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Let T denote the class of functions
o0
f@=a,z" =Y, a, 2",  k=p=1,  a,4,20, a,>0
n=1

regular in the unit disc E. Let T,, T, denote subclasses of 7T satisfying f(z,)=z§ and
f(zo)=pz8 ™! (z0#0, —1 <z, <1) respectively. Properties of certain subclasses of T
and T, are investigated and sharp results are obtained.

1. Introduction

Let T denote the class of functions

fle)=a,z"— Zlan+kz”+", p=1l, k=p, a,>0 and  a,,;, =0,

regular in the unit disc E={z: |z|<1}. Let H={w regular in E: w(0)=0, |w(z)| <1,
ze E}. Let

zf'(z) 14+ Aw(z)
@ P1+Bw)’

S (A, B)={feT: —1$A<B£1,weH}

and
KA, B)={feT: zf'(2)/[peS,(4, B)} .

In the sequel we write S,(4, B)=S; K, (4, B)=K. We observe that §=5,(4, B) and
K=K,(4, B) are subclasses of T consisting of p-valently starlike functions and p-
valently convex functions respectively. The definition of S implies that functions f'in
S satisfy Re {zf"(z)/f(z)} >0, ze E. Further for f €S, z=re®, r<1,

1 [ zf'(z) p (2 1+Aw(z) p
~— | R a9=-""_ a2 Y N
27 o e{ 1) 27 )y BT Bwg 0= 27 =P

since

1+ Aw(2)
¢ 1+Bw(2)

39
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is a harmonic function in E with w(0) =0. This proves p-valence of f € S. Similarly if
S €K, fis p-valently convex in E.

For a given real number z, (—1<z,<1) let T, and T, be the subclasses of T
satisfying f(z,) =z8 and f'(z,) = pzE !, z, #0, respectively. Consider subclasses S, S,,
K, and K, of T defined as follows:

S,=S(’\T,; Ki=KﬁT,~, l=1, 2.

Silverman [3] and [4] studied univalent functions with negative coefficients and
extreme points of univalent functions with two fixed points. Gupta and Jain [1] and
[2] studied certain classes of univalent functions with negative coefficients. In this
paper we obtain necessary and sufficient conditions for functions to be in S, K, S,
and K;, i=1, 2. We also determine radius of convexity for the classes S, i=1, 2.
Further closure and distortion theorems are proved and it is also shown that these
subclasses are closed under convex linear combinations. Our results generalise in
various ways corresponding theorems in [4], which can be deduced for the choice k =
p=1; A=20a—1, B=1.

2. The main lemmas

In this section we determine necessary and sufficient conditions for functions to
bein §, K, S; and K, i=1, 2. We now introduce the following notations for brevity.

©

n+k=m, mB+1)—p(A+1)=C,, pB—A)=D, ) =3, §:=21a
m=k

m=k+1

C,—Dzg ?=E, and C,, ,=F.
LEMMA 2.1. Let feT. Then f €S if and only if

>Cua,<Da,. 2.1
Proof. Suppose f€S. Then
1+A4

zf’(z)/f(z):p%}rx%, —1<A<B<1, w(z)eH , zeE.

That is,
_ p—zf'(2)/f(2) _
" Brase-a4 O
and
_| z2/"@)—pf(2) 2(m—p)a,™
Iw@)|= ' Bzf'(z)—Apf'(z) | Da,z? -3 (Bm— Ap)a,,z" } <1

Thus

2(m—p)a,z"
{Dapz" —>(Bm—-A4 p)amz"‘} <1
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Take z=r with 0 <r < 1. Then, for sufficiently small r, the denominator of (2.2) is
positive and so it is positive for all r with 0<r<1, since w(z) is regular for |z|<1.
Then (2.2) gives

>(m—p)a,r™ <Da,?—3 (Bm—Ap)a,r",

that is, 3 [m(B+1)—p(4+Dla,r™ <Da,?, that is, ¥ C,a,r"<Da,r?, and (2.1)
follows on letting r—1.
Conversely, for |z|=r, 0<r<1, we have, since r" <r?,

2 [mB+1)—p(4+Dla,r" =3 C,a,r" <r*yY. C,a, < Da,r? by (2.1).
So we have
| > (m—p)a,z?| <3 (m—p)a,r™ <Da,?—3 (Bm—Ap)a,r™
< |Da,z?—3 (Bm—Ap)a,z"|.
This proves that zf’(z)/ f(z) is of the form
14+ Aw(z)
p 1+—Bv—v(_z)
with we H. Therefore f €S and the proof is complete.
LEMMA 2.2. Let feT. Then f €K if and only if

> %CmamsDap. 2.3)

Proof. feK if and only if zf’/pe S and hence the lemma follows from the
Lemma 2.1.

THEOREM 2.1. Let feT,. Then f €S, if and only if
>E,a,<D. 2.4)

Proof. Suppose f€S;. Then for fixed z, (—1<z,<1), f(z0)=a,z§— 2 anz;,
k>p. Since f(z,)/z8=1=a,— X a,z; *, we get a,=1+3 a,z; ¥, f €S, implies f €S
and so Lemma 2.1 is applicable for f. Therefore (2.1) holds and by substituting the
value of a, in (2.1) we get (2.4).

Conversely, let (2.4) be satisfied. Since f(z,) =28, we have a,=1+3Xa,z; . (2.4)
gives (2.1) by substituting >a,,z5 "?=a,—1. From Lemma 2.1 it follows that f € S
and already f € T,. Therefore fe T, N S=S;,.

COROLLARY 2.1. Let f(z)=a,z’ -3 a,2", k>p, be in the class S;. Then
a,<D|E,, m>k+1.
Equality holds for functions of the form

(C,.z° — Dz™)

fo=—"
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THEOREM 2.2. Let feT,. Then f €K, if and only if
m -
> <—— C,,—Dzg ”)amSD. 2.5)
p
Proof. Suppose f €K;. Then for fixed z,, we have a,=1+>a,z; .
By definition f also belongs to K and so Lemma 2.2 holds for f and by
substituting the value of a, in (2.3) we get (2.5). Conversely, let (2.5) be satisfied. Since

feT, we have a,=14+X a,zg 7. By substituting ¥ a,z5 '=a,—1 in (2.5) we
conclude that f e K and this completes the proof.

THEOREM 2.3. Let fe€T,. Then f €S, if and only if
m -
> (Cm—7 Dz "> a,<D. (2.6)
Proof. For fixed z, (—1<z,<1), f'(zg)=pa,z§~ ' —¥ ma,zy ", k=p. Since
m _
f,(zo)/ng— 1= 1 =ap_z _p_ amz'g P s
we have
a,=1+% n a,zg 7.
p
f €S, implies f € S and so Lemma 2.1 holds for fand hence by substituting the value
of a, in (2.1) we obtain (2.6).
Conversely, let (2.6) hold. Since f'e T,, we have
> n a,z8 P=a,—1.
By substituting the value of
m -
Z _E_ amz'(')l P
in (2.6) we get (2.1) from which we conclude that f €S. Hence fe S T,.
THEOREM 2.4. Let f€T,. Then f €K, if and only if

> -';i E,an<D. @)
Proof. Suppose f € K,. Since f € T,, we have
m
a,= 1 +Z _E_amzrg—p

and since f € K condition (2.3) is applicable and hence by substituting the value of a,,
in (2.3) we get (2.7).
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Conversely, let (2.7) hold. By hypothesis f € T, which implies that
m
> 7amz'5'_”=ap—l

and substituting in (2.7) we conclude that f € K. Hence the proof of the theorem is
complete.

3. The radius of p-valent convexity of the classes S;, i=1, 2

THEOREM 3.1. LetfeT. Iff€S, or S,, then f is p-valently convex in the disc

2 1/(m—p)
|z|<r=r(4, B)=inf[<_l’_> &] .
m m/ D

Proof. To prove the theorem it is enough to show that

S0
Iz

The bound is sharp.

1+

<p for |z|<n4, B), zeE.

Now
1

(1-=pf@)+z2f"@z)
1@

—Ym(m—p)a,z""
pa,z? "' —Yma,z™"

m
> —p—(m—p)amlzl"‘"’
< . (3.1)
m _
la,— 2 —p—amlzl'" P

1

Consider the values of z for which

Iz|<inf] (£ C |1
T wl\m/ D

so that
2
- P\ Cn
m P< ) =
s (2)
holds. Then
_ m p* C,
—_ m-pPN 7
Xz <y T
Now
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provided

C
y P

m
m D <%

which holds, if
C. m—p
> D ap<a,=1+3% a,z5 ".
This is equivalent to Y E,a, <D, which is true by Theorem 2.1 or Theorem 2.3.

Hence we can rewrite the denominator of the right hand side of inequality (3.1), for
the considered values of z, using the fact that

m _
ap>27am|z|"' L

Thus
m m—
A=pf@+zfe) | = p Pzl o i
f(2) ap—ZﬂamIZI"‘"’
p
> m(m—p)a,|z|" P <p*a,— Y. pma,|z|""". (32

If feS,, (3.2) is equivalent to

m 2
z (?) amlzlm—psap=1+zamzr(?—p >

5 [<%>2‘Z|m_p_zg—p]amsl, 3.3)

Again if f € S, (3.2) is equivalent to

5 K%)zlzlm_,,_% z'(;'"":l a,<1. (3.4)

In view of Theorem 2.1, f €S, if and only if
Cn .o
Z <—D“—ZO ”>amsl .
Hence inequality (3.3) is true if

2
m _ _._C -
<—I—’_) |z|""P—2z§ pSTm—Z'g L,

that is,
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2 1/tm—p)

P\ Cu

< - —_
IZI_[(m) D ] ’

for all m. Again in view of Theorem 2.3, f €S, if and only if

Cn _m
Z<T—720 ”)amsl.

for all m, that is, if

Inequality (3.4) is true if

for all m, that is, if

2 ¢ 1/(m—p)

p m

< — n
|Z|_|:<m> D :l '

for all m. Then result is sharp with the extremal function

b __ m
mz?—Dz

fule) ="

Remark 3.1. The conclusion of Theorem 3.1 is independent of the point z,.

. m=k+1, k+2, -, k>p.

4. Closure theorems

In this section we prove that the classes S; and K;, i=1, 2, are closed under
convex linear combinations and also show that the functions of these classes can be
expressed in a particular form.

THEOREM 4.1. The class S, is closed under convex linear combination.

Proof. Let f(2)=a,2’—Y a,z", k=p and g(z)=b,z" -3 b,z", k>p, be any
two functions of the class S;. For A such that 0</A<1, it suffices to show that
hz)=(1—-Af(z)+g(z), zeE, is also a function of S§;. Now h(z)=
[(1=Ma,+ Ab,)z" - 3 [(1 - A)a,, + Ab,]z". Applying Theorem 2.1 to f, g€ S;, we have

S E((1-Na,+ib,)=(1-)Y E,a,+AY Eb,<(1—)D+AD=D.
Also h(zy)=(1—2)f(z0)+A9(z) =(1 =)z + Az§=2z§=he T,. Hence by Theorem
2.1, he ;.
THEOREM 4.2. S, is closed under convex linear combination.

THEOREM 4.3. K,, i=1, 2, are closed under convex linear combinations.

THEOREM 4.4. Define fi(z)=z" and f,(z)=(C,z°— Dz™)/E,,, m>k+1, k>p.
Then f € S, if and only if f is of the form f(z) =2, f,i(2), z € E where 1,>0 for m>k
and ¥, 2,=1.
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Proof. Suppose
J@) =21 Anful2) = A fl2) + XAnfu(2)

C,z?—Dz"™
YN . iy
E,
C, AnDz™
=|r/1k+z—E:).m]Zp—z Em .
Now
E, E, D

—_ —_ —_——— = =] — <,
ZDam ZDEAm Zimllk—l

Further f,,(z,) =z§. Therefore
f(ZO) =lemfm(20) = lemz(g:ZngAm =Zg .

This proves that f'e T,. Hence by Thoerem 2.1, f €S,. Conversely, let f€S,;. Then
a,=1+3 a,zg ". Setting

1
Ay="""a,, m>k+1 and lk=a,,—3 2Clm

we note that 1, >0 by Lemma 2.1. Now we have

m=p__ ,m—p
f@)=a,z" =% apz"=hz"+ X Anz? [1 +u]

y)

m

P_Dzm
=zkzv+z%75——-z—z

= )'kzp + Z’lmfm(z) = lemfm(z) .

Hence the theorem.
We can prove the following theorems in a similar manner.

m

THEOREM 4.5. Define

P_pgm
f(2)=2z? and fm(z)=—C'L~—-Z-—, m>k+1, k=p.
m -
C,—— Dz§~°*
p

Then f €S, if and only if f is of the form f(2) =Y | A, ful2), z€ E where 1,>0 for m>k
and 32, =1.

THEOREM 4.6. Define

mC,z?—pDz™
— P =_m - - >k+1, k=p.
M= and A= g, mzkt p
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Then f € K, if and only if f is of the form f(2) =31 A fr(2), z€ E where 1,,>0 for m>k
and Y3 A, =1.
THEOREM 4.7. Define
C,z?P—pDz™
fo=zr  and  f="E PP ki, ks,

m

Then f € K, if and only if f is of the form f(z) =Y, /. [.(2), z € E where 4,,>0 for m>k
andy A, =1.

5. Distortion theorems

THEOREM 5.1. Let feS;, 0<z,<1, then for |z|=r<]1,
FrP—Drkt1 FrP 4 Drk+1
WESU(ZH Sm:r;,

pFrP~! —(k+1)Dr*
F—Dzy*i-»r

These bounds are sharp.

pFr?~! +(k+1)Dr*
F—Dzk*1-»

<1 fI<

Proof. Since f'€S,, we have a,=1+3Y a,z5 7. By Theorem 2.1, f€ S, if and
only if

_ z%lamg. (5.1)

Now E,, increases with m and E, , ; >0 and qa,,>0. So the left-hand member of (5.1) is
a series of non-negative terms: Therefore

F—Dzk+1-» E
—ZDO——Za,,,SZTmamSI by (5.1).
That is,
D
LS pgkrive”
Now

| /@) <a,|zP+Xa,lzI"<rP(a,+r*"'""3a,), lz|=r. (5.2)

By substituting the values of a, and Y a,, in (5.2), we obtain

_ _ D
If(Z)Isr"[H(Z’é“ P_pkti )F—-Tz;—]

FrP+4 Dr*+?
TF-DZii e
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Similarly

D k+1
If(Z)I_F—Em

Since E,,/m increases with m,

m k+1
—<
Em Ek+1
and again by (5.1) we have
+1 D(k+ 1) D(k+1)
—Zma ——Z—— E,a,)<- E,a,< .
(Entn) Ek+1 2z PE; .+ P(E Dzg*t'™P)
Since f'€.S;, we have
| f'@)| <pay?~!+Ema,rm~*
=prP~1! (ap+2 % a,,,r'”"’), where r=|z|. (5.3)
By substituting the values of
a, and > mn a,
in (5.3), we obtain
Dzk*1=P4(k4+1)Dr**17?/p
1 -1 0 .
|f(Z)|SPf’p <1+ F—Dz5 17

_DPFr’” '+ (k+1)Dr*
F— DZk+1 P

Similarly the lower bound can also be obtained. The result is sharp with equality for
functions of the form

F(z)=(Fz?— DZ**Y)/(F—Dzk*1 7).

THEOREM 5.2. Iff€S,, 0<z,<1, then for |z|=r<1

p(FrP—Dr**1) p(Fr?+Drk*1)
k+1- p—lf()l— k+1—-p°>
pF —(k+1)Dz§ pF —(k+1)Dz§

p(pFr?~ 1 —(k+1)Dr¥
pF —(k+1)Dzk*1-»

p(pFr?~ ! +(k+1)Dr*)
pF—(k+ 1)Dz57 17

<If@I<

Equality holds for functions of the form
f@=p(Fz*—DZ**)/(pF—(k+1)Dz5** 7).
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Proof follows from Theorems 2.3 and 5.1.
THEOREM 5.3. IffeK,, 0<z,<1, then for |z|=r<1

(k+1)Fr?—Dprk+*1 (k+1)FrP+ Dprk*?t
k+1—pS|f(Z)|s k+1—p>
(k+1)F—Dpz§ (k+1)F—Dpzk*1-»

(k+1)(pFr"”1—Dpr")<|f,(z)| <(k+1)(pFr"—1+Dpr")
(k+1)F—Dpzk*1-» = ~ (k+1)F—Dpzk*t1-»
Equality holds for functions of the form
(k+1)Fr?—Dpzk+!
(k+1)F—Dpzg*' 7"

fe)=

Proof follows from Theorems 2.2 and 5.1.

THEOREM 5.4. IffeK,, 0<zy<l, then for |z|=r<1

Dp Dp
Frp— _—E jk+1 FrP4 k+1
Y Y

—F—:ﬁggﬁ?;*ﬂf(zﬂﬁ‘f:m—l-p,

p(Fr?~1—Drk)
F—Dzkt1-»
These results are sharp with equality holding for functions of the form

_Dr Zh+1
k+1
f(Z)=—F~_—DZBT_p~

p(Fr?~ 14 Drk

<|f(2)] S————-F_DZ,6+1_p .

Fz?

Proof follows from Theorems 2.4 and 5.1.
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