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1. Introduction. In a recent investigation* relating to the flow of
a compressible fluid with a swirl in a circular cylindrical tube, the author
had to evaluate a number of indefinite and difinite integrals involving
the products of two or three Bessel functions. The evaluation of some
of the indefinite integrals involving products of three Bessel functions
is presented here in the form which is much more general than required
in the afore-said problem for a ready reference. Earlier, Fettis [1] has

evaluated the integral I =SmtJ.,(at)J0(,8t)J0(7t)dt in terms of an infinite
0

series of products of two Bessel functions of the same order, where

a, B, v are arbitrary constants. He has also deduced expressions for the

integrals of the type rtJo(at)Jl(Bt)Jl(“/t)dt and Sle(at)Jl(ﬁt)Jl(ﬁ't)dt in

terms of the above integral.

In §2 we evaluate the integral I,,.(a, 8,v; —n+1; %) and in §3,
the integrals (a) I, ...(@, B,7; —n+2;%), (b) I, .._..(a, B, 7; —n+38; %),
©) In_insna(@, B, 7; —n+2; x) and (d) I,..(«, B, V; —n-+3; x) in terms of
first integral, where

L, 8,7 5, %)= | 7, @) T80, 1)t

In passing we mention that our restrictions on «, 8, v are such that
we can obtain the values of the integrals involving the products of
modified Bessel functions of first kind by simply substituting e, 45, 7v
for a, B, v in the formulae obtained here.

In §4 we evaluate the integral r = (at)d,(B) Y, (vt)dt and also
a>0
some important integrals associated with it.
2. Evaluation of I=1,,.(a, B, 7; —n+1;x). We use the Gegen-
bauer addition formula [2]

@.1) t"BR™"J,(Rt)=2"(@pB)~"I'(n) 20 (n+p)C5(cos )T, ,(@t) i (1)

where

*) Accepted for publication in Indian Journal of Pure and Applied Mathematics.
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R'=a—2aBcos 0+ and Cj(cosf) are Gegenbauer
polynomials satisfying the following integral relation:

. . T(@n+1)
2.2) S C2(cos 6)(sin 0)2”d0:{ 2 [T+
0
0’ p: 1’ 2, cee
In view of (2.1) and (2.2), we have

=0

@.8) ,,(at)J,,(ﬁt):(zaf)” 1}"((27:; 11))tS:R‘"J,,(Rt)(sin 0ydo

so that

@A) TMAD) [ p ol
2.4) R 1)8013 (sin 0) dﬁgotJ,,(')'t)J,,(Rt)dt.

Using the Lommel integral [3]
@5) ()| WO (t)dt = T () 00) — N (1) )

we can write

(2.6) I=— a7 J,(v2) G, (%) + ] (va) H (x) ,
where
_(2ap) T'(n+1) (*(sin 6)*"J,(Rx)
@.7) Gi(x) = 2 (ZnH)SO L ao
and
_ 0G\(%)
(2-8) H(x)= Sy

provided that 7*# R? in the range of integration (0, 7), i.e. if

lu—_——@i >1 (Case (i) .

208
When
L_;:-:éﬁ§l (Case (ii)) ,

we modify the expression (2.6) and write

(2.9) I=—vaJ)(v2)Gy() + e ,(Y2) Hy(2) ,

where

_(2ap)" T'(n+1) *(sin 6)*" J . (Rx)—J,.(7%) do

(2.10) Gi(@) I‘(2n+1)go R v—R?

and
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2.11) Hy) :%%_ )

Using (2.1) and the following expression [4] for CZ(cos 6):

C2(cos ) =2 [:Zj: F(g‘?;bl)c])zl;c('?;—pk_) !k) cos (p—2k)0 ,

2.12) Gi(w) = % 3 (04 Dy (@3) ()

S T(n+k)l(n+p—Fk) ;
BT me-ml

where
2 3 2
_ {* (sin 8)* cos (p—2k)6
(2.13) ) L do
_ (__l)n S (z_z—-1)2n(zp—-zk+z—p+2k)dz
1 R22 ! Jizi=1 (z—2)(z—2,)
where
2 2 2
= — —¢ 2= —¢? h :—"Y_a—ﬁy if : : ’
2 et 2 e?, cosh ¢ T it [V >]a+ 5

2 2 2
=, z,=e¢” coshg’ =% LB =T if |y @1 g
z,=e %, z,=e% cosh ¢ T it |7 <|a*+ g%

assuming that either «, g8, v are real or have the same argument so
that ¢ and ¢’ are real.

The integrand in (2.13) has simple poles at 2, and z, and a multiple
pole at 0 of order 2n+p—2k. Out of the two simple poles only 2, lies
within the contour |z|=1.

We can easily check that the residue R, at 2z, and R,+ R, at 0 are
given by

R,=(—1)"2(sinh ¢ cosh (p—2k)g, When |7| > |ai+g|

=(—1)2(sinh ¢')**~* cosh (p—2k)¢’, when |7*| <|a*+ 5?|

R2=0, 1, COBZn—(p—2k+1) + ClBZn—(p—-zk+3)+ e +Cq1Bl or quBo ’
according as 2n<, =, >p—2k+1, with

— 2n — sinh (¢+1)¢ sinh (¢ +1)¢’
C,=(—1) B,=(—1)*
=1 ( q )’ ==D sinh ¢ or sinh ¢’

and

q1=n+k——;—<p+2>, q2:n+k—%<p+1) ,
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according as p is even or odd,
R,=0,1, C,B;yipsi1+CiBonipsist + - +anB1 or Cq4BO ’

according as 2n+p—2k less than, equal to, or greater than 1 with
1
Q3=’n"‘k+‘]2;‘(p_2), q4=n—k+5(p—1)
according as p is even or odd. Hence

—1)"n
Ik:(aﬁg“ (R,+R,+Ry)

and

(2.14) G.() :% S, (14 D)@, (62)

T+ H(n+p—k) p . p . p
x 3y T =D (R + Rt R

From (2.14) we can get the value of H,(x) according to the definition (2.8).
We shall now evaluate G.(x) and H,(x). When |(a*+p°—7)/2a8| =1,
we write

Rl it cos ¢
2a3

so that
72:a2+182_2a18 cos ¢ ,

and J,(7x) can also be expanded according to Gegenbauer addition
formula. Thus

@15) G =L RIS, (0t )@ (09T,

where

0 cos 0 —cos ¢
_ B T(n+k)I(n+p—Fk)
=2 —2
N O AT [

so that finally

22n,nx—-n oo
2.16 o) = ———— ntp ntp
(2.16) G = Ty o, (v P @) (80

[pl2] I‘(n—l—k)l"(n—]—p—k) _
> Mgl (P2

where
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2.17 Ik =S" in g):mCOS k0 —cos ké 4,
@10 ® O(Sm ) cos §—cos ¢

We shall now evaluate I(k) using the following expression

k(k—s—1)!

s' (k__zs)' 2k—28—1(cos a)k—Zs y

cos ka= zs‘, (—=1)
=0

where

If we substitute
coskf—coskg _ & qyk(k—s—1)lo o, 5 k2311008 §)?
cos 0 —cos ¢ s=o( ) s! (k—2s)! pz:‘:, (cos 9) (cos 9)
and use the following formula
0, if p is odd

S:(Sin 6)**(cos 0)*df = 1‘( 2n 2+ 1)1“( p_zi. 1 )

F<2’n,+22+p)

, if p is even

in (2.17), we can show that

I(k) :An zi: (-—1)‘]{;(16—8—1)' (2 cos ¢)k—-2s-—1 i;o (2 coS ¢)-—2p (2p)'

&=0 s! (k—2s)! p! (n+1), ’
where
71.1/21—\( 2n + 1 >
_A :.—2._._
" I'(n+1)
and
P= [k_—i]_ s
2
Using the relation
sin ka — d —1)¢ k—2g—1 k_q“‘l
sinx_qZ‘—.o( 1)/(2cos x . ,

where

o[

and simplifying considerably, we have
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nl’ZI‘( 2n2+ 1> sin k¢
2.18 I(k)= !
(2.18) : (k) I'(n+1) l: sin ¢

Q k—q—1
+ 25 {dqn(——l)q( ¢ )}(2 cos ¢)’°*2‘H} ,

where

__ @! H(=1) k(k—2)! {2(¢—D}!
gl (n+1), U(E=2)! (D! (n+1),_,

k(k—3)! {2(¢—2)}!
2l (k—4)! (¢—2)! (n+1),_,

k{k—q)! 2! +(_1),,,lc(lc—q—1)! .
(@—D!(k—2¢—2)! L1 (n+1) q! (k—2¢)!

For ready reference we note below some particular cases of (2.18):

()1 F e

+(—1

I2)=A, si.n 2¢ ’ I(3):An[ sin3¢  2n ]
sin ¢

sing w1
I4:A”—Sin4¢_ 4n ’
@ - sin ¢ n+10%¢]
I5)—4[5058 81 ., 2m2ntl) 7
(2.19) © sing mAl o (n+1)(n+2)]
. 16)=A,[ 565 16n (s 12m 0 ¢]
L sin ¢ n+1 n+2
[T)=A[S0T8_ 320 oy, Bu(nth) .
) | “sin ¢ n+1cos P+ (n+1)(n+2)cos o
__ 2n(3n’+4n+b) ]
(n+1)(n+2)(n+3)
and

I(k)zfr—Sifl—k‘é— , When %=0.
sin ¢

The last integral in (2.19) is previously recorded [5].
When =0, we obtain as a particular case the result established
by Fettis [1]. This completes the evaluation of I,,,(«, 8, 7; —n+1; ).

3. Evaluation of some related integrals.
(a) We write
BD) L@ 8,7, —nt2i )= [T, @I, (v0)]dt

and integrate by parts with the help of (2.5) according to the scheme
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indicated by the square brackets. Then, on simplifying with the help
of the recurrence relations, we get
(3'2) (Bz - 72)In—1nn + aBI'rm——m - a7I1m*n—-1
=" (@) [V o (BE) S s (Y2) — BT s (BT W (V)]
There are two more similar relations obtained by interchanging «, v
keeping @ fixed and interchanging «, 8 keeping 7 fixed, but these three
relations are not linearly independent. Therefore, to evaluate the three

integrals occuring on the left hand side of (3.2) we must obtain at least
one more relation between them. We now write

Iy ynna(@, B, 7 — 1425 )= S:[t“‘"“l’Jn_l(,Bt)] [t n_i(at)T,_,(vt)]dt

and integrate it with the help of (2.5) by parts according to the scheme
indicated by the square brackets. We thus get
(3.3) ABLyun—s—VBI neinn= """, (B2) [V ()], (V0)
—ad (ax)d (VL)) + (=) [ _pins -
We note that in writing the integrals in (3.2) and (8.8) we have ignored
the arguments as they are the same for all of them. Out of two more
similar relations that can be symmetrically written we shall use the
one that is obtained by interchanging g, v keeping « fixed, namely
(3.4) OV in— BV i = 07" (V) [ BT i ()T, ( B2)
—a (aw)d,_(B2)] + (@ — ) i in_s -
We can easily check by writing the determinant of the coefficients of
the unknown integrals that (38.2), (3.3), and (3.4) form a linearly inde-
pendent system of equation. Solving these equations we get
(8.5) 2871, =" ], (@x) _ (BL)S oy (V)
— B ws(a) ] (B%) T (V)
— Y pi (@) (BL) o (Y2)] + (B VP — D) [ iins
together with similar expressions for the remaining two integrals of
this type.

(b) We shall now evaluate I,_,,_,,_, in terms of I.
We integrate

I= S: [t ][ (at) T (BE) . (VE)]diE
by parts to get
(3.6) (4n—2)I= — o], (a@)d (B2) (V) + Ly sun+ BLunin+ Y nns

Substituting the values of the three integrals on the right hand side
of (3.6) from (3.5), we have
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3.7 Carp 287+ 27—t — B — V) I inins
= 2(4n —2aBYI+x " [2a 8] (ax)] . (B%)] (V%)
—a(@’— B*—=7) (@) _1(82)J n (V)
— BB —a—71)J,_(a@) o (Bx)T (V)
— (7 — B =) (@)J i (B)Ta(72)]
(¢) On integrating by parts

Lysas(@, 8,75 —1+3; )= | [T, (8O (@t) (V)1
we have
(3.8) (V=) ipns+ B0y sa— BV inin
=873 (B2) [V (Y2) (@) — T o (Y2) T o (20) ]
+H(—2n+2)al s — (—20+2)Y Lo _inn
where in writing the integrals we have suppressed the arguments as
they are the same as indicated in (a), (b), and (c). Interchanging B, v
keeping « fixed in (8.8)
3.9) (B—) I, spsn+ Yy sns— BV s
=" (Y2) [ BT (B) T 1 (0%) — T, (B2) ] o ()]
+(—2n+2)al,, 1n—(—2n+2)BLn inn -
To obtain another relation between the three integrals occuring on the
left hand side of (3.8) or (3.9), we integrate by parts

I e= | [P 1@ (8D T ()1 dE
to get 0
(.10) (—2n+2) 1, 1pa=3"""J, (@) a(BL)Sn(Y2) = BLa_insn— VL p inna
+ala(@, B, 7 —n+3; )
By symmetry we also have the following relation
B.11) (—2n+2) Ly in=a"""J(a%) S (BX)Tn (V) — AL ipsn—TLunsnos
+B L, B, 7 —n+3; ) .
Eliminating I,,. between (8.10) and (3.11), we have
(3.12) AV T nsnos = BYains + (@ — B o inin
=(—20+2)BLinn— (—2n+2)al,0 10
+ a8, (va) [T w(@) T, (B) — BT (@) T (B2)]
By symmetry the following relation should also hold

(3-13) a,BInn—m—1 - ,8711»—11»—-11» + (052 — 72) In——l'fm—l
=(=20+2)7I,_ipn—(—2n+2)al,,,._,
+ 27", (Bx) [aT ()T i (Y5) — YT i (@) (Y)] -
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From (3.8), (3.9), (3.12), and (3.13) we have
(3'14) anm—m—1= BIn~1nn—1: ’yIn—-ln-—-lu = N(Say) .

Substituting from (3.14) for the integrals in terms ) in (8.12), and (8.13)
and the remaining third equation similar to them we get the values of
Iy inins I suny and I, .. . respectively from which we construct the
following value of A which remains invariant to operations of inter-
changing any two of «, B, 7:

pme 1
(3.15) =2 [m{mJﬁ_l(aw)J,,_zwx)Jn(m)
— 0T @0)-s(89)T s (19) + g 1 @) ()1
L G A B ARG PR

e, e _1</3x>Jn(~/x)}]—(—2n+2>1,,_m_m_1 :

and then (8.14) gives the values of the integrals I,, .., l. 1un_s, and
In-—-ln—ln'

(d) To obtain a symmetrical expression for I,..(a, 8, 7; —n+3; x)
we write all three relations similar to (8.10) and add them. Thus

(3.16) 3aprl,..(a, B, V; —n+38; x)
=2(a’+ B+ VI — 27" BV, (%) (B2) (V)
+ 70t o (00)J o1 (B) T w (V) + A BT () J o (BE) T s (V)]
+(—2n+2)[BY s ina+ "L ppin+ 0B 0n]
where from (3.5) the value of the expression within the last square
brackets is

@17 - %w“”“[aJ () s (BE)T s (Y2) + BT s ()T o (B2) T s (Y20)

+ VT (@) (BE) S o (V20)] +%(a2+,6’2+72)1u_m_m_1 .

4. Evaluation of f:S” 1, (o) Jo(8Y) Ya(v)dt.  From (2.3), we
a>0

have

7_ 2ap)" T(n+1) (* dé(sin 6)* (*
@D == r(2n+1)go B SatJn(Rt)Yn(ﬂ/t)dt

=[=7Y.(v)G.(t) +t Y (V) H. (]2 ,

where G.(t) and H,(t) are defined in (2.7) and (2.8) respectively. In
deducing (4.1) we have used the well-known Lommel integral
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“4.2) (v—RY S:tJ,,(Rt) Yo (1) dt= [Vt (RE) Yy (T8) — RET, 1 (RY) V(YD)
— [LR Y. (V)T (RE) — t7J (RE) Y2 (1D

and assumed that % R* in the range of integi‘ation, i.e.,
|(V—a*—pY/2ap|>1. We have already evaluated the values of G,(¢)
and H,() in §2.

When | (7*—a?—%)/2a8 <1, we modify (4.1) using the relation
4.3) RY, (V&) (Rt) — Y Y o(vE)] (RT)
= Yo (VOLRIL(RE) — VT4 (18)] =¥ YLV [T (RE) — o (78)] —%

obtained from the Wronskian relation

J,s(®) V() — J(2) Vs (8) =2

nz
written in the form
4.4) T2 Yi(2) — () Y.(e) =—= .
2

Thus when | (V—a*—g%)/2aB|<1
(4.5) T:[—vt Y;(vt)Gz(t)+tY%(“/t)H2(t)—-72?K]w,

where G,(t) and H,(t) are defined in (2.10) and (2.11) respectively and
evaluated in §2, and

(4.6) K=K, g, v, n)—2a8)" T(n+1) S (sin 0)*do

T T@n+1)Je R*(V—R?

is a constant depending on «, 8,7 and n. When we substitute the
limits ¢=a and t=2 in (4.5), the term containing K does not make any
contribution, hence it is not necessary to evaluate it. In fact we can
write

(4.7) T=[—7tY.(vO)Gy(t) + t Y, (V) H,(D)]Z

This completes the evaluation of I.

4.1. We shall now record below the expressions for some of the
integrals which can be evaluted in terms of I without proof which
proceeds on the lines indicated in § 3.

(@) 260 £ @) T (81) Yara(rt)

= [t p1a (@) w(BY) Ya(7E) — BT u(@8)] n11(BE) Yu(VE)
— W (@) Tu(BY) Yars (VN2 + (V' + 52—
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along with two similar results obtained by interchanging «, 8 keeping
7 fixed and interchanging «, v keeping g fixed.

(b 4@+ Dagr| @8 Var (1)t

= [t7Ha(@’ — B = 1) ari(@l)Ta(8Y) Ya(1t)
+B(B8 =7 — ) ()] 11 (B8E) You(VE)
+7(7* —a — B Q) o(8E) Y a (YO}
+ (2B 28 - 27—t — B — )T .
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