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Introduction

This paper is an appendix to the memorial talk for Tsuneo Arakawa [3]. As discussed
in the section of Hecke in [3], the Epstein zeta functions define certain Eisenstein series,
i.e., automorphic forms on SL(n, Z)\SL(n, R). The representations of SL(n, R) gener-
ated by the right translations of these Eisenstein series are very degenerate principal series
representations. Though the Epstein zeta functions themselves are quite familiar objects,
but the number of papers which discuss them as automorphic forms is not so many in the
literature. And the Fourier expansions of these Epstein-Eisenstein series as automorphic
forms on SL(n,Z)\SL(n, R) have been obtained by direct computation of integrals. In
this paper we want to discuss them in more conceptual way for n = 3.

When n = 3, there are three types of parabolic subgroups in SL(3, Q), and accord-
ingly three types of corresponding Fourier expansions. In either case, it is fundamental
to know Whittaker functions and generalized Whittaker functions. In this paper we have
multiplicity-free results on (degenerate) Whittaker functions and generalized Whittaker
functions on SL(3, R) belonging to the degenerate principal series and find an explicit
formula for them.

Our main results are Theorems 4.6, 4.7 (multiplicity-freeness of degenerate Whittaker
models), and Theorems 5.6, 5.7. At least for the non-spherical cases, these results seem to
be new. In section 6 we discuss three types of Fourier expansions of the automorphic forms
belonging to the spherical principal series representations.

Note that the meaning of the classical result by Siegel [9, Chapter 1 §5, p. 46-55]
on Epstein zeta functions with spherical harmonic polynomials becomes clear, since they
correspond to the other vectors with different K-types in the automorphic representations
generated by the original Epstein zeta function. Therefore we can know Fourier expansions
of these generalized Epstein zeta functions, too.

ACKNOWLEDGEMENT. We thank Weng Lin, because his enthusiasm in non-abelian
zeta functions for G L3 was a strong impetus for us to consider the results of this paper.
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1. Preliminaries

1.1. Degenerate principal series
Let Z(g, s) be the Epstein zeta function on G = SL(3, R), defined by

Z(g.s):== Y  (mg'g'm™ (geG. Re(s)>3/2).
meZ3\{0}
Then it is an Eisenstein series of class 1 associated with the maximal parabolic subgroup

* k%
P = ¥ x x| el
0 0 =«

of G. Then the right translations of this with respect to G generate a degenerate princi-
pal series representation of G. We want to describe the (generalized) Whittaker functions
belonging to this representation.

To define this representation, we firstly specify a Langlands decomposition P; =
NiM1 A of P by

=)
* %
m
Q
12
~
(3]

1
Ny = 0
0

—_—

h 0 ~
M, = {(0 det(h)l) € G‘ deth = :I:l} = SL(22,R) x {1},

Ay := {diag(r,r,r=2) | r > 0}.

Let o7 € 1\71 be a character of M;, and v € Homg(a;,C) = a} ®g C a linear
form on a; = Lie(A) which is identified with a complex number by evaluation of it at
the element H; = diag(l, 1, —2) € ay. Let p; be the half-sum of the positive roots in
ny = Lie(Ny). Then p; = %(3 + 3) = 3. Thus for a; = diag(r, r,r_z) € Ai, we have
e(v1+p1)(loga1) — all)1+,01 — rv1+3.

DEFINITION 1.1. Put
m(oy, v1) 1= Indg1 (01 ®e" TP R 1y,).
Then the representation space of 7 (o7, v1) is given by

{f : G — C, measurable | f(mnjax) = (Tl(ml)a;”ﬂ’1 f(x)ae.
for (x,my,n1,a1) € G x My x Ny x A1, flx € L*(K)}.
We call this representation the spherical degenerate principal series, if o1 is the trivial
character 1y, and the non-spherical degenerate principal series if o1 is the determinant
representation detys, of SL(2, R) x {£1}.
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1.2. Whittaker model and generalized Whittaker model
For an irreducible admissible representation w of G, (generalized) Whittaker model
for 7 is a realization of 7 in an induced module Cm—Indg(w), where

I x12 xi3
N = {n(xi12,x13,x23) = 0 1 x23 || x12,x13, %23 € R
0 O 1

is a maximal unipotent subgroup of G and ¥ € N.

Since N is the Heisenberg group of dimension 3, the unitary dual N consists of unitary
characters and infinite-dimensional representations. An infinite-dimensional irreducible
unitary representation of N is uniquely determined via its central character on the center Z
of N, by the theorem of Stone and von Neumann. We recall the construction and the basic
properties of such representations (cf. [1]).

Since Z is identified with its commutator subgroup [N, N], passing to the associated
Lie algebras, we have an equality 3 = Lie(Z) = [n,n]. The theory of coadjoint orbit
method (the Kirillov theory) tells that the unitary characters of N are parametrized by the
subspace (n/[n, n])*(= R?) of n*. Here * means the linear dual over R. And the infinite-
dimensional representations are parametrized by nonzero elements in 3* = [n,n]* = R.
Thus we have to start with a nonzero linear form on j3:

l:xEz—~>cxeR (ceRE3* c#£0).

Here E;; is the matrix unit with 1 at (i, j)-th entry and O at other entries. This induces a
bilinear form on n*:

B(X,Y)=I(X,Y)] (X, Y en®).
Then 3 is the radical of this bilinear form, and the restriction of B; to ny = Lie(Nj) is
trivial, and the quotient ny/3 is a maximally totally isotropic subspace in n/3 with respect
to B;. Namely n; is a polarization subalgebra or a maximal subordinate subalgebra for [
(cf [1, §81.3, p. 27-28]). Let us define a unitary character x; n, : N — U(1) of Ny by

xiv, (exp(Y)) := expr/—11(Y)) (Y eny).
Here [ is an extension of / to np such that
[: n 3xE;3+yExnt— cx+my)eR
with m € R. Then the induced representation m; y, = Ind%1 (x1,n,) 1s the Schrodinger
representation with representation space L2(N 1\N) = L2(R) ([1, §§2.2, Example 2.2.6]).
PROPOSITION 1.2. (i) The unitary character of N is of the form
Y (n(x12, x13, x23)) = exp{2m~/—1(c1x12 + €2%23)}

with c1,c2 € R.
(i) The infinite-dimensional unitary representation of N is realized on L*>(R) as

Y (n(x12, X13, X23))p (s) = exp{2 /=1 c(x13 + (s + m)x23)}p (s + x12)
for ¢ € L>(R) with ¢ € R\{0} and m € R.
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DEFINITION 1.3. Fix ¢ € N as in Proposition 1.2. For an irreducible admissible
representation 7w of G, we denote by 7, the subspace of smooth vectors in 7 and consider
the intertwining space

Hom(g, k) (oo, C-Ind$ (1))
between (g, K)-modules (g = Lie(G), K = SO(3)). For a nonzero intertwining operator
I and a vector f € m, the image I(f) is called the Whittaker function if i is the unitary
character and the generalized Whittaker function if i is the infinite-dimensional unitary
representation.

REMARK 1. Because of the Iwasawa decomposition G = NAK with
A = {diag(a1, a2, a3) € G},

if we specify the K -type of f then I(f) is determined by its restriction I (f)|4 to A, which
is called the (A-)radial part of the (generalized) Whittaker function.

2. Representations of K

2.1. Irreducible K -modules
As is well-known the finite-dimensional irreducible representations of the maximal

compact subgroup K = SO(3) is constructed from those of SU(2). Let (27, Voy) (I =
0,1,2,...) be the (2/ + 1)-dimensional irreducible representation of K corresponding to
the [-th symmetric tensor of the standard representation of SU(2) and {v, | 0 < k < 2[}
the standard basis of V»;. Then we have

™ (K23) vk = /= 1(=1 + k)vg,

(K13 — vV—=1K1)ve = 2 — vy 1,

(K13 + /= 1K) vk = —k vg—y
with K;; = Ejj — Ej; e t= Lie(K) (1 <i < j < 3). See [5, §2] for the details. We note
that 72 is equivalent to the tautological representation K — GL(3, C).

2.2. Some irreducible components of 7; @ 7; (i, j = 2,4)

For our later use, we want to specify the standard basis of the unique irreducible con-
stituent 74 in the tensor product 72 ® 12, 72 and 74 in 72 ® 74, and 74 in T4 ® T4 by the
following 4 lemmas. The proofs are similar to that of [5, Lemma 2.1].

LEMMA 2.1. Let{v; | 0 <i < 2} be the standard basis of (t2, V2). Define a set of
elements {w; | 0 <i <4} in 1 ® 12 by

wy = vy ® Vo,

w) = 5o ® vi + vi ® vp)

wh = §(vo ® v2 +4v1 ® V1 + 12 ® 1),
wgz%(v1®v2+v2®v1),

/
wy=12Q0v2.
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Then it defines a set of standard basis in 4 — T2 ® T2, which is unique up to a common
scalar multiple.

LEMMA 2.2 ([5,Lemma2.1]). Let{v; |0 <i <2}and{w; | 0 < j < 4} be the
standard basis of (12, V2) and (t4, Va), respectively. Then the elements

vy =10 @ wp — 2v] @ Wi + V2 ® Wy,
v = o ® w3 — 201 @ wa + V2 ® Wy,
vy = vp ® wa — 201 @ w3 + v2 ® Wy

define a set of standard basis in 1, — T2 ® T4, Which is unique up to a common scalar
multiple.

LEMMA 2.3. Let{w; | 0 < j < 4} be the standard basis of (t4, V4). Then the
standard basis {W; | 0 < j < 4} of the irreducible t4-isotypic component in T4 ® T4 is, up
to constant multiple, given by

Wo = wy® wyr —2w; @ wi + wy @ wy,
Wl:%(w0®w3—w1®w2—w2®w1+w3®w0),

W = £(wo ® wa + 2w ® w3 — 6wy ® wy +2w3 ® wi + wa ® wo) ,
Wi = t(w @ws—wr®ws — w3 ®wy + ws @ wy),
Ws=wr®@ws—2w3 @ ws + ws @ wy.

LEMMA 2.4, Let{v; | 0 <i <2} and{w; | 0 < j < 4} be the standard basis
of (12, V2) and (14, V4), respectively. Then the standard basis {w;. | 0 < j < 4} of the
irreducible t4-isotypic component in T2 @ 14 is, up to constant multiple, given by

wo = vo @ w; — v @ wo,
w) = %(3vo®w2—2v1®w1 — vy ® wo),
wy = %(vo®w3—v2®w1),
wy = %(vo®w4+2v1 ® w3 — 312 @ wy),
wy =V @ w4 — V2 @ W3.
2.3. The K-module isomorphism between pc and V4
We denote by pc the complexification of the orthogonal complement p of £ with re-

spect to the Killing form, on which the group K acts via the adjoint action Ady.. Note that
E;; and E;; + Ej; are considered as elements in p. We set H;; = E;; — Ejj fori # j.

LEMMA 2.5 ([5, Lemma 2.2]). Via the unique isomorphism between V4 and pc as
K -modules we have the identification

wo = —2{Hy3 — ~—1(E23 + E32)} =: Xo,
wi = V=1{(Ei2 + E21) — V=1(E13 + E3))} =: X ,
wy = 3(Hpz + H3) = X2,
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w3 =~ —1{(E2 + E21) +v—1(E3 + E31)} =: X3,
wy = —2{H3 + v —1(E2 + E3)} =:X4.

2.4. The elementary functions on K
Let us consider the tautological representation of K: k — (s;j(k));<; j<3. Then we
have 9 functions s;; (k) on K. For each fixed 7, the space generated by {s;1, s;2, 5;3} defines a
representation of K isomorphic to 17 in Lz(K ). Since 14 < 12 ® T2, we want to investigate
the quadratic polynomials in s;; to obtain a natural K-monomorphism 74 < L*((M; N
K)\K).
By inspection, the left (M N K)-invariant quadratic functions in s;; are generated by
t), (k) i= s14(k) - s1p(k) + 524 (k) - 525 (k) ,
tap (k) := 534(k) - 535 (k) .
Since t; » (k) + tap(k) = 8ap (8up being the Kronecker delta), it suffices to consider 6 func-
tions {fab(k)}1§a,b§3- Moreover 22:1 44 (k) = 1 implies that

dimc Z Ciapy /Cfo <5.
lga,b§3

Here fo = 1 on K is a natural generator of tp. To have the standard basis, we recall that
vo =V —1(s32 — vV —1s33) := fr0,
vl = $31 = fo1,

v =V —1(s30 + v—1s33) := fo2

generate a K-module isomorphic to 13 in Lz(K ) with standard basis {vg, vy, v2}. Notice
that there is the decomposition 2 ® 72 = 74 @ 72 D 0.

LEMMA 2.6. The standard basis {wy | 0 < k < 4} of 14 — Lz((Ml N K)\K) is
given as follows:

wo = {V/=1(s32 — V= 1533)}* = 533 — 53, + 2v/— Ls32533 =t fao,
wi = v/ —1(s32 — V= Ls33)s31 = 531833 + v —Ls31532 =: fa1,
wy = —3(H s+ 353 =325 —sh—sh) = fao,
w3 = 5317V —1(s32 + V= 1s33) = —s31533 + V= L3153 =t fa3,
ws = {vV—1(s32 + vV~ 1533)}* = 533 — 53, — 2/~ Ls32533 =1 fa4.
REMARK 2. The values at the unity e € K of f4 i are given by
(fa0(e), fa1(e), faa(e), faz(e), faa(e)) = (1,0,—%,0,1).
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3. The (g, K)-modules structures around the minimal K -types

3.1. The K -types
The representation space of (o7, v1) is isomorphic to

L2 (K)={f € LX(K) | f(mk) = o1(m)f (k) forallm e MN K, k € K}

as K-modules and we have a Hilbert space direct sum decomposition of K-modules:

o _
D=0 Tam if o1 =1p,,

—~00

L} (K)= _
@m:0t4m+2 if o1 = dE:tM1 .

3.2. The eigenvalues on the (g, K)-modules structures around the minimal K -types

Hereafter the action of X € g via the representation 7 on the vectors fs x is denoted
by X f4 ; omitting the symbol . Firstly we recall the Iwasawa decomposition of elements
in p.

LEMMA 3.1. The five elements Hy3, Hp3, Eijj + Ej; (1 <i < j < 3) ofp have the
following Iwasawa decomposition:

Hijj=0+H;; +0, E;j;+E;=2E;+0+(—K;j)

with respectto g =n @ a @t (a = Lie(A)).

LEMMA 3.2. The actions of the elements in € are given by

Kiafoo=v—=1f21, Kiz f2.0 = f21, K fro=—v—1f20.
Kiafo1 = @(fz,o + £.2), Kizfor=3(fr2— f0). Kufr1=0,
Kinfro=v—=1f1, Ki3fa2=—fa1, Kifr2=v—1f2,
in t. Similarly in T4 we have
Kizfao =2vV=1fs1, Ki3fa0=2fa1, K23 fa0 =2vV—=1fa0,
Kiafan = @(3]?4,2 + f40), Kizfa1 = %(3f4,2 — f3.0), Kafa1=~—1fs1,
Kifio=v=1(faz+ o). Kizfsz = fasz— far, K23 fa2 =0,
K2 fa3 = @(ﬁm +3f42), Kizfas = %(f4,4 —3f12), Knfiz=——1fs3,
Kiofaa=2v=1f13, Ki3fa4=-2f43, K3 faa=2vV~1fsa.

3.2.1. The spherical case.
PROPOSITION 3.3. Define aset {f;, | 0 <k <4} by
fz{,k = ka0~

Then it is a standard basis in t4 — Hy, and we have

fax=—01+p)fax O<k=<4).
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Proof. From Lemma 2.5, {fé{ ¢ | 0 < k < 4} is a standard basis in 74. In particular,
there is a common scalar A such that fé{’ ¢ = Mak (0 < k < 4). To find the scalar 2, it
suffices to compute the values fé{ o at the identity e € K. Since K23 fo = 0 and E23 fo =

0, we have fé{’o(e) = —2H»3fp(e). Note that Hyz = %diag(l, 1, —2) mod mj to get
Hys fo(e) = %(ul + p1). Hence fi’o(e) = A = —(v1 + p1) as desired. O
Similarly we can prove the following:
PROPOSITION 3.4. Define a set {fzﬂk |0 <k <4}by
fao=X2fa0—2X3fs1+ Xafa2,
fi = %(X3f4,o — Xafa1 — X1 fa2+ Xofa3),
fiy = (Xafa0 +2X3fa1 — 6Xafao +2X1 fa3+ Xofaa).
fis= Y Xafan — Xafao — Xafaz + X1 faa),
foa=Xafa2—2X3fs3+ X2 faa.
Then it is a standard basis of the unique t4-component of the K -module p - T4, and we have
i = §V1f4,k O<k<4).
3.2.2. The non-spherical case. As in Proposition 3.3, we can prove the following:
PROPOSITION 3.5. Define a set {fz,k |0 <k <2}by
Pk = Xir2 2.0 — 2Xi41 o1 + Xi fo2 -
Then we have
fk=ufk 0=k=2).
Since there exists no K-type 74 in 7 for the non-spherical case, we obtain the follow-
ing:
PROPOSITION 3.6. We have
X120 — Xof21 =0,
3X2f2,0 —2X1 /2,1 — Xof22 =0,
X3/2,0—X1/22=0,
Xaf20+2X3/21 —3X2/22=0,
Xafo1 —X3/22=0.
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4. Whittaker functions

4.1. The Whittaker realizations of the (g, K)-modules structures around minimal
K -types

The computation of Whittaker realizations of representations of G is done by using
the Iwasawa decomposition X = Xy + X4 + Xk of an element X € g with respect to
g = n® a @ £t Here we recollect the formulae of A-radial parts of the actions of some
standard elements in a and n. The £-action is given in Lemma 3.2.

We use the coordinates y; = aj/az, and y, = az/az = alag for an element a =
diag(ai, az, a3) of A, corresponding to the simple roots, and the associated Euler operators
are denoted by 9; = y; j—v (i=1,2).

LEMMA 4.1 ([5,Lemma4.1,4.2]). Let ® be an element ome-Indg ), and @4 =
D4 (y1, y2) its restriction to A. Let ps(X) be the A-radial part of an operator X € a @ n.
(i) pa(Hi2+ Hi3)®Pa = 301Pa and pa(H3)Pa = (=01 + 232)Pa.
(i) pa(E10)®a = 2mv/=lciyi®Pa. pa(En)Pa = 21v/—lc2ya®a. and
PA(E13)®PA = 0.

4.1.1. The spherical case. Let I be a nonzero Whittaker functional from the spherical
degenerate principal series 77 (1, v1) to C W-Indlc\;, W), i.e., let

0 # I € Homg g)(m(1y,, v1), C™-Ind§ (¥)) .
For the K -fixed vector fy and the functions f4 x (0 < k < 4) defined in Lemma 2.6, we set

wo(a) :=1(fo)la(a), @ai(a):=1(fsr)lala) (a€A).
Then we have

PROPOSITION 4.2. If we denote by ¢4 := (94,0, 94,1, 94,2, P43, P4.4), the func-
tions @o and @4 satisfy the system of the following partial differential equations:

1
(W1) —5 01+ p) s = (A, =2meryr, 01, —2meryr, Ay) o,
2
(W2) Moy = FV104
where the matrix differential operator M is
2001 —1) 81yl 2A_ 0 0
—2mciy; —@—1) 211y A_+1 0
(A4 +2) —fmey 2@ -1 —3may 3(A-+2)
0 Ar+1 2mwc1yl —(1—1) —2mc1y1
0 0 2A4 8me1yr 2001 —1)

and
Ai = 31 - 232:|:47TCzy2 .

Proof. 'We apply Lemmas 3.1, 3.2 and 4.1 to Propositions 3.3 and 3.4 to get (W1)
and (W2), respectively. m|
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4.1.2. The non-spherical case. For nonzero element I in Homg, g (7 (detyy,, v1), C°°-Indg )
and the functions f> x (0 < k < 2), put
k(@) ;= 1(f2,0)lala) (a € A).
Then the Whittaker realizations of Propositions 3.5 and 3.6 are given as follows:

PROPOSITION 4.3. Under the same symbol Ay as in Proposition 4.2, we have

o —1— %vl 4mcryy A_+1 ©2.0 0
(W3) —2meiyr =20 — 1) —3v —2mery wmil=10],
Ay +1 4mcryy Jd—1— %vl 92,2 0
2mc1yl A_ 0
301 — 1 drciy; —(A—+1) ©2.0 0
(W4) 2meryi 0 —2rciyn 1| =10
—(Ay+ 1) dmweayr 301 —1 $2,2 0
0 At 2mc1y1

4.2. The determination of the solutions o and {¢2 «}x=0,1,2)
From now on we assume that v; + p; # 0.

4.2.1. The spherical case.

PROPOSITION 4.4. Modulo the equation (W1), the system (W2) is equivalent to
the following equations:

(A) (4meayn) (31 — $v1 — $)go =0,
(B) {01 — vi — D(=81 +280) + Qre1y))eo =0,
(Cs) Qre1y) (23, — 1+ fvi £4mweayr)po =0,
(D) {=81(301 — 3+ v1) + (=31 +282)% — 2(=3; +2)
+2Qre1y)* — (4meay2)* oo = 0.
Proof. Replace the vector ¢4 in (W2) by using (W1). O

LEMMA 4.5. Ifcicy # 0 (the non-degenerate case), the solution ¢q of the equa-
tions in Proposition 4.4 is trivial, i.e., oo = 0.

Proof. It is immediate from (A) and (B). O

Thus we have to consider only “degenerate cases™ (I) ¢y # 0, c2 = 0, (II) ¢ =
0, ¢ #0,and (III) ¢c; = ¢ = 0.

The case (I): The equation (C) implies po(y1, y2) = Co(y1) - y; /"7
function Co(y1) in y;. Then the equation (D) leads

d vy 1 d Vi 2
= 1 4+l )-c Co(y1) =0.
{(yldyl 5 2) (yldyl + 3 ) (2meryr) } o(y1)

with some
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If we put Co(y1) = y; V1/1243/ 460()11), the above equation is reduced to Bessel’s differen-
tial equation and therefore we get

Coyn) = CKy(, _py@rlerly) + C'Iy, _y@mlerlyn) -

The case (II) can be similarly done.
The case (III): The equations (A) and (C) tell nothing. By (B) and (D), we have a
system of partial differential equations with constant coefficients:

(31 — gv1 — (=31 +232)p0 =0,
{—01(391 — 34+ v1) + (=31 +282)% — 2(—31 +232)}po = 0.

We can readily find that this is a holonomic system of rank 4 with regular singularities along
the divisors y; = 0 and y» = 0 of normal crossing at the origin (0, 0) and the fundamental
solutions are
1 1 1 1 1 1 1 1 1
—zvi+1l —zvi+5 V145 v+l zV1+5 —zVi+5
17 y13 y26 2’ y16 2y23 , y16 2y26 2
Summing up the computations above, we have the following main result for the spher-
ical case.

THEOREM 4.6 (Multiplicity-free theorem). We have the following A-radial part
wo(y1, ¥2) for Whittaker function belonging to the spherical degenerate principal series:
(i) If the character Y € N is non-degenerate, i.e., cicy # 0, then @o(y1, y2) is

identically zero.

(i) Ifc1 #0, ca =0, we have

ot} e /

vo(y1, y2) = ¥ Y2 (CK%(UI_I)(2ﬂ|61|y1)+C 141_‘(1,1_1)(27T|61|y1))-
In particular, the unique solution of moderate growth at infinity is given by C' =
0 in the above.

(i) Ifc1 =0, c3 # 0, we have

1,1
sVita

1 143
wo(y1, y2) = Y1 yzlz N (CK%(V1+1)(27T|C2|)}2) + C/I%(,}l+1)(277|6‘2|y2)) .

In particular, the unique solution of moderate growth at infinity is given by C' =
0 in the above.
(iv) Ifci = ¢ =0, we have
1yl 1,01 Lypl 1,01
<p0(y1, yz) =C- 1+ C/(y%yZ) gV1t3 + C//(yly%)6v1+2 + C(3)y16\)1 2y2 eV1T7 .
4.2.2. The non-spherical case. We can determine the vector of Whittaker functions
{920, ¥2.1, ¥2,2} by solving (W3) and (W4). The precise is left to the reader.

THEOREM 4.7 (Multiplicity-free theorem). We have the following A-radial part
o = 21, y2) (k = 0, 1,2) for the Whittaker function with the minimal K -type 12
belonging to the non-spherical degenerate principal series:

(i) If the character € N is non-degenerate, i.e., cicy # 0, the vector of functions
(92,0, ¢2.1, 92.2) is identically zero.
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(1) Ifc #0, ca =0,we have 92,0 = ¢2,2 and

P2.0(y1,¥2) | _ *ﬁ%%y*évw%
2,131, ¥2) ! 2

{ ( Ki, _2Q@mlcilyr) ) ( Iy, _2Q2mleily1) )}
x1C a¥173 +C’ V173 .
—sgn(c)K 1, 1 @rlerlyn) —sgn(enl, 1 2mleilyr)

In particular, the unique solution of moderate growth at infinity is given by C' =
0 in the above.

(iii)) Ifc1 =0, c2 # 0, we have 3,1 = 0 identically and @2 o = %((p+ +o_), g2 =
3oy — ) with

o+ (y1, ¥2) :yéw+%y1‘7m+%
o—(y1, y2) 1 2

K%(U1+3) (2m|caly2) , I% v143) Q2m|caly2)
x1C +C .
sgn(cz)K%(vl,l)(ZnIczlyz) SQ”(CZ)I}—‘(UIA)Q”|02|y2)

In particular, the unique solution of moderate growth at infinity is given by C' =
0 in the above.

@iv) Ifci = c2 =0, we have

, 1 1
Z?gi ﬁi SO R Rl ) e RAER el I
02,231, ¥2) 1 -1

0
+C”y1_%vl+1y2_é”'+% 1
0

5. Generalized Whittaker functions

5.1. The generalized Whittaker realizations of the (g, K)-modules structures

The action of n on the space of C°°-vectors, i.e., on the Schwartz space S is described
as follows:

LEMMA 5.1. Via the Schrodinger representation, the operators E12, E23 and E13
innacton S(R) C L*(R) as follows:

d
Eif(s) =2nv/=1cf(s), Enf(s) = %f(S),

Ex3f(s) = 2n/—1c(s +m) f(s)
for f € S(R).

By the parameter shift s — s — m the case of general m is reduced to the case m = 0.
From now on we assume that m = 0.



Generalized Whittaker functions 199

5.1.1. The spherical case.
PROPOSITION 5.2. We use the same symbol o and @4 for the radial part of the
generalized Whittaker functions as §4.1.1. Set

0
Ly =01 —20Ltdmcyrs, Axr= y18_ +2mcyr1ys.
s

Then we have

1
(GWl) _E(vl +p1)(p4 = t(Lfv N4 _1A+s 817 \4 _lAfs L+) @0 »
2
(GW2) Moy = FRRALE
with
2000 — 1) —4/-1A4 2L _ 0 0
v=1A_ —(1 -1 —v—1A4 (L-+1D 0

M=|3Li+2) 3/-TA- 20 -1 3/-14;y IL_+2)
0 Li+1 —J/=1A_ —@1—=1) /—=1A4
0 0 2L, —4J=TA_ 20 —1)

5.1.2. The non-spherical case. Here are generalized Whittaker realization of the formulae

in Propositions 3.3 and 3.4.

PROPOSITION 5.3. Let I be a nonzero generalized Whittaker functional. Then, un-
der the same symbols Ly and A+ as in Proposition 5.2, we have the following system of
differential equations for three functions ¢ = 1(f21)|a (k =0, 1, 2):

d— 2 —1 —2/—14A L_+1 ©2,0 0
(GW3) VETAL 2@+ - VETAr [ e [ = (0]
Ly+1 —2J=1A_ ) —3v —1) \¢22 0
V=1A, —L_ 0
30 — 1 —2J=1Ay —(L_+D| (¢20 0
(GW4) A_ 0 —Ay mi|=10
—(Ly+1) —2—-TA_ 38 —1 2.2 0
0 —L4 V=1A_

5.2. Explicit formula for the generalized Whittaker functions
5.2.1. The spherical case. By Proposition 5.2, we have the following:

PROPOSITION 5.4. Modulo the equation (GW 1), the system (GW?2) is equivalent
to the following equations:

(A) [20; — 1 — $v1)(@1 — 282) + 2yT{(2)* + Qmey2) Yo = 0,
(B) @mey) (201 — 1 — dvps — 297 2100 = 0,
(©) Y1QRrey) (@1 — d + 5+ gvi +52)p0 =0,

(D) yi{(@ — 3+ tv) L — Qmeyn)’stpo =0,
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(E) 2yT{(2)? — @rey2)?} + 30 — 1+ 1v1)dy
— (3 — 282)% — 2(3) — 282) + (dreyas)lpo = 0.

PROPOSITION 5.5. Ifwe put go(y1, 23 8) = y; /T2y 7O 20051 yas s), then
the system in Proposition 5.4 is reduced to the following:

® 8(ay%> - %}% =0

© ylzz%(ay%) +SZB?SZ) _ygg(@y%) i mil}% =0
D) % T (nc)z}wo o,

) %y%) 38%) - (716)2}1#0 0.

Let us solve the above system. Apply the Euler operator B(V%) = y%ﬁ to (C’) and
7 Y2
utilize (D’) and (F’) to get

vi+1
{afy%) - <T>a(y;) — (wey2)*Of + sz)}wo =0.

Set Yo = (y%)é(‘““)lﬁo . Then we have

() + o) [0

Here we used 8(),22) = %82. Thus the solution lﬁo (y2; y1, §) can be written as

C (yls s) KAIT(VH_I) <27T|C|y2\/ y12 + Sz) + CZ(yls s) I%(UH_]) (27T|C|y2\/ y% + S2> .

Here C;(y1, s) (i = 1, 2) are functions in y1, s. In view of (B’), C;(y1, s) should be of the
form C; (yl2 + sz) with one variable function C; (¢). From (C’) we have

d Ci(t) = ! 1t C;
ar 1(l)——§(vl+ )t Ci(t)

and therefore we obtain the following:

THEOREM 5.6 (Multiplicity-free theorem). We have the following A-radial part
©o(y1, y2; 8) for the generalized Whittaker function belonging to the spherical degenerate
principal series:

1
7+D
v+l %Vﬁ%( 2 )4

oLy ) =y *y
,/y%+s2
X {CK}_‘(WH) (271|c|y2,/y12 +s2> + C/Ii(uwl) (271|c|y2,/y12 + s2>} .



Generalized Whittaker functions 201
In particular, the unique solution of moderate growth at infinity is given by C' = 0 in the
above, up to constant multiple.

5.2.2. The non-spherical case. In the same way as in the spherical case, we can show the
following from (GW3) and (GW4):

THEOREM 5.7 (Multiplicity-free theorem). We have

1 1 9
©2,0001,¥2;8) = = < s + 1) ©(y1, 25 5)

2 ZJICVZ
( ’ ’ ) ( ’ ’ )!
(pz’ ) (p y Y2, §
y y 471C\/—1 yZS as

1 1 0
) ) == ——1 ) 5 5
©2.2(y1, y2; 5) 5 <2ncy2 o5 )(P(yl ¥2;8)

with
1
ll) +l *ll) +§ b} K(Vl_l)
Oy s) =y Ty, O 2<7)
\/ylz + 52
x {CKAIT(UII) (2”|C|y2v i+ 52) +C'yg, (27T|C|y2\/yf + s2>} .

In particular, the solution with moderate growth condition when y1, y2 — 00 is given
unique up to scalar multiple by C' = 0 in the above.

5.3. Another realization of Schrodinger representation and generalized Whittaker
functions
The change of polarization algebra from n; to

0 * =*
ny = 0 0 O
0 0 O

induces an intertwining isomorphism which is realized by the following Fourier transfor-
mation.

DEFINITION 5.8. For f € L%(R), set
X =F(H@) = / f(s)exp2n~/—1cst)ds (ds the Lebesgue measure) .
R

The integration by part, and the change of the order of differentiation and integration
imply that

fc(%f) :_(27T\/__1Ct).7:t(f)v %fL(f):fc(ZT[N/__lCSf)

Passing to the differential vectors in the dual L?(R), we have the following:
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LEMMA 5.9. Under the above realization of the Schrodinger representation with
respect to ny, the action of an element in n is given by

Eif*(t) =2n/—1cf*(t), Enf*@t) = —2nv/—Lctf* @),

d
Exf*(t) = — f*(t
B f70) = f70)
for f* € S(R).
PROPOSITION 5.10. For the A-radial part ¢y of the generalized Whittaker function

given in §5.1.1 and §5.2.1, set ¢*(t) = Fc(@o). Then the system of partial differential
equations for ¢* is obtained from that of @o by the replacement of the symbols:

yi < Y2, Vi< -V, S—=t, Ly« L_.
Therefore ¢*(t) = ¢*(y1, y2; t) with moderate growth property is

H=v1+1)
bk —ped [
Cy

/32 4 42
| Y, 272 Ki(—v;+l)<2”|c|y1 y2+t>
Y5+t

with some constant C.

To determine the constant C we utilize the following formula ([2, 6.726.4, p. 730]):

+v, 2 23Fiv /12 2 J
o (x 4+ B)T2YK <a X +ﬂ>ex( —1xy)dx
= V2T () + oK <ﬁ »? +a2>

for Re(a), Re(B) > 0. Take the upper sign in the above formula. Then, by the change of
variables

1
x =+2mcs, y=+2mct, a=~2mcy,, B=+2mcy, v:Z(vl—i—l),
we have C = |c|_%,i.e.,

L+
/ 2 Kl(v+1)<2n|c|y2,/yf+s2)exp(2m/—1cst)ds
R\ /y2.1 2 4t
yl +s

F(=vi+1)
1 y
2 !

/42
e K%(_V1+l)<2n|c|y1 Yy + t2> .
NA )

5.4. Generalized Whittaker functions with respect to maximal parabolic subgroups
The unitary characters of the abelian unipotent radical N1 = {n(0, x13, x23) | x13, X23 €
R} of the maximal parabolic subgroup P; of G are exhausted by

Xe,d : n(O, X13, x23) = exp{27r\/ —1(cx13 + dx23)} (C, d S R) .
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The unitary induction Ind%1 (Xc.q¢) from Np to N gives a Schrodinger representation ¥ of
N. Then by the transitivity of the induction, we have

Hom(g &) (7, Ind§ (%)) = Hom(q k) (7, Ind§ (xc.a)) -

Therefore we have a result analogous to Theorems 5.6 and 5.7. More precisely we can
show the following:

THEOREM 5.11. Fix the double coset decomposition
G = N1B1K
with
By ={n(s,0,0) |seR}-A.
Then for a non-zero intertwining operator I e Homg k) (7, Indlc\;,l (Xc.d)) the Bi-‘radial’

parts @ (y1, y2; s) of I (fo) or i(f*,k) (fo € m(py, v1) or fux € m(dety,, v1)) are given
by the functions in Theorems 5.6 and 5.7 with the replacement s — s + d/c.

6. Fourier expansions

Let us review some of the immediate implications of the local multiplicity-free the-
orems 4.6, 4.7, 5.6, 5.7 and 5.11 in the previous sections for the Fourier expansions of
automprphic forms on I'\G (I" = SL(3, Z)) belonging to the spherical degenerate princi-
pal series representation of G = SL(3, R).

6.1. General forms of Fourier expansions
Analogous situation was, probably firstly in the literature, legitimately investigated by
Ishikawa [4], and later extended to some important and fundamental cases by Narita [6].

6.1.1. Fourier expansion along the maximal parabolic subgroup P;. Let F be a right K-
invariant automorphic form on I"\G whose right G-translations generate a (g, K )-module
isomorphic to the spherical degenerate principal series 7 (144,, v1). For

n1 =n(0, x13, x23) € Ny,

a = (y1y5) "' diag(y1y2, y2. 1) € A,

by =n(x12,0,0)-a € By,
the function F'(n1b1) in the variable n; is periodic under the lattice I" N Ny in N1. Hence
by Theorem 5.11, we have the Fourier expansion:

Fub) = Y Funymy) B Ximymy) (1) ,
(my,m3)eZ?
where F{;;, ;) are functions independent of the variables x13, x23. The nature of each term
F(n,,m) 1s different depending on the value of the parameter ¢ of the central character.
If m3 = 0, then F, 0)(b1) is periodic in x12 modulo Z, hence
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Finy,00(b1) = Z Fonymy,00(@) exp2r v/ —1m1x12) ,
m1€Z
with functions F;, m,,0) depending only on @ € A. By the equivariance property of
Fin,,m,,0) With respect to N, we have

Fonymy,00(@) = €(ny,ma,0)(F) Winy ma) (@) (Conyumy,00(F) € C),

where Wy, m,)(a) is the radial part of the degenerate Whittaker function associated with
the character:

n(x12, X13, X23) = exp{2r~/—1(mx12 + max23)},

which is specified by Theorem 4.6.
If m3 # 0, by Theorem 5.11 we have

Fiony,my)(01) = Cng,my) (F) GWiy (01, y2; X12 + ma/m3)  (Cony,my) (F) € C).

Here the function G W, is the radial part of the generalized Whittaker function in Theorem
5.6. Summing up, we obtain the following:

PROPOSITION 6.1. The Fourier expansion along P is of the form
4
F(niby) = ZC(O,O,O)J(F) Wi(y1, y2)
i=1
+ > Cmy.m2.0)(F) Wiy mp) (15 y2)
(m1.m2)€Z\((0,0)}

mymo=0

x exp{2r v/ —1(m1x12 + max23)}

+ Z Z Cma,mz)(F) GWiy (V1, ¥2; X12 + m2/m3)
m3 EZ\{O} szZ

x exp{2m v/ —1(max23 + m3x13)} ,

with Fourier coefficients ¢,0,0),i(F), Cimy,mp,00(F) and couymy)(F). Here W;(y1, y2)
and W, .my) (Y1, ¥2) are the radial parts of the moderate growth (degenerate) Whittaker
functions;

1 1
6V1+7
)

Wiy, y»2) =1, Wa(yi, v2) = (fy2) ™
1

1 1 1
sV1T2 ~eVit2

Way1, y2) =y, Y2 )

1 1
LA

Wi(y1, y2) = (3153
~n+] ~dned .
Y1 Y2 K%(vlfl)(277|ml|)’1) if mi #0andmy =0,
Winy,my) (1, ¥2) =

Lyl 1,43 )
v Ky @ulmalys)  if my=0andma #0,

and GWy, (v1, y25 8) = GWys (31, y2; 55 V1) is the generalized Whittaker function



Generalized Whittaker functions 205

GWyy (¥1, ¥2; 83 v1)
T+

1 11 1

sVItT: —gVity y2 /

= y16 2y2 ° : K%(ul—i-l) (27TIM3|y2 yf +S2> .
2 2

VYT TS

Note that the function F (n1b1) in the variable n is invariant under N N I". Then we have

LEMMA 6.2. Ifm3 # 0, then we have cimymy)(F) = Cauymy(F) if my = '
(mod m3).

6.1.2. Fourier expansion along the minimal parabolic subgroup Py. Now we can regard
our Fourier expansion along Pj as that along the standard minimal parabolic subgroup Py
of G. Similarly as [6, Theorem 9.2, p. 575], we introduce Whittaker-theta series:

DEFINITION 6.3. Forc # 0and m € Z, set
Ou(n1b1) = Ou(y1, y2; X12, X23; V1)
1= GWe(yr, yai xi2 +m/c + ki vp) exp2v/=1(m + ch)xzs)
keZ
Then the Fourier expansion of F(n1b1) along Py is written as follows (cf. [6, Theorem

9.6]):

PROPOSITION 6.4.
4

F(nib)) =Y ¢(0.00).i(F) Wi(y1, y2)
i=1
+ Z Cmy,mp,0)(F) Wony my) (V15 ¥2)
(m1,m2)€Z7\{(0,0)}

mymy=0
x exp{2m /= 1(m1x12 + max23)}
+ Z Z COmy,mz) (F) Oma (¥1, y2; X12, X235 V1)
m3€ZN0} myeZ/m3Z "3
X exp(2n«/—_1m3x13) .
6.1.3. Poisson summation formula with displacement. This is a preparation for the next

subsection. Let R* be the Pontriagin dual of R. For ¢ € S(R) and ¢* € S(R*), we set
(0a@)(s) :=@(s +a) (a€R),
(p*)(1) =™t +b) (beR).

Then we immediately have

exp(—2m+/—1 cat)t(Fe(p)) = expr~/—1 cab) Fo(oq4¢ - exp(2r~/—1 cbs)) .

Apply the Poisson summation formula for the pair of the mutually dual variables (s, #).
Then we have
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exp(2n«/—_10ab) Z pla+k) exp(2n«/—_10bk)

keZ

B S (A I E A

leZ
We may call this the Poisson summation formula with displacement. Now we change the
parameters by

m
ar—>xp+—, b x3.
C
Then the above formula yields

m
exp(2r v/ —1cx12x23) Z <p<x12 + = + k) exp{2r v/ —1 (ck + m)x23}

kel
N l m
:Z(p x23+z expy —2nv—1 x12+? ly.
leZ

. _1 . .
Since we have GW} (y1, y2; x12; v1) = |c|"2G W (32, y1; x12; —v1) in §5.4, in terms
of Whittaker-theta function, we can write this as follows:

PROPOSITION 6.5. Forc #0andm € Z,

exp(2 v —1 cx12x23)Om (y1, y2; X12, X23; V1)
_1 ml
= c| 72 Z exp —27“/—17 1 (y2, y15 X23, —X12; —V1) -

IeZ/cZ

This formula is applied to have a relation between the Fourier expansions with respect
to P; and P, in the next subsection.

6.1.4. Comparison with Fourier expansion along P>. A main result of Narita [6] is to
compare the Fourier expansions along various maximal parabolic subgroups utilizing the
most ‘rough’ Fourier expansion along the minimal parabolic subgroup. We can do similarly
in our case, to compare the Fourier expansions along P; and P, with

* % %
Py = 0 *x x]eG
0 % =x

But there appears a new feature here, i.e., the Poisson summation formula. As in §6.1.1,
the Fourier expansion of F along P, is given as follows:
PROPOSITION 6.6. For

{ ny = n(x12, x13,0),
by = n(0, 0, x23) - (y1y3)~3diag(y1y2, y2, 1),
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we have a Fourier expansion along P»:

4
F(naby) = Z €(0,0,0,i (F) Wi(y1, y2)

i=1

+ Z Cmy,m,0)(F) Wonymy) (V1 ¥2)
(m1,m2)€Z*\{(0,0)}

mymy=0

X exp{2m v/ —1(=m1x12 4+ m2x23)}

+ Y Gmpmsy(F) GWany (v2. y1: x23 + mi /m3; —vy)
m3€Z\{O}m1€Z

x exp{2m v/ —1(—mix12 + m3x13)},
with Fourier coefficients €0,0,0).i (F), Cin,.m,,0)(F) and Cn, ms) (F).

By applying Proposition 6.5 to the last term in Proposition 6.1 and comparing with
Proposition 6.6, we obtain the following:

PROPOSITION 6.7. Form3 # 0,

_ _ mimj
Comymy) (F) = [m3| ™12 " c<m2,m3)<F>exp(‘2””‘1 )

m3

my EZ/m3Z

6.2. The case of the Epstein zeta function

In this section we discuss the Fourier expansion of Epstein zeta function in our formu-
lation of Fourier expansions. The statements themselves are nothing new, but historically
speaking this was the original problem.

Let Z(s, Y) be the Epstein zeta function of degree 3

1
Z(s,Y) = 5 Z (mY'm)™.
meZ3\ {0}
Here Y = ¢g'g with

yiy2 y2Xxi2 X3
—1/3_.-2/3
g:yl/yz/ y2 x3 | €G.
1

It is known that Z(s, Y) converges absolutely for Re(s) > 3/2 and is continued to a mero-
morphic function of s and satisfies Epstein’s functional equation

) T (s)Z(s,Y) = (detY)—ln—(%—”F(% -9ZG -5, Y.

The Fourier expansion of Z(s, Y) is given by Terras [10]. We refer [10, Theorem 1] with
(n1,n2) = (2, 1) (resp. (1, 2)) to get the Fourier expansion along P; (resp. P>):
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PROPOSITION 6.8. Under the notation in Proposition 6.1 with vi = 4s — 3, Fourier
coefficients c.(s) = c«(Z(s, Y)) are given as follows:

I'is—1
€(0,0,0),1(8) =0, €(0,0,0),2(8) = %((23 -2),
I'(s—1/2
€(0,0,0),3(8) = ¢(2s), €(0,0,0),4(s) = %EQS -1,

s

2"
Cimy.0.0)(8) = mwul—‘?ozsfzqmm (m1 #0),  COm.0(s) =0 (my#0),

—s+1/2

ns
c0.m)() =0, Cinymy(8) = ———|m3| o2s—1((Im2], Im3]))  (m2, m3 # 0),

I(s)
where o,(n) = de d" is the divisor function and (m, n) means the g.c.d of m and n.

PROPOSITION 6.9. Under the notation in Proposition 6.6 with vi = 4s — 3, Fourier
coefficients c.(s) = c«(Z(s, Y)) are given as follows:

€(0,0,0),i (8) = €(0,0,0),i(s) (1 =<i=<4),
\)

_ _ 27 _1
Cm1,0,00(8) =0 (my #0),  CO.m,,0(5) = mlmzls 201-25(lm2|) (m2 #0),

N

- - 4 —
COmy () =0, Conymy(s) = mlmﬂs Yo225((Im1l, Im3]))  (my, m3 #0).

REMARK 3. (i) The comparison of these two Fourier expansions along P; and P,
is equivalent to the functional equation (f).

(i) Fumihiro Sato [8] investigates Fourier coefficients of Eisenstein series with one
parameter with respect to SL(2n, Z) associated with the parabolic subgroup of type (n, n).

(iii) By using the result of Hiroshi Oda and Toshio Oshima [7], it seems to be possi-
ble to extend our results to degenerate principal series of SL(m, R) associated with maxi-
mal parabolic subgroup P, ,,—, (personal communication by T. Oshima).
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