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The well-known [, and Orlicz spaces are of absolute type in the
sense that given a sequence x={x,} the norm of |¥|={|x,|} is equal to
that of x. However, there are sequence spaces which are of non-
absolute type, for example, the space H of all sequences x={x,} such
that the series 3}, is conditionally convergent with norm given by

lell=sup { |3 =

Similarly, if we consider the convergence field of many a summability
method as a normed linear space, we again obtain a sequence space
of nonabsolute type. In this note we shall give some examples of
such sequence spaces, find their associate spaces in the sense of Kothe,
and prove a necessary and sufficient condition for matrix transforma-
tions mapping from the spaces into a given space.

Let A=(a,;) be a lower semi-matrix with non-zero diagonal, i.e.
a,,=0 for k>n and a,,#0 for k=n. Then the inverse of A always
exists and is again a lower semi-matrix with non-zero diagonal (1}
p. 22). For convenience, we shall denote in what follows by B the
inverse of A and by B’ the transpose of B. Therefore when s=Aux,
we have x=Bs. Further we shall assume throughout that Bis a band
matrix, i.e., b,,=0 for n>k+p and some fixed p.

Next let @ be an Orlicz function, i.e. @ is continuous and convex
on [0, «) with ¢(0)=0, ¢(x)>0 whenever z>0, and o(|z))=p(x). Then
Orlicz sequence space I, is the linear hull of all sequences x={x,} such
that

;ngl} .

2 p(@) < oo .
k=1
The complementary function v of ¢ is defined as follows:

¥(y)=sup {|lzy| —p(x); >0} . ‘
For simplicity, we shall assume that + is also an Orlicz function.
Now we define X, to be the space of all sequences r={x,} such
that Axecl, where A is given as above. Given a sequence space X,
the associate space of X, denoted by X, is defined to be the space of
all sequences y={y,} such that whenever x={x;} € X we have
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kZ_lwkyk< oo,

It is known that the associcate space of [, is Iy where + is the con-
plementary function of @. Also, the associate space of H (the space
of all convergent series) is the space consisting of all sequences Y ={y:}
such that

kZzl Y= Ypa] <00 @

The following theorem describes the assoicate space of X,.

THEOREM 1. Let A be a matrix given as above and B=(b,,) the

inverse of A satisfying
k+p

(1) sup {3 buls nzL}<oo;

(ii) (=10, >0 for n=1,2, --- and k=n—mp, -+, %;

(iii) |bua|=a>0 for some @ and all n.
Then the associate space X, of X, is the space of all bounded sequences
y={y,} such that B'y €ly where B’ s the transpose of B and + 1s the
complementary function of @.

Proof. We write s=Ax and t=By. We recall that B is a band
matrix. - Therefore x=Bs and

m

é Tolfn= 2, (k ﬁm bnksk>y%
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8 20 buu— 24
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k+p
Sk 2 bnkyn
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Il
Mz

k=1 +1

Suppose that xe X, and y is a bounded sequence such that t= B’y € ly.
Since sel,, s is a null sequence. In view of condition (i), the last
term in the above equation tends to 0. Then there exist a>0 and
B>0 such that

= ’Z R
k=1

(@8 5 plas)+ 5 w6t <o -

IR
n=1

Hence y € X,.
Conversely, suppose that y € Xy, i.e.,

S a,y.< oo for every xe€ X,.
n=1
Then z,y¥,—0 as n— oo, or

n
Yn 2 busiy—0 as m—co .
k

=n—p
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We may replace {s,} above by {(—1)*|s,|} which still belongs to I,. In
view of conditions (ii) and (iii), it follows that %,s,—0 as n—c. We
claim that y is bounded. If not, choose a subsequence {y,.} of y={y,}
such that

Z{ P/ Y i) < oo o

Put s,h=1/y.. and 0 elsewhere. Thus s={s,}€l, and with x=Bsec X,
and yet s,y, does not tend to 0 as n—c. In view of condition (i)
again, we have

DT Y= D, St oo
n=1 k=1

where t=B'y. Hence B'ycly and the proof is complete.

We note that conditions (ii) and (iii) were not required in the first
half of the proof. As an example, we may take A to be ¢ where »
is a positive integer, o"x=0(6""'x), and

(ox),= é Ty o

Then the inverse of A is 4 where A"x=A4(4""x) and
(Ax)‘n:xn_xn—l .

We note that conditions (i), (ii) and (iii) in Theorem 1 are satisfied. If
we define H(r, p) to be the space of all sequences z={x,} such that
o'xel, for 1<p=<c, then the following is a corollary of Theorem 1.

THEOREM 2. The associate space of H(r, p) for 1<p<e s the
set of all bounded sequences y={y,} such that 4"y €l, where 1/p+1/qg=1.

In fact, it is not difficult to verify that Theorem 2 also holds for
p=1 and p=o. It is interesting to note that sequence spaces of
nonabsolute type do not necessarily include the class of all finite se-
quences and that the so-called associate norm of a given norm defined
in the usual way is not necessarily a norm. For example, the sequence
1,0,0, ---) does not belong to H(1, 2) and given

JEESY

lall=(3 | 3o )"

if we take y,=1 for all %, then ||y||'=0 and yet y = 0. However, if
a sequence space X does include the class of all finite sequences, then
it is a standard procedure ([4] p. 473) to show that y € X’ if and only
if ||ly||'<eo and that ||y||" is a bona fide norm.

||y|l’=sup{)§1wnyn
where « € H(1, 2) and
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A norm in Orlicz sequence space may be defined as follows:

[|2][p=1nf {6>0; g‘. @(wk/e)gl} .
The following is easy.

THEOREM 3. The spaces X, and X, are complete under respec-
tively the following morms

le]xc = Al
L= 31wl + 1Byl

where  is the complementary fumction of @.
Naturally, we may define

il =sup{ |35 0.0 s 10z =L}
However we have only ||9|l5»=|1¥llx@. In fact, ||¥|lxw is equivalent

to ||B'ylly.
Let C=(c,;) be a lower semi-matrix with non-zero diagonal. We
define Y to be the space of all sequences y={y,} such that

Hylly=sup{‘k2=10nky,, ; ngl}< o .

It is easy to show that Y is a Banach space.

THEOREM 4. - In order that T=(t,) be a matrixz transformation
from X, into Y, it is mecessary and sufficient that

sup {‘ {kzzl an%i}él

Proof. Suppose T maps X, into Y. Then T in continuous ([5]
p. 29) and for some N>0 /

[| Txlly =Nl x ) -
It follows that whenever ||x||x, =1 we have

’

;nzl}<oo .

X(p)

eed n
> <Z Cuktki) z,|SN.
i=1 \k=1
Hence
P ,
{Z c'nktki} ._S_N ’
k=1 =1t X(p)

and the condition holds.
Conversely, if the condition holds, then

» el 00 €n
2. Cuk 2 ritls Z (Z Onktki) X;
g=1 =1 i=1 \k=

<fean)

’
) ]|z ) -
i1 X(p)
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Consequently, Txe Y for xe X,.
We remark that .

sup {H{ﬁ cnktki}
k=1 i=1

is sufficient but not necessary for T' mapping X, into Y. For example,
let X, be the space H(l,2), and Y the space l. of all bounded se-
quences, i.e., C being an identity matrix. Now put T=(¢,,) with ¢,,=n
for all k. Then

oo 1/2
sup {||{taehezil |05 n=1}=sup {(kz;l [t — t”,k+1|2> ; fn,_z_l}:() ,

sn=1}=oo .

;nzl}<oo

X' ()

sup {|{taehizill a3 =1} =sup {|¢,,

It is easy to verify that 7 maps an element in H(1, 2) into the zero
element in [..
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