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Abstract. Let π(x, q, a) be the number of primes ≤ x that are congruent to a mod-
ulo q . We show that for any real numbers α1, · · · , αn, not all zero, any distinct positive
numbers β1, · · · , βn, and any integers q1, · · · , qn, a1, · · · , an, with q1, · · · , qn ≥ 1 and
aj relatively prime to qj , for 1 ≤ j ≤ n, there exists an integerm, with −1 ≤ m ≤ n, such

that the limit limx→∞ x logm x
∑n
j=1

αj
π(βjx,qj ,aj )

exists, is finite and non-zero. Thus the

sum has constant sign whenever x ≥ x0, for some positive real number x0. The size of x0
is given explicitly in terms of the parameters. Another consequence is a fact that witness in
favor of the irregularity of π(x, q, a). This states that the functions x

π(βx,q,a)
and 1

π(βx,q,a)

are neither concave, nor convex.

1. Introduction

The Prime Number Theorem that gives the asymptotic behavior of π(x), the function
that counts the number of primes ≤ x, states that π(x) ∼ li(x), as x → ∞. Relying
on extensive numerical computations, the formula was conjectured by Gauss in his early
teens, and proved in a slightly stronger form, for the first time by J. Hadamard and Ch. de la
Vallée-Poussin in 1896. Since the logarithmic integral li(x) = li(e)+ ∫ x

e
1

log t dt , in which

li(e) = 1.895 · · · , is a hardly tractable transcendental function, during the ages PNT was
stated in many different forms. Correcting a conjecture of Legendre, one of them is:

π(x) = x

log x − 1 − c1
logx − · · · − cn(1+an(x))

logn x

, (1)

where c1, c2, · · · , cn are integers given by the recurrence: c1 = 1 and

cn + 1!cn−1 + 2!cn−2 + · · · + (n− 1)!c1 = n · n! , for n ≥ 2 , (2)

and limx→∞ an(x) = 0 (see Panaitopol [5]). The coefficients cn grow fast with n: c2 = 3,
c3 = 13, c4 = 71, c5 = 461, c6 = 3447, c7 = 29093, · · · , c100 ≈ 9.238 · 10159 and
log cn � n as n → ∞.

Using the asymptotic formula (1), an estimate for the sum

S(x) =
[x]∑

n=2

1

π(n)

23
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has been obtained in [5], improving on an earlier result of De Konink and Ivić [2].
Panaitopol [6] investigated the asymptotic behavior of the sum

S(α,β; x) =
n∑

j=1

αj

π(βjx)
.

The components of α = (α1, · · · , αn) are assumed to be any real numbers, not all zero,
and those of β = (β1, · · · , βn) any distinct positive real numbers. It turns out that the size
of the main term of S(α,β; x) is x−1 log−m x, for some integer m. More precisely, there
exists an integerm, with −1 ≤ m ≤ n, such that the limit

lim
x→∞

(
x logm x

)
S(α,β; x)

exists, is finite and non-zero. As a consequence of this result, it follows that the sign of
S(α,β; x) is constant for x large enough.

In the present paper we consider a similar problem for the counting function of the
number of primes in an arithmetic progression. Given a ≥ 0 and q ≥ 1 relatively prime,
let π(x, q, a) be the number of primes ≤ x that are congruent to a modulo q . Our object is
to study the asymptotic behavior of the sum

S(α,β, q, a; x) =
n∑

j=1

αj

π(βjx, qj , aj )
, (3)

where the components of α = (α1, · · · , αn) are real numbers, not all zero, and β =
(β1, · · · , βn) with β1 > 0, · · · , βn > 0, while the components of q = (q1, · · · , qn)
and a = (a1, · · · , an) are integers such that, for any j with 1 ≤ j ≤ n, qj > 0 and
aj is relatively prime with qj . In particular, we are interested to see whether the sign of
S(α,β, q, a; x) is constant when x is large enough.

We remark that not always such a regularity of the sign exists. As was discovered
a century and a half ago by Chebyshev, it appears that, at least for small values of x,
the distribution of primes is biased towards certain arithmetic progressions. Chebyshev
observed that there are more primes not exceeding x that are congruent to 3 (mod 4) than
primes congruent to 1 (mod 4). Thus, if we let n = 2, α1 = 1, α2 = −1, β1 = β2 =
1, q1 = q2 = 4, a1 = 1 and a2 = 3, the sum

S(1,−1, 1, 1, 4, 4, 1, 3; x) = 1

π(x, 4, 1)
− 1

π(x, 4, 3)
(4)

is positive for small values of x. The calculations of Leech [3] show that x = 26861 is
the first value of x for which π(x, 4, 1) > π(x, 4, 3). Earlier, Littlewood [4] proved that
both sets {x : π(x, 4, 1) < π(x, 4, 3)} and {x : π(x, 4, 3) < π(x, 4, 1)} are unbounded,
whence the sum S(1,−1, 1, 1, 4, 4, 1, 3; x) fails to have constant sign for x large enough.
For more on Chebyshev’s bias, see Rubinstein and Sarnak [7] and the references therein.

In the following, in order to avoid situations as we saw that may occur for sums as
in (4), we assume that the components of β = (β1, · · · , βn) are all distinct. The next



Some Asymptotic Formulas Involving Primes in Arithmetic Progressions 25

theorem proves that when this happens, the total “noise” superimposed in S(α,β, q, a; x)
diminishes just enough to assure an asymptotic behavior.

THEOREM 1. Let α1, · · · , αn be real numbers, not all zero, let β1, · · · , βn be dis-
tinct positive numbers, and let q1, · · · , qn, a1, · · · , an be integers, with q1, · · · , qn ≥ 1
and (aj , qj ) = 1, for 1 ≤ j ≤ n. Then there exists an integer m, with −1 ≤ m ≤ n, such
that the limit

lim
x→∞

(
x logm x

)
S(α,β, q, a; x)

exists, is finite and non-zero.

This gives immediately:

COROLLARY 1. Under the hypotheses of Theorem 1, there exists x0 = x0(α,β,

q, a) > 0 such that the sign of S(α,β, q, a; x) is constant for x ≥ x0.

Then, a natural problem is to find x0 as small as possible. In principle, x0 might be
quite large. A reason that motivates this possibility is that for one of the Dirichlet char-
acters χ , whose conductor divides one of the moduli q1, · · · , qn, the associated Dirichlet
L-function L(s, χ) might have a Siegel zero. For instance, suppose χ is a primitive Dirich-
let character (mod q) and L(s, χ) has a Siegel zero, that is a zero exceptionally close to
s = 1. Then, for x not very large in terms of q , the value of π(x, q, a) will be about two
times larger than normal for half of the residue classes a (mod q) with (a, q) = 1, while
for the other half, π(x, q, a)will be much smaller than normal. Thus, if a1 and a2 lie in the
first and respectively in the second of these halfs, the sum

S(1,−1, 1, 2, q, q, a1, a2; x) = 1

π(x, q, a1)
− 1

π(2x, q, a2)
(5)

will be negative when x is not too large. But, as x → ∞, the sum S(1,−1, 1, 2, q, q, a1,

a2; x) becomes positive. Hence in this case x0 will have to be quite large. We shall address
the problem of finding the size of x0(α,β, q, a) in Section 4, and in Theorem 3 we shall
give explicitly an acceptable value of x0.

In the last section we give another application of Theorem 1. This is somehow in
opposition with Corollary 1, which may be interpreted as an argument in favor of the reg-
ularity of π(βx, q, a). We show that from the same Theorem 1 it follows that none of the
functions x

π(βx,q,a)
and 1

π(βx,q,a)
is concave or convex.

2. An asymptotic formula for π(x, q, a)

By the Siegel-Walfisz Theorem (cf. Davenport [1, Chapter 22]), we know that given a
positive numberN , there is a constant c(N) > 0 such that

ψ(x, q, a) = x

ϕ(q)
+O(xe−c(N)

√
logx) , (6)

uniformly for any positive integer q in the range



26 C. COBELI, L. PANAITOPOL, M. VÂJÂITU and A. ZAHARESCU

q ≤ logN x , (7)

and any integer a relatively prime with q . Here ψ(x, q, a) is the Chebyshev step function
defined by

ψ(x, q, a) =
∑

n≤x
n≡a (mod q)

Λ(n) ,

where Λ(n) is the von Mangoldt function,

Λ(n) =
{

logp , if n = pk , p prime

0 , otherwise .

Translated for π(x, q, a), the theorem of Siegel-Walfisz states that for any N there is a
constant c(N) > 0 such that

π(x, q, a) = 1

ϕ(q)
li(x)+O(xe−c(N)

√
logx) , (8)

uniformly for any q in the range (7) and any a relatively prime to q . For any positive integer
k, we denote

Ik(x) =
∫ x

e

dt

logk t
. (9)

Thus li(x) = I1(x)+O(1). Integrating by parts the integral (9), we find that

Ik(x) = x

logk x
+ kIk+1(x)− e . (10)

Multiplying with (k − 1)!, we put (10) in the form

(k − 1)! Ik(x) = (k − 1)! x
logk x

+ k! Ik+1(x)+O
(
(k − 1)!) . (11)

By a repeated application of (11), we see that, for any positive integer r ,

I1(x) = x

log x
+ I2(x)+O(1)

= x

log x
+ x

log2 x
+ 2I3(x)+O(1) = · · ·

= x

log x
+ x

log2 x
+ 2! x

log3 x
+ · · ·

+ r! x
logr+1 x

+ (r + 1)! x
logr+2 x

+ (r + 2)! Ir+3(x)+O
(
(r + 1)! ) .

(12)

In what follows, we assume that r is bounded in the range

1 ≤ r ≤ log x

2
. (13)

Then, from (12) we derive
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li(x) =
r+1∑

k=1

(k − 1)! x
logk x

+O

(
(r + 1)! x
logr+2 x

)

= x

log x

(

1 + 1

log x
+ 2!

log2 x
+ · · · + r!

logr x
+O

(
(r + 1)!
logr+1 x

))

.

(14)

Inverting the series

1 + 1

log x
+ 2!

log2 x
+ · · · + r!

logr x
+ · · ·

considered as a power series in the variable 1/ log x, with integer coefficients, we see that
its inverse has the form

1 − 1

log x
− c1

log2 x
− · · · − cr

logr+1 x
− · · · ,

and the coefficients c1, c2, · · · , cr , · · · satisfy the recurrence relation (2). Next we truncate
the series and consider the product

Pr(x) =
(

1 + 1

log x
+ 2!

log2 x
+ · · · + (r + 1)!

logr+1 x

)(

1 − 1

log x
− c1

log2 x
− · · · − cr

logr+1 x

)

= 1 + Dr+2

logr+2 x
+ Dr+3

logr+3 x
+ · · · + D2r+2

log2r+2 x
.

(15)

Here each Dj is a sum of at most r + 2 terms, and any such term has the form cls!, with
l + s + 1 = j . It follows easily thatDj = O(j !) for any j . Under the assumption (13), we
find that

Pr(x) = 1 +O

(
(r + 2)!
logr+2 x

)

. (16)

Putting together the equalities (14), (15) and (16), we get

log x

x

(

1 − 1

log x
− c1

log2 x
− · · · − cr

logr+1 x

)

li(x)

=
(

1 + 1

log x
+ · · · + (r + 1)!

logr+2 x
+O

(
(r + 2)!
logr+2 x

))

×
(

1 − 1

log x
− c1

log2 x
− · · · − cr

logr+1 x

)

= 1 +O

(
(r + 2)!
logr+2 x

)

,

which yields

li(x) = x

log x − 1 − c1

log x
− · · · − cr

logr x
+O

(
(r + 2)!
logr+1 x

) . (17)
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Now we assume that N is a fixed positive number and 0 < c(N) ≤ 1 is a constant satisfy-
ing (8). We allow q, a, r and x > ee to vary subject to the constraint (7), and additionally
we suppose that

r ≤ c(N)
√

log x

2 log log x
. (18)

Then r will also satisfy condition (13). Using (17) in (8), we get the required asymptotic
formula for π(x, q, a). We state it in the next theorem.

THEOREM 2. Fix an N > 0 and a constant c(N) ∈ (0, 1) satisfying (8). Then, for
any positive integers q and r , any integer a relatively prime to q , and any real number
x > ee satisfying (7) and (18), we have

π(x, q, a) = x

ϕ(q)

(

log x − 1 − c1

log x
− · · · − cr

logr x
+O

(
(r + 2)!
logr+1 x

)) . (19)

3. Proof of Theorem 1

A prerequisite needed for the proof of Theorem 1 is an appropriate formula for
1/π(βx, q, a). This is the scope of the following lemma.

LEMMA 1. Fix an N > 0 and a constant c(N) ∈ (0, 1) satisfying (8). Let q, r be
positive integers, let a be an integer, relatively prime to q , and let β > 0. Then, for any real
number x satisfying the four constraints

| logβ| ≤ √
log x log log x , q ≤ logN(βx) , min{x, βx} ≥ ee

and

r ≤ c(N)

2
min

{ √
log(βx)

log log(βx)
,

√
log x

log log x

}

,

we have

1

π(βx, q, a)
= ϕ(q)

(
log x

βx
+ logβ − 1

βx
+

r∑

i=1

ti (β)

x logi x
+O

(
1 + | logβ|r

β
· (r + 2)!
x logr+1 x

))

,

where

ti (β) =
i−1∑

j=0

(−1)i−j cj+1

(
i − 1

j

)
logi−j−1 β

β

and c1, c2, · · · , are defined by the recurrence relation (2).

Proof. Notice first that if β = 1 the conclusion follows from (19). Next, replacing x
by βx in (19), it follows that
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1

π(βx, q, a)
= ϕ(q)

(
logβx

βx
− 1

βx
− c1

βx logβx
− · · · − cr

βx logr βx

+O

(
(r + 2)!

βx logr+1(βx)

))

.

(20)

Note that since
| logβ|
log x

≤ log log x√
log x

≤ 1

2r
,

we have

logr+1(βx)

logr+1 x
=

(
log x + logβ

log x

)r+1

=
(

1 + logβ

log x

)r+1

= O(1),

and

logr+1 x

logr+1(βx)
=

(

1 + logβ

log x

)−r−1

= O(1).

Therefore the error term on the right side of (20) may be replaced by O
(

(r+2)!
βx logr+1 x

)
. For

any i ≥ 1, a generic term in the expansion (20) can be written as
−ci

βx logi βx
= −ci
βx(log x + logβ)i

= −ci
βx logi x

(
1 + logβ

log x

)i .

On the other hand, when |y| < 1, the binomial formula gives

1

(1 + y)i
= 1 −

(
i

1

)

y +
(
i + 1

2

)

y2 + · · · + (−1)m
(
i +m− 1

m

)

ym + · · · ,

so, for y = logβ
log x we get

−ci
βx logi βx

= −ci
β

· 1

x logi x
+ ci

(
i
1

)
logβ

β
· 1

x logi+1 x
− ci

(
i+1

2

)
log2 β

β
· 1

x logi+2 x

+ · · · + (−1)r−i+1 ci
(
r−1
r−i

)
logr−i β
β

· 1

x logr x

+O

(
i2r!

(r − i + 1)! · 1 + | logβ|r
βx logr+1 x

)

.

By combining this with (20), we obtain
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1

π(βx, q, a)
= ϕ(q)

(
log x

βx
+ logβ − 1

βx
− c1

βx log x
+ c1

(1
0

)
logβ − c2

(1
1

)

βx log2 x
+ · · ·

+ (−1)rc1
(
r−1

0

)
logr−1 β + (−1)r−1c2

(
r−1

1

)
logr−2 β + · · · − cr

(
r−1
r−1

)

βx logr x

+O

(
1 + | logβ|r

β
· (r + 2)!
x logr+1 x

))

,

which is the required formula. This completes the proof of the lemma. �

Now we are ready to prove Theorem 1.

Proof of Theorem 1. The proof goes along the same lines as the proof of Theorem
2.1 from [6]. Let α1, · · · , αn, β1, · · · , βn, q1, · · · , qn, a1, · · · , an be as in the statement of
the theorem. Let x be large enough so that Lemma 1 is applicable with q, a, r, β replaced
by qj , aj , n, βj for any j ∈ {1, 2, · · · , n}. We then have

n∑

j=1

αj

π(βjx, qj , aj )
=

n∑

j=1

αjϕ(qj )

(
log x

βjx
+ logβj − 1

βjx
+

n∑

k=1

tk(βj )

x logk x

+O

(
1 + | logβj |n

βj
· (n+ 2)!
x logn+1 x

))

=
( n∑

j=1

αjϕ(qj )

βj

)
log x

x
+

( n∑

j=1

αjϕ(qj )(logβj − 1)

βj

)
1

x

+
n∑

k=1

( n∑

j=1

αjϕ(qj ) tk(βj )

)
1

x logk x

+O

( n∑

j=1

|αj |ϕ(qj ) · 1 + | logβj |n
βj

· (n+ 2)!
x logn+1 x

)

.

(21)

We claim that not all the coefficients of log x/x, 1/x and 1/(x logk x), for 1 ≤ k ≤ n, in
the right-hand side of relation (21) vanish. For if

U−1(α,β, q) :=
n∑

j=1

αjϕ(qj )

βj
= 0 ,

U0(α,β, q) :=
n∑

j=1

αjϕ(qj )(logβj − 1)

βj
= 0 ,

Uk(α,β, q) :=
n∑

j=1

αjϕ(qj )tk(βj ) = 0 , for k = 1, 2, · · · , n ,

proceeding recursively, we also have:
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− c1

n∑

j=1

αjϕ(qj )

βj
= 0 ,

c1

(
1

0

) n∑

j=1

αjϕ(qj )

βj
logβj − c2

(
1

1

) n∑

j=1

αjϕ(qj )

βj
= 0,

...

(−1)nc1

(
n− 1

0

) n∑

j=1

αjϕ(qj )
logn−1 βj

βj
+ (−1)n−1c2

(
n− 1

1

) n∑

j=1

αjϕ(qj )
logn−2 βj

βj

+ · · · − cn

(
n− 1

n− 1

) n∑

j=1

αjϕ(qj )

βj
= 0.

Then, it follows that

(S)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n∑

j=1

αjϕ(qj )

βj
= 0 ,

n∑

j=1

αjϕ(qj )

βj
logβj = 0 ,

...
n∑

j=1

αjϕ(qj )

βj
logn−1 βj = 0 .

We consider (S) as an homogeneous linear system with indeterminates

α1ϕ(q1)

β1
,
α2ϕ(q2)

β2
, · · · , αnϕ(qn)

βn
.

The determinant of this system is a Vandermonde determinant. Since logβi �= logβj for
i �= j , the system has only the trivial solution

α1ϕ(q1)

β1
= α2ϕ(q2)

β2
= · · · = αnϕ(qn)

βn
= 0 .

But this contradicts our hypothesis that not all αj with 1 ≤ j ≤ n vanish. Therefore, at
least one of the equations in (S) fails and this proves our claim.

Let i0 ∈ [1, n] be the smallest integer for which
n∑

j=1

αjϕ(qj )

βj
logi0−1 βj �= 0 .

Then, for x large enough, the term corresponding to i0 will dominate the remaining terms
on the right hand side of (21). Thus, putting m = i0 − 2 if i0 = 1, 2 and m = i0 if i0 ≥ 3,
we conclude that the limit
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lim
x→∞ x logm x

n∑

j=1

αj

π(βjx, qj , aj )

exists and it is non-zero. This completes the proof of Theorem 1.

4. The size of x0(α,β, q, a)

We now turn to the problem of finding a number x0, depending on a set of numbers
{α1, · · · , αn, β1, · · · , βn, q1, · · · , qn, a1, · · · , an} as in Theorem 1, with the property that
the sign of S(α,β, q, a; x) is constant for x ≥ x0. We saw in the proof of Theorem 1 that
the sums

Ti(α,β, q) :=
n∑

j=1

αjϕ(qj ) logi−1 βj

βj
, i = 1, 2, · · · , n ,

play an important role in this problem. More precisely, if i0 is the smallest positive integer
for which Ti0(α,β, q) �= 0, then for x large enough, S(α,β, q, a; x) has the same sign as

(−1)i0Ti0 for i0 ≥ 2, and has the sign of T1 if i0 = 1. Let us remark that there are three
types of conditions subject to which x0(α,β, q, a) should respond:

A. The hypotheses of Lemma 1.
B. The first non-zero term should dominate the other components of the main term

on the right side of (21).
C. The first non-zero term should dominate the O(·) term in (21).
Next we treat each item separately and eventually we put the results together.
A. The application of Lemma 1 a number n times in the beginning of the proof of

Theorem 1 imposes a series of conditions that are all satisfied if x ≥ x1, where

x1 := max
1≤j≤n

((

1 + 1

βj

)

max

{

ee
log qj
N ; (βj + 1)ee; elog2 βj ; e

(8n)4

c(N)4

})

. (22)

B. We assume that (22) holds, and look for further constraints x needs to satisfy.
Dropping for simplicity the parameters in the notation Uj(α,β, q), the main term on the
right-hand side of (21) is

M := U−1
log x

x
+ U0

1

x
+ U1

1

x log x
+ · · · + Un

1

x logn x
. (23)

Here if i0 = 1, then U−1 = T1 �= 0. If i0 = 2, then U−1 = 0 and U0 = T2 �= 0. If i0 ≥ 3,
then U−1 = U0 = U1 = · · · = Ui0−1 = 0, and Ui0 = (−1)i0Ti0 �= 0. Let

U = U(α,β, q) := max−1≤j≤n
(|Uj(α,β, q)|, 1

)
.

In order for the first non-zero term in (23) to dominate the sum of the others, it suffices to
have
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|Ti0 |
1

x logi0 x
≥ 2U

x logi0+1 x
·

1 − 1
logn−i0 x

1 − 1
logx

,

and this happens if we suppose that x ≥ x2, where

x2 := e

2U
|Ti0 |

. (24)

C. In order for the first non-zero term to dominate the error term on the right side of
(21), it suffices to let x be large enough so that

|Ti0 | logn+1−i0 x ≥ C(n+ 2)!
n∑

j=1

|αj |ϕ(qj )1 + | logβj |n
βj

,

for a suitable absolute constant C > 0, implied by the O(·) symbol on the right side of
(21). The above inequality holds for x ≥ x3, where

x3 := exp

((
C(n+ 2)!

|Ti0 |
n∑

j=1

|αj |ϕ(qj )1 + | logβj |n
βj

)1/(n+1−i0))
.

We now let

x0 := max{x1, x2, x3} , (25)

with x1, x2, x3 defined as above. Then, for x ≥ x0 the first non-zero term on the right side
of (21) will dominate the other terms, and hence S(α,β, q, a; x) will have the same sign
as the first non-zero term. We state the result in the next theorem.

THEOREM 3. Fix an N > 0 and a constant 0 < c(N) ≤ 1 satisfying (8). Let
α1, · · · , αn be real numbers, not all zero, let β1, · · · , βn be distinct positive numbers, and
let q1, · · · , qn, a1, · · · , an be integers with q1, · · · , qn ≥ 1 and aj relatively prime with qj ,
for 1 ≤ j ≤ n. Denote by i0 the smallest positive integer for which Ti0(α,β, q) �= 0, and

let x0(α,β, q, a) be defined by (25). Then the sum
∑n
j=1

αj
π(βjx,qj ,aj )

has constant sign for

x ≥ x0.

5. Special cases

We conclude with an application of Theorem 1 that gets bounds for two finite sums
involving the inverse of π(βx, q, a), and then deduce a consequence that shows that neither
convexity, nor concavity characterizes the functions x/π(βx, q, a) and 1/π(βx, q, a).

THEOREM 4. Let n ≥ 3 be an integer, let β1, β2, · · · , βn−1 be distinct positive num-
bers with the property that none of them is equal to the arithmetic mean of the others, and
let q1, · · · , qn, a1, · · · , an be integers with q1, · · · , qn ≥ 1 and aj relatively prime with
qj , for 1 ≤ j ≤ n. Then, for x large enough (or x ≥ x0, with x0 as in Theorem 3), we have
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n−1∑

i=1

βi

ϕ(qi)π(βix, qi, ai)
<

β1 + β2 + · · · + βn−1

ϕ(qn)π
(
β1+β2+···+βn−1

n−1 x, qn, an

) , (26)

and
n−1∑

i=1

1

ϕ(qi)π(βix, qi, ai)
>

n− 1

ϕ(qn)π
(
β1+β2+···+βn−1

n−1 x, qn, an

) . (27)

Proof. We apply Theorem 1 for αj = βj
ϕ(qj )

when 1 ≤ j ≤ n − 1, αn = − (n−1)βn
ϕ(qn)

and βn = β1+···+βn−1
n−1 . With the notations from the previous sections, one has firstly that

T1(α,β, q) = 0, by our choice and secondly, T2(α,β, q) < 0 from classical inequalities.
In view of the proof of Theorem 1, we know that S(α,β, q, a; x) has the same sign as
T2(α,β, q), hence (26) holds. Similarly, if αi = 1

(n−1)ϕ(qi)
, for any 1 ≤ i ≤ n − 1,

αn = −1
ϕ(qn)

and βn = β1+···+βn−1
n−1 , we obtain (27). �

THEOREM 5. Let q and a be integers with q ≥ 1 and (a, q) = 1, and let β > 0.
Then the functions f (x) = x/π(βx, q, a) and g(x) = 1/π(βx, q, a) are neither convex,
nor concave.

Proof. Let r1, r2, · · · , rm, · · · , be the sequence of prime numbers that are ≡ a mod

q . Choosing x1 = rm−1
β

and x2 = rm+1
β

, we have

f (x1)+ f (x2)− 2f

(
x1 + x2

2

)

= rm − 1

β(m− 1)
+ rm + 1

βm
− 2rm
βm

= rm − 1

βm(m− 1)
> 0 ,

which, together with the first part of Theorem 4, imply that f (x) is neither convex, nor
concave.

For the second function, with x1, x2 as above and λ = m−1
m

, we have

λg(x1)+ (1 − λ)g(x2)− g
(
λx1 + (1 − λ)x2

) = 1

m
+ 1

m2 − 1

m− 1
< 0 .

This shows that g(x) is neither convex, nor concave, and concludes the proof of the theo-
rem. �
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(2000), 55–57.



Some Asymptotic Formulas Involving Primes in Arithmetic Progressions 35

[ 6 ] Panaitopol, L., Asymptotic formulas involving π(x), Bull. Math. de la Soc. Sci. Math. Roumaine, 43 (91)
(2000), no. 2, 149–154.

[ 7 ] Rubinstein, M. and Sarnak, P., Chebyshev’s Bias, Experiment. Math. 3 (1994), no. 3, 173–197.

CC: Institute of Mathematics “Simion Stoilow”
of the Romanian Academy
P.O. Box 1-764, Bucharest 70700
Romania
E-mail address: Cristian.Cobeli@imar.ro

LP: Department of Mathematics
University of Bucharest
Str. Academiei 14, Bucharest 70109
Romania
E-mail address: pan@al.math.unibuc.ro

MV: Institute of Mathematics “Simion Stoilow”
of the Romanian Academy
P.O. Box 1-764, Bucharest 70700
Romania
E-mail address: Marian.Vajaitu@imar.ro

AZ: Institute of Mathematics “Simion Stoilow”
of the Romanian Academy
P.O. Box 1-764, Bucharest 70700
Romania

AZ: Department of Mathematics
University of Illinois at Urbana-Champaign
Altgeld Hall, 1409 W. Green Street
Urbana, IL, 61801
USA
E-mail address: zaharesc@math.uiuc.edu



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


