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In this paper we shall describe a semigroup S in which S™*"*! is a semilattice of
groups (Theorem 1). This result is a generalization of the main result of N. Kuroki,
[5]. By Theorem 2 we characterize a nilpotent semigroup.

A subsemigroup 4 of a semigroup S is a bi-ideal of S if 4SA< A4, [1]. A bi-ideal
A of a semigroup S is called two-sided pure if 4 N xSy=xAy holds for every x, yeS.
A semigroup S is called T*-pure if every bi-ideal of it is two-sided pure, [5].

Throughout this paper, Z* will denote the set of all positive integers.

For undefined notions and notations we refer to [1] and [8].

DEFINITION 1. A subset B of a semigroup S is a (m, n)-two-sided pure if
Baxy - x,Syp ya=x1 0 X By Y

holds for every x,, - - -, X, ¥y, - **, ¥,€S, where m,ne Z*. A semigroup S is (m, n)-
two-sided pure if every bi-ideal of it is an (m, n)-two-sided pure subset of S.

Remark. (1, 1)-two-sided pure bi-ideal is two-sided pure, [5].
LEMMA 1. Let S be an (m, n)-two-sided pure semigroup. Then
Xyt XSYL Ya= (X %P S (0 v
Sfor every xi, -+, X, 1, -+, Yn€S.
Proof. Since x, - - x,,Sy, - - - y, is a bi-ideal of S we have
X1 XSV Va =Xy X SYL  Ya Xy X SYy e D
=X X6 X SYL YV P
=% xS0y A
COROLLARY 1. An (m, n)-two-sided pure semigroup S is completely n-regular.
Proof. By Lemma 1 we obtain that

am+n+1 EamSan=aZmSaZn= R =am2m+"+‘San2m+"+‘gaZ(m+n+1)SaZ(m+n+1)

holds for every a€ S, so by Theorem IV 2 [1] we have that S is completely n-regular.
A semigroup S'is weakly commutative if for every a, b e S there exists ke Z* such
that (ab)*ebSa, [8]. W
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LEMMA 2. An (m, n)-two-sided pure semigroup S is weakly commutative.
Proof. By Definition 1 we have that
yl.”yn(xl”"meyl".yn)xll.‘xm
=X Xy SYL Pa YL YuSXy X
holds for every' x,, - * *, X, 1, * * *» Yo €S (since x, -+ * x,,Sy; - - - y, is a bi-ideal of S).

From this it follows

ab---ab-a-b-ab---ab(ab)ab ---ab-a-b-ab - - - ab
—— —— — !
n—1 m—1 n—1 m—1
eb-ab---abSab - --ab-a<bSa
for every a, be S. Thus
(ab)z"'”"'lebSa
i.e. S is weakly commutative. W

LEMMA 3 ([6], S. Lajos). A semigroup S is a semi-lattice of groups if and only if
the set of all bi-ideals of S is a semilattice under the multiplication of subsets. W

LEMMA 4. Let S™*"*1 be a semilattice of groups. Then
@ xy XSYy Ya =Yy PuSXy X

) x; o XWSyy Y= "'Yn)25x1 C X

(i) xy XSy Ya=X XYy VaS

(V) X XSYy Y= 8Ky XYy Yy

(V) X, "'meyl"'yn=(x1 S Xt "°y,,)'”+"“S.

Proof. (i) By Lemma 3, we have
Xp o X SPL T

=00y XSy YA

=0 XSV VX X S) Py YaXs  XnSPL T V)
=YXy XpSYy  Y)Xy XSSPyt YuXy e X,S)
=Py Pu(Xy XSYL Xy Y)Yy VX T XS)
=y Sy YaXy X S)Xq  XSYy YuXy T X)
Sy PaSXy X

and since the opposite inclusion also holds we have (i).
(i) By Lemma 3 and by (i) we obtain that
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X1 “'meyl * Vn
=(x1 T xmsyl o 'yn)s

=0 XSy Yy YaSXy e X))y XSy,

=Gy XSO PSSy )
=1 X XS S0 %))
g(y1 e yn)Zle C Xy

=y ...yzsxl T X

=Xy XuSYy Yy

Hence, (ii) holds.

(iii) By Lemma 3, we have
Vit VS X =Py YaSXy X))
SS™HM Xy Y SXy X,
X XYy YuSXy e X, SMERHL

Sxp XYy YaS

From this and from (i) it follows that

xl'“meyl.”yngxl'”xmyl'”yns'

Further,

Xyt Xt '”ynS=(x1 ”'xmyl'”ynS)s

SXy XV YuSXy X Py -y ST

=X Xy -‘-y,,S’”"”“le X1V

gxl‘”meyl"'yn~

(v) By (iii) we have that

X xSy s

=X X b1 VS
=Xy Xpyy c YS)Y" "L (by Lemma 3)
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V)

Thus, the conditions (iii) holds. In a similar way it can be proved that (iv) holds.

=X; " XYy - .ynle S XYyt ‘y,,S(xl e XYyt y”S)mﬂ-l

=01 X hy Y S0y Xy ey, S

=(x1 “e xmyl e yn)m+n+lsm+n+1

SXy Xpdy PaS
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Thus (v) holds.

THEOREM 1. For a semigroup S the following conditions are equivalent :
@A) S is (m, n)-two-sided pure;
@) S™*"*1 s a semilattice of groups;
) X XSy Y= S PSX X JOr every Xttt xm Wi
ey, €ES;
(iv) S is a semilattice Y of semigroups S,, o€ Y, where ST*""1=G (aeY) isa
group and

Xy - '.xm+n+1€Ga1~ for xiESai

CtOmAn+1

i=1,---,m+n+1, ;€Y.

Proof. (i) = (ii). Let S be an (m,n)-two-sided pure semigroup and
aeS™*"*! Then by Lemma 1, we have

aex, - meyl o .yn=(x1 e xm)ZS(yl o 'yn)z

=(x1 . xm)m+n+1S(yl .. ,yn)m+n+1'

The elements (x; = ** x,)" ", (y; - - - )" """ ! are completely regular (see Corollary
1), i.e.

(- x)" " teq,, - y)"t" Gy, for some e, fe E(S).
Now
ace(x; -+ Xp)" "TIS(yy -y )T
sO
a=eu=vf
for some u, ve S. Furthermore,
a=eu=e---euce---eSe---eu=eS(e - - eu)’ =eS(eu)’ =eSa*< Sa* .
Analogously, aea®S. So by Lemma L.5.1, [1], ae G,(S). Thus
SmHntl =G (S).

Since the ideal S™*"*! of S is weakly commutative (since S is weakly commutative,
Lemma 2) and a union of groups we have that S™*"*! is a semilattice of groups (see
(2], 131, [9D).

(i) = (iii). This implication follows by Lemma 4 (ii).

(iii) = (ii). Let seS™*"*!. Then

s=a, - aybc, - c,€a;  @uSey o c=(ay am)kSC1 e,

for every k>2. Since (a, - - - a,,)*€ G, for some ke Z* and ee E(S) we have that
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s=e(a, - ap)ule - )
i.e. s=ey for some ye S. From this it follows that
s=e---eyceSs=s5*Secs>S.

Similarly, se Ss* and therefore se G,(S). Thus S™*"*!1=G,(S). Since from (iii) we
have that S is weakly commutative it follows that S™*"*! is a semilattice of groups
(see [9]).

(i) = (i). Let S™*"*! be a semilattice of groups and let 4 be a bi-ideal of S and
X1y "5 X Vis ' ' > Vu€S. Assume ae AN x; - X, Sy, * * * ¥,. Then by Lemma 4 (v)
we have that

acAn(x; Xy y)m TS, el
a=(x; X,y V)" "s (aed, seS).
The element (x; - - - x,,7; - - y)" T "*! is completely regular, i.e.
(O Xy o 'y,,)"'+"“=(x1 e XYyt -y,,)"'“'“u(xl e X Wyttt yn)m+n+1
and
Gy Xy YT =y e Xy )
for some ue S. Since ae S™*"*! we have a=aba, ab=ba for some be S. So
ua=uaba=uba* .
Furthermore,
a=(xy - Xpyy - y)"T s

=0T iy ey

=0 Xy YD) T ua=(xy Xy oY) uba®

SXy X ¥y VuS@=(Xy - XYy - ¥Sa®)?  (Lemma 3)

=(X; " Xp@®Syy Y )Xy XSAy; -+ y,)  (Lemma 4 (iii))

SXy " Xy@ 8@y PSS Xy 0 X, ASAy, -y,

Sx; XAV, Py
Therefore
1) ANX, XSy YaSXy e XAy, - Y,
By Lemma 4 (iii) and (iv) for every ae 4 we have that

Xyt X@Yy - Yu€ S™aS"=(S"aS")? = S"a2S"S"S" = S"S"S"S"a?

=(S2"'+2”a2)2=a2S4"'+4”a2gASAgA .
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Thus
2 Xy o X Ay, Y. SA.
From (1) and (2) it follows that
AKX XSy Yu=Xy e XAV, - Y,

for every x;, -+, X, ¥y, ', ¥,€8, i.e. 4 is an (m, n)-two-sided pure subset of S.
Therefore, S is an (m, n)-two-sided pure semigroup.

(ii) = (iv). Let S™*"*! be a semilattice Y of groups G,, a Y. Then S is weakly
commutative and n-regular and by Theorem 3.2 [4] we have that S is a semilattice of
nil-extensions of groups S,, ae Y. Let se S™*"*!. Then s=x, - Xp4n+1 €G, for
some oe Y. Thus S7*"*1 <G, (xe Y). It is clear that

xl~-~x,,,+,,+1e>Ga,.. for x;eS,, (i=1,---,m+n+1).

Cmin+1

(iv) = (ii). Assume seS™*"*!. Then §=x; " X,4,+,€G; for some deY.
Hence S™*""'1=G/S). For e,feE(S) we have that ef=e---efeG,, and fe=
fe: - eeGy, so ef, fee G4, whence by Lemma 2.3 [7] we obtain ef=fe. Therefore
Sm*r*l s a semilattice of groups (Lemma V 1 [7)).

Remark. The conditions (m—n+ 1, n) are equivalent for all 1 <n<m.

THEOREM 2. ' Every subsemigroup of a semigroup S is an (m, n)-two-sided puré
subset of S if and only if

(3) Sm+n+1={0} .

Proof. 1If every subsemigroup of S is an (m, n)-two-sided pure subset of .S, then
every bi-ideal of S is (m, n)-two-sided pure. From this and Theorem 1 we have that
Sm+n*l is a semilattice of groups. Assume ee E(S). Then

{e}nxy  XpSyy - yu=x 0 Xp€}yy o Va
for every x,, -+, X V1, * > Yn€S, SO

{e}nxl e meyl o 'yn={x1 T Xy€)y y,,}
and x, ‘- x,,ey, - - - y,=e. Thus

xle...e.e.e...e

Il
o

i.e. x;e=e. Similarly ex; =e. Thus
ex,=xe=e

for all x, €S and all ee E(S). Therefore, S has only one idempotent, the zero 0 of S.
Since S™*"*! is a semilattice of groups with only one idempotent which is the zero of
S we have that (3) holds.

Conversely, let 4 be a subsemigroup of S. Then x; - - - x,4y, - - - y,={0} and
since 0 is in every subsemigroup of S we have that A n x, - - - x,,Sy; - - - y,={0}. So 4
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is an (m, n)-two-sided pure subset of S.

Remark. 1f S is T*-pure anchimedean semigroup, then S is weakly com-

mutative (Lemma 2) with idempotent (Corollary 1). So S is t-archimedean with
idempotent e and by Theorem 1, we have that S®=G,. Conversely, if S has an
idempotent e and S°=G,, then by Theorem 1, S is a T*-pure archimedean
semigroup. Therefore, Theorem 1 is a generalization of the main result of N. Kuroki,

[5].
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