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1. Introduction

Let C be a projective smooth curve of genus g defined over [Fy, the finite field of ¢
elements, where ¢ = p/ is a power of a prime number p. A. Weil proved that the zeta
function of C/IF, has the form

P(1)
Z(C[Fq, 1) = —————,
(I =0 —q1)
where P(t) is a polynomial with integral coefficients of degree 2¢ such that the constant
term is 1 and the leading coefficient is ¢9. Moreover he showed that if «y, . .., az4 are the

roots of P(t) then |¢;| = q’l/2 (thus | /\/q] = 1) fori =1,...,2g. We say that C is
supersingular if all the «; / ./q are roots of unity. This holds if and only if the zeta function
of C/Fn over a suitable finite extension Fy» of I, has the form

(1+4"1)%
(1= —q"t)
Although it is usually hard to obtain the explicit form of the zeta function, there is a

special class of curves whose zeta functions have been deeply studied. Let m > 1 be an
integer not divisible by p and consider the Fermat curve of degree m

Z(C[Fyn 1) =

Fp:x"4+y"+7"=0
defined over F,. It follows from the Davenport and Hasse relation ([12]) that the zeta

function of F,,, can be expressed using Jacobi sums. As a result, one can easily see that F,
is supersingular if and only if the following condition holds:

p'=—1 (modm) forsomei (1

For each triple of integers « = (a, b, ¢) suchthat0 < a,b,c <manda + b + c = m, let
Fy denote the projective model of the curve defined over IF, by the equation

V" = (= DU —u)?.
As is well known, these curves are dominated by the Fermat curve F;,. Therefore, if F;, is

supersingular, then so is Fy,. However, the converse is not always true. Namely, even if (1)
fails to hold, F;, can be supersingular.
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Given m and o, it is not hard to determine whether Fy, is supersingular or not because
a combinatorial criteion for Fy, to be supersingular is known (see Proposition 3.3). As an
example, we begin with a sufficient condition for F;, to be supersingular. To state it, for an
integer a, we denote by (a),, the integer such that 0 < (a),, < m and (a),, = a (mod m).
For two triples « = (a, b, c) and @ = (a’, b’, ¢’), we write @ ~ o if there is an integer
such that (m, t) = 1 and {a’, b’, '} = {{ta)m, (tb)m, (tc)m}.

THEOREM 1.1. Suppose that f is even and one of the following conditions holds:
() 4m, p/”? =m/2+1 (mod m),anda ~ (1, (p')m, (—2p’) ) for some integers
i, ]
(ii) There exist a divisor d of m and positive integers i, j such that
pi=1 (modd), p/=—1 (modd),

and & ~ (1, (=p')m. (p! = D)m).
Then Fy is supersingular.

However, it is not so easy to determine the set of the pairs (m, @) for which Fy, is
supersingular. If (a, b, ¢, m) = 1, we say that « is primitive. In this paper we shall exhibit
some examples of primitive elements « for which Fy is supersingular when condition (1)
does not hold. Our results mainly concern the following two cases:

(i) m is a power of a prime number.

(i) m = 3l or 4/, where [ is a prime number greater than 3.

First, we consider the case where m is a power of a prime number /. If [ is an odd
prime number, then it is known that f must be even. Since (Z/mZ)* is a cyclic group, this
implies that p//2 = —1 (mod m). Therefore (1) holds. Thus the following theorem holds.

THEOREM 1.2. Suppose that either m = 4 or m = [°, where | is an odd prime
number. Then Fy is supersingular if and only if condition (1) holds.

In the case of I = 2 and e > 2, the situation is slightly complicated since in this case
(Z)mZ)* is not cyclic.

THEOREM 1.3. Letm = 2¢ (e > 2) be a power of 2. Assume that p' # —1
(mod m) for any integer i and « is primitive. Then F, is supersingular if and only if « is
one of the following types.

QW) pP=m/2+1anda = (1, (p')m, (—=2p/) ) for some integers i, j > O such
that 1 + p' =2p/ (mod m).

() a1, (—p)m, (p' — D) for some integeri > 0 such that p' =1 (mod f).

In the case of m = 3[ or 4] with [ > 3 being a prime, we can determine when F is
supersingular. To state the results, let

Viim) = {x € (Z/mZ)* | x> = 1}
be the 2-torsion group of (Z/mZ)*. Then

(L tu) (=4,
Vl(m)_{{:lzl,:l:v} (m = 31)
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where u = m/2 — 1 = 21 — 1 and v denotes the element of (Z/317Z)* such that

_ 1 (mod 3),
S0 (mod ).

Let H be the subgroup of (Z/1Z)* generated by the class of p, and let H be the subgroup
of (Z/mZ)* generated by the classes of —1 and p.

THEOREM 1.4. Letm = 3l. Let o = (a, b, c) be a primitive element. Assume that
pl % —1 (mod m) for any integer i. Then F, is supersingular if and only if one of the
following conditions holds:

() If p//? = v (mod m), then one of the following assertions holds.

(I) p =1 (mod3) and either f =1 —1or f = (I — 1)/3. Moreover, if
f=U—-1/3,thena =b = c (mod 3) and {a, b, c} is a complete set of
representatives of (Z/17Z)* /| H.

2) a =~ (1, {(=p"Ym, (p" — V)m), where i is an integer such that p' = 1
(mod 3).

(i) If p//? = v (mod m), then one of the following assertions holds.

(1) a=b=c (mod 3) and either
(a) 3€ Hor
(b) {a, b, c}H is the subgroup of (Z/1Z)* of order 3 f and3 € {(a, H).

2) a=d, Wn, (v — D).

THEOREM 1.5. Letm = 4l. Let o = (a, b, ¢) be a primitive element. Assume that
p' % —1 (mod m) for any integer i. Then Fy is supersingular if and only if one of the
following conditions holds:
G Ifp!/’? =m/2 -1 (mod m), then p =1 (mod 4),a = b (mod 4) and one of
the following assertions holds:

1 f=I-1
2) f=U-1)/2,1=1 (mod 4) and{a, b} is a complete set of representatives
of (Z/mZ)* /H.

3) a1, (P, (=2p")m) for some integer i.
() Ifp/?>=m/2+1 (mod m), then either2 € H ora ~ (1,m/2 — 1, m/2).
(iii) FEithera =~ (1,31 —1,1) or (1,1 — 1, 31), and the following assertions hold:
(1) If2|la,then?2 € H.
(2) If4|a,then —2 € H.

2. Cyclic quotients of F,

In this section we recall some basic facts on the cyclic quotients of the Fermat curve
F,, over a finite field. Let u,, be the group of m-th roots of unity in the algebraic closure of
I, and put
G = (m X tm X ) /A,
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where A = {(¢,¢,¢) | ¢ € u} denotes the diagonal subgroup of w, X wy, X w,. We let
G, act on Fy, by the following manner.

(x:y:z)— @Gx:ny:§2)  ((5,n.8) €Gm, (x:y:2) € Fp).
Then the group
Zm=1{(a,b,c) € Z/mZ) |a+b+c=0}
can be naturally regarded as the character group of G,, by putting

a(g) =t 5 epm  (@=(a,b,0) € Zp, g=( 1.8 €Gp).
If « is primitive, then the homomorphism« : G, — Wy, is surjective and Ker(«) is a cyclic
group of order m.

Now for each o € Z,,, we define F, to be the quotient curve F,,/Ker(x). If o =
(a,b,c) € Z,, (a,b,c,m) =d and a + b + ¢ = m, then F,, is the projective curve in P3
defined by

™ =xY"7¢, X+Y+Z=0,
where m’ = m/d,a’ = a/d,b’ = b/d, c’ = c/d, and the natural surjection F,, — Fy is
given by
(x,9,2) — (X,Y, Z,T) = (xm’, ym” Zm” xa/yb’zc’) .

If weputo’ = (a’,b’,c’) € Z,,, then F, is isomorphic to F, . Therefore, we have only
to focus on primitive elements. Moreover, if two elements «, o’ of Z,, are identical after a
permutation of the components, we write @ ~ o’. It is then clear from the definition that
F, is isomorphic to F,» whenever a ~ o'.

Let o € Z, be a primitive element. Considering the affine plane Z # 0 in P? and
lettingu = —X/Z, v=—Y/Z, we find that F; is birational to the affine curve defined by
V" = (= DU —u)?.

Applying the Riemann-Hurwitz formula for the covering F,, — P! associated to the ratio-
nal function u on Fy, one can easily calculate the genus of F,:
m— (m,a) — (m,b) — (m,c)

One of easy consequences of this formula is the following.

PROPOSITION 2.1. The genus g(Fy) is positive if and only if none of a, b, c is zero.
This naturally leads us to consider the subset of Z,, defined by
Ay :={(a,b,c) € Z, |a,b,c#0}.

In order to calculate the zeta function of F;, or F,, we recall the definition of Jacobi
sums. Fix a multiplicative complex valued character y : IF;< — m(C) of order m. For
o = (a, b, c) € Z,, we define the Jacobi sum J, by

1
Ja=Ja(0=— ) x@UM'x@

x+y+z=0
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where the sum is over the triples (x, y, z) € (IE‘qX )3 satisfying x + y +z = 0. It is clear from
the definition that if & ~ o/, then J, = J,.

We define an action of Z/mZ on Z,,: Foru € Z/mZ and @ = (a, b, c) € Z,,, put

u-a = (a,tb,tc).
Clearly fora = (a, b, c) € ,, we have u -« € 2, if and only if ua, ub, uc # 0 (mod m).
Let
[al={u-a|uecZ/mZ, u-acAy}.

Then the cardinality of [«] is m — (m, a) — (m,b) — (m, c) + 2. Note that #[«] equals
29(Fy).

THEOREM 2.2. The zeta functions of F, /Fy and Fy /F, are calculated as follows:

(i) Let P(t) = Z(Fn/Fy, t)(1 —t)(1 — qt). Then P(t) is a polynomial given by

Py = [T A+ Jan).

acUy,
(ii)) Fora € Ay witha+b+c=m,let Py(t) = Z(Fy/Fy,t)(1 —1t)(1 — gt). Then
P, (t) is a polynomial given by
Py(t) = ]_[ (1 + Jgt).
Belal]
Jacobi sums satisfy the following properties.

PROPOSITION 2.3. Ifa € 2y, then |Jy| = \/q.
Proof. See [16]. O

We say that J, is pure if Jolf is real for some positive integer k. In other words, Jy is
pure if and only if J, = ,/q for some root of unity e. Theorem 2.2 then shows that Fy is
supersingular if and only if J, is pure and that F;, is supersingular if and only if J, is pure
forall o € 2,,.

PROPOSITION 2.4. pri = —1 (mod m), then Jo = *./q and in particular it is
pure.

Proof. For t € (Z/mZ)*, we denote by o; the element of the Galois group
Gal(Q(&m)/Q) such that £y = ¢!, Then JJ' = J;.o forany ¢ € (Z/mZ)* and Ju" = Jy.
It follows that J, belongs to Q(Z,,){°?’, the fixed subfield of the subgroup (o)) generated by
0. Therefore, if p' = —1 (mod m), then J; ' = J,. Since o_; is the complex conjugate,
this shows that J, is real. But, since |J,|> = g, it follows that J, = +./9. O

Conversely, it is known that if J,, is pure for any & € 2,, then p' = —1 (mod m) for
some integer i. Therefore we obtain the following

COROLLARY 2.5. Fy, is supersingular if and only if Condition (1) holds.
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3. Preliminaries

In this section we define a commutative ring R,, and submodules A,,, By, Dy, of Ry,.

First, we define R, to be the free abelian group over Z/mZ\ {0}. We write an element
of R,, as

o= Z cq(a) (cqa €Z).
aeZ/mZ\{0}
For simplicity we write (ay, - - -, a,) for Zf’:l (a;j). Next, fora, b € Z/mZ\ {0}, define the
product of (a), (b) € R, by the rule
(ab) if ab#0,

@®) = { 0 if ab=0.

Extending linearly this product, we define the ring structure on R,,. Let

An = {an(a) € R, ana :O}.

For any a € Z/mZ \ {0}, let (n%) denote the rational number such that 0 < (%) <
1 and m(%) = a (mod m). Let By, be the submodule of R, generated by elements
(a1, ---,a;) € Ry, such that

Z<ﬁ>=% vt € (Z/mZ)™).

4 m
i=1

We define D,, to be the Z/mZ-submodule of R, generated by (1, —1). Thus, D,, consists
of elements of R, of the form

(a1, —ai, -, ar, —ayr) (r e N).

It is then easy to see that D,, is contained in B,,. Indeed this follows from the relation

<£>+<‘7"> —1 (aeZ/mZ\{0).

m

Letv, = (1, p,---, pf_l) € R,,. The following two subsets of R, will be funda-
mental in the study of purity problem of Jacobi sums.

Bu(p) ={a € Ry | vpo € By} .
Thus an element (ay, - - -, a,) of R, belongs to By, (p) if and only if

r f-1 i
ZZ<”"I“’>:% (Vi € (Z/mZ)") . )

m
i=1 j=0
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In order to investigate the structure we define a map 74 : R,y — Ry, g for each divisor

d|m.
(p(m) —1 / .
1, -1 f , d ,
t4(a) = 3 p(m’) ld};ﬂ[)g)( ) [(@) Gf (m,a)ld)
pim/d
0 Gf (m, a) 1 d),

where m' = m/(m, a), a’ = a/(m, a).

Let C(m) be the character group of (Z/mZ)x and let C~ (m) be the set of x € C(m)
such that y (—1) = —1. Then the following proposition characterize the set B,, in terms of
charactersin C~(m). If x € C(m) and @ = ) c4(a) € Ry, we put

x(@) =) cax(a).
Let PC~ (m) be the set of primitive odd characters of (Z/Z)*.

PROPOSITION 3.1. Fora € Ry, we have a € By, if and only if x (t4(o)) = O for
any x € PC~(m/d) and for any d|m.

If [ is a prime divisor of m and la # 0 (mod m), we define the standard element
element o7 , by

+M g L8=bm N a2
a,a+—,a+—, ..., a+——"—,—la > 2),
d d l
Ola = m m
, —, —2a, — [=2).
(a a+2 a 2) ( )

If4a # 0 (mod m), we put

, m m
0. =|a, a+5, 2a+3, —da | .

Moreover, for x = (x1, ..., X)) € R, we put

r r
/ /
Ol x = E Ol,x; » O)x = 2 :02,x,- .
i=1 i=1

PROPOSITION 3.2. [fla % 0 (mod m), then 0;, € B,,. Moreover, if 4a # 0
(mod m), then 02/,a € By,.

Proof. See [2]. O

PROPOSITION 3.3. Let o = (a, b, ¢) be a primitive element. Then the Jacobi sum
Jo is pure if and only if o € By, (p), that is, vy € By,.

Proof. See [16]. O

Let
Um) ={t € (Z/mZ)* | x(t) =1 (Yx € PC™(m))}.
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If 4|m, we put u = m/2 — 1 and if ord3(m) = 1, we denote by v the element of (Z/mZ)*
such that

—1 (mod m/3).

Then for an integer m with orda(m) # 1 we have
{1} if 4tm and ordz(m) # 1,
{1,u} if 4|m and ordz(m) # 1,
{I,v} if 4Yfmandordz(m) =1,
{1,uv} if 4|m and ordz(m) =1.

From the relation (2) one can easily see that if J, is pure then f must be even. As for
the simplest case f = 2, the following theorem is proved in [5, Theorem 3.5].

THEOREM 3.4. Suppose f =2, p % —1 (mod m) and
m ¢ {12, 15,20, 21, 24, 30, 39, 40, 42, 48, 60, 66, 78, 84, 120} .
For a primitive element a, the Jacobi sum Jy is pure if and only if one of the following
conditions holds:
i) a ~ (I,w,—(1 4+ w)) and p = —w (mod m), where w? = 1,w #*= +1
(mod m) and, in addition, w # %5 + 1 (mod m) if 8|m.
(i) 4lmanda ~ (1,1,-2)and p="5 +1 (mod m).
(iii) 16|mando ~ (1,5 4+ 1,5 —2)and p =% — 1 (mod m).
(ii’) 8llmanda ~ (1,5 + 1,5 —=2)and p="7+1,% — 1,% + 1 (mod m).
In these four cases, we have

v = {1 (mod 3)

U(m) =

+p in the case of (i) and (iii) ,
Jo={Ex2)“p in the case of (ii),
+x(2) 7 _zap in the case of (iii’).

4. Proofs of Theorem 1.1 and Theorem 1.3

In this section we prove Theorem 1.1 and Theorem 1.3.

THEOREM 4.1. Suppose that f is even and one of the following conditions holds:
() 4im, p!? =m/2+1 (mod m), and a = (1, p', —=2p) for some integers i, j.
(ii) There exist a divisor d of m and positive integers i, j such that

pl=1 (mod d), p/ =—1 (mod m/d),

and a = (1, —pj, p-/ —1).
Then Fy is supersingular.

Proof. (i) In this case, we have

vpa =vp(l,1,-2).
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Since p//? =m/2 + 1 (mod m), it follows that
(L1, =2wp,=1,m/24+1,m/2 —2)v,
=,m/2+1,m/2=2)(1,m/2+ v,
=2(1,m/2+1, =2, m/2)v;, —2(m/2, m/2)v;, € By, .

Therefore @ € B, (p).
(ii) In this case, we have

(1, —=p', p' = D, = (1, =Dy + (p' = Dy,

Since p' — 1 = 0 (mod d) and p/ = —1 (mod m/d), we see that (p' — 1)v, € Dy,.
Therefore @ € D,,(p). This completes the proof. O

THEOREM 4.2. Letm = 2° (e > 1) be a power of 2 and suppose that o is primitive.
Then F, is supersingular if and only if « is one of the following types.

() o= (1, p', —2p’) for some integers i, j > 0 such that 1 + p' = 2pJ/ (mod m).

() a=(,—p', p' —1) for some integeri > 0 such that p' =1 (mod f).

Proof. Since the assertion is true for m = 4, we assume that m > 4. For simplicity
suppose that « = (1,a,b) with (m,a) = 1 and (m,b) > 1. Note that f is even and
pf12 £ —1 (mod m). Hence p//2 =m/2+ 1orm/2 —1 (mod m).

Case 1. First, suppose that pf/2 =m/2 — 1 (mod m). Then pf/2 = —1 (mod 4).
If f > 2,then f/2is even and p//2 = 1 (mod 4), which is a contradiction. Thus f = 2
and so p = —1 (mod 4). In this case, we have x(p) = 1 for any x € PC~ (m). Since
vpo € By, it follows that 1 + x (a) = 0 for any x € PC™ (m). Thereforea = m/2 + 1
(mod m),ande = (I, m/2 4+ 1,m/2 —2).

Case 2. Next, suppose that p//2 = m/2 + 1 (mod m).

Case2-1. If p=1 (mod4),then p=m/f + 1 (mod 2m/f) and we have

(p)={t e (Z/mZ)* |t =1 (modm/f))}.
It follows that x (v,) = 0 for any x € C(m) such that cond(x) > m/f, where cond(x)
denotes the conductor of x. Letd = (m, b) and b’ = b/d. Then
_ _ A0 e +a@hy Gf d < f),
T”%”‘{ﬂhm i d>f).
In the first case, we have 1 + x (a) +dx (b') = 0 forany x € PC~ (m/f). This holds only
whend =2,a =1, b’ = —1 (mod m/f). It follows that a € (p) and b € —2(p). Hence
« is of type (i).
In the second case, we have 1 + x (a) = O forany x € PC~ (m/f). Thereforea = —1
orm/2f+1 (mod m/f). Butifa=m/2f + 1 (mod m/f), then

b=—-1—a=m/2f -2 (modm/f),

and so d = 2, which is a contradiction. Therefore a = —1 (mod m/f). It follows that
ae—(p),saya=—p' (modm),thenb= p' —1 (mod m). Hence « is of type (ii).
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Case 2-2. On the other hand, if p = —1 (mod 4), then p = m/f — 1 (mod 2m/f)
since m/f > 4, and we have
(p?) =1{t € (Z/mZ)* |t =1 (mod2m/f))}.
Note that
vp = (17 p)(lv pzv LR} pf_z) .
It follows that x (v,) = 0 for any x € C(m) such that cond(x) > 2m/f. We have

I(l,m/f— D{(,a) +d®)} (f d < f),
Tr(vpa) =1 2

f,a) (ifd=>f).
In the first case, since m/f — 1 € UQm/f), we have 1 + x(a) + dx (b') = 0 for any
x € PC~(2m/f). This holds only whend = 2,a = 1, b’ = —1 (mod 2m/f). It follows
thata € (p) and b € —2(p). Hence « is of type (i).

In the second case, we have 1 + x(a) = 0 for any x € PC~(2m/f). Therefore

a=—lorm/f+1 (mod2m/f). Butifa=m/f +1 (mod 2m/f), then

b=—-1—a=m/f -2 (mod2m/f),

and so d = 2, which is a contradiction. Therefore a = —1 (mod 2m/f). It follows that
a € —(p),saya = —p' (mod m), thenb = p' —1 (mod m). Hence « is of type (ii). This
completes the proof. O

5. Evaluation of some character sums

For a power /¢ (> 2) of a prime number /, we define two subgroups V;(I¢), V»(l¢) of
(Z]1°7Z)* as follows. If [ is an odd prime number, let
Vid9) ={x € (Z/I°7)* | x> =1 (mod )},
Vo(l®) = {x € (Z/1€Z)* | x") = £1 (mod [¢)},
where

en _ JU=1)/2 (e=1),
nl®) = {l (e>1). 3)

Ifl =2, let
ViQ2¢) = V,(2°) = {£1,2¢7 1 +1}.
Letm = mom - - - m, be the prime power factorization of m, where mg = 1, 3,4 or 12, and
fori=1,...,rm; = lf" > 4is a power of a prime number such that (m;, m;) =1 (i # j).
Let
Vi(mo) = Va(mo) = (Z/moZ)*

and define the subgroups Vi (m), V,(m) of (Z/mZ)* by

Vi(m) = Vi(mo) x Vi(my) x --- x Vi(l;"),

Va(m) = Va(mo) x Va(l{") x -+ x Va(I&).
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Let
{ter,....e) lei=£1 (G =1,...,1)} (if mo=1),
Em)=3{(—1l,e1,...,e) | ei=x1G=1,...,r)} G mg=3o0rd),
{((Ler,....en) |lei=F1G=1,....r)} (f mg=12)
and
Et(m)={(e0,€1,...,&) | €0g1-- & = 1},
E~(m)={(s0,€1,...,&) | €081 --- & = —1}.

It is clear from the definition that #E (m) = 2". If r > 0, then
#Et(m) =#E~(m) =2""".
If r =0, then
E(mo) = E~ (mo) = {—1}
formg =3 or4, and E(12) = E*(12) = {1}. For example, if [ > 4 is a prime number and
mo = 3 or 4, then E(mol) = {(—1, 1)}.

For each e = (gg, €1, ..., &) € E(m) we define
PC®(m) = PC® (mg) x PC®'(my) x --- x PC¥ (m,),
where PC¢ (m;) denotes PC*(m;) or PC~(m;) according as &; = 1 or —1. Then

PC™(m) # () if and only if m # 12.
In the following, we assume that m # mg. For a € (Z/mZ)*, let

1 1
5@ = o Z:E%QE Y. x@.

ecE—(m) xePCe(m)

To give an explicit formula for &(a), we define some notations. Let
L={ie{l,....r}|e =1},
L={ie{l,...,r}|e > 1}.

For a € V,(m), define subsets I (a) C I, Ir(a) C J by
L(a)={iel|agVi()},
h@={i e J|ae W)\ i)},

Furthermore, let a denote the unique element of V(m) such that

P {a (mod m;) (i € Ii(a)U L(a))

~ la® (mod m;) (i € Ii(a)VU L(a)),
where n; = n(m;) is the integer defined in (3). Put
s@=[] u-
ieli(a)

Let c(a) = 1 or 2 according as m/§(a) # mo or m/8(a) = my.
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THEOREM 5.1. Foranya € (Z/mZ)*, we have

—1 1
c@xo@ [] - [1 T (@€ Vam) anda € £U(m/5()))
§a) = ieli(a) " ieh(a)
0 (otherwise) ,

where xq is an arbitrary character in PC*(8(a)) x PC~(m/8(a)).
As for the special case r = 1, we have the following

COROLLARY 5.2. Letm = mol, where mg = 3 or 4 and l > 3 is a prime number:
Let k = £1 and assume that a = k (mod mg). Then
K (if a=+x1 (mod]l)),
§(a) = 2K
-3

(if a £ +1 (mod ).

Proof. In this case, we have
5(a) = 1 ((fa==+1 (modl)),
D=1 (faz£l (modl).
In the first case, we have c(a) = 1, a € £U (m), and xo(a) = k for any xo € PC~ (m).

Hence &£(a) = «. In the second case, we have c(a) = 2,a € +U(m), and xo(a) = « for
any xo € PC~(m). Hence &£(a) = —lz_—K3. This proves the corollary. O

Before proving the theorem, we prove two lemmas.

LEMMA 5.3. Let ¢ be a power of an odd prime number |l or [ = 4, and ¢ = *+.
Then the following assertions hold for any a € (Z)1°Z)*.
(i) Ife=1,then
xo(@)  (if a € Vi),
1

2
#PCe(l) Z x@=1—7———= GagVilhDande =+),

xePCe(l) I-3
0 (ifagVil)ande = —),

where x is an arbitrary element of PC*(l).
(i) Ife > 1, then
xo(a)  (if a € Vi(l%),
1

!
#PCE (1) > @)= K@ e e v\ Viaey).,

xePCE(1°) I=1

0 (if a & Va(l%)),

where x is an arbitrary element of PC*([°).

Proof. The assertion is trivially true if /° = 3 or 4 since PC~ (3) and PC~ (4) consists
of one element. In the following, we assume that /° > 4. The character group C(/°) is a
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cyclic group. Fix a generator x; of C(/°). Then
PC~(I°) = {X{‘ |0 <k <@, (k,2) =1},
PCTI) ={(xF10 <k <@9/2, (k,1)=1}.
Put ¢ = xi(a).
First, suppose thate = 1. Then#PC~ () = (I — 1)/2 and

1 2 )
#PC—() 2 x@ == 2 ¢

xePC=() T
2 Z ok - Z 2
-1
0<k<i—1 0<i<p()/2
_J¢ Gf ¢ ==D),
10 Gf ¢ #££1).

If I = 3, then PC*T(3) = 0. If | > 3, then #PC " (l) = (/ — 3)/2 and

1 2
#PC* () 2 x@)=7r—3 2,

x€PCH() O<k<(l—-1)/2

__2 *
T 1-3 Z £ !

0<k<(i—1)/2
1 Gf ¢ = +1),

2 .

This proves (i).
Next, suppose that e > 1. Then #PC~(I°) = ¢(I°)/2 and

1 2 .
#PC—(1°) 2 X(a)_w(le) 2 ¢

XEPC_(le) 0(<kl,2<l<)pili’)
2 k 2k lk 21k
:l“’_l(l—l) Z ; o Z { o Z { + Z {
0<k=<q(l°) 0<k=<@(¢)/2 0<k=<g(®)/1 0<i<g(l®)/2l
¢ (f ¢ ==+1),
I
=17 = e A,

0 Gf ¢! # +1).

77
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On the other hand, we have #PC*(1¢) = 1°72(I — 1)2/2 and

L __ 2 2%
poHy 2 YO X ¢

+(le <k<g(l€¢
xePCT(l°) 0 ](ck,l(’;i])/z
_ 2 ) D D=
- 1e=2(1 — 1)2
O<k=<p(°)/2 O<k=<gp(l¢)/21

1 (f ¢ ==+,
o = D,
0 Gf ¢! # +1).
This proves (ii). O
LEMMA 5.4. Lete > 2. Then the following assertion holds for any a € (Z/2°Z)*.

1 a if a € Vi(29),
e 2108 Finen,
where xo is an arbitrary element of PC®(2°).
Proof. Since (Z/2°¢7)* = 7./27.x 7)2°~27Z, there exist two characters x; € C~(2°),
X2 € CT(2°) of order 2 and 272, respectively. Then C(2¢) is generated by y; and x», and
PC™Q)={xs 10 <k <272, (k,2) =1},
PCTQ)={xf10 <k <2°7% (k,2) =1}.

Hence #PC~(2¢) = #PC1(2¢) = 2¢73. Put x1(a) = n and £ = x»(a). Then

1 1
¥PC-(29) Z x(@) =7 Z net

XEPC—(29) 0<k<2e—2
(k,2)=1
1 k 2k
=53 d.ont= ) w
0<k=<2¢-2 0<k<2¢=3
_n¢ Gf ¢ ==1),
|10 Gf ¢ #££D).

On the other hand, as for PC*(2¢) we have

1 1
W Z X(a)=ze,3 Z §k

xX€PCt(2¢) O<k<2¢—2
(k,2)=1
1
- k 2k
abr=1 HD DI S DI
0<i<2e2 0<i<2¢3

¢ Gf ¢ =1,
=10 Gf ¢ ££1).
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Note that { = +1if and only if a € V(2°), and that if a € V{(2°), then x (a) = n¢ for any

x € PC~(2%) and x(a) = ¢ forany x € PC*(2¢). Therefore the lemma holds. O
Proof of Theorem 5.1. For each e € E(m), define
1
ey
50 = 25 ceom > x@.
XEPC®(m)
Then &(a) is the average of £€(a) (e € E~ (m, a)), that is,
1 e
@) = = Y @,
ecE~(m)

In order to calculate £¢(a), let
E*(m,a) = {(e0,€1,...,&) € E*(m) | &; = +1 foranyi € I1(a)},

where * denotes + or —. If mgy = 3 or 4, then E~ (m, a) # ¥ for any a, and if my = 1 or
12, then E~ (m, a) = ¥ if and only if §(a) = m’'.
Let

,
x¢=]]xs ePctim,
i=1

where ¥, is a generator of C(m;) andk = 1 if &; = —1 and k; = 2if ¢; = +1. Then from
Lemma 5.3 and Lemma 5.4 it follows that

-2 _
e~ f V d E7 ’ ,
ée(a): X (a)l_[ l,—31_[ l[—l (1 a e 2(m) and € € (m a))
i€l (a) ieh(a)
0 (otherwise) .
Therefore,
&(a) = : Z X&) 1—[ -2 1_[ -1
#E~(m) 0 I — =1

ecE~(m,a) iel(a) " ieh(a)
Now, suppose E~ (m, a) # () and fix an element eg € E~ (m, a). Then
E~(m,a) =egET(m,a).

If #E=(m,a) = 1, then ET(m,a) = {1}, where 1 = (1, ..., 1). But this is equivalent to
the condition §(a) = m’. On the other hand, if #£~ (m, a) > 1, then write e = epe’ with
¢ € ET(m,a). Then /
Xe — XeOXe )
Hence
1 e ~ x*(a) ¢
#E-(m.a) 2, rf@= $E-(m.a) 2, x@
ecE~(m,a) e cEt(m,a)

_|x®@ ((f a==+1 (modm’'/5(a))),
=10 (if &% +1 (mod m'/8(a))).
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Note that
a=%x1 (modm'/8(a)) < ae+Um/8(a)).
Moreover, if E~(m, a) # @, then

- _ [#E~(m)/2* @ (if m/8(a) # mo) ,
#E"(m,a) = {#E(m)/Z#Il(“)l Gf m/8(a) = mo).
Therefore,
_ #E~ (m)
#E (m,a) = C(Cl) . W s
and consequently
c(a) xo(a) —2 —1
5@ =@ I li — 1

iel) (@) li =3 ieh() !

~ —1 —1
=c(a)xo(a) l_[ 1. —3 l_[ L =1

ieli(a) " iel(a)

This completes the proof. o

6. A useful lemma in the case of m = mgl/

In the following we consider the case of m = 3/ or m = 4l with [ being a prime
number > 3. We will always assume that p' # —1 (mod m) for any integer i. Let H
be the subgroup of (Z/17)* generated by the class of p, and let H be the subgroup of
(Z)mZ)* generated by the classes of —1 and p.

The lemma below will be useful in the following sections.

LEMMA 6.1. Let m = mgl, where mo = 3 or 4, andl > 3 is a prime number.
Suppose that f is even and pf/*> £ —1 (mod m). Let ay, ..., a, ber elements of (Z) mZ)*
such that

(@) aH #ajH (i # j),and

(b) xWplai,...,ar)) =0 forany x € PC™(m).

Assume that p//? € U(m). Then the following assertions hold.

G =54
(i) p=1 (mod mo)anda; = --- = a, (mod my).
(i) vp(ar.....a) =0},

where Ul(,ll) denotes the primitive part of oy 1.

Proof. Without loss of generality we may assume that a; = 1. Note that the assump-
tion (a) implies that
r> ((Z/mZ)* : H).
Since Vi(m) = {+£1, +u} and p//? € V|(m), we have |H| = 2 f, and hence
(Z/mZ)* : H) = 20-D
2f




On Supersingular Cyclic Quotients of Fermat Curves 81

Therefore, f < 1_71

Let w denote u or v according as m = 4I or 3[, respectively. Since p//? # +1
(mod m), we have pf/2 = tw (mod m).

Since pf/2 = w (mod m), we have v, = (1, w)v;,, where

v;, =, p, ..., p!"* Y.

It follows that x (vpo) = 2x (v;,oz) forany x € PC~ (m). Put

U;J/Z(p’pza-.-,pf/27l)’ o/:(az,...,ar)-
Then
vpa = (L, w)((1) + v, +v,a).
It follows that

21 +EW)) +EW,a))} =0. )
Since every component of v;,’ and v;,oe’ is in (Z/mZ)* \ Vi(m), it follows from Theorem
5.1 that ) ; ; ; ,
r —
” 't <AL oLl . s
E0)) + 50 = {2 +Le )} - )
But£(v)) + £(v),') = —1 by (4). Therefore, II22 > 1andso f > =1 Hence f = =L

But this holds if and only if the equality holds in (5). Therefore, Theorem 5.1 again implies
that p =a; =--- =a, =1 (mod mg). This completes the proof. O

For each divisor n of I — 1, let x; be a generator of C (/) and put

2
1= x@.

O<k<(—-1)/n
k:odd
LEMMA 6.2. Notation being as above, we have

1 (@= 1 (modl)),
na ={-1 @ =-1 (modl)),
0 (a"#+1 (modl)).

In particular, if at least one of n(a) and n(b) is non-zero, then
n(ab) = n(a)n(b).
Proof. Let x be a generator of C(/) and put x (a) = ¢. Then

=2 N Y

O<k<(—1)/n 0<k<(-1)/2n

Here note that the first sum equals (I — 1)/n or 0 according as ¢ = 1 or not, and the second
sum equals (I — 1)/2n or 0 according as ¢ = 1 or not. Therefore we have

L (@¢=1
na=41-1 @¢=-D
0 (¢#=%D.
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Since { = 1 (resp. —1) if and only if " = 1 (resp. —1) (mod /), this proves the lemma. O

7. The case N(x) =3

For a primitive element « = (ay, a2, az) € A, let
N(a) =#{i | (m,a;) = 1}.

If m = mol with mg = 3 or 4, then N(«) = 1, 2 or 3. In addition, if N(a¢) = 3, then m
must be odd, so m = 3/ and

ai=ap=a3=1 (mod3).

Recall that H is the subgroup of (Z/I17)* generated by the class of p, and H is the sub-
group of (Z/mZ)* generated by the classes of —1 and p.

THEOREM 7.1. Let m = 3l and assume that p' # —1 (mod m) for any integer
i. Leta = (1,a,b) € A, be such that (ab, m) = 1. Assume that vpoo € By,. Then the
following statements hold.
() If p!/* = v (mod m), then | = 1 (mod 3), and either f =1 —1 or f =
(I —1)/3. Moreover, {1, a, b} is a complete set of representative of (Z] mZ)™ /I:I
if f =(—1)/3. Inthis case, we have
. {az,a—(z,—ba W f=1-1.
P o— =0 @ f=U-1/3).
(i) If p//? = —v (mod m), then either
(1) 3 e€(p (modl))or
2) {l,a,b}H = {a, p (mod 1)) is the subgroup of (Z/1Z)* of order 3 f/2 and
3 e {a, p (mod l)).
In this case, we have
vpot =03, — (3, —3)1);70{.

Proof. Case 1. Suppose p//> = v (mod m). Then
Vp = (11 U)U;) s
where v, = (1, p, ..., pl12=1y,

Case 1-1. If {1,a,b} is a complete set of representative of (Z/mZ)X/I-}, then
Lemma 6.1 implies that/ = 1 (mod 3), f = ( — 1)/3 and

vpao =051 — (I, =) € By .

Case 1-2.  Suppose {1, a, b} is not a complete set of representative of (Z/mZ)* /H.
Then there are only two essentially distinct cases:

(i) aeH,b¢H.

(i) a,beH.
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In the case of (i), a € (p) ora € —(p). In the first case, we have
vpa =v,(1,1,b).
But since x((1, 1, b)) # O forany x € PC™ (), this implies that v, € By,. In the second
case, we have
vpa =vp(l, —1,b).
This also implies that v, € B,,. Consequently we have v, € By, in the both cases.
Now, write v, as
v; =)+ vZ ,
where UZ = (p, p*,..., p//>1). Then
0=Ewp) = 1+£0)).
Since p' & Vi(m) foranyi =1,..., f/2 — 1, it follows that
2 f—=2
1= N < —_ 2—1)= <
0PI < 5 (2= =T <

Therefore f =1 — 1 and p = 1 (mod 3). This implies that v, = 6, If/ = 1 (mod 3),
then it follows that v, = 0;,1 — (I, —/) and so

1.

vpa =014 — (I, —Da.
On the other hand, if / = —1 (mod 3), then
vpo =054 — 2(=De .
But since (—)a = (-1, —I, —1) &€ By, this case does not occur.

Case 2. Suppose p/? = —y (mod m). Then f/2is odd and p = —1 (mod 3). We

have
/

vp = (1, —v)vp .

Since —v = —1 (mod 3), we have
n(vpe) =3(1, =1"H (A, =1)v), € D3.
On the other hand, we have
T3 (vp) =2(1, =37 a.
If 3 € H, then (1, —3’1)11;, € Dy, and so (1, —3’1)1);,01 € D;. On the contrary, if 3 ¢ H,
then
(1=x® Hx@ =0
for the character y = le/z € PC™ (1), where x; is a generator of C(/). Since 3 ¢ H, we
have x(3) # 1, hence x (@) = 0. Then the order of a in (Z/1Z)* /H is 3, and

b=d’p" (modI)
for some i. Taking x = x> = X13f/2 e PC™ (l), we have
0=x'(mpe) =3f1-x'®.
Hence x’(3) = 1. This implies that 3 € {a, p (mod [1)).
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In order to get an explicit form of v, first suppose [ = 1 (mod 3). Thenv =2/ —1
and
1,-v)=031—Q2[+1,-3).
Since 3 € {1,a,b}H = {a, p(mod [)), we have (2] + 1, —3)v;a = (3, —3)v;a € Dy,.
Therefore
vpot =030 — (3, —3)v,a € By .
Next suppose/ =2 (mod 3). Thenv =/ — 1 and
(1,=v)=031-U+1,-3).
Since 3 € {(a, p (mod [)), we have (I + 1, —3)v;,a = (3, —3)1);,05 € D,,. Therefore
vpot = 03,0 — (3, —3)v,a € By

This completes the proof. a

8. The case N(x) =2

In this section we consider the case where N(a) = 2. For this we begin with the
following

PROPOSITION 8.1. Let x be an element of (Z/mZ)* of order 2. If p//? = x
(mod m), then (1, —x, x — 1) belongs to By, (p).
Proof. Letv, =(1,p,..., p//?~1). Then v, = (1, X)), It follows that
vpa = (1, x)v, (1, —x) + (1, x)v),(x — 1)
=(1,x)(1, —x)v;, +(x—-1,1 —)c)v;7
=1, =11, =x)v, + (I, =D(x — D,
=1, -1, —x,x = D),
=(1, —1)0{1); € Dy, .
Therefore @ € By, (p). O
THEOREM 8.2. Let m = 3l, where | is a prime number greater than 3. Let ¢ =
(1, a, b) be an element of € By, (p) such that (m,a) = 1 and (m,b) > 1. Assume that
p' # —1 (mod m) for any integer i. Then one of the following statements holds.
() If p/? =v (mod m), thena = (1, —p', p' — 1), where i is an integer such that
0<i< fandp' =1 (mod 3).
(i) If p/’? = —v (mod m), thena = (1, v, —v — 1).
In the both cases, we have

vpo = (1, =Dav), € Dy, .

Proof. Case 1. First consider the case p//2 = v (mod m).
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Case 1-1. Suppose a ¢ H. Then Lemma 6.1 implies that f = (I — 1)/2,a = 1
(mod 3) and {1, a} is a complete set of representative of (Z/[Z)> /H . In this case we have

1
vp(l,a) = crl()l).

Since a # —1 (mod 3), b # 0 (mod 3) and so /|b. But in this case it follows thata = —1
(mod ), which implies that « € H. This gives a contradiction. Hence this case cannot
occur.
Case 1-2. Supposea € H. Thena € H ora € —H.
Ifa € H, then
vpa =v,(1,1,b).
It follows that x (v,) = 0 for any x € PC~ (m). Then by Lemma 6.1 we have

f=1-1, p=1 mod3), v,=o0".
In this case, we have a = 1 (mod 3) and so b # 0 (mod 3). Consequently /|b. But in this
case, we have a = —1 (mod /), which implies that @ = v and b = —v — 1. Therefore

n(vpe) = f2(1, =17 + (= (=17}
It follows that
20, =Y+ (¢ = D)(=I"Y e D3.
But this is impossible.
Ifa € —(p (mod [)), then

vpa =v,(l, =1, b).

It follows that (b)v), € By,.
If 3|b, then (b)v, € D;, and
a=(1,-p,p -1
for some i such that p' = 1 (mod 3).
If [|m, thena = —1 (mod [). But since a = —p' (mod m) for some i with0 < i <
f, we have pi =1 (mod /), which is a contradiction.

Case 2. Next consider the case p//2 = —v (mod m). Then f/2isodd and p = —1

(mod 3). In this case, we have

/7

b

Suppose [|b. Thena = —1 (mod — 1). It follows that a = v and

vp(1,a) = (1, —v)(1, v)v), = (1, =1)(1, v)v, € Dy .
Since p = —1 (mod 3), we have (b)v,, € Dy, and consequently v,a € By,.
If 3|b, thena = —1 (mod 3). In this case, we have
3 (vper) = 20 {(1, =37 ") (1. @) + 20} .
But one can show that the right hand side cannot belong to D;, which is a contradiction.
This completes the proof. o

vp = (1, —v)v
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THEOREM 8.3. Let m = 4l, where | is a prime number greater than 3. Let ¢ =
(1,a,b) be an element of By, (p) such that (im,a) = 1 and (m,b) > 1. Assume that
pl % —1 (mod m) for any integer i.

G) Ifp!*=u (mod m),thenp=a=1 (mod4)and f =1—1o0r (1 —1)/2.

() Iff=101—1,thenl =1 (mod 4) and
vpoo =074 — (I, =Da.

Q) Iff=u4-1/2, thenNI =1 (mod 4), {1, a} is a complete set of represen-
tatives of (Z/mZ)* | H and
VpQ = 0] (1,h) — (l, —l) — (lb, —lb) .
(i) If p//? = —u (mod m), then one of the following statements holds.
() a=0,m/2—-1,m/2) and
vya = (1, —1)v;,o¢.
2) a=1 (mod4),2e€ H,and
vpo = aé)u/pa -4 —h,a.
Proof. Case 1. Suppose p//? = u (mod m).
Ifl|b, theno = (1,m/2 — 1,m/2). By Lemma 6.1 one can easily see that @ € B, (p)
ifandonlyif f =/ — 1l and/ =1 (mod 4). Thus we may assume that/ 1 b.
Case 1-1. Supposea ¢ H. Thena # +1 (mod [). In particular, 14+a % 0 (mod /).
Therefore b % 0 (mod /).
By Lemma 6.1, we have f = (I — 1)/2and p =a =1 (mod 4). Hence
() = (1, —"Yv,(l,a) =2f(1,-I"") € D4
This is possible only when/ = 1 (mod 4). Moreover we have
T(vpar) = (1, =27 H,{(1, @) + 2()},
which belongs to D; since p//2 = —1 (mod I). Hence
vpao =071 — (I, =) +vp(b).

Here we note that v, (b) = (b, —b)v;7 e D,,.

Case 1-2. Supposea € H. Thena € £(p).

Ifa = pi (mod m) for some i, then we have v, (1, a) = 2v,. Therefore, x (v,) =0
for any x € PC~ (m). Then Lemma 6.1 again shows that f =/ — 1 and p = 1 (mod 4).
Hence a = 1 (mod 4) and 2||b. Therefore

u(pa) = (1, =27 Y, ((1, ) +2(0)) .

This implies that b = 2p’ (mod m).

On the other hand, if a = — p[ (mod m) for some i, then one can easily see that « is
of type (ii) of Theorem 1.1.

Case 2. Suppose that p//2 = —u (mod m).
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IfI|b, then o = (1, m/2 — 1, m/2). In this case, we see that
vpo = (1, —1)v;,(x € Dy, .
Assume that [ 1 b.
Case 2-1. Suppose a ¢ H. In this case, since pf/? = —1 (mod 4), we have
tu(wpa) = (1, =17 Hv,(1,a) € Ds.

Moreover (1, =27h,{(1, @) + 20"} (f 2]|b)
_ , = vp{(l,a i ,

(vp) = {vp{(l, “27Y(1,a) + 20} (f 4]b).
Since a similar argument as above shows that the case 4|b cannot occur, we suppose that
2||b. In this case, we have a = 1 (mod 4) since 1 +a = 2 (mod 4). Letting x = Xf/z,
we have

(1= xQ2 N+ x(@ +2x®)) =0.

If 1 + x(a) +2x(b") = 0, then x(a) = 1 and x (b") = —1. But this implies thata € H,
which is a contradiction. Therefore, x (2) = 1, which implies that 2" = 1 (mod /), or
equivalently 2 € (p (mod [)). Then the assertion follows since

Vo = O’z/gv;)a -4 —dhv,a.
Case 2-2. Supposea € H. Thena € £ (mod (p)).
Ifa = p' (mod m), then vp(1,a) = 2vp and
Vpl = 02 (Lay), = 02,(-2)(Layw, T 202, @by, + (m/2 = 2, 4y, —2(m/2+ b, =2b)v),.
Therefore v, € By, if and only if
(m/2 -2, 4)v;7 —2(m/2 + b, —2b)v;7 € Dy, ,

and this holds if and only if 2 € (p (mod 1)).

On the other hand, if a = —p’ (mod m) for some i, then

vpa = (1, =1v, € Dy, .

Therefore, v,o0 € By, if and only if (b)v, € By,. This holds if and only if « is the element
of type (ii) of Theorem 1.1. This completes the proof. O

9. The case N(x) =1

In this section we prove the following

THEOREM 9.1. Let m = 4l and assume that p' # —1 (mod m) for any integer i.
Let « = (1,a,b) be an element of By, (p) such that 2|a,l|b. Then « = (1,31 — 1,1) or
(1,1 —1,31), and the following assertions hold:

(i) If2lla,then?2 € H.

(i) If4la,then —2 € H.
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Moreover, we have
9 (Layy, ~ G =D @), + (b, =b)v, if 2)la),

P N og @ = — (/24 2,m/2 = 2, — (=D, (f 4la).
P

p
Before proving this we remark that in the case of N(«) = 1 it suffices to consider the
case m = 4l.

LEMMA 9.2. Ifm =3l and N(«) = 1. Then o cannot belong to B, (p).

Proof. Suppose « € By, (p). We may assume that « = (1, a, b) with 3|a and [|b.
Thena = —1 (mod ).

First, suppose p//> = v (mod m). Then by Lemma 6.1, we have f = [ — 1 and
vy = crl()ll). Hence

u(pe) = fI(, =171 + 1 = DG}
It follows that x (7;(vpa)) # O forany x € PC~(3) since [—1 > 2. This is a contradiction.

Next, suppose p//2 = —v (mod m). Then

13(vpe) = 2v),{(1, =371 +2(a))}.
Therefore
1—n(3)+2n@@) =0,
which implies that (3) = n(a’) = —1. This implies that n(a) = n(3a’) = 1. But this is a
contradiction since a = —1 (mod /). O

Proof of Theorem 9.1. Firstnote thata = —1 (mod /) since 1 +a+b =0 (mod m)

and [|b. Hence eithera =3/ — 1l ora =1[ — 1, and
o= (1,3-1,1) or (1,1—1,3]).
Moreover, we x(vp) = 0 forany x € PC™ (m).

Case 1. Suppose pf/2 =u (mod m). Thenby Lemma f =/ —1, p =1 (mod 4).

In this case, we have

npe) = f{(1, =17 + (I = DB}
But, since / — 1 > 4, we have x (t;(vpa)) # O for the character x € PC™(4), whichis a
contradiction.

Case 2. Next, suppose p/2 = —y (mod m). Then f/2 is odd and p = —1
(mod 4). Therefore 7;(v,a) € D;. On the other hand, since p//2 =1 (mod I) and f/2 is
odd, we have p’ # —1 (mod /) for any i.

Case 2-1. If 2||a, then

T (vpe) =2v,(1, =271, d", d).
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Since x((1,a’,a’)) = 1+ 2x(a’) # 0 forany x € PC~(l), we have n(2) = 1. It follows
that2 € H. Then (m/2 — 2, 4)1);, € D,,. On the other hand, we have

vp=(1,m/2+1)v),
=1, m/2+4+1,m/2+2, —4)1);, —(m/2+2, —4)1);,
:02/,% —(m/2 -2, 4)v;.
Moreover v, (b) = f(l, —I) € Dy,. Therefore
Vo = 0’2/,%(1, a) —(m/2=2,4)v,(1,a) +vp(b) € By .
Case 2-2. If 4|a, then
w(vpa) = 2v,{(1, =271 +2(a")}.
In this case, we have
1 —n2)+2n@)=0.
This holds in the following two cases:
(1) n(2)=—-1landn() =0.

(i) n(2)=n()=-1
Case (i) cannot occur. Indeed, in that case we have

n(a) =n4a’) =0,
which is a contradiction since ¢ = —1 (mod /).

In the case of (ii), we have —2 € H and n(4a’) = —1. Hence n(a) = —1, and so
(1, a)vy, = (1, =4)v,. Therefore

vp(l,a)=(,m/2+ 1)1, —4)v;
=, m/2+1, -4, -4
=0, m/2+1,m/2+2, —4)1);, + (—4,m/2 — 2)v;, —(m/24+2,m/2 — 2)v;,

€ By,
Consequently
vpo = 62’_% + @, =4, — (m/242,m/2 = 2)v, — (I, =D,
This completes the proof. O
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