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1. Introduction

In this paper we aim at obtaining certain generating functions by
using Lie theory method. The process in short involves introducing
linear differential operators which form a 8-dimensional Lie algebra
isomorphic tot he Lie algebra si(2) [2, p. 8]. Based on these operators
local multiplier representation [T(9)f](x,9)g= (g’ 3) € SL(2), is determined.

Thereafter, by choosing f(x, %) in certain ways this multiplier represen-
tation leads to generating functions for Laguerre functions.

2. Differential operators and multiplier representation

(2.1) u(@)= L) (%)
is a solution of [3; p. 204]
2.2) LA W x)——+(m+n)u 0.

d 2

By substituting %(6/0y) for n we construct the following partial dif-
ferential equation.

(2.3) TR w)—-+yai+y]f<x, ¥)=0
Sz, y)=y"u(x) is a solution of (2.3). Now, we introduce the first order
partial differential operators

0 7+1
Ji=y 2
=Yy Iy +m+ )
(2.4) Tr=ayL 2 2 mtry1-ay
ox oy
Jo=ay e Ly,
aac oy
obeying the commutation relations
(2.5) [J3, JE]=xJ%, [JF, J]=2J°.
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These J-operators from the basis of a Lie algebra isomorphic to the
Lie algebra si(2) [2].
The Casimir operator

(2.6) C=JY +J°J*—J?
L OV I I
X ax2+( +7—x) P +wyay +mx -+ 1
commutes with J3 J* and J~. (2.3) may be rewritten as
(-1
@7 Cfta, )= (T2 ) ftw, ) -
To determine the multiplier representation induced by J operators, we
need to compute the expression [2; p. 8] ¢¥/ ¢"/ e’
(2.8) e”’ e e f(w, y)= exp {<m+;—"+1>c’}
_b'xy } e Por\—(7+1+m a\"
X expd—- LA +a'd —by)" vt 1 —=
p{(l—l—a'b'—b’y) (1+a v) ( y>
xy y—a o
X , e’ ).
f( (y—a)(1+a'd'—by) (1+a'b'—b'y) )

The complex parameters o', b’ and ¢’ are related to g€ SL(2),

d
e?’=a, o =—cla, b'=—ab.

b
g=<“ > ab—be=1 by [2 p. 8]
(4

Therefore, for g in a sufficiently small neighbourhood of the identity
element <(1) 2) € SL(2) ‘

@9 TN v=esp( L)+ (o L)

><f< xy c+ay>
(c+ay)(d+by) d+by/’

|by/d|<1l, —mw<arga, argd<m, ad—bc=1.

3. Generating functions

A. We choose f(x, y) to be a common eigenfunction of
the operators C and J°J°+4 (7' —Y—2m—1)J*—J" .

Let f(x, y) satisfy the simultaneous equations

(3.1) Cfte, =T )@ w)

Lo+ (7 = —2m— 1) — T 1 f (@, y)=(3'-@—+g—+l)(v’—m—%5)f(x, )
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which may be rewritten as

32 a a kg — —
(3.2) [xFJr(wr1~x)__—y_a_—(m+7+1)]ef( x, ¥y)=0,

&
[a 2 1 y)———xa——(m+’)’+1)]e F(—2, 1)=0 .

These equations have a solution [1; 234]
(3.3) ef(—x, Y)=a(m+v+1; v+1, ¥V +1; x, y)

where

a; ’\/, 7/; x, — - (a)m+fnxmyn .
i v) m§'=o m! n! (7)Y,

We rewrite (3.3) as
(3.4) @, )=ey(m+7+1; v+1, v+1; —2,9) .

Therefore

3.5)  [T(9)fl=, y)= exp( p )(d+by) (rHitm)

c . ’ . — XY c+ay
X{a+—= o m+Y+1;v+1, Y +1; , :l ,
<“ y> “#[ et an)d+by) (d+by)

E%y—\<1» —n<arge, argd<m, ad—be=1.
[T(g)f1(x, y) satisfies

(3.6) CIT@f)w, 1) =15

DT 1@ v) -

(3.5) has an expansion of the form

(3.7) [T0)F )@, v)= 3 k(@)L @)y"
Putting x=0, this gives

m n rt+m+tn+1 F(1+m+n)

(3.8) k.(9)=a™(—b)"d >—————(1+7)m

(= m)p(1+’>’+'m,+fn),,/bc>
= p!TA+n+p) \ad

XF[ n—op, 1+m a]
T Y4+, 14m—p b

Thus the generating function (3.7) becomes
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(3.9) exp (%xl N %y >—<m+m) <1+If;>m

X [m+’>’+1;’>’+1, 7 +1; —2Y , c—l—ay}
Vs etay)dLby)’ [d+by)

_ I'A+m+n)(—b/d)"y" 7 ) (=m),(A+7+m+n),
n:z-m A4+ L (w)z p! '(1+n+p)

[ n—p, 1+m a}
X o By
Y+1,1+m+p’ b

b%‘ <1, ‘.l%‘ <1, ad—be=1,

where the terms corresponding to n=—1, —2, --- are well defined
because of the relation

—1—7—m
3.10 A+74+m+p),(— m) F[ =D, a}
(8.10) Ek,,z:, p! 1+ p+p) ad o+l 1+4m—p’ b
_(A47+m—k)(— m),,/bc>’°i(1+~/+m)( m+k),,< >,,
k! p=0 pl(1+k), ad

p, 1+m a
X o F - k=1,2,8, ---
['Y '+1, 1+m—p—k’ :l

Special Cases:

(8.9) gives the following special cases:

3.11) —W(1—_) q,znz(m+v+1 Y41,

ev Y

)

B i (1+n), 1+7+m+n,1+>u—“/+n. J

D R 14m, Y+len @

and where the terms corresponding to n=—1, —2, --- are well defined
because of the relation of the type (3.10);

L3 a(x), F 2|:

3.12 (L —y)~THEmap, <m+’>’+1 THL YL ;wy)
—y 1l—y

_ o LA™ 1oy Lo )y
D), e L

B. We choose f(x,%) to be a common eigenfunction of the
operator C and J J*—(m+(v+1)/—2)J J°.
Let f(x, y) satisfy the simultaneous equations

Cfta, )= (T75)F w)

[J‘Js—(mA— 7;1 )J‘—J3 flw, ¥)=0.

(3.13)
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which may be rewritten as

[a —+1+7— x)—-l—yéa——l-m}f(w y)=0,

O o 0 ’Y-I-l]
| vt oA mt )L (mt L) |1, =0

(3.14)

These equations have a solution [1; 235]

(3.15) flz, y)= [ m, m+7‘;1 147 x, ]
where

H4[af, v 3; x, y]: mzn;o (/';x)"':t—"n((;))ﬂxmyn .

Therefore

B16) [T Iw v)=exp (L Ya—byy o (ar L)’

d+by
1. . x ct+ay
XH4[_my m—+ Lias y1+7; y ’ :l
2 (c+ay)d+dy) d+by

'%’ <1, —w<arga, arg d<m, ad—bc=1.

By the similar analysis as we did in sec. A. we obtain the generat-
ing function

(3.17) 6(ba:y/d+b1/)<1_}_ﬂ'>—(r+1+m)<1_lh__c_)m
d ay

1. . xy ctay
><H4[—m, m+ T 14y , ]
2 (c+ay)d+by) d+by

_ v I'A+m+mn) G
=2 T T, ( d >L"‘ )
S (=m)(L+m~+n+7),( be \?
T TA T ntp) <ad>

a
’——?’

v+1
— y m+—
X n-p 2
m+1—p, 1+7+m ]
l—"—\<1, ‘b—y\<1, ad—be=1 ,
ay d

where the terms corresponding to n=-—1, —2, --. are well defined
because of the relation (8.10).
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Special Cases:

(3.18) 6(—0:1//1—1/)(1__y)—(1+r+m)H4|:__m’ m—+ T+1 P I :ﬂ]
2 11—y 1—y

v+1

> —n, m+-—= ‘

=3 %j—f)&mmm[ 2 Sy
" im+1, 14+m+7v

where the terms corresponding to n=1, —2, --- are well defined be-
cause of the relation of type 3.10.;

(3.19) <1—%>MH4[—m, m+ 742—1‘; 1+7; ww_yy, w—yj’e’”

= 5T Ly @ Lo

C. We choose f(z, ¥) to be a common eigenfunction of the opera-
tor C and (—J J*+((m+7v+1)/2)J+J?%).

Let f(x, y) satisfy the simultaneous equations

Cf @, v)=(LT7) fa, 0)

(—J-J%(%M)Jwﬂ)f(x, y)=<%7_1)f(x, Y) .

(3.20)

This may be rewritten as

[x a +(1+7—m)i+y—2—+m]f(ac, y)=0,
ox* ox oy

(8.21) 5 5 5
[ya—yz—ac-axTy—k(l-l—m—ky)a—y—-l—l]f(x, ¥=0.

These equations have a solution [1; 235]

(3.22) f, y)=H|—m; 1+7; x, y]

where

Hife; 05, yl= 3. —————m(,“;’,’” 0 a"y" .

The generating function that we obtain now is

R )

bel:—m; 1+7; Y , cray ]
(e+ay)(d+dby) (d+by)
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= 2N ) e S S(g)

().
where the terms corresponding to m=—1, —2, --- are well defined
because of the relation of the type (3.10).

Special Cases:

(3.24) exp(;m/ Ja—y o A] —mg L g
- - —Y

oL A+m+n)r o (r+m)
= SfLEmEmg @y

and

(3.25) (1—~%>mﬂ5[—m; 1+4+v; =2 w—y}

=3 _LAtm)  po oy Fl—m;1
— m+ 0 ’ +n, —w
o T E A, L@l = v
D. Choose f(x, ¥) to be a common eigenfunction of the operator

C and [J?J*—J J*+(m—+(v+1)/2)] —(m+1)J?.
Let f(x, y) satisfy the simultaneous equations
G, »)=(T72 ), v)

1
3.26)  _

T =T T4 (m+ L) — e 17 [, ) =0
L 2

which may be rewritten as

;2 +A4+7— x)—+y£—+m]f(w y)=0,
(38.27) ~
8 a +{1+m+(m+7+1)y}———-
7—1 7+1 ]
R .
These equations have a solution [1; 235]
(3.28) flo, )=l —m, T me DL 1y, ]
where

Hye, 8,7 80, )= 3, (Bacal®gme 1y,
mu=o mInl(0),
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Thus, we arrive at a generating function

(3.29) exp ( dlilff",lgy )(1”*_%)_(”&%(1-}—;2—)"‘

-1 v7+1, . xy ct+ay
lel[—m, T m+ ; 7+ ) }
2 2 (c+ay)d+by) d+by

> I'A+m+n) —=by \" ;o
L ) L)

y i (-_m),,(l+“/+m+n),,<ic_>”

=0 P I'A+n+p) ad
v7—1 v+1 ]
] m+ y —N—
%y 2 2 p;iJ ,
m+1—p, 1+7+m

[i‘<1, ‘b—y\<1 . ad—be=1.
ay d

where the terms corresponding to n=—1, —2, --- are well defined
because of the relation of the type 3.10.

Special Cases:

(3.30) exp ( 192/’!/ )(1 —gy)rEmED

v—1 7+1 . x wyY :l
le[—m, . m 14y 2, WY
' 2 * 2 1—y 1—y

v—1 Y41

& ’ m+ s T

- ”;w%mn(xw{ 2 2 ' wa.
R " m+1, 1+m+y

and

(3.31) (1—%’_)’”1{“[—% “/gl m+ 77;1;1+~/; ;f?;, w—y]

r(1+m)<7‘1 )”(m+ 7+l )
=2, l’(lf A+ L)

-1 Y+1
m-+n+ , TN
X H 2 2 5 —wl|y"
1+n

where the terms corresponding to n=—1, —2, --- are well defined by
a relation of the type (3.10).
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