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On p° *2-Projective p-Groups*
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A characterization of p®*2-projective abelian p-groups is given, like quotients of
p ) P8 g

p®*1-projective groups modulo free subsocles with values less then w. Moreover it is
shown that p®*2-projective groups with a special representation decompose into
A|F, ® T|F,, with A separable p®*!-projective, T totally projective of length <w+1
and F, and F, free subsocles with values less than w.

Introduction

An abelian p-group G is said p°-projective, where ¢ is an ordinal, if
P’ Ext(G, X)=0 for every p-group X. Recently many authors have studied p®*"-
projective abelian p-groups. Fuchs and Irwin gave in [6] a completely satisfactory
structure theorem for p®*!-projective p-groups, by proving that if 4 is such a group,
then 4 decomposes into the direct sum of a separable p-group and of a totally
projective p-group of length <w+ 1, and that two p®*!-projective p-groups 4 and B
are isomorphic if and only if the socles 4[ p] and B[p] are isomorphic in the category
of valued vector spaces (see [4]); some other properties of p®*!-projective p-groups
are given in [6] and [2]. More recently Fuchs generalised in [5] one of the above results
to the p® " "-projective p-groups, by proving that if 4 and B are two p®* "-projective p-
groups, then 4 and B are isomorphic if and only if A[ p"] and B[ p"] are isomorphic in
the category ¥} of valued abelian p-groups annihilated by p”; some more properties of
p®*"-projective p-groups can be found in [1], where, in particular, it is proved that a p-
group G is p®*"*!-projective if and only if G is isomorphic to H/S, where H is p®*"-
projective and S is a subsocle of H[ p]. In this paper we make the first approach to the
problem of decomposing p®*2-projective p-groups. We introduce new subclasses of
the class of p®*2-projective p-groups, by means of the representation of a p®*2-
projective p-group G as a quotient B/S, where B is a direct sum of cyclic p-groups
(denoted by @), and S< B[p?] (see [8]); in particular we call a p®*2-projective p-
group quotient decomposable if G has a representation G= B/S with S a decomposable
sub-p*-socle of B[p*], i.e. S is a valued direct sum of a free object in V2 and a free
object in V).

* Lavoro eseguito nell’ambito dei Gruppi di Ricerca Matematical del Consiglio Nazionale delle
Ricerche.
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In this paper we prove that every quotient decomposable p®*2-projective p-
group G decomposes into the direct sum G=A/F, @ T/F,, where A is separable p©*!-
projective, T is totally projective of length <w+1, and F, and F, are free subsocles
with values less than w. Moreover we improve the result of [1] stated above, by
proving that a p-group G is p®**-projective if and only if G=X/F where X is p®*!-
projective and Fis a free subsocle of X[ p] with values less than w.

§1. In the following by “group” we shall always mean “reduced abelian p-
group.” For unexplained notation and terminology we refer to [3]. Let 4 be a group,
I the class of ordinals, oo a symbol which is considered larger than any ordinal. We
call valuation of 4 a function v: 4—TI" U {0} such that:

1) wv(a)= o0 if and only if a=0,

2) v(ma)=v(a) if m is prime to p; v(pa) > v(a),

3) v(la+b)= min{v(a), v(b)} for all a, be A.

It is important to observe that if v(a) # v(b) we have v(a+b)=min{v(a), v(b)}. A
group with a valuation is called valuated group. If 4, B are valuated groups, f: 4—B
is said to be a morphism of valuated groups if fis a group homomorphism and
@) =v(fla)) for all ae 4. A morphism of valuated groups which is injective,
surjective, and preserves the values is called an isometry. Let us notice that every
group is valuated by the valuation #=height function, and that if B is a subgroup of
the valuated group 4, the restriction to B of the valuation of 4 induces a valuation on
B. If {4}, is a family of valuated groups, we call valuated direct sum of the 4,, and
we indicate by

@Aia

iel

the group
@ Ai >

iel
with the valuation
v((a;);ep) =min ; ;v(a;) (a;€4,).

A group A is said to be p"-bounded if p"4=0.

We denote by V', the category whose objects are the p™-bounded valuated
groups, and the morphisms between objects are the morphisms of valuated groups.
The objects in V', are the valued vector spaces over the prime field with p elements,
which have been studied by Fuchs in [4].

If Ae V' and B< A, we define, following Richman and Walker [9], the quotient
valuation on A/B as the minimal valuation which makes the canonical surjection
n: A— A/B a morphism of valuated groups. Let us notice that, since 4 and B are p"-
bounded, the proofs of Lemma 2 and Theorem 3 of [9] become simpler. It is easy to
verify that the quotient valuation coincides with the one given by Fuchs in [5]:
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v(a+ B)=max {sup,.gv(a+b), hz(a+ B)} .

A cyclic group <a) € V' is called fundamental if v(x) = v(a) + A ,y(x) for all xe{a) (see
[5D.
Definition. Fe V' is said to be free if

F=®<a
iel
where for all ie I {a;) =Z(p") and {a;) is fundamental.
Fis free in the sense that every function ffrom the basis {a;},.; to G € V' such that
v(a;) £v(fla;)) extends to a unique morphism fe Hom V;(F, G).

Definition. Ae V' is said to be decomposable if

A= D<ad

iel

with the {g;> fundamental. We call 4 V', completely decomposable if

A= @ F;
1<isn
with F; free in V), for all i, and, if i<n—1 and xe F\{0}, then v(x) <i.

In the investigation of the structure of p®*2-projective groups, it is useful to
study the properties of purification of the sub-p?-socles of a @ . In the sequel we shall
always consider, on the sub-p?-socles of a group X, the valuation v=h,=height
function in X.

PROPOSITION 1. Given B= @ and S B[p?), S is purifiable, i.e. there exists a
pure subgroup H of B such that H| p*|=S, if and only if S is completely decomposable.

Proof. Let

S=U@C=PupdC
iel
be completely decomposable, where U is free in Vf, and C is free in V:, with v(c)=0
if ceC, ¢#0. For all iel, if v(u;)=n, let h;e B be such that p"h;=u; and let H=
Khiiiel, Cy= @ <h;) PC; celarly H[ p*]=S and the elements of H[ p*] have the same
height in H and in B, hence H is pure (see [3], §26).
Conversely let H be pure in B= @ . Then also H= @; so we can write
H= @ <hpyeC
iel
where ph;#0 for all iel, and pc=0 for all ce C. If h; has order p"*? (n=0) and
u;=p"h;, from H pure it follows easily that the (u,> are fundamental for all ie I, and

H[p?]= @ ud® C.

iel
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A weaker property than the purification for a sub-p*-socle is given by the
following result.

PROPOSITION 2. Given B= @ and S< B[ p?], there exists a pure subgroup H in
B such that H| p]=S[p] and H[p*|2 S if and only if S is decomposable.

Proof. The proof of the sufficiency is like that of Proposition 1. Conversely, let
S[pl= B> @D D <sp
iel jedJ
where hg(s;)=1 for all ie I, while hg(s;)=0 for all jeJ. If v(s;)=n, let h; € H be such
that pnhi=si; let ti =p"—lhi aIld

T= <t -
iel
Let te T, then
pte D<),
iel

from which pr=ps, se€ S < H[ p*]; consequently ¢t—se H[ p]=S[p], so that T<S. Let
now se S\S[p]. Then ps = Ym;pt; and s—>m;t;€ S[p], so that

s€E TET—) (-UB O

jeld
Now we have
S=TPV
with T free in V2 and
V=@ s
jeld

free in V', i.e. S is decomposable.
From Proposition 2 one immediately deduces the following

COROLLARY. Let F be a free object in V% and S a subobject of F. Then S is
decomposable if S[pl=F|p].

Some important results on p®*!-projective groups cannot be extended to p
projectives, because of the difficulties which arise in the passage from the valued vector
spaces to p>-bounded valuated groups.

For instance, Fuchs and Irwin in ([6], Th. 1) proved that if G is a p®*!-projective
and P=<G[p] is such that G/P= P, then

Glpl=P®DS
where S is a free valued vector space with values less than w.

o+2_
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Let now
P=(x)@ P'eV?
with values less than @ and px=0, v(x)=m>0. Theorem 1 of [5] ensures that there
exists a p°* >-projective group G such that Pis a sub-p?-socle of G and G/P= @ . Itis

easy to check that P cannot be a direct summand of G[ p?], hence the result cannot be
extended.

Definition. A p®*?-projective group G is said quotient-free (resp. quotient-
completely decomposable, quotient-decomposable) if G has a representation Gx=B/S
with B= @, and S B[p?] free (resp. completely decomposable, decomposable) in
V2,

PROPOSITION 3. A4 group G is quotient-free if and only if it is quotient-
completely decomposable.

Proof. Let G= B/S with B= @ and S < B[ p*] completely decomposable. Then

S=U@C

with U free in V2 and C free in ¥}, with v(c)=0 for all ce C, ¢#0. From Proposition
27.1 of [3] it follows that C is a direct summand of B; consequently

G=B/S=(B@C)(UG C)=B/U

is quotient-free.

We notice that from Theorem 2.3 of [1] it follows that every p®*2-projective
group G is a direct summand of a quotient-free group G, and its complement in G’
is a direct sum of cyclic groups. We give now a characterization of the p?-socle of
quotient-free p®*2-projective groups.

PROPOSITION 4. Let G be a p°*>-projective group, G= B/S with B= @ . and S
a free subobject of B[p®]. Let H be a pure subgroup of B such that H[p*]=S. Then

GLp*1=B[ p*)/S@® H[ p*1/S .

Proof. 1t is easy to verify that G[p?*]= B[p?]/S@ H[p*]/S. We show that the
direct sum is valuated. Let us observe that H[p*]/S has values less than . Let
v(h+x+8)=n, he H[p*], xe B[p*]. It is enough to check that v(h+S)=n. We have
h+x+s=p"y with se S, ye B. Then p*h=p"*?y=p"*2}’ with k' € H for H is pure;
consequently 4 —p"h’ € H[ p*]=S from which h+S=p"h’ +S.

Let us observe that Proposition 4 generalise the decomposition of the socle of the
p® " !-projective groups, which are always quotient-free, because H[ p*]/S is obviously
free in V2.

§2. The following theorem will allow us to use the structure of p®*!-
projective groups to study the structure of the p®*2-projectives. We recall that an
exact sequence in ¥},

0 X Y- 2.z 0,
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is said to be nice if for all z € Z there is y e n ~!(z) such that v( y) =v(z); the free objects
in V}, are precisely those valued vector spaces which are projective for every nice exact
sequence.

THEOREM 1. A group G is p®*2-projective if and only if G=X/F with X p®*'-
projective and F a free subsocle of X with values less than o.

Proof. Theorem 2.4 of [1] ensures that X/F is p®*2-projective if X is p®*'-
projective and F< X[ p).

Conversely let G=B/S with B=@®, and S<B[p*]. Let X=B/S[p] and
F=S/S[p]. Then G=X/F and X is p®*!-projective by Theorem 2.4 of [1]. We show
that F is free. As P=B[p]/S[p] is such that X/P= @, by Theorem 1 of [6] we have

X[p]=PODL
with L free valued vector space with values less than . Let g be the projection of X] p]
onto L and let g’ be the restriction of g to F. Let us consider the exact sequence of
valued vector spaces

0 kerg’ F Img’ 0.

Im g’ is free with values less than w, because it is a subspace of L, therefore it is
projective in ¥} (see [4]). Furthermore the exact sequence is nice because Im g’ has
values less than w.

Consequently

Fxkerg @ Imyg';
but kerg'=FnP=S/S[ plnB[p]/S[p]1=0 and so F is isometric to Im g’.
Let G=X/F be like in Theorem 1. It is easy to check that

GlP"1=XIp*)F+ HIp’)|F
where H is pure in X, H[ p]=F. Then we have

HI PV HI 1= (H] p*)| F)(X [ P*YFnH[ p*)/F) = (X1 p") F+ HI ) F)I(X [P*)/ F) .
It is easy to verify that these isomorphisms are isometries for the valuations induced
by the heights respectively in X/H[ p?], (X/F)/(H[p*l/F), (X/F)/(X[p*)/F). Further-
more let F"={f € F: v(f)=n} and let F{~? be the vector space F* with the valuation
v’ defined by: v'(f)=v(f) —2 for all f € F2. Then map h+ H[p?] + p*his an isometry
between HJ p®]/H[p*] and F~?); the above arguments prove the following

PROPOSITION 5. If Ye V2 is the p*-socle of a p®**-projective group, then there is
an exact sequence in Vf,

0 X/F Y F2 0,

where F is a free valued vector space with values less than w, and X is the p*-socle of a

p®*t-projective group.

This is a partial extension to the p®*2-projective groups of Theorem 4 of [6]. The
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converse is not true, because the sequence
0 — X[ p*)/F — (X/F)[p*] — F Y —0

never splits.

Fuchs and Irwin in [6] proved that a p®*!-projective group X is the direct sum of
a separable p®*!-projective group 4 and of a totally projective group T of length less
or equal to w+ 1. Since G p®**-projective implies G = X/F with X p®*!-projective, it is
natural to ask if, for a suitable decomposition X=A@® T, we have

X/F=A/(ANF)®TTAF) .

This decomposition arises if G is quotient-decomposable.
Recall that if F is a free valued vector space with values less than 8, we have

F=@F,
a<p
where, foralla<f, F,is a homogeneous subspace of value «, called the homogeneous
component of value o.

THEOREM 2. Let G be p®**-projective, G=B/S with B=®., S<B[p], S
decomposable. Then G=A|F,@® T|F, where A is a separable p°*1-projective group, F,
is a free subsocle of A, T is totally projective of length <w+1 and F, is a free subsocle
of T with values less than w.

Proof. 1If

S = Sl @ V
with S, free in Vf, and V free in V},, let H=H @®H" with H" pure in B such that
H'[p*]=S,, H"” pure such that H’[p]l=V. S/S[p]=S,/S,[p] and

H[ p*1/S[p1=S,/S,[p1® H"[ p*)/H"[ p]
so that F=S/S[p] is a valuated direct summand of H[ P*1/S[pl.
Let X=B/S[pl, P=B[p]/S[p], PSP of minimal cardinality such that
X/P"= @ . Applying Theorem 2 of .[6] we have
P=P’é—) P
with P” free with values less than . By Lemma 3 of [7]

X[p1=P@H[ pS[p1=P'® P'® H'[pVH'[ p] F=P'® Eh F
where

E=P"® H"[ p*1/H"[ p]
is free with values less than w.
Let

E=®.E, F=@,F,
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with E,, F, homogeneous components, and let
S_= C_B nSn

with
S,=E,®F,

for all natural n.

From the minimality of | P’|, it follows | S"|=|P’|-¥, for all ne N (see [6]).
Consequently it must exist a sequence n; <n, < --- <m,<--- such that if a,=|S,,|
we have @, 28, and ¥, a,=|P'|.

If |E, |=|F,|=a let S, =F,,S,=E,.

If |E, |<a, let F,=F,®F, with |F,.|=|Fn.|=a, and let
S,.=Fp.,Sy.=E,®F, .
If |F, |<a, let E,=E,®E, with |E,|=|E,|=a and let

S,.=E,®F,,S,=E,.
Let

SI: @ n#nksn@ (‘B kS:xks S” = @ kS;:k .
Let
P=P,®P”

where P’*={xe P": v(x)=w}. Then

PDS
is the socle of a separable p®*!-projective group 4, and

v

P/q)@ S//
is the socle of a totally projective group T of length w+1 (this is proved in [6]). Then
from

F=(AmF)é(TmF)

it follows

X/F=A(AnF)®T(TAF).
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