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Introduction

For a positive integer n, the constant defined by

γn = max
g∈GLn(R)

min
0 �=x∈Zn

||gx||2
| det g|2/n

is called Hermite’s constant. As a generalization of γn, Icaza ([I]) and Thunder ([T]) intro-
duced, independently, the constant γn(k) for any algebraic number field k. (See Section 1
for its precise definition.) The constant γn(Q) for the rational number field Q is none other
than Hermite’s constant γn. Recently, Vaaler ([V]) showed that γn(k) is characterized as
the best upper bound of an inequality concerning Siegel’s lemma. After the work of [I] and
[T], Ohno and the author ([O-W]) proved the inequality of the form

γn(k) ≤ |Dk |1/d γnd(Q)

d
, (1)

where d = [k : Q] and Dk denotes the absolute discriminant of k. Such inequality was
first proved by Cohn ([C]) provided that n = 2 and k is a totally real number field of class
number one in order to study the fundamental domains of Hilbert modular groups. The
inequality (1) yields a better estimate of γn(k) than the Minkowski type upper bound given
by Icaza and Thunder. Baeza, etal ([BCIR]) used this kind of estimates to compute γ2(k)

of some real quadratic fields k.
In a similar fashion to the algebraic number fields, one can define the constant γn(k)

for any function field k of one variable over a finite field. In this case, both the Minkowski–
Hlawka type lower bound and the Minkowski type upper bound of γn(k) were given in
[Wa].

The purpose of this paper is to generalize the inequality (1) to any relative extension
L of any global field K . For example, if K is an algebraic number field, then the following
inequality will be proved:

γn(L) ≤ |DL|1/[L:Q]

|DK |1/[K :Q]
γn[L:K](K)

[L : K]�(�K,∞)/[K :Q] ,
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where �(VK,∞) denotes the number of infinite places of K . Our method is an adelic ana-
logue of the argument used in [O-W]. It has the advantage of which one needs not assume
that the class number of K equals one.

1. Hermite’s constant of a global field

Let k be a global field, i.e., an algebraic number field of finite degree over Q or an
algebraic function field of one variable over a finite field. We denote by Vk , Vk,∞ and
Vk,f the sets of all places of k, all infinite places of k and all finite places of k, respectively.
For v ∈ Vk , let kv be the completion of k at v and | · |kv be the absolute value of kv

normalized so that |a|kv = μv(aC)/μv(C), where μv is a Haar measure of kv and C is an
arbitrary compact subset of kv with nonzero measure. If v is finite, Okv denotes the ring of
integers in kv. The adele ring of k is denoted by Ak and its idele norm is denoted by | · |Ak

,
i.e., | · |Ak

= ∏
v∈�k

| · |kv . We define the constant �k as follows:

�k =
{

|Dk| (k is an algebraic number field of absolute discriminant Dk) .

q2gk−2 (k is a function field of genus gk and constant field Fq) .

We recall the definition of Hermite’s constant. Let kn be the n dimensional column
vector space over k with standard basis e1, · · · , en. For v ∈ Vk and gv ∈ GLn(kv), the
local standard height Hkn

v
and the local twisted height Hkn

v ,gv on kn
v are defined as follows:

for av = α1e1 + · · · + αnen ∈ kn
v ,

Hkn
v
(av) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(
n∑

i=1

|αi |2kv

)1/2

(if v is real)

n∑
i=1

|αi |kv (if v is complex)

sup1≤i≤n |αi |kv (if v is finite)

and

Hkn
v ,gv (av) = Hkn

v
(gvav) .

The global twisted height Hkn,g on kn for g = (gv) ∈ GLn(Ak) is defined to be the product
of all Hkn

v ,gv ’s, namely,

Hkn,g (a) =
∏

v∈�k

Hkn
v ,gv (a) (a ∈ kn) .

Then, it is known that the following maximum exists:

γ̂n(k) = max
g∈GLn(Ak)

min
0 �=a∈kn

Hkn,g (a)2

| det g|2/n

Ak

.

If k is a number field, the constant γn(k) = γ̂n(k)1/[k:Q] is called the Hermite constant of k.
In any case, γ̂n(k) is the same as the constant γ̃ (GLn,Q1, k)2/n introduced in [Wa].
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§2. Main theorem

Let K be a global field and L/K a finite separable extension of degree r = [L : K].
We fix a basis u1, · · · , ur of L over K , and set

�(u1, · · · , ur ) = det(TrL/K(uiuj ))1≤i,j≤r .

For each v ∈ VK , Wv stands for the set of places w ∈ VL which lie above v. If v ∈ VK,f

and w ∈ Wv , there is a basis ε1, · · · , εrw of OLw over OKv , where rw denotes [Lw : Kv].
The ideal

DLw/Kv = (det(TrLw/Kv (εiεj ))1≤i,j≤rw)OKv

is the relative discriminant of Lw/Kv . Thus the absolute value

�Lw/Kv = | det(TrLw/Kv (εiεj ))1≤i,j≤rw |Kv

is independent of the choice of a basis of OLw over OKv . By [J-P, Theorem A], one has

�L

�r
K

=
∏

v∈�K,f

∏
w∈�v

�−1
Lw/Kv

. (2)

THEOREM. The notations being as above, we have

γ̂n(L) ≤ �L

�r
K

(
γ̂nr (K)

r�(�K,∞)

)r

.

Proof. Let e1, · · · , en denote the standard basis of the column vector space Ln. We
identify Ln with the K-vector space Knr generated by the basis uiej , 1 ≤ i ≤ r, 1 ≤ j ≤
n. For v ∈ VK and g = (gw) ∈ GLn(AL), define the function Fv,g on Ln = Knr by

Fv,g(x) =
∑

w∈�v

rwHLn
w,gw(x)2/rw , where rw = [Lw : Kv] .

From the arithmetic and geometric mean inequality, it follows∏
w∈�v

HLn
w,gw(x)2/r ≤ Fv,g(x)

r
. (3)

We will estimate Fv,g(x) in the following.
(I) The case that v ∈ VK,∞ is a real place. The set Wv is divided into two subsets

Wv,1 = {w ∈ Wv : Lw
∼= R} and Wv,2 = {w ∈ Wv : Lw

∼= C}. Then, by definition,

Fv,g(x) =
∑

w∈�v,1

HLn
w,gw(x)2 +

∑
w∈�v,2

2HLn
w,gw(x) ,

which gives a quadratic form on Knr . We determine the symmetric matrix corresponding
to Fv,g . Let Wv,1 = {w1, · · · , wr1} and Wv,2 = {wr1+1, · · · , wr1+r2}. Each w ∈ Wv is
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identified with an embedding of L into C. We define the r by r real matrix Uv and the nr

by nr real matrix Ωv as follows:

Uv =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w1(u1) w1(u2) · · · w1(ur)
...

...
. . .

...

wr1(u1) wr1(u2) · · · wr1(ur)

Re(wr1+1(u1)) Re(wr1+1(u2)) · · · Re(wr1+1(ur ))

Im(wr1+1(u1)) Im(wr1+1(u2)) · · · Im(wr1+1(ur ))
...

...
. . .

...

Re(wr1+r2(u1)) Re(wr1+r2(u2)) · · · Re(wr1+r2(ur ))

Im(wr1+r2(u1)) Im(wr1+r2(u2)) · · · Im(wr1+r2(ur ))

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and Ωv = diag(Uv, · · · , Uv), where Re(z) and Im(z) stand for the real and the imaginary
part of a given complex number z, respectively. One has

(det Uv)
2 = 4−r2�(u1, · · · , ur ) .

Let aj (s, t) be the (s, t)-component of the Hermitian matrix tgwj
gwj for 1 ≤ j ≤ r1 + r2.

If r1 + 1 ≤ j ≤ r2, we put

a′
j (s, t) =

(
2Re(aj (s, t)) 2Im(aj (s, t))

−2Im(aj (s, t)) 2Re(aj (s, t))

)
.

The r by r real matrix Dv,g (s, t) and the nr by nr real symmetric matrix Dv,g are defined
as

Dv,g(s, t) = diag(a1(s, t), · · · , ar1(s, t), a
′
r1+1(s, t), · · · , a′

r1+r2
(s, t))

and Dv,g = (Dv,g (s, t))1≤s,t≤n. Then the symmetric matrix corresponding to Fv,g is given
by tΩvDv,gΩv . If a matrix Av,g ∈ GLnr (Kv) is chosen so that tAv,gAv,g = tΩvDv,gΩv ,
then

Fv,g(x) = HKnr
v ,Av,g (x)2

holds for x ∈ Ln = Knr . Here the height HKnr
v

on Knr
v is the standard height with respect

to the basis {uiej : 1 ≤ i ≤ r, 1 ≤ j ≤ n}. Moreover, we have

| det Av,g |2Kv
= |�(u1, · · · , ur )|nKv

∏
w∈�v

| det gw|2Lw
.

(II) The case that v ∈ VK,∞ is a complex place. Let Wv = {w1, · · · , wr }. If we
define the Hermitian form Gv,g on Knr by

Gv,g(x) =
∑

w∈�v

HLn
w,gw(x) ,

then the inequality

Fv,g(x) ≤ Gv,g(x)2
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holds for all x ∈ Knr . Let aj (s, t) be the (s, t)-component of the Hermitian matrix tgwj
gwj

for 1 ≤ j ≤ r . In a similar fashion to (I), the r by r complex matrices Uv , Dv,g(s, t) and
the nr by nr complex matrices Ωv , Dv,g are defined as follows:

Uv = (wi(uj ))1≤i,j≤r , Ωv = diag(Uv, · · · , Uv) ,

Dv,g (s, t) = diag(a1(s, t), · · · , ar(s, t)) , Dv,g = (Dv,g(s, t))1≤s,t≤n .

Then the Hermitian matrix corresponding to Gv,g is given by tΩvDv,gΩv . There is a matrix
Av,g ∈ GLnr(Kv) such that tAv,gAv,g = tΩvDv,gΩv . If HKnr

v
denotes the standard height

on the vector space Knr
v spanned by {uiej : 1 ≤ i ≤ r, 1 ≤ j ≤ n}, then one has

Gv,g(x) = HKnr
v ,Av,g (x)

for x ∈ Knr , and

| det Av,g |2Kv
= |�(u1, · · · , ur )|nKv

∏
w∈�v

| det gw|2Lw
.

(III) The case that v ∈ VK,f . On the one hand, the space Ln ⊗K Kv is naturally
identified with the vector space Knr

v spanned by {uiej : 1 ≤ i ≤ r, 1 ≤ j ≤ n}. Then
HKnr

v
stands for the standard height on Knr

v . On the other hand, the Kv-linearly extension
of the diagonal embedding Ln ↪→ ⊕

w∈�v
Ln

w gives rise to the ring isomorphism φ :
Ln ⊗K Kv → ⊕

w∈�v
Ln

w . Let Pw : Ln ⊗K Kv → Ln
w be the composition of φ and the

projection from
⊕

w∈�v
Ln

w onto Ln
w . We define another height Gv,g on Knr

v = Ln ⊗K Kv

by

Gv,g(x) = sup
w∈�v

(HLn
w,gw(Pw(x))1/rw) .

Then, the inequality

Fv,g (x) ≤ rGv,g(x)2

holds for all x ∈ Knr . Since Gv,g is a norm on Knr
v whose values are contained in the

cyclic group generated by the order of the residual field of Kv , by [We, Chap. II, §1,
Proposition 3], there exists Av,g ∈ GLnr(Kv) such that Gv,g = HKnr

v ,Av,g . We would like
to determine | det Av,g |2v . Let εw

1 , · · · , εw
rw

be a basis of OLw over OKv . Regarding each Ln
w

as a Kv-vector space spanned by {εw
i ej : 1 ≤ i ≤ rw, 1 ≤ j ≤ n}, we have the regular

representation ρ : ∏w∈�v
GLn(Lw) −→ GLnr(Kv). We set ĝv = φ−1◦ρ((gw)w∈�v

)◦φ.
Then,

det ĝv =
∏

w∈�v

NrLw/Kv(det gw) .

Since the set of x ∈ Knr
v such that Gv,g(x) ≤ 1 is equal to the OKv -lattice

φ−1
( ⊕

w∈�v

g−1
w On

Lw

)
= ĝ−1

v φ−1
( ⊕

w∈�v

On
Lw

)
,
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Av,g is characterized by

(Av,g)−1Onr
Kv

= ĝ−1
v φ−1

( ⊕
w∈�v

On
Lw

)
.

Let Bw : Ln
w × Ln

w → Kv denote the bilinear form defined as

Bw

( n∑
j=1

αj ej ,

n∑
j=1

βjej

)
=

n∑
j=1

TrLw/Kv (αjβj ) .

Then B = ⊕
w∈�v

Bw is a bilinear form on
⊕

w∈�v
Ln

w and satisfies

B

(
φ(

n∑
j=1

aj ej

)
, φ

( n∑
j=1

bjej

))
=

n∑
j=1

TrL/K(ajbj )

( n∑
j=1

ajej ,

n∑
i=j

bj ej ∈ Ln

)
.

By computing the Gram matrices of both basis {uiej : 1 ≤ i ≤ r, 1 ≤ j ≤ n} and
{φ−1(εw

i ej ) : 1 ≤ i ≤ rw, w ∈ Wv, 1 ≤ j ≤ n} of Knr
v with respect to B, we obtain

�(u1, · · · , ur )
n det tA−1

v,gA−1
v,g

= ∏
w∈�v

det(TrLw/Kv(ε
w
s εw

t )1≤s,t≤rw)n · det t ĝ−1
v ĝ−1

v ,

and hence

| det Av,g |2Kv
= |�(u1, · · · , ur )|nKv

∏
w∈�v

| det gw|2Lw∏
w∈�v

�n
Lw/Kv

.

Putting (3), (I), (II) and (III) together, we obtain

min
0 �=x∈Ln

∏
w∈�L

HLn
w,gw (x)2/r

| det g|2/(nr)

AL

≤ 1

r�(�K,∞)
min

0 �=x∈Knr

∏
v∈�K

HKnr
v ,Av,g (x)2∏

w∈�L
| det gw|2/(nr)

Lw

= 1

r�(�K,∞)

|�(u1, · · · , ur )|1/r

AK∏
v∈�K,f

∏
w∈�v

�
1/r

Lw/Kv

× min
0 �=x∈Knr

∏
v∈�K

HKnr
v ,Av,g (x)2∏

v∈�K
| detAv,g |2/(nr)

Kv

.

Therefore, by (2) and the product formula,(
min

0 �=x∈Ln

∏
w∈�L

HLn
w,gw(x)2

| det g|2/n

AL

)1/r

≤ �
1/r
L

�K

γ̂nr (K)

r�(�K,∞)
.

Since the right hand side is independent of g ∈ GLn(AL), this concludes that

γ̂n(L) ≤ �L

�r
K

(
γ̂nr (K)

r�(�K,∞)

)r

.

This completes the proof.
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If K is an algebraic number filed, then Theorem immediately implies

γn(L)

�
1/[L:Q]
L

≤ 1

r�(�K,∞)/[K :Q] · γnr (K)

�
1/[K :Q]
K

.

If K is a function field, Theorem is described as(
γ̂n(L)

�L

)n

≤
(

γ̂nr (K)

�K

)nr

.

It is known by [Wa, Theorem 7] that γ̂n(K) is a power of q2
K with 1 ≤ γ̂n(K) ≤ q

2gK

K ,
where qK denotes the order of the constant field of K .
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