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On a Fixed Point Theorem of Contractive Type
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The main purpose of this paper is to extend a fixed point theorem of Jungck [3]
to a great general form.

In 1976, Jungck [3] proved a stronger form of the Banach contraction principle
(motivated by a geometrical consideration).
His result is:

THEOREM 1. Let (X, d) be a complete metric space. Let f and g be commuting
continuous self-maps on X such that g(X') < f(X). Suppose that there exists a constant
o€(0, 1) such that for all x, y in X,

dg(x), g(y)<ad(f(x), f(»)) .

Then f and g have a unique common fixed point.
The following theorem is an extension of Theorem 1.

THEOREM 2. Let (X, d) be a complete metric space. Let f, g and h be three self-
maps on X such that

(A) fis continuous,

(B) fandg, f and h are commutative, g(X) < f(X) and h(X) < f(X);

(C) there exists a real-valued function ¢: [0, c0)°—[0, c0)
such that
dgx, hy)<$d(fx, ), d(fx, gx),
d(fx, hy), d(fy, gx), d(fy, hy))

Jor all x, ye X, where ¢ is upper semi-continuous from the
right and non-decreasing in each coordinate variable such
that ¢(t, t, at, bt, t)<t for each t>0 and a =0, b>=0 with
a+b<2.

Then f, g and h have a unique common fixed point in X.
To prove Theorem 2 we need the following result [4].
LEMMA 1. Suppose y: [0, 0)—[0, c0) is upper semi-continuous from right and

non-decreasing. If for every t>0, y(t) <t then lim ,, ., y"(t) =0, where y"(t) denotes the
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composition of Y(t) with itself n times.
Proof of Theorem 2. Let x,e X be given. Construct a sequence {x,} defined by
9X2n=fXon+1 >
hXype1=FXm+2 > n=0,1, ---.
By (B), the iterates are well-defined. For simplicity of the notation, let
%=d(fXp [Xp11),  n=0,1, .
we claim that
Oppt1 SO0y for n=0,1, ---.
Indeed, assuming that for some non-negative integer n,
%on+1>> U2y
Then by (C), we have
Unt1 =4 Xans15 [X2n+2)
=d(gXym hX2p+1)
SO Xz [Xans1)> A X2m 9%21) 5
d(f X3 hX3011)s A(fXns 15 9%20)s A(fXon 15 MX20+1))
SPA(fXzm [Xon+1)s A X2 [X2n11) 5
A(fXam [Xans1) A X2n+15 [Xan+2) s
A(fXons1> [Xans1)s A Xans1s [X2n42))
S P(02ns Op Uont02p15 05 Uzpss)
S P(0n+15 %an+15 2025415 0, 02p11)
<Ogp+1

yielding a contradiction. A similar argument shows that a5, ., <a,, forn=0,1, - - -.
Thus {a,} is decreasing. Since

ay=d(fxy, [X,)
=d(gxo, hx,)
< PA(fxo, [X1), d([ X0, 9Xo), d(fX0s hX1) ,
d(f X1, 9xo), d(f X1, hx,))
< B(dor % 20, 0, %) ,

it follows by induction that o, <y"(e,), Where
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y(H=Max {¢(t, t, 21, 0, 1), ¢(1, ¢, 0, 2¢, 1)}
Thus by Lemma 1, we have

1) lim a,=0

n— oo

We show next that {fx,} is a Cauchy sequence. To show that {fx,} is Cauchy, in
view of (1), it suffices to show that {fx,,} is Cauchy. Suppose that {fx,,} is not a
Cauchy sequence. There is an ¢>0 such that for each even integer 2 k, there are even
integers 2m(k), 2n(k) such that

2) A(f Xomuys S X2ny) > € for 2m(k)>2n(k)>2k .

By well-ordering principle, for each even integer 2 k, let 2m(k) be the least even
integer exceeding 2n(k) satisfying (2), that is,

3) A(f X2ty [X2may-2) <€ and (2) holds .
Since
e<d(fXanpp> SX2maiy)
SA(f X2ng S Xamity-2) + %2mity -2+ Camy -1 »

we have by (2) and (3) that

( 4) khm d(fx 2n(k) f x2m(k)) =¢

By the triangle inequality, we have

Id(fx2n(k)> fom(k)—l) _d(fx2n(k)’ fx2m(k)) | < L2y -1
and

1d(f X2n00+15 S Xama 1) = A X200 S X2mit) | <Oty —1 F Langiy -
Thus by (4),
A(f Xangy [Xomn-1)—€
and
A(fXanty+15 [ Xamag-1) €
By hypothesis (C), we have
A X2ns [ X2may) <A Xy 1 Xanty+1) T AU X2nty 415 [ Xomay)
Sy + A Xangy [X2may-1)> Xanges
S\ X2ni X 2mia)s A Xamg-15 f X2nio+1)s Uamgy-1) »
by upper semi-continuity of ¢,
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e<P(e, 0,66 0)<P(e, ¢ ¢ 6 )<e  as k—oo,

yielding a contradiction. Thus {fx,} is Cauchy. By completeness of X, {fx,}
converges to a point {e X. Thus

{g9x,,} and {hxy, .}

- also converge to (.
By the continuity of f,

FUx)= 1T,
flgx2)—>f(Q) and  f(hxz,41)—f(0) .
It follows that
FUO=f(g0)=9(fO)=g(g))=f(h)) =h(f)=h(g)) = g(h)=h(k]) .

If
gl#hgl),
then
d(g¢, h(g)<od(fL, f(g0), d(f, 90), d(f{, h(gD)) ,
d(f(g0), g0), d(f(g0), h(g)) < Pp(d{gl, h(g)), 0, d(g{, h(g)),
d(g¢, hgQ)), 0)<d(gt, h(gl)), a contradiction.
Hence

gl=hgl) .

Thus g{ is a common fixed point of f, g and A.
Let u and v with u % v such that u, v are common fixed points of f, g and 4. Then
by (C).

d(u, v)=d(gu, hv)
<@@(fu, fv), d(fu, gu), d(fu, hv),
d(fv, gu), d(fv, ) <P, v), d(u, v)
d(u, v), d(u, v), d(u, v))<d(u, v),  a contradiction .
Therefore the proof is completed.

Remark. Theorem 2 extends an earlier result of [2]. Theorem 2 also extends an
important fixed point theorem of Boyd and Wong [1]. In fact, our argument is
motivated by Boyd and Wong’s paper.
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