

247 247
O<ﬂ<1 and0<1—ﬂ<1.
Pe Pe
Therefore, we obtain
2 2
2g2 + AL | = 242 if L is even,
md = e = 5
Pe 2
[251% -1+ (1 —~ ﬂ)} =2¢7 — 1 if L is odd.
pe

Theorem 2 is now proved. (]
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4. Proof of Theorem 1

As we have stated in Remark 1.2, the implication (iii) = (iv) was shown. In this
section, we will prove (iv) = (iii), (i) = (iv), (i) < (ii), and (iii) = (ii).

4.1. Proof of the implication (iv) = (iii)

Proof of the implication (iv) = (iii). We easily see that if the simple continued frac-
tion expansions of /d with even period 2L satisfies ap < 3, thatis,d < 15, then L < 2.
Hence, when L > 3, we have ap > 4. Assume that a; = ag, or a; = ag — 1. Then,
ar, > ag — 1. Now it follows from (2.4) that Pr41 = Pr. Then by (2.5) we have

(4.1) 2PL = aLQL.
From this together with (2.7) and ap > 4, we have
2P 2 2 2
0 ="t <X 20 _Hy <3.
ar ap — ap—1 ag— 1
On the other hand, we have Q; > 1 from (2.8). Therefore, Q; = 2. The proof is
completed. (I

4.2. Proof of the implication (i) = (iv)

Proof of the implication (1) = (iv). Let d be a non-square positive integer such that
the simple continued fraction expansion of Jd is Jd = lao, ar, .., ar—1,
ar,ar—1,...,a, 2ag] with even period 2L (> 6). Assume that d is of minimal type for
V/d and the primary symmetric part a1, ..., az is of ELE type. Then, since the inequality
(0.2) holds by Theorem 0.1, the inequality (1.8) or (1.9) of Theorem 2 holds, because these
conditions are equivalent to each other as we have seen in the proof of Theorem 2. There-
fore we see that d is obtained as in Theorem 2 (2). Hence the assertion (iv) follows. (When
(i) holds, the assertion (iii) also follows from Theorem 2 (3).) (I

4.3. Proof of the equivalence (i) < (ii)
The equivalence (i) < (ii) follows from Proposition 4.1.

PROPOSITION 4.1. Let L > 3. Then it is a sufficient and necessary condition for a
sequence ay, az, ..., ar, to be of ELE] type (resp. ELE> type) that three conditions

4.2) re=2qr1, ap = (=) g _1rp 1 (mod g) and ap > 2
4.3)

(resp.rr, =2qr-1 —qr, ar = (=) "'qr_1(qr-1 +ro—1) (mod q1) and ar > 4)
hold.

Proof. ltfollows from L > 3 thatq; > 1. Suppose that (4.2) (resp. (4.3)) holds. Then
by Lemma 3.1 (2), we have w = 1 and z = (—=1)Lrp_; (resp. z = (=D (rp_1 —rp) =
(=DE@rp_1 —2g1-1) (mod q1)), and by (3.2), we have

arry = (=) g _yrprp—1 = —rp—y (mod g1

(resp. apry, = (=D g i (g1 +ri—1) = —qL—1 — r1—1 (mod q1.)) .
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Then by r;+1 = arrp + rp—1 and Lemma 3.1 (1), (3), we have
ur = (=D @arr +2r1) = (=) rp -1 (mod qr),
up = (=D 5 Naprp +r—1) +z=2=(=Dlr_1 (mod q1)
(resp. u1 =(—D"(arrr + 2rp—1) = (=D*(=qr-1 +rr—1) (mod q1.) ,
ur =D apre+ri-D+z=EDE g +2= D (=g +r—1) (mod 1)) .

Then we have u; = up (mod ¢g1) and so u; = up. Hence by uy = uz, w = 1,11 = 2q1—1
(resp. r = 2qr—1 — qr) and Proposition 3.1 (1), we have u = ay, (resp. u = ar, + 2), that
is, ay, az, ...,ar is of ELE; type (resp. ELE; type).

Conversely, we assume that aj, az, .. ., ay, is of ELE; type (resp. ELE; type) and put
e := 0 (resp. ¢ := 1). Then by Proposition 3.1 (2), (3) , we have rp, = 2q;—1 — &qL.
Moreover, u; = u, 2 1 qr and z = (=DE@rp—1 — erp) hold. 1t follows from z =
(=DE@rp—1 — ery) and Lemma 3.1 (3) that

ury = (=D 4+ (—DE ooy —erp) = (=DE(=rp g1 +r-1 —er) (modgr) .

Then by Lemma 3.1 (1) and u; = uj, we have 2rp 41 = —erp (mod gr). Since r;, =
2qr—1—éqrand 2 { qr, wehaverp 41 = —eqr—1 (mod gr). Thenby rpyy = aprp+rp—1,
we have arr;, = —eqr—1 — r—1 (mod q1). By (3.2), therefore, we obtain

ar = (—Drargr—irp = (=D 'qr_1(eqr—1 + ro—1) (mod q1.)

as desired. The inequality a;, > 2 (resp. a;, > 4) follows from the definition of ELE type.
O

4.4. Proof of the implication (iii) = (ii)

The argument of this subsection depends heavily on that of the proof of Golubeva [4,
Theorem 1], in which Golubeva [3, Theorem 1] is utilized. Since we can prove that Theo-
rem 0.1 leads to [3, Theorem 1], we use Theorem 0.1 in behalf of [3, Theorem 1].

Let d be a non-square positive integer such that the simple continued fraction expan-
sion of +/d is ~/d = lao, a1, ...,ar—1,ar,ar—1,...,a1,2ap] with even period 2L (> 4).
Then it follows from Theorem 0.1 that Case (I) or Case (II) occurs for this symmetric part
and d can be written uniquely as d = f(s)/4 and ap = g(s)/2 with some integer s > s¢.
Furthermore, when Case (I) occurs, s must be even.

LEMMA 4.1 (cf.[3, Theorem 1, Lemma4]). Under the above setting, we have the
following relations:

(1) Qr = q}s —quRr} + (=D*r].

() Qrqr+19L-1 — Q197 = (=DE.

Proof. By (2.9), we have
4.4) pi —dqi = (=" Qr.

(1) It follows from (2.3) that

g(s)
4.5) PL:aOQL+VL:T‘QL+VL-
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Moreover we see from the definition of f(x) that

_ S _9)?
4 4
Substituting (4.5) and (4.6) into (4.4), we get

(9(s)rL —h(s)qL)gr +r; = (=D 0.

By using (2.10), (2.11), (2.12) and (2.15), it follows from the definition of g(x), 2 (x) that
9()rL —h(s)qr = (As — BC)r, — (Bs — C*)q,

= (Arp — Bqr)s — (Brp — Cqr)C

= (QqrrL — Qqrre + (=D qr)s — (Qrf — (=D)'rL — Rqrr)Rre

= (—D"qrs — (QrL — gL R)r. — (=D rL)Rrp

= (—D"qrs — (D" - 2rp = (=D"r)RrL

= (—D'qrs — (—=DERr} .

(4.6) d +h(s).

Hence we obtain
(—D*qis — (=D qrRr} +r7 = (=D* 01,
which gives the desired equation.
(2) By (2.6) and (4.1), we have

arQr
2

2
4.7) d=P}+01.10L = < ) +0r10L.
Substituting (2.14) and (4.7) into (4.4), we get
0L(Q* —atq}) — 401197 = (—D*4.
Since

0% —ajqi = (arqL +2q1-1)* —azqi = 4arqr +qr-1)q1—1 = 4qL4+19L-1,

we obtain Qrqr+19r—1 — QL_1q,% = (—I)L. The lemma is proved. O

PROPOSITION 4.2 ([4, pp.1279-1280]). Under the above setting, assume that Q 1=
2. Then2 1 qr, and either v, = 2q1—1 or r, = 2q1—1 — qr. hold. Furthermore we have the
following.

() Ifr =2qp -1, thena, = (=) "'qp_yr._y (mod qp).
) Ifre =2q1-1 — qr. thenar, = (—1)*"'q1_1(qr—1 + rr.—1) (mod gp).
Proof. Puta = (=)L (grs — Rr%). Then by the assumption and Lemma 4.1 (1),
we have
2= 01 =q;s —qLRr} + (=D"r} = (D" Nqra —r}),
and hence
(4.8) qra —ri = (=Dt 12,

Here we assume 2 | g;,.. Then by (4.8), rr, is even. This is a contradiction to ged(gr, rp) =
1. Hence we have 2 1 ¢r..
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Now it follows from (3.1) that

4.9) qr-2r —rL-2q01 = (=D"7'2.
Two equations (4.8) and (4.9) yield that
(4.10) qr(a —2rp 1) =rp(rp — 2qr-1) .

Since ged(qr, r1) = 1, there is some integer ¢ such that

(4.11) rp —2qp1 = —&qr.

First we assume ¢ < —1. Then (4.11) implies that
rL=2qL-1—¢&qL >2qL-1+qL > qL

because of g7, —1 > 0 when L > 2. This contradicts that r;, < gr. Next we assume & > 2.
Then (4.11) implies that

rp =2qr-1 —éeqr <2q1-1 —2qr .
Since it follows from L > 2 that 0 < rz, we have g;, < g7 —1 and this is a contradiction.
Thus we have e =0 or 1, so, r;, =2qr—1 orry = 2q1—1 — g1 holds.
(1) Assume that r;, = 2gy—1. Then by the assumption and (3.1), we have
OLqL+19L—-1 = 2qL+19L—1 = qL+17L
=arqury +qr-1rL = arqrrr +qur—1 + (= HE.
Substituting this into the equation in Lemma 4.1 (2), we get
apry — Qr-1qL = —rp—1
and hence
re(=D*ap) —qr (D" QL) = (=D
On the other hand, by (3.1), we have
re(@r—1r—1) —qrri_) = (=DErp_y .
These two equations yield that
re(=D lap —qrario) = q((=D" QL —rf ).
Since ged(gyr, r) = 1, we obtain ay = (—1)L~1g; _1rp 1 (mod gy1).
(2) Assume that r;, = 2gr—1 — gr. Then by the assumption and (3.1), we have
0LqrL+19L-1 = 2qL+19L—1 = qL+1(qL +7L)
=qL119L +qr417L = qrqr + qurie + (=DE.
Substituting this into the equation in Lemma 4.1 (2), we get
qr1+r+1 — Qr-19. =0.

Note that gy 11 = arqr +qgr—1andrpq1 = apry +rp—1 = 2arqL—1 — apqr +re—1.
Then we have

QRar+1)gr-1— Qr-19L = —rp—1
and hence

qr—l(=D " Qar + D) — g (=DET'Q ) = (= DEr g
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On the other hand, by (3.1), we have
qr—1(rrp—1) — C]L(”]%_l) =(—=DErp_g.
These two equations yield that
qr-{(=D""Qar + 1) —reri—1) = qu (D' Qo1 =iy
Since gcd(gr—1, q1) = 1, we obtain
2ap + 1= (=" rpri—1 (modqr) .
Now, r; = 2g7_1 (mod gz) and g7 _1r; = (—1)% (mod g1) hold by (3.1). Therefore we
have
(=D 2g1(gr—1 +r-1) = (D" ro(gr—1 + r—1)
=1+ D
= 2ay (mod qy) .

As 2t g1, we obtain ap = (=1 7 'g._1(q—1 + r—1) (mod gr). This completes the
proof. O

Proof of the implication (iii) = (ii). Assume that L >3, Oy =2 andd # 19.

First we consider the case d < 25. In this case, we easily see that L > 3 and Q7 =2
hold only for d = 22. Then, ~/22 = [4,1,2,4,2,1,8], L =3,a; =4 > 2, Q1 = 2and
we have the following table:

n | 01 2 3 4
g, |0 1 1 3 13
ml|l 0 1 2 9
Therefore, r;, = 2g;—1 = 2 and a; = (—I)L_qu_lrL_l (mod ¢1) hold. Moreover

d = 22 is of minimal type for ~/d because of s = 5o = 14. Thus the assertion (ii) holds for
d=22.

Next we assume d > 25. Then we see from the implication (iii) = (iv) of Theorem 1
that

ap =aporayp =ag— 1,
and hence
ap>ay—1=[Vd—1>5-1=4.
It follows from the assumption Q1 = 2 that either
re=2qr-1, ap = (—D""'qr_1r._1 (mod 1)
or
re=2qr-1—qr, aL = (—D*"'qr_1(qL—1 +r-1) (mod q)

holds by Proposition 4.2. Then by Lemma 3.1 (2), we have w = 1. By (3.9) in Proposi-
tion 3.2, therefore, we obtain

(4.12) qiso =qLRr} — (=D)ir? 42,
Now we see from (4.10) and (4.11) that

o =2rp_1 —é&rg.
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Then by the definition of «, we have
(4.13) qrs = Rri + (=) la = Rr} + (=D Qrpoy —erp) .
By (4.13), (3.1) and (4.12), we have
qis = quRri + (=D*"2q r o — (=D eqrry
=qLRr} + (=D 2qr 1 + (—DETH = (=D egrry
=qLRr} + (D" 2q L +2 = (=D eqrrs
=qiso+ (=D + =D 20 rL — (=D eqrrs
=qiso+ (=D rp(r — 2q1-1 +eq1)
= q50

and hence we obtain s = s9. Therefore d is of minimal type for /d. Thus the proof is
completely proved. (]

REMARK 4.1. Letd be a non-square positive integer such that the simple continued
fraction expansion of Jd is vd = [ag,ai,...,d1—1,4L, 411, --.,a1, 2ap] with even
period 2L (> 4). If we assume Q7 = 2 then, by Proposition 4.2, we have r; = 2q1_1
(resp.r, = 2qr—1 —qr). Hence by putting ¢ := 0 (resp. ¢ := 1), 7, = 2qr—1 — €qr holds.
Then we claim that a;, = ap — & holds. As Q; = 2, we see by Proposition 4.2 that 2 t ¢ .
Since

pi —dqi = (=" Q1 =0 (mod 2)
from (2.9), we have p;, = d (mod 2). Since pr, = aoqr, + rr, from (2.3), we obtain

4.14) d=ag+ry (mod?2).
Moreover, since d = a]% + 2011 from (4.7), we have
(4.15) d =ay (mod?2).

By (4.11) and 2 { g1, we have
rp = —¢ (mod?2).
From this, together with (4.14) and (4.15), we obtain a; = ag — ¢ (mod 2). On the other
hand, it follows from the implication (iii) = (iv) of Theorem 1 that
ap =agorayp =ag— 1.

Since ¢ = 0 or 1, the equality a; = ap — € must hold. This proves our claim.

5. Proof of Corollary 1

Let p be a prime number with p = 3 (mod 4) and ¢ the minimal period of simple
continued fraction expansion of ,/p. Then it is known that £ is even, which is shown by
using (2.9),,—,. We write £ = 2L. First, we claim that Q7 = 2. Since this is true for p = 3,
we may assume p > 4. By (4.7), we have

(5.1) 4p=0r@i QL +401-1),
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and hence Q; € {1,2,4, p,2p,4p}. Since 1 < Q; < 2,/p by (2.7), (2.8) and p > 4,
it must hold that Q7 = 2 or 4. If Q; = 4, then p = 4a% 4+ 4Qp_1 sothat4 | p. This
contradicts that p is a prime number. Hence we obtain Q7 = 2 (cf. [3, p.2071]). Thus our
claim is true.

Assume that £ > 6. Since Q; = 2, the implication (iii) = (i) of Theorem 1 and
Remark 1.1 yield that p is of minimal type for ,/p. Hence, Q(,/p) is of minimal type.

Assume that £ < 4. In the case £ = 2, Q(,/p) is not of minimal type by [11, Example
3.5]. So we consider the case £ = 4 and write the simple continued fraction expansion of
VP by

Vp =lao, ai, az, a, 2a0] .

From the symmetric part aj, az, aj, we calculate linear polynomials g(x), h(x), the qua-
dratic polynomial f(x) and the integer so by using the following table:

n |0 1 2 3 4
gn |0 1 a1 ajax+1 a12a2 + 2a;
m|l 0 1 a ajay +1

By Theorem 0.1, there exists uniquely an integer s with s > 59 such that p = f(s)/4 and
ap = g(s)/2. Since Q2 = 2, we see by Proposition 4.2 that either r, = 2g1 orr» = 2q1—q2
holds. Since r, = 1, the latter equation must hold, and hence a; = 1. For brevity, we put
t := ap. Then we obtain

g = +2x — (=D + 1) = +2x -1+ 1),
h(x) = (t+ Dx — (=D** = (t + Dx — 1
by the above table. Therefore, on the one hand, we have
gt - =0¢+2)¢—-1)—t@t+1)=-2<0,
gy =@+t —1@t+1)=1>0,
and hence sg = t. On the other hand, by Lemma 4.1 (1), we have
2=0» =q22s —q2(r3 +r1)r22 + (—1)2r22 =s—1t+1,

and hence s = ¢ + 1. Thus we obtain s > sy, which gives that Q(,/p) is not of minimal
type. Corollary 1 is now proved.

REMARK 5.1. We give several remarks on interesting properties of a prime number
p with p = 3 (mod 4).

() Let \/p = lao, a1, ...,aL-1,aL,aL—1, ..., a1, 2a¢] be the simple continued frac-
tion expansion of ,/p. From the symmetric part, we calculate linear polynomials g(x), h(x),
the quadratic polynomial f(x) and the integer sop by using (0.1). Then by Theorem 0.1,
there exists uniquely an integer s with s > sg such that p = f(s)/4 and ap = g¢(s)/2.
Under the situation of Corollary 1, since p = a% +2Qpr—1 from (5.1), ar, is odd. Therefore
it follows from [12, Lemma 2.2] and Theorem 0.1 that Case (I) occurs for this symmetric
part and s must be even.

We see by Q7 = 2 and Remark 4.1 that a; = ap — ¢ holds. Since ar is odd, hence,
according to whether ag is even or odd, we have r;, = 2g;,_1 —qr orrp = 2qr—_1.
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(2) In the case £ = 4, as we have seen in the above proof, s = ¢ + 1 holds, where
t = ay is an odd integer. Then we have

g =+ + 1) —t@t+1)=20+1),
hs) =@+ 1D)>—>=2t+1.

Hence the prime number p such that the minimal period of the simple continued fraction
expansion of ,/p is 4, is of the form

p=rf)/4= ()2 +h(s) =@ +1)>+2+1=1>+41+2,

and then
Jo=1Mt+1,1,¢1,2t42].
The form of p is already found in Golubeva [2, Theorem]. (See the set P4 in that theorem.)

6. Numerical examples
In this section, we explain the source of the notion of “ELE” by using some graphs.
Let d be a non-square positive integer with 4 { d and put

(1+/d)/2 ifd=1(mod4),
Vd ifd =2,3 (mod4).

For a positive integer ¢, we define

w(d) = {

d is not a square, 4 1 d, the minimal period of the
CF, .= {d eN } .

simple continued fraction expansion of w(d) is £

We denote the smallest element of CFy by d; and arrange all elements of CF; in order of
size: _
dy =d§0) <d§1) <. <dél) < el

Moreover, we denote the simple continued fraction expansion of a)(déi)) by
a)(déi)) = [a(()i), afi), e, aéi)] .

Here we plot (x,y,2) = (i,j,a;l)) for0 <i <n-—1,1 < j < [£/2] in three di-
mensional space and connect them for each i. The figures (a)-(d) are the cases when
£ =100, 101, 102, 103 and n = 100.

We can observe that the graphs of even cases are characteristic. Our motivation is to
investigate why the ends of graphs are extremely large. Dividing the graph in (c) into the
case of ELE type and the case of not ELE type (see Figs. (e) and (f)), we expect that “ELE
type” has caught the graphs whose ends are extremely large.

Secondly, we have the following numerical results. For 6 € {1, 2, 3}, we define

CFys:={d € CF;|d = & (mod 4)} .

Then we have
CF; =CF;,1 UCF; 2 UCF; 3.
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N W
L

(e) £ =102, n =100, ELE type (f) £ =102, n = 100, not ELE type

By Theorem 0.1, we can prove CF; s # ¢ for each § and £ (cf. [13, Proposition 4.3]). Here
we assume that £ is even if § = 3. Now we consider the smallest element d; of CF; for
each positive integer £ with 1 < £ < 69868. Then the following hold:

(A) dy is square-free except for £ = 1032. (We have djp32 = 366961 = 7489 - 72.)
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(B) The class number of (the maximal order in) Q(4/dy) is equal to 1 except for
¢ = 7,11,49, 225,299, 1032. (For £ = 7,11,49, 225,299, the class num-
ber of Q(+/dp) is equal to 2. The class number of the order of conductor 7 in
Qd1032) = Q(+/7489) is equal to 1.)

(C) Q(«/dy) is a real quadratic field with period £ of minimal type except for £ =
1,2,3,4,7, 1032.

Thus, as the first step of getting real quadratic fields of class number 1, we will have to
know how to get the smallest element dy, and so we study a real quadratic field of minimal
type. Furthermore, we consider the smallest element dz, of CF; 2 U CFy 3 for each even
positive integer £ with 8 < £ < 73478, because of Theorem 2 (1), (2). Then the following
hold without exception:

(As

(D) d, is square-free.
(E) The class number of Q(\/d?) is equal to 1.
() (@(\/d?) is a real quadratic field with period £ of minimal type.

(G) The primary symmetric part of the simple continued fraction expansion of (@(\/d?)
is of ELE type.

we have seen in Remark 1.1, the property (G) does not hold for déo) = 19, but it holds

for dél) = 22.) From these, primary symmetric parts of ELE type should be investigated in
order to find many real quadratic fields of class number 1.
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