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Introduction

For a positive integer n, the constant defined by

. |lgx]|?
w = max min ————
geGL,(R) 0#xeZ | det g|2/n
is called Hermite’s constant. As a generalization of y;,, Icaza ([I]) and Thunder ([T]) intro-
duced, independently, the constant y,, (k) for any algebraic number field k. (See Section 1
for its precise definition.) The constant y, (Q) for the rational number field Q is none other
than Hermite’s constant y,. Recently, Vaaler ([V]) showed that y, (k) is characterized as
the best upper bound of an inequality concerning Siegel’s lemma. After the work of [I] and
[T], Ohno and the author ([O-W]) proved the inequality of the form

Ynd (Q)
—d s

ya(k) < |Dg|'? (1)

where d = [k : Q] and Dy denotes the absolute discriminant of k. Such inequality was
first proved by Cohn ([C]) provided that n» = 2 and k is a totally real number field of class
number one in order to study the fundamental domains of Hilbert modular groups. The
inequality (1) yields a better estimate of y,, (k) than the Minkowski type upper bound given
by Icaza and Thunder. Baeza, etal ([BCIR]) used this kind of estimates to compute y» (k)
of some real quadratic fields k.

In a similar fashion to the algebraic number fields, one can define the constant y;, (k)
for any function field k of one variable over a finite field. In this case, both the Minkowski—
Hlawka type lower bound and the Minkowski type upper bound of y, (k) were given in
[Wa].

The purpose of this paper is to generalize the inequality (1) to any relative extension
L of any global field K. For example, if K is an algebraic number field, then the following
inequality will be proved:
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where 1(Uk ~) denotes the number of infinite places of K. Our method is an adelic ana-
logue of the argument used in [O-W]. It has the advantage of which one needs not assume
that the class number of K equals one.

1. Hermite’s constant of a global field

Let k be a global field, i.e., an algebraic number field of finite degree over Q or an
algebraic function field of one variable over a finite field. We denote by Uy, U ~ and
Uy, r the sets of all places of k, all infinite places of k and all finite places of k, respectively.
For v € Uy, let k, be the completion of k at v and | - |, be the absolute value of k,
normalized so that |a|x, = (v (aC)/uy(C), where 1, is a Haar measure of k, and C is an
arbitrary compact subset of k,, with nonzero measure. If v is finite, O, denotes the ring of
integers in k,. The adele ring of k is denoted by Ay and its idele norm is denoted by | - |4,
ie, | |a, = ]_[vemk | - |x,. We define the constant Ay as follows:

| D] (k is an algebraic number field of absolute discriminant Dy) .

k= g?%=2  (k is a function field of genus gy and constant field F)).

We recall the definition of Hermite’s constant. Let k" be the n dimensional column
vector space over k with standard basis e, ---, e,. Forv € Uy and g, € GL,(k,), the
local standard height Hy and the local twisted height Hgn g, on ky are defined as follows:
fora, = aje; + -+ ope, € kY,

n 172
(Z |oc,-|,%v) (if v is real)
i=1

Hkﬂ (ay) = n o
Z loti |k, (if v is complex)
i=1

SUP| <<, lilk, (i v is finite)
and
Hklr;l’gv (av) = Hkl’;’ (gUaU) .

The global twisted height Hy» 4 on k" for g = (gy) € GLy(Ay) is defined to be the product
of all Hir g, ’s, namely,

Hyn g(a) = ]_[ Hip g, (@) (a€k™).
veVy
Then, it is known that the following maximum exists:

- - Hyn g(a)?
Yn(k) = max min ﬁ .
geGL,(Ay) OFack™ | detg'Ak

If k is a number field, the constant y, (k) = 7, (k)!/¥*Ql is called the Hermite constant of k.
In any case, 7, (k) is the same as the constant 7 (GL,, Q1, k)2/" introduced in [Wa].
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§2. Main theorem

Let K be a global field and L/K a finite separable extension of degree r = [L : K].

We fix abasis uq, - - -, u, of L over K, and set

Ay, -+, up) =det(Trp g (uiuj))i<i, j<r -
For each v € Uk, 20, stands for the set of places w € U which lie above v. If v € Vg
and w € 20, there is a basis g1, - - -, &, of O over Ok, , where ry, denotes [Ly, : Ky].
The ideal

Dp,/k, = ([det(Trp, /k, (€i€ ) 1<i, j<r,)OK,
is the relative discriminant of L,,/K,. Thus the absolute value
Ap,/k, = 1 det(Trr, /k,(gigj)1<i, j<ru | K,
is independent of the choice of a basis of O, over Ok, . By [J-P, Theorem A], one has

A
o= 11T Ak @

velg, r wey

THEOREM. The notations being as above, we have

- AL (VK
vn(L) < Al <7ru(ml(,oo) .

Proof. Letey,---, e, denote the standard basis of the column vector space L". We
identify L" with the K-vector space K™ generated by the basisu;ej, 1 <i <r, 1 <j <
n. Forv € Uk and g = (g) € GL,(AL), define the function F, 4 on L" = K"" by

Fyg(x) = Z rwHLn g, (0™, where ry = [Ly @ Ky].
we20,
From the arithmetic and geometric mean inequality, it follows

Fy g(x)
[T Hipo @ = == 3)
we2,

We will estimate F g(x) in the following.
(I) The case that v € Uk  is a real place. The set 20, is divided into two subsets
Wy1={weW, : L, =R}and W, » ={w €W, : L, = C}. Then, by definition,

Fog(x)= Y Hrpg,)*+ > 2Hp 4,x),
wGQHml wGQH,),Z

which gives a quadratic form on K. We determine the symmetric matrix corresponding
to Fy 4. Let Wy 1 = {wy, -+, wy} and Wy 2 = {wp 41, -+, Wr4r,}. Bach w € Wy, is
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identified with an embedding of L into C. We define the r by r real matrix U, and the nr
by nr real matrix £2, as follows:

wi(up) wy (u2) e wy (ur)
wrl(”l) wrl(’/l2) wrl(”r)
U — Re(wy+1(u1))  Re(wp+1(u2)) -+ Re(wy+1(ur))
Y Im(wr,+1())  Im(wy 41 @2)) -+ Im(wy, 41 (1))
Re(wy +r, (1)) Re(wy 4, (u2)) -+ Re(Wpr4r, (ur))
Im(wr1+7’2 (u1)) Im(wr1+7’2 (u2)) - Im(wrl+r2 (ur))
and £2, = diag(U,, - - -, U,), where Re(z) and Im(z) stand for the real and the imaginary

part of a given complex number z, respectively. One has
(detUy)* =472 A1, -, ur) -

Letaj(s, t) be the (s, £)-component of the Hermitian matrix ! gwj Gu; forl <j<ri+n.
Ifri +1<j <rp, weput
L) 2Re(a;j(s, 1)) 2Im(a; (s, 1))
ai(s,t) = .
J —2Im(aj(s,t)) 2Re(a;(s, 1))
The r by r real matrix Dy 4(s, t) and the nr by nr real symmetric matrix D, 4 are defined
as
Dv,g(S, t) = diag(al(sﬂ t)a cee,dry (S, t)a a’/rl_l,_l(sa t)a T a;l+r2(s7 t))
and Dy g = (Dy,¢(s, 1)) 1<s,r<n- Then the symmetric matrix corresponding to Fy, 4 is given
by '$2, D, 4£2,. If a matrix A, g € GL,,(K,) is chosen so that'A, 4A, g ='§2,Dy 452y,
then
Fyg(x) = Hkpr 4, ,(x)

holds for x € L" = K™". Here the height Hx»r on K" is the standard height with respect
to the basis {u;e; : 1 <i <r, 1 < j <n}. Moreover, we have

|det Ay gl%, = |AG, - un)lk, [T Idetgulz, -
weW,

(II) The case that v € Uk  is a complex place. Let W, = {wy, -, w,}. If we
define the Hermitian form G, 4 on K™ by

Gy, g(x) = Z Hpn g, (x),
we20,
then the inequality

Fv,g(x) = Gu,g(x)2
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holds forall x € K"". Leta, (s, 1) be the (s, f)-component of the Hermitian matrix / Tw; Jw,
for 1 < j < r. In a similar fashion to (I), the 7 by r complex matrices Uy, Dy 4(s, t)‘ and
the nr by nr complex matrices §2,, Dy 4 are defined as follows:

Uy z(wi(uj))lgi,jgry 2, = diag(Uy, - -+, Uy),
DU,g(sﬂ t) == diag(al(sa t)a ttt ’ar(s’ t)) ) DU,g == (D'U,g(sa t))lfs,tﬁn .

Then the Hermitian matrix corresponding to G4 is given by ’.Q_,}Dv,gs?v. There is a matrix
Ay,g € GLy (Ky) suchthat"A, gA, g ="82,Dy ¢82,. If Hgr denotes the standard height
on the vector space K;}" spanned by {u;e; : 1 <i <r, 1 < j < n}, then one has

Gy, g(x) = Hgr 4, ,(X)

for x € K™, and

|det Av gk, = [AG1, - un)lg, [T 1detgul], -
we2,

(IIl)  The case that v € Yk ¢. On the one hand, the space L" ®k K, is naturally
identified with the vector space K]}" spanned by {u;e; : 1 <i <r, 1 < j < n}. Then
Hgnr stands for the standard height on K7". On the other hand, the K, -linearly extension
of the diagonal embedding L" — @wemv L7, gives rise to the ring isomorphism ¢ :
L"®kx K, — @wemv L?. Let Py, : L" ®k Ky, — L7’ be the composition of ¢ and the
projection from P, gy, L}, onto Ly,. We define another height G, 4 on K" = L" ®k K,
by

Gug(x) = sup (Hpy.g, (Py(x)!/™).
we2T,

Then, the inequality
Fv,g(x) = er,g(x)2

holds for all x € K™". Since G, 4 is a norm on K" whose values are contained in the
cyclic group generated by the order of the residual field of K,, by [We, Chap. II, §1,
Proposition 3], there exists Ay g € GLyr(Ky) such that Gy g = Hgrr a, - We would like
to determine | det Av,g|%. Lete{’,---, ¢, be abasis of Or, over O, . Regarding each L
as a K, -vector space spanned by {sl?”ej 1 <i <ry, 1 <j <n}, we have the regular
representation p : [, cop, GLn(Lw) —> GLnr(Ky). Wesetg, = gb*lop((gw)wemv)oq&.
Then,

detg, = l_[ Nrz,/k,(det gy) .
we20,
Since the set of x € K" such that G, 4(x) < 1is equal to the O g, -lattice

¢—l< @ gu_Janw> :/g~v—l¢—l< @ DrLlw>!

weW, weW,
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Ay, g is characterized by

(Av’g)—anrv z’g\v—l —l( @ Dgu’).

we2,
Let By, : L7 x L" — K, denote the bilinear form defined as

n n

Bu( Saser X2 p1es) = Lo Te .
j=1

j=1 j=1
Then B = P,,cqy, Bw is a bilinear form on P, gy, L}, and satisfies
n n n n n
B(qﬁ(Zajej), ¢<ijej>> = ZTrL/K(ajbj) <Zajej, ije]' € Ln> .
j=1 j=1 j=1 j=1 i=j
By computing the Gram matrices of both basis {u;e; : 1 <i <r, 1 < j < n}and
{qﬁ’l(s}“ej) 1 <i<ry, we,, 1 <j=<n}of K] with respect to B, we obtain
Ay, -, up)" det’A;bA;lg
= Hwe&ﬂv det(Ter/Kv (8;‘08;1))153’15’%)" : dettbjl%l ?

and hence
[AQuy, -, ur)l? ; nweﬁﬂv | det9w|%w

nweﬂnv AZW/KU
Putting (3), (I), (II) and (III) together, we obtain

2
ldetAy glx, =

min nwe%L Hiy, g0 (x)2/r < 1 mi Hvem Hgur A, g (x)2
O detg TR 0k T et gy 2107
o Ay, - u)l))
= 7Bk 00) HvemK,f Hweﬂﬂv AZ:/KU

2
ml nvemK HKS'.aAv.g (X)
O#XEKW 2/("}’) :
HUEWK | detAUn‘]'Kv

X

Therefore, by (2) and the product formula,

2\ /r 1/r ~
( min HwemL HLﬁ;*gw(x) ) < AL/r Vur (K)

O#xeLn |det9|12x/: Ax ri@ko0)

Since the right hand side is independent of g € GL,(A), this concludes that

~ AL ()Y
yu(L) < Al (7rﬁ(%l(,oo) .

This completes the proof.
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If K is an algebraic number filed, then Theorem immediately implies

wl) _ 1K)
I/IL:Q] — (UK ,00)/[K:Ql 1/[K:Ql *
Ay rH=K Ay

If K is a function field, Theorem is described as

(B (B0)"
A - Ak

It is known by [Wa, Theorem 7] that ¥, (K) is a power of g% with 1 < 7,(K) < q12<gK,
where gk denotes the order of the constant field of K.
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