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§0. Introduction

The present paper is a continuation of our previous paper [7], and the object is to
characterize ruled and rational varieties in the sense of birational geometry of
birational pairs. In Theorem 1.1, we characterize the general ruled varieties, and in
Theorem 2.1, we have a stronger result. Using these results, we have two characteri-
zations of rationality for algebraic 3-folds (Corollaries 1.5 and 2.4).

In this paper, we consider complete varieties over an algebraically closed field &
of characteristic zero. For simplicity’s sake, by an algebraic variety we mean a
nonsingular complete algebraic variety over k.

Consider a linear system A on an algebraic variety X. We denote the rational
map associated with A4 by @,: X>P*™4 If dim @, (X)=x(D, X) for a divisor D
on X, then, by a result of Hironaka [2], there exist an algebraic variety X, a proper
birational morphism u: ¥—X and a proper morphism v, : X—>P%™I"Pl sych that
Yp=P|up| ° 1, Where u is a composition of successive blowings up with nonsingular
centers. Taking the Stein factorization of v, we have an algebraic variety V, and a
proper surjective morphism with connected fibers ¢,,: X— ¥, and a finite morphism
f: Vp—-PYmImPl We call ¢, an algebraic fiber space associated with D.

§1. A characterization of general ruled varieties
In this section, we shall characterize P!-bundles in the sense of birational
geometry.

Our Theorem can be stated as follows.

THEOREM 1.1. Let X be an n-dimensional algebraic variety. Then, the following
two conditions are equivalent to each other.

(1) X is birationally equivalent to BxP* for some algebraic variety B.

(ii) There exist a positive integer m and a reduced effective divisor D on X such
that

k22m+1D & X)=n—1, k(l/m D & X)=n
and
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P,(1/m D & X)>0.
At first, we prove the following Lemma.

LEMMA 1.2. Let X be an algebraic variety of dimension n and D an effective
divisor on X. Suppose that k(D, X)=n— 1, the associated rational map ®|p,: X—>Bisa
morphism and dim B=n—1. Then for any general fiber f of @y, we have D- f =0.

Proof. By the fibering theorem [3, p. 302], we have (D |, f)=0. Since f'is a
curve, we obtain deg (D|,)=D-f=0. [ ]

Remark 1.3. By the definition of invariant k(¢D & X'), we may assume that X
and D are projective nonsingular varieties. Let Z be a nonsingular subvariety of
codimension r>2 of X and consider a blowing up p: X— X with center Z. Then, for a
rational number a with 0<a<1,

w*(K(X)+aD)=K(X)+a (u’D)+oaE—R, ,

where E:=u"'Z, R,:=(r—1)E, y*D denotes the proper transform of D and a=0 or
1. We rewrite the above equality as

U¥K(X) +aD)+R"-—aaE=K(A~’)+au"D .

Here, we have R,—aaE >0, since r>2. Therefore, we have the following commuta-

tive diagram:
X s — X
e Y
B.

Here ¢ is the rational map associated with K(X)+au?D, and ¥ is the rational map
associated with K(X)+aD. Therefore we may assume that the above rational map
associated with K(X)+aD is a morphism, and we can use the preceding Lemma 1.2
for this map.

Proof of Theorem 1.1.

(i) = (ii). Set X=BxP!. Let 4 be a very ample divisor on B such that
(2m+1)K(B)+2A4 is also very ample, and that |[mK(B)+A4|xJ, and let H be a
general fiber of the second projection ¥ : X—P'. Let D be a general member of
| p*A+(2m+1)H|, where ¢ : X— B is the first projection. By Bertini’s theorem, D is
nonsingular. Then we have 2m+ 1)K(X)+2D ~ ¢*((2m+1)K(B) +24), and hence

k(22m+1D & X)=n—1.

It is clear that k(1/m D & X)=n, and |mK(X)+D|# . _

(i) = (). Put '=(2m+1)K(X)+2D, and let ¢ : X— B be the algebraic fiber
space associated with I', which is a surjective morphism with connected fiber. If fis a
general fiber of ¢, we have by Lemma 1.2, f-I'=0.
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Considering the following short exact sequence,
0 o, Ox|, Nyix 0,

we have ¢,(X)|;=c,(f)+¢,(N;,x), where ¢,(-) is the first Chern classes, Oy is the
tangent bundle of X" and Ny |y is the normal bundle of fin X. Since ¢,(N;x) =0, we
have

fKX)=29-2,

where g is the geometric genus of f. Since f is numerically effective, it holds that
@2m+1)(2g—2)=—2D- £ <0. Therefore we have g=0or 1. Ifg=1, then D- f =0. In
this case (mK(X)+ D) f=0; hence x(1/m D & X)<n—1, which contradicts the
hypothesis. So, we obtain g=0 and D:f=2m+1. On the other hand, since
P, (1/m D & X)>0, there exists a member F of |mK(X)+D| such that f-F=
—2m+D- f=1. Thus, Fis a section of ¢. This implies that X is birationally equiva-
lent to Bx P!. ]

Remark 1.4. X has a P'-fibration if and only if there exist a positive integer m
with m>2 and a reduced effective divisor D on X such that k(1/m D & X)=n—1 and
k(2/m D & X)=n.

COROLLARY 1.5. Let X be an algebraic variety of dimension 3. Then, the
Jfollowing two conditions are equivalent to each other.

(i) X is rational.

(ii) There exist positive integers my, m, and reduced effective divisors D, and D,
on X which satisfy the following conditions:

k(2/2m;+1 D; & X)=2, k(1/m;D; & X)=3  for i=1,2,
kK(Dy+D,/m, +m,+1 & X)=3, P,(/m; D, & X)>0, and ¢(X)=0,
where ¢(X)=dim H'(X, Oy) .

Proof.

(i) = (ii). Put X=P!xP'xP!, and let p; be the natural i-th projection, i.e.,
Xy, x5, x3)=x;. Let H; be a general fiber of p;, and take natural numbers a, and q,
with a,, a,>2(m, +m,+1). Consider D, and D, which are general nonsingular
members of linear systems |a,(H,+ H;)+(2m, +1)H, | and |a,(H, + H3)+(2m, +
1)H, |, respectively, and set Z=D, N D,. It is easy to see that Z is nonsingular. To
calculate (D, + D,/m;+m,+1 & X), we blow up X with center Z and we have
u: X-X,

u(D, +D,)=p*(Dy +D;)—2E, and K(X)=p*K(X)+E,
where E=u"'Z. Then we have
(my +my+ DK(X)+ pP(Dy + D) = (my +m, + DK(X) +(m; +m,+ 1)E

+D,+D,—2E
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=(m,+my+1DKX)+D;+D,+(m+m,—1)E
= —2(my+m,+1)(H, + H, + Hy) +a,(H, + H)

+a,(H, + H3)+(2m; + )H, +(2m, + 1)H,
>H, +H,+H,,.

Therefore we have k(D;+D,/m;+m,+1& X)=3. We can obtain x(2/2m;+1
D; & X)=2 and x(1/m; D; & X)=3 in the same way.

(i) = (@). Put I''=(2m;+1)K(X)+2D,, and consider algebraic fiber spaces
associated with I';, ¢;: X—B;. Let f; be a general fiber of ¢,. Since x(D, + D,/m, +
m,+1 & X)=3, f; and f, are not numerically equivalent to each other. Hence ¢, f,
is a curve on B,. Therefore we conclude that B; is a ruled surface. Since 0=
q(X)=q(B,), we have g(B,) =0 and B, is a rational surface. From Theorem 1.1, ¢, is
birationally equivalent to B, x P; hence X is rational. [l

§2. A criterion for ruled varieties over conic bundles

First, we state our main Theorem of this section.

THEOREM 2.1. Let X be an algebraic variety of dimension n. If there exist
natural numbers my and m, and irreducible divisors D, and D, on X such that, for i=1
and 2, x(2/2m;+1D & X)=n—i, w(1/m;D;& X)=n, P,(1/m;D;& X)>0, and
K(Dy + D,y/m; +my+1& X)=n—1, then there exist two algebraic varieties B, B, of
dimension n—1 and n—2, respectively, and the rational maps

n,: X —B,, n,: By — B,

such that  is birationally equivalent to a P*-bundle and m, is birationally equivalent to
a P -fibration (i.e., birationally equivalent to a conic bundle).

Maeda [5] has proved the following fundamental lemma (see also Kawamata [4,
Lemma 14]).

LEMMA 2.2. Let X, Y and Z be algebraic varieties over a fieldk. Let f: X— Y be
a proper surjective morphism with geometrically connected fibers, i.e., the field
extension induced by f, Rat(X)/Rat(Y), is algebraically closed. Let g: X—Z be a
morphism. Suppose that g(f ~*(y,)) is a k-rational point z, € Z for some k-rational point
Yo€ Y. Then there exists a unique rational map h: Y——- Z such that the following
diagram is commutative.

Now we prove the following lemma.
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LEMMA 2.3. Let X be an algebraic variety and D and D’ be effective divisors on
X. If k(D+D’, X)=x(D, X), then algebraic fiber spaces ¢p: X—Vy and @p,p:
X—Vp,p associated with D and D+ D’, respectively, are birationally equivalent to
each other, and hence there exists a rational map h: Vy—Vy, such that ¢p=ho@p.

% w‘
VD ———————— h— —————— g VD

Proof. For any m=1, Oy(mD")=Ox(m(D+ D’)). Therefore, for any basis
fi» o5 fo of HY(X, Ox(mD")), we can choose a basis fi, --*,f,, g1, .9, of
HO(X, Ox(m(D+D"))). Set Yp=(fi:---:f) and Yp.p=(f1: " fyig::" 14y,
and let W, and W,,, be the images of them, respectively. Then the natural
projection P***~! ——- P""! induces a rational map ¢: Wy, p ——->Wp,.. We have
the following diagram commutative:

Consider the Stein factorizations of ¥, - and /), as follows.

Vp+p W (P/‘
X

Vp

Then, by Lemma 2.2, there exists a rational map {’: Vp, p——— V) such that ¢, =
' e@pip-

In the same way there exists a rational map (: V., p ——— ¥V}, such that ¢p=
{ o@p.p- Since dim Vy,, p=dim V=k(D, X) and ¢, is a surjection with connected
fibers, there exists a section of {, v: V,— V},, » by Lemma 2.2 again. Therefore, { is a
birational map. Put A={" ov, then this is the required map. W

Proof of Theorem 2.1. For i=1 and 2, set F;=(2m;+1)K(X)+2D;. By
Theorem 1.1, F, induces a P*-bundle ¢, : X— B;. Let ¢, : X— B, be an algebraic fiber
space associated with F,. Then, since x(F,+F,, X)=x(F;, X)=n—1, we have a
rational map p: B, ————- B, by Lemma 2.3, such that the following diagram is
commutative.
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X
% M
p
Bl _______________ - Bz

Changing the models B,, B, and X birationally, we may assume ¢,, ¢, and p are
all morphisms. By fibering theorem [3, p. 302], we have w(F, |, F)=0, where Fis a -
general fiber of ¢,. Let f; be a general fiber of ¢,. By Lemma 1.2, we have
(Fy+F,) fi=F, f;=0. Therefore we have f,-F,=0. Let C be a general fiber of
p. Then ¢ :=¢, | r: F—C is a ruled surface. Let f be a general fiber of ¢ and put
D=D,|;. Since F,|p=2m,+1)K(F)+2D, we have f-(F, | )= —202m,+1)+
2f-D=0 and f-D=2m,+1.

In general, D is not connected. We write D=D"'+ - - - 4+ D*. This represents a
disjoint union of nonsingular irreducible divisors D. If C is a rational curve, then
there is nothing to say. Therefore we may assume g#0, where ¢ denotes the
geometric genus of C. Let D, B— B, be the Stein factorization of D, s X— B,. Then
each D'is a fiber of g. Hence D!, - - -, D® are numerically equivalent to each other on
D,. In particular, all D’ have the same geometric genera. If some D' is contained in a
fiber of ¢, then C is rational by the Liiroth’s theorem. Therefore no fiber of 1)
contains any D'. Hence we may consider D to be the resolution of a singular curve,
say D, on Cx P'. Write D ®(2m, + 1) H +nf, then D ®(2m, + 1)H+nf — ¥n,E,, where
A~ means numerically equivalence, H is a general fiber of the natural projection
CxP'>P!, and Yn,E, is the exceptional divisors associated with resolution of D.
Applying elementary transformations to Cx P!, we may assume that each multi-
plicity »; at singular point P; of D satisfies the relation n,<2m, +1/2, i.e., n,<m, on
a relatively minimal ruled surface F. Using a locally free sheaf & of rank 2 over C with
index e= —deg &, which is normalized in the sense of Hartshorn [2], we write F as
P(&). Then there exists a section a with a> = —e such that K(F) & —2a+(2g9—2—e)f,
where g=dim H'(F, 05). Write D x(2m, + 1)a+nf, then

(2my + 1K(F)+2D=((2m,+1)2g—2—e)+2n) f + Y (2m, + 1 — 2n,)E; .
Therefore we have, by x(2/2m,+1 D & F)=0,
2n=02my+1)(e+2—2q).

We continue the proof by examining the following two cases.
(I) D- az= 09

(I) D-a<0.

Case (I). D-a>0,ie., n>(2m,+1)e.

Then, 2n=(2m,+1)(e+2—2g) >2(2m, +1)e, and we have 02— 2g=e.
Since e> —q by Nagata [6], we have g=1 or 2. If g=1, we have 0>e> —1. If
e=0, then n=0. Therefore m,K(F)+ D=a, and we have k(1/m, D & F)<1. This
contradicts x(1/m, D, & X)=n. If e= —1, then 2n=—(2m, +1), this is absurd. If
q=2, we have e=—2. So we obtain n=—2(2m,+1) and D=xQm,+ D(a—2f).
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Thus we obtain m,K(F)+D#aa—2f, and by the assumption, there exists an ir-
reducible member Z e |m,K(F)+ D| such that Z>= —2. We have x(1/m, D & F)=0,
which also contradicts x(1/m, D, & X)=n.

Case (II). D-a<0. Hence acSupp (D).

Put D=D'+ -+ D%, where each D' is a nonsingular irreducible connected
component of D. Since D& (2m, + 1)a+nf — 3 n,E; and each genus of D' is ¢, we have
by the adjunction formula,

(K(F)+D)-D=s(2g—2)= —(4my> — De+ 2m, +1)(2g—2—e+n) +n(2m, —1)
—>ndn;—1).
Using the condition 2n=(2m, + i)(e +2—2g), we have
23 n(n;—1)=2(2—2q)(4m,>* —1+5)>0.

Therefore we may assumed g=1 and all n,=1. Hence D=D and D-a=a*= —e=
n—(2m,+1)e<0. We have n=2m,e and 2n=4m,e=(2m, + 1)e. Therefore 2m, =1.
This is a contradiction. Hence C is a rational curve. [l

COROLLARY 2.4. Let X be an algebraic variety of dimension 3. Then the
following two conditions are equivalent to each other:

(i) X is rational.

(ii) There exist natural numbers m, and m, and irreducible divisors D, and D, on
X such that, for i=1 and 2,

k(2/2m;+1D; & X)=3—i, w(1/m;D;& X)=3, P,(1/m;D;& X)>0,
k(D +D,/m +m,+1& X)=2, and q(X)=0.
Proof of (i) = (ii)). Consider the following morphiéms.
X=B,=B, xP! LBI=BZXP1 —pz—+B2=P1 .

Let H; be a general fiber of the natural projection B;—P*, D, , be a general member
of |(2m,+2)H, |, D, be a general member of | p,*D, , +(2m,+1)H, |, and D, be a
general member of | p,*D,; +(2m,+1)H,|. Let D;, be a general member of
|2m,+2)(H, + H,)| and D, be a general member of | p;*D, , +(2m,; + 1)H, |. Then,
it is easy to check that D, and D, satisfy the conditions in (ii) of Corollary 2.4. W
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