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Abstract. Using a real number 8 > 1, a positive real number x can be represented
by x = Z;’;ko b,7", by, € {0,1,2,...,[B]}, which is so-called the B-expansion. This
primitive numerical representation of the real number x proposes various topics in the field
of number theory, ergodic theory, dynamical system theory, and tiling theory, etc. In partic-
ular, for an algebraic integer 8 (> 1), many properties of the S-transformation are studied
in [A], [BI], [Re], [P], [IT], [Sol], [Sch], [T], etc. However, it seems to be unclear whether
for a complex number z there exists the algorithm which induces the complex A-expansion
as z = Z;O:ko apA7", a, € I' where I' is the finite digit set of Z [1] by using a complex
algebraic integer A. In this paper, by using a complex Pisot number A € C\R, [A| > 1, we
give the algorithm which induces the complex Pisot A-expansion.

0. Introduction

The purpose of this paper is to show the algorithm to produce the complex A-expansion
ofz €eC,z = ZZikO ap ™", a, € I’ where I is the finite digit set of Z[A]. For this
purpose, we introduce a complex Pisot number A.

DEFINITION 0.1. A complex number A € C\R is a complex Pisot number if A is

the algebraic integer of the minimal polynomial p (x) = x¢ —kjx9~! — ... —kg_1x — kg,
ki € Z (1 <i <d)whoseroots A (= A1), A (= A2), A3, ..., Ag satisfy
A=]>1>n B=<i<d. 0.1

If ky = %1, X is said to be unimodular. In this paper, we assume that A is an uni-
modular complex Pisot number. Let A be the d x d integer matrix whose characteristic
polynomial coincides with p (x) and A is a complex Pisot number of p (x). We call A the
complex Pisot matrix of A.

We consider that a complex Pisot matrix A of A is the linear transformation on the d-
dimensional Euclidean space R?, therefore A has the 2-dimensional A-invariant expanding
plane P, and the (d — 2)-dimensional A-invariant contracting plane P.. Using P, and P,,
RY is decomposed into P, and P, i.e., RY = P, @ P.. Then, let us define the projection
Te - RY — P, (resp. 7. : RY — P.) along P, (resp. P,) by mex = x1 (resp. m.x = x3) for
x =x] +x2 € R where x; € P, and x € P..
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DEFINITION 0.2. For a complex Pisot number A, we assume that we can find the
finite family of compact sets P = {yj } jel of P, with the finite integer vector sequence

{f](cj)}l el f,(cj) € Z¢ and the finite index sequence {Vk(j)} ) Vk(j) € I, where I is
<k<l;
SK=L

I<k<l;
an index set, satisfying
(N1 pe (v;) > 0. cl(int (y;)) = y;. and e (3y;) =0
where 1, is the Lebesgue measure on P, int (Y) and cl () are the interior and
the closure of a set Y respectively, and Y := Y\int (Y);
(N2) foreach j € I, the following set equation holds:
Lj
ay;=UJ (yvkm + 7. f,‘j)) (disjoint) 0.2)
k=1
where “|_J;, Yk (disjoint)” means that int (Yx) N int (Yx) = @ if k # k';
N3) y:=Jy; (isjoint).
Jel
Then, we say that the pair (A, P) is the complex Pisot numeration system of A.
Note. In this paper, the index set 7 is chosenas 7 = {1,2,3},{1 A2, 1 A3,2 A3},
etc.
From the complex Pisot numeration system (A, P) of A , we obtain the numerical
expression of x € y by

o .
x=Y A (mf) (0.3)
n=1
where the double positive integer sequence ((,’(‘0)) (,’(i) ce (i’;) ce ) is given by the following

process: for xg = x € yj, C y, there exists (lég) such that Axo € ¥, () + nef,(cﬁ") by
ko
0 Using x € yj, and the

existence (j‘) such that Ax| € ) +7‘[ef](<{l), we obtain x5 1= Ax| — ngf,({{l) € yj, and
ky

J

(Jjo) ) -yl
€ ka(JO) and j; := Vio

(0.2) and then, put x| := Axp — ”efko

ky

Jo = Vk(ih)’ and so on.
Moreover, there exists the linear map ¢, : P, — C satisfying
Pe (Ax) = Ape (x) and ¢, (m.e1) =1,

so the numerical expression (0.3) can be represented as the complex Pisot A-expansion by

t=0e () =) ap 2" €9 (y) CC, (0.4)
n=1 n=1

where a (i) = be (rre f ,({j")). The precise definitions of these expressions (0.3), (0.4), and
kn n

¢. are found in the section 1.
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In this paper, we discuss when we can find the complex Pisot numeration system
(A, P) of A, in other words, for the complex Pisot matrix A, we give the way how to find
the finite family of compact sets P = {y; }j ., satisfying (N1), (N2), (N3) in Definition 0.2.

We introduce three classes of the complex Pisot number which has the complex Pisot
numeration system. The first class introduced in the section 2 is that the inverse of the
complex Pisot matrix A of A is the non-negative 3 x 3 integer matrix. The second class
introduced in the section 3 is that the complex Pisot matrix of X is the 3 x 3 companion
matrix whose characteristic polynomialis p (x) = x3 —ax? — bx =+ 1. In this class, we give
the sufficient condition of a, b € Z for existence of the complex Pisot numeration system of
X. And the third class introduced in the section 4 is that the complex Pisot matrix of A is the
4 x 4 companion matrix whose characteristic polynomial is p (x) = x*—ax®—bx?—cx=+1.
In this class, we give the sufficeint condition of a, b, ¢ € Z for existence of the complex
Pisot numeration system of A.

1. Complex Pisot expansions

1.1. Expanding transformations
Let us start to give the precise definition of the A-expansion in this section again. For
this purpose, let us start to give the following definition.

DEFINITION 1.1. Let (A, P) be an complex Pisot numeration system of A and let
B C P, be the union of the boundary set of each compact set y;, i.e., B := [J;¢; dy;. We
define the expanding transformation 74 : y\B — y\B by

T (x):=Ax — ﬂef](gf;()) if x €int (V./'o) and Ax € int(yv<,-0>) + nefl({{)'o)’
ko
and for T4 (x) € int(yvc,b)), the iteration of T4 is defined by
ko

Ty~ (x) € int (v, )

T (x):= AT (%) — nef,g*n’fjl) if and
AT/’;*1 (x) € int<yv(jnl)) + ﬂef;gy:l)
kp—1
If AT} -1 (x) =7 f ,EZ':I) € B, then the iteration will be stopped. By the definition of

the null set Nu := {x ey ‘ dn : TXfl (x)eB }, the iteration 7' is well-defined for all n

for pe-almost all x € y.
From Definition 1.1, for p.-almost all x € y, there uniquely exists the sequence

w(x) = ((,ﬁg) (,Q) - (/iﬁ) o ) satisfying T (x) € int(y;,) and AT} (x) € int (y),,,) +

e fl({i”), x can be represented by

x = ifr" (mes V) - (1.5)
n=1
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We call (1.5) the numerical representation of x.

1.2. X-expansion
LEMMA 1.2, Let A be a unimodular complex Pisot number, let A be a complex
Pisot matrix of ,, and let w1, u; be the eigenvectors corresponding to A, A respectively. Put

V) = % , U 1= % , then {v1, v2} is a base of P, satisfying

Avy =cvy +dvy, Avy = —dvi +cvy
where .. = c + di. Moreover, there exists a linear map ¢, : L (v, v2) (= P,) - C
satisfying the following properties:
(1) ¢e (Ax) = Ap (x)  for x € L (vi, v2);
(2) e (mee1) = 1.

Proof. 1tis easy to see that for £ (vy, v2) > y = y1v1 + y202, V1, y2 € R, we have

| c —d i
A[”l”2]|:y2:|—[vl')2]|:d . }[yz}'

de : L (v, v2) — C
w w

Yy =y1v1+ v = o (Y1 + i),

Let us define

where o, € C is a constant. Then, we see that ¢, is the linear map and that ¢, satisfies

¢e (Ay) = Lo (y). Moreover, if we choose the constant o, = ﬁ for m.e; =
L

Xy +x2
xfl)vl + xél)vz, then ¢, satisfies the properties (1) and (2). O

Hence, we obtain the following representaion: for ¢ o p.-almost all z € ¢, (y) C C,
z can be represented by

o
2= a,_ A" 1.6
> (- (1.6)
n=1
where i,y = ¢ (nef ¢ '")) . It is the A-expansion with the finite digits
kn n
{9 (ref?) | jer 1=k =1}

By the way, if A is given by

0 kq
1 0 0 ka_1
0O 1 0 ki_»
A= o . . ’ 1.7
ka
L 0 0 1 Kk
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which is called a companion matrix of p (x), then we see that a (i € Z[A]. In fact, from
kn

by Lemma 1.2 2)

be (reer) = e (meA en M1, (reen) Ay

we know that for ! [m my --- my] € 74,

e (" Imy ma -+ -mgl) =my +mah+ ... +mga® ' € Z[A] .

) by Lemma 1.2 [€))]

Therefore, if the complex Pisot matrix A is isomorphic to the companion matrix C of A,
i.e.,

ABeGLd,Z): B'AB=C,
then we can find ¢, such that ¢, (w.u) € Z[\] foru € 74, that is, we obtain the represen-
tation (1.6) in the sense of a(jn) € Z[A].

kn

1.3. The graph of the admissible edge sequence

Let us define the directed multigraph G, = (V, E, i, t) consisting of a finite set V of
vertices, a countable set of directed edges E and two functions i, : E — V. For each
edge e € E, i (e) is the initial vertex of e and ¢ (e) is the the terminal vertex of e. From

the finite sequence {Vk(j )} s Vk(j ) € I in Definition 0.2 (N2), we define V, E, i, t as

1<k<l;

follows:

e
l
-~

From the directed multigraph G, we obtain the one-sided edge-admissible symbolic

space .Qk(j) (1<j=<N):
. . jp . jp+1
w=sev(i)=iG))
kp kp+1

()0 )
A Ysmrer )] on

Moreover, we know that for p.-almost all x € y, the sequence w (x) = ((,{g) (,ﬁ ) . (,{Z) . )

given by (1.5) is the admissible sequence of G. .
Let us define the labeling £ : E — 7,Z¢ and the map ¢ : .Q)EJ ) P, by

c ((Q) —xfD. o <<2§> (21) ) - ni:;A—" (nef/g':l)) ,

then we have the following proposition.

PROPOSITION 1.3. If G, is irreducible, then ¢ (Qij)) =yjforjel
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Proof. ltis easy to see that the set {(p (.Q)(f ))} - is the family of the compact sets
[S

and satisfies the set equation (0.2) (see [Ed]). On the other hand, we see that y;\Nu C
1) (Qi”), yj Ccl (yj\Nu) andsoy; C ¢ (Qi”). Therefore, from the uniqueness of at-

tractors by the graph-directed iterated function system theorem [MW], we have ¢ ( .Q)Ej )> =
Vj- O

2. Complex Pisot numeration systems from Pisot unimodular substitutions

In this section, we give a survey how we obtain the complex Pisot numeration system
from an unimodular Pisot substitution with three letters.
Let A = {1,2,3} be an alphabet and A* = |J;2,.A, the set of finite words. A

substitution o isamap o : A — A*. Let M, = (mi./)1<i,/<3 be the incidence matrix of
0,i.e., m;;j is the number of occurences of i in o (). In this paper, we assume that

(i) M, is primitive, i.e., there exists a positive integer n¢ such that MY > 0;

(i1) My is unimodular,i.e., det M, = *+1;

(ili) o is a complex Pisot substitution, i.e., the eigenvalues u, 1/, u” of M, satisfy
w>1> |, [0, w. u eC\R.

Under the assumption (i), (ii), (iii), let us define the matrix A = M 1 Then the
root A of the characteristic polynomial p (x) of A is % and it is the complex Pisot number.
Therefore there exist two invariant subspaces of A, that is, one is the 2-dimensional A-
invariant expanding plane P, and another is the 1-dimensional A-invariant contractive line
P, generated by the real eigenvector of A, and the Euclidean space R> is decomposed into
P, and P, ie,R® = P, @ P..

By the way, for the substitution o whose incidence matrix M, satisfies the assumption
(1), (ii), (iii), it is known that there exists the infinite sequence w of {1, 2, 3} which is
periodic with respectto o, i.e., Im : ¢ (w) = w. Putw = 5152 - - - 8¢ - - -, and let us define
the set §; by the projection method:

Si=cl(me{f(s152---8k—1) | IkeN:spy=i})) c P, for i =1,2,3
where sy = ¢ (the empty word), f : A* — Z3 is the abelianization map given by f (¢) =
0, f()=e;, i =123 and f (wiwa---wy) := YX_, f (wy) for wiws - wy € A*.
We call the family {6;};_ » 3 the atomic surfaces of o.
Then we have the following theorem.

THEOREM 2.1 ([Al], [IR], [FFIW]). Let o be an unimodular Pisot substitution of
three letters and M the incidence matrix of o. Then atomic surfaces {8;};— » 3 satisfy the
following properties:

(1) pe (8i) >0, 8; = cl(int(5;)) , and pe (38;) = 0;

@) M;léizo U (8.,~+M;1 (nef (P,fj)))) (disjoint)

I=lew? =i

’
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where o (j) = Wl(j)Wz(j) e Wl(jj) and Pk(j) is the prefix of Wk(j), ie.,
() )y () ().
P =Wrwyte - W
(3) If o satisfies the strong coincidence condition, i.e., there exist n and k such that
o" (i),i = 1,2,3 have the same k-th letter and their prefixes of the length k — 1
of o™ (i) have the same image under the abelianization map f, then § = U?:l di
is disjoint.
The formula (2) in Theorem 2.1 says that the set Ag; is generated by the union of the
set (§;+ translation). Therefore, we can rewrite the formula (2) as (2') as follows: there

exists the finite integer vector sequence { f ;,i)}l et f ;,i) € 772 such that
=<h=l;

O Ol LA (D) j=1.23andk: WY =
f]a 7f[l f k J k] ’ k

and the finite index sequence {Vh(i)] , Vh(i) € {1, 2, 3} such that

1<h<l;
li

2) A = U <3vh<i) + ﬂef](j))

h=1
C=U U (remea(r(27)).
I=lewD =

Hence, by this rewriting, we see that the pair (A, P), which is constructed by the matrix
A = M;! and the family of compact sets P = {6i}1<i<3» is the complex Pisot numeration
system.

REMARK 2.2. In the next section, by using E» (), the compact set y; will be intro-
duced by
vi = lim M "w,E2(0)" (ei, j ANKk)

n—oo
<«

where 6 is the mirror image of the inverse of 0, i.e., 6 ::(cr’l) and o is a substitution (see
[AI], [SAI], [E]). We see that y; = —4§; holds.

EXAMPLE 2.3 (Rauzy substitution: [Ra], [AI], [IK]). Letobeo : 1+ 12,2 —

1 1 1
13, 3 — 1 and the incidence matrix of 0 M, = 1 0 O |.Then, A= Ma_l satisfies
01 0

the complex Pisot condition, i.e., A = —0.771845+1.11514i, A= —0.771845—1.11514i,
A3z = 0.543689. Moreover, the family of compact sets P = {81, 62, 83}, which is given by
the projection method, i.e.,

S =cl({mef (s152---sp—1) | Fk e N, s =i }),
satisfies not only the following set equations:
AS1 =61 USUb3s, Ab =681 +mee3, Ad3 =06+ meoe3
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FIGURE 1. P ={8;};=1 2,3 and AP.

me ()
re0 me ()
TeCy
TeCy
Gy = (V,B,i,t) G\ = (V,E,i,t,L)

FIGURE 2. The directed multigraph G, and the labeled GgL of Example 2.3.

(see Figure 1), i.e., the property (N2), but also the properties (N1) and (N3) of Definition
0.2 where w = s152 - -+ = lim,_ o, 0" (1) is the fixed point of o. Therefore, we see that
(A, P) is the complex Pisot numeration system of A.

On this example, the directed multigraph G; and the labeld graph G are given by
Figure 2.

Therefore, ¢ o w-almost all z € ¢, (y) can be represented by (1.6): z =
Yol a(]in,l))ﬁ” where a(]]c-n,l) given by the property ¢, (Ax) = A, (x) and ¢, (7.€3)

n—1 n—1

¢e (T A1) = A (moe1) = A as follows:

. _ Un-1)\ _ 0 if (lchj) (i)
LSRG I O S

3. Complex Pisot numeration systems from 3 x 3 unimodular complex Pisot com-
panion matrices

3.1. Classifying of 3 x 3 unimodular complex Pisot companion matrices

In this section, we give the complex Pisot numeration system generated by a 3 x 3
unimodular complex Pisot companion matrix .

Let A be the 3 x 3 companion matrix whose characteristic polynomial is p+ (x) =

x3 —ax?> —bx £ 1,a,b € Z. Let us consider two types of matrices, called (type —1) and
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(type +1) respectively, as follows:

0 0 -1 0 0 1
A_=]1 0 b |:(@type—1), Ar=| 1 0 b |: (type+1)
0 1 a 01 a
po(x)=x3—ax?—bx+1, pr(x)=x3—ax?>—bx —1.

For each matrix, we will examine the property of algebraic integers A1, A2, A3 of px (x).

PROPOSITION 3.1 (fortype —1). Theroots A1, k2, Az of p— (x) = x3—ax2—bx+1
satisfy the conditions:

—1<A3 <0, A,AeC\R, |A(]=]A2]>1>|A3] 3.9

if and only if the coordinate of a and b satisfies the following:

(1) —a—+b<0;

(2) () a*+3b<0 or (i) ifa’ +3b > 0 then 27 — 4a> — 18ab — a*b* — 4b> > 0
(see Figure 3). Moreover, Re (°A1) > 0 (resp.Re (A1 < 0)) if and only if

(3) a=0(resp.a <0),
where “Re (z)” means the real part of z € C.

PROPOSITION 3.2 (for type +1). Theroots A1, 2, A3z of p+ (x) = x>—ax?—bx—1
satisfy the conditions:

O0<iz<l1, A2 eC\R, |Al=[r2]>1> 23] (3.10)
if and only if the coordinate of a and b satisfies the following:
(1) a+b>0;

(2) () a*+3b <0 or (i) ifa® +3b > 0, then 27+ 4a> + 18ab — a*b*> — 4b> > 0
(see Figure 3). Moreover, Re (°L1) < 0 (resp. Re (A1) > 0) if and only if
(3) a <0 (resp. a > 0).

Before we prove Propositions 3.1 and 3.2, we prepare the following lemma.

for (type —1) for (type +1)

FIGURE 3. The condition of (a, b) satisfying (3.9) and (3.10).
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LEMMA 3.3. Forthe roots A1, A2, A3 of px (x) satisfying (3.9) or (3.10), A; + Ay #
0, i.e., A1 and A are not purely imaginary numbers.

Proof. From the relation between A1 and X, the real parts of A1 and X, is Mzﬂ So,
A1 and Ay are purely imaginary numbers if and only if A1 4+ A2 = 0. From the relation
between p= (x) and roots, we know that A; + A + A3 = a. Suppose that A1, A, are purely
imaginary numbers, then, a = A3. However, from the assumption —1 < A3 < 0 of (3.9) or
0 < A3 < 1 of (3.10), it contradicts the fact that a is an integer. Therefore A1 + Ay # 0,
i.e., A1 and X, are not purely imaginary numbers. ]

Proof of Proposition 3.1. About (1), (2): It is easy to see that the roots of p_ (x)
satisfy the condition (3.9) if and only if
® p-(=1D <0
(i) (i-1) D <0 or (ii-2) if D > O then p_ (s) p— (t) > 0,
where D is the discriminant of p’_ (x) = 3x> — 2ax — b and s, ¢ are the roots of p’_ (x).
The conditions (i) and (ii) are explicitly given by (I) and (II) respectively:
O —a+b<0;
) {-1)D=a*>+3b<0
or (II-2) if D > 0 then p_ (s) p— (t) = 57 (27 — 4a> — 18ab — a®b* — 4b°) >
0
(see Figure 3).
About (3): Put x3 —ax? —bx 4+ 1 = (x — A1) (x — A2) (x — A3) = 0. Then, we know
that A1 + A2 = a — A3. From Lemma 3.3, we see thata — A3 > 0 implies a > 0. Conversely,
we know that @ > 0 implies a — A3 > 0. O

We get the proof of Proposition 3.2 analogously.

COROLLARY 3.4 (fortype —1). For the roots A1, A2, A3 of p— (x) = x3—ax?—

bx +1,
(1) the condition p— (1) =2 —a — b > 0 is the necessary condition of (3.9);
(2) the condition p_ (—1) = —a + b < 0 is the necessary condition of (3.9).
Therefore, from a, b € Z, we see that b < Q is the necessary condition of (1), (2).

COROLLARY 3.5 (for type +1). For the roots L1, A2, A3 of p4 (x) = x3—ax? -
bx — 1,

(1) the condition p4 (1) = —a — b > 0 is the necessary condition of (3.10);

(2) the condition p4 (—1) = =2 —a + b < 0 is the necessary condition of (3.10).
Therefore, from a, b € Z, we see that b < O is the necessary condition of (1), (2).

We call A+ the unimodular complex Pisot companion matrices if the characteristic
polynomial of A+ conincides with p+ (x) and the roots A1, A2, A3 of p (x) satisfying the
condition (3.9) in Proposition 3.1 or (3.10) in Proposition 3.2, i.e.,

(type—1) : —=1<i3<0, A, 22€C\R, [A]=][22|>1,
(type+1) : 1>2x1x3>0, A, A2 € C\R, A1l =A2] > 1.
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. u—-u
, UV 1= %7

Letu;, (1 <i < 3) be the eigenvectors of X; respectively. Put v| := uszrul

and v3 := u3, then, by Lemma 1.2, we obtain the following properties:
—d
Mmm=wwﬂb C} R =P &P,

where Ay = ¢ +di, P, = L(v1,v2), and P, = L (v3). Letm, : R3 — P, be the
projection along P, and let us denote the counter clockwise angle between m.e; and m.e;
by arg (i A j). Then we have the following lemmas.

LEMMA 3.6 (fortype —1). Ifa > 0,thenQ < arg (1 A2),arg (2 A3) < %, and if

2 b
a <0,then 5 <arg(1 A2),arg(2 A 3) < 7 (see Figure 4).
Proof. Assume that a > 0, then we see that Re (A (= A1)) > 0 by Proposition 3.1
(3). On the other hand, we know that

be (e€1) = 1, ¢ (e€2) = b (ATo1) = A, P (c€3) = A%

Therefore, it is clear that 0 < arg (A) < 5 and 0 < arg (Az) < . Moreover, we also know

that ¢, : P, — Cis linear and bijective. Therefore, we see that 0 < arg (1 A 2), arg (2 A 3)
< 7. The case of a < 0 is proved analogously. 0

LEMMA 3.7 (fortype +1). Ifa <0, then 5 < arg(1 A2),arg(2A3) < 7 and if
a > 0,then 0 < arg(1 A2),arg (2 A3) < 5 (see Figure 4).

We get the proof by the analogous discussion of Lemma 3.6.
From Lemmas 3.6 and 3.7, we classify the characteristic polynomial p+ (x) into four
classes such that

\ | (type —1) [ (type +1) |
[0 0 —17 [0 0 1]
A 10 b 1 00
01 a 01 a
p(x) 23 —ar? —br+1 3 —ar® —br —1
Signature of A3 — +
The distribution @ @ @ @
of eigenvalues of A : ; : :
Signature of Re (A1) + - + -
a a>0 a<0 a>0 a<0
The distribution of {r.e;};,_; 54 Vo Vi Vo Vi
‘ Name type (-1,0) | type (-1,1) [ type (+1,0) | type (+1,1) |

Let A1 be the 3 x 3 unimodular complex Pisot companion matrix, let A3 be the real
eigenvalue of A+, and let v* = [vi" vy vg‘] and v = ’[v; v v3] be the row and column
eigenvectors of A3, i.e.,

v'A =230, Agv =230,
Then, v* and v are explicitly given by

v =113 12 =1 i)\— 1 11
= 3 A3, V= :F)\‘3 3 a . (3 )
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€,

Vo={1A2,1A3,2A3} Vi={1A2,3N1,2A3}

FIGURE 4. The distribution of {mce;};—1 » 3 for V and Vj.

Therefore, by using (3.11), we have the following lemma.

LEMMA 3.8.
Name type(—10) [ type(—L1) | type(+10) | type(+11)
sgn (v*) = (sgn (v]), sgn (v3) , sgn (v3)) (+,—+) (+,+,+)
sgn (v) = (sgn (v1),sgn (v2),s¢n (v3)) | (+.—4) [ (++H [ (+.— 1) [ (++.+)

where sgn (v) = 4+ if v > 0and sgn (v) = —if v <O0.

And P, is characterized by v* as follows.
LEMMA 3.9. P, ={x e R?| (x,v*) =0}.

Then, we have the following table:

’ Name type (-1,0) | type (-1,1) [ type (+1,0) [ type (+1,1)
[0 0 —17 [0 0 1]
A 10 b 1 00
10 1 a | 10 1 a |
p(x) 23 —ar? —br+1 23 —ar? —br —1
Signature of Az — +
The distribution m m
of eigenvalues of A W \‘
Signature of Re (\;) + —
a a>0 a<0
Distributions of {m.e;};_; 55 Vo i
Signature of v* (+,—,+)
(\,///e?\ o
\ & \
Image of {61}1:172,3 \1 - ‘é'
\\R /e/z/ DY
Signature of v (+-+ | ++71)

3.2. Stepped planes and quasi-periodic tilings of P,
For the 2-dimensional A-invariant expanding plane P,, we introduce the stepped plane

in this section.
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For x € R? and i,j € {£1,£2, 43}, let us define the 2-dimentional unit face
(x,i A j) given by
(i A J)i={x+r(sgn(i)) e +u(sgn(i)) ey |0<rpu=<1}
(see Figure 5).
(S
%) cDA2) (x, (2)A1)
(X, (22N D)

3 (x, (DAED)
(X, 2N -1))

(x,2A1)

1
x, 1A (-2)) (x, 1A2)
type (=1,0) and type (—1,1) type (+1,0) and type (+1,1)

FIGURE 5. 2-dimensional unit face (x, i A j) for type (—1, 0), type (—1, 1), type (+1, 0), and type (41, 1).

Using Lemma 3.8 and Lemma 3.9, let us define the stepped plane of P, as follows.

DEFINITION 3.10 (for type (—1,0) and type (—1, 1), i.e., in the case of v* =
(+, —,+)). Letus define the sets of unit faces $=, S> of P, as follows:

%)
\%

2] AN [x e xv*) 2 0,(x —e5,07) < 0]
Ul 1A% |x e 2, [x.0) 2 0, (x + e2,0%) < 0]
U{(x,3/\(—2)) }xeZ3,(x,v*)zo,(x—e1,v*)<o},

sz =] DA D [x e x,0%) = 0, (x — 3, 0*) < 0]

U@ 1A3) | x e 2, [x,0%) > 0, (v + e2,0) < 0]

U{(x,3/\(—2)) ’xeZ3,(x,v*)>0,<x—e1,v*)§0].

DEFINITION 3.11 (for type (+1,0) and type (+1, 1), i.e., in the case of v* =
(+,4,+)). Let us define the sets of unit faces Sf, S7 of P, as follows:

>._ o xeZ i j kb =1{1,2,3}, inje{1A2,3A1,2A3),
St .—{(x,t/\J) ‘ . v > 0. (x — ex, v*) < 0 ,
>._ C o X e i gk =1{1,2,3}, inje{1A2,3A1,2A3]),
S+ -—{(Ll/\]) ‘ (x,v*) >0, (x —ex, v*) <0 .

DEFINITION 3.12. We define the family of finite sets of unit faces QE of SE, called
the patch, which is generated as a finite formal sum of unit faces as follows:

G= :=!Z(x,mm

rEA

#A < +00, (X,i A J); € 87,
Fasd A )y 7 (enni A )y i 2 # 3
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(see Figure 6). The other cases G~, gi, g; are defined analogously.

L P

FIGURE 6. Examples of patches.

DEFINITION 3.13. Using S=, we define the surfaces ./~ of S~ called the stepped
plane of P, as follows:

> . .
I= = Uninjjesz &0 AJ)

(see Figure 7). (x, i A j) € S~ is called the unit face of the stepped plane located at x. The
other cases .~ YE, &7 are defined analogously.

FIGURE 7. Stepped planes .= and .7~ .

REMARK 3.14. (1) 7=, 15>, 1S5, WS = Pe.

(2) The fact that x € P, and x € Z> implies x = 0. Since v* =’ [1 A Az] is
rationally independent, i.e., if [ + mA + na? = 0 for some m, n, then (I,m,n) =
(0,0,0).

(3) We see that S~ O {(0, (=2) A 1), (0,1 A3), (0,3 A (—2))} and
S” D {(e3,(—2)Al),(—ez, 1 A3), (e1,3 A (—2))}. Moreover, we have

SZ\S” ={(0,(=2) A 1), (0, 1 A3),(0,3A(=2)),(e3, (=2) A 1),
(—e2, 1 A3), (e1,3 A (=2))}
(see Figure 8).
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€3 €3
iy >
S £
-2 1
S2\S> S7\S>
FIGURE 8.

(4) We see that ST D {(0, 1 A2),(0,3A1),(0,2A3)} and
ST D {(e3, 1 A2),(e2,3 A1), (e1,2 A 3)}. Moreover, we have
Si\Sj = {(0,1A2),00,3A1),0,2A3),(e3,1A2),(e2,3A1),
(e1,2 N 3)}.
(see Figure 8).
(5) For unit faces of SZ and $>, we consider the rearrangement such as

x, (2)AD)=x—-e2, 1 "N2), (x,3A(-2)=(x—e€2,2A3). (3.12)
Then, using the rearrangement (3.12), S~ and S are rewritten by
S :={(z, 1 A2) | (—e2, v*) < (2, v*) < (—e2 + €3, v*)}
U{(z. 1A3) |0 < (z,v*) < (—e2, v*)}
U{(z.2A3) |(—e2,v*) < (z,v") < (—e2 + €1, v*)},
57 ={@z 1A2) |(—e2,v") < (z,v*) < (—er + €3, v")}
U{@z, 1A3) |0 < (z,v*) < (—e2, v*)}
U{(z,2A3) | {—e2,v) < (z,v") < (—e2 + €1, v")}.

For the characterization of the faces which generate the stepped plane, we prepare the
following notations.

NOTATION 1 (for type (—1, 0), type (—1, 1)). For the set of unit faces of =, 8>
which generate the stepped plane .=, .~ respectively, let us denote the segments I~
GANJ),IZUNj)of L) = P, i A je Vas follows:

I1Z (1 A2):=[n. (—e2) , mc (—e2 + €3)),

={am. (—e2+e3) + (1 —a)m.(—e) |0 < < 1},
IZ (1 A 3):=[70, e (—e2)),

={am. (—e)|0<a <1},
IZ 2 A3):=[m (—e2), e (—e2 + €1)),

={am. (—e2+e)) + (1 —a)m.(—e) |0 < < 1},
IZ (1 A2):= (7. (—e2) , 7 (—e2 + e3)],

={am. (—e2+e3)+ (1 —a)m . (—€2) |0 < <1},
IZ (1 A3):= (7.0, T (—e2)],
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17 (1A3)
— 17 (1A2)

rearrangement
N geme — 17 (2A3)

FIGURE 9. IZ(i A j),iAj€E V.

-6, te;

Ceates,vov!
P Gy j ﬁ )

Pc:L(Vj
L
g
TeZ
2 {Z,v*HVv*
<-ez,v">v‘
FIGURE 10.

={amc (—€e2) |0 < =1},
IZ 2 A3):= (. (—e2) , 7. (—e2 +e1)],
={amc (—e2te)+ (1 —a)mc(—e2)| 0 < <1}
(see Figure 9).

NOTATION 2 (for type (+1, 0), type (+1, 1)). For the set of unit faces Sf, ST,
which generate the stepped plane YE, 7 respectively, let us denote the segments of If
A ITEANJ)of L(v) = P, i A je V) asfollows:

IE (i Nj)=I[n0,mcer) ={amcer|0<a <1},
I7 QA j) = (70, meep]. :={amcer |0 < < 1}
where {i, j, k} = {1, 2, 3}.

Using IZ(i A j), IZ(AJ),iNjE Voandlf(i/\j), ITGANJ),in] eV, we
can characterize the faces of stepped plane.

LEMMA 3.15. Under the assumption sgn (v) = sgn(v*), i.e., under type (—1, 0)
or type (+1,1), (z,i A j) € S= (resp. (z,i AJ) € SZ, (x,inj) € ST, (x,in]) €

S7)if and only if mez € 1= (i A j) (resp. mez € 17 (i A j), wex € 17 (i A J), Tex €
I7 (i A J)) (see Figure 10).

Proof. From the definition of S=, it is clear that S~ 3 (z,1 A 2) if and only if
(—e2, v*) < (z,0*) < (—ex + €3, v™). Let 1y : R® — £ (v*) be the projection along P,.
Then, from the fact that 77, (z) = (z, v*) v*, we can write that (z, v*) € [(—e2, v*), (—e2+
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e3, v* ) on L (v*) where |v¥| = 1. From z = .z + 7.2, (7.2, v*) € [(m. (—e2), v*),
(e (—e2 + €3), v*)) on L (v*). Moreover, sgn (v)=sgn (v*), we see that .z € [, (—e2),
. (—e2 + e3)).. We can prove the other cases analogously. (]

Hereafter, let us discuss only type (—1, 0) or type (+1, 1) cases whose classes are
characterized by sgn (v) = sgn (v*).

DEFINITION 3.16. Let us define the set of projected unit faces of S~ as follows:
T2 = {m(z.inj) |z inj)eST}.
The other cases of 77, Tf, Tj are defined analogously.

DEFINITION 3.17. Using T=, the tiling of P, is defined by
7= U m@ini.

Te (Z,i/\j)ET;
The other cases 7=, 7, f, = are defined analogously.
Then, by the property sgn (v) = sgn (v*), we have the following proposition.

PROPOSITION 3.18. Ifsgn (v) = sgn (v*), then T=, T~ are the quasi-periodic
tilings of P, by proto-tiles {m, (0,i A j)|i AN je{1 A2, 1A3,2A3}=Vy}and 9_5, Tz
are the quasi-periodic tilings of P, by proto-tiles {m, (0,i A j)|i ANje{lA23A
1,2A3} =V}

The proof is obtained by Theorem 3.8 in [I02] analogously.

REMARK 3.19. We are interested in the projection 7, §= (resp. e S~ , 7, S_f e Sj).
But in the cases of type (—1, 1) and type (41, 0), neSE (resp. .S~ neSi, neSj) are not
tilings but coverings because of the property sgn (v*) # sgn (v). Therefore, we will discuss
only the case of sgn (v*) = sgn (v), i.e., type (—1, 0) and type (41, 1). It is unclear about
the case of sgn (v*) # sgn (v) now. We will try to introduce the existence of the numeration
system and the tiling property in the different paper.

Finally, we give the definition of the positive oriented face as follows.

DEFINITION 3.20. The unit face (x, i A j) located at x is positive oriented if i A j €
Vo for type (—1,0) and if i A j € V| for type (+1, 1).

REMARK 3.21. In the case of type (—1, 0), let us assume thati A j = (=2) A 1 for
the unit face (x,i A j). Then, we can rearrange it as (x — e2, 1 A 2), so it is the poritive
oriented by Definition 3.20. Thus if the rearrangement face is positive oriented, we also say
that the non-arrangement face is positive oriented.

3.3. 2-dimensional extension E; (0)
Let us introduce the automorphisms o_ and o4 on the free group F (1, 2, 3) whose
incidence matrices are A_ and A respectively as follows:

1 - 2 1 - 2
o_: 2 — 3 , oy 2 — 3
3 — 3a17Ipb 3 — 12039,
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Using the automorphism o (= o_ or o), let us introduce the 2-dimensional exten-
sion E5 (0) of o on the family of patches generated by the symbolic faces of the set
Ve (= Voor Vq): foreachi A j €V,

Ey(0)(0,i A j):=(0,0 () Ao ()))
= > (F(B”)+r(A?). WP AwD) Ga3)

Il<k<l
lglglj

Ex(0) (x,i A j):=Ax + E2 (0) (0,7 A j)

E3 (0) (Z (i A m) =) E2(0) (x,i A )y
A A

where f : F(1,2,3) — Z3 is the homomorphism satisfying f (¢) = 0, f (i) = e,
o (i) = wPwy WD P is the prefix of W ie. P’ = WP W, and y +
0,i Aj)=(y,i A j) (see [AFHI]).

If 2-dimensional extension E» (o) given by (3.13) satisfies the property that all faces
of E; (o) (0,i A j) are positive orientated, we say that E, (o) has the positive orientation
property (the POP-property for simplicity).

Then, we have the following proposition.

PROPOSITION 3.22. Ej (0-) and E3 (04) have the POP-property.
Proof. Ei>(0-)(0,i A j),i A j € Vo can be explicitly given by
Ery(0-)(0,1A2)=(0,2A3)
E2(0-) 0.173) = (0.273%) + (£ (3%) . 2A17)

@(Z((k—l)e3,2/\3)> +(ae3 —e1,112)

k=1
E2@) 0,273 = (£(3).3717") + (£ (39 + £ (17).342")
—b
(;)(ae3—e1,1/\3)+2(ae3—e1—ke2,2/\3).
k=1

Here, the technical manner (x) means that the “rearrangement” is used. It is clear that all
faces of E> (0-) (0,i A j), i A j € Vp are positive oriented, i.e., E> (0—) has the POP-
property. We get the proof of E; (04) analogously. g

3.4. Invariant stepped plane generated by E; (o1)

For t € R, let us consider the plane P, (t) = P, + t, the stepped plane .7~ (t) =
S~ +t of P, (t). Moreover, the element (z, i A Jj) € S~ (t) = S~ 4t can be characterised
by ez € I7 (i A j) (¢) from Lemma 3.15 where I~ (i A j) (¢) := I~ (i A j) + 7ct. The
cases of S~ (¢), S~ (¢),and I~ (i A j) (¢) is defined analogously.

Now, let us consider the existence problem of the E; (o)-invariant stepped plane.
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DEFINITION 3.23 (for type (—1,0)). Lets € R’ be the solution satisfying

s+e3—er=As +aez—eq, (3.14)

which is given by s =’ [2f;lb, (a;li{(ﬁ;l)’ Zf;ib] . Using s, let us consider the plane

P, (s) and S (s) of P, (s), moreover let us define the U= (s) and U~ (s), which are called
the seed, as follows:

U () =6 —er, 1IN+ (s, 1A3)+(s—e2,213),

U (s)=(—ex+e3, 1A2)+(s—er, 1A3)+(s—er+e,2A3).

Then, from the definition of 1= GNnj),iN] € Vo, mc(s—e) € I (1 A2)(s),
wes € IZ7 (1 A3)(s), me (s — e2) € IZ (2 A 3) (s). Therefore, we see that U= (s) € G (s)
where G~ (s) = G- + s. By the analogous discussion, we get 4> (s) € G~ (s), where

GZ (s) =G~ +s.

DEFINITION 3.24 (for type (+1,1)). Let us define the Z/I_f and U7, which are called
the seed, as follows:
L{f =0,1A2)4+0,1A3)+(0,2A3), U :=(e3,1 A2) + (e2,3 A1)+ (e1,2A3) .

Then, it is easy to see that

Ut € Gy, U7 €G7

by the anlogous discussion above.

REMARK 3.25. We usually treat U= (s), U~ (s), L{f, U7 as patches, i.e., U (s) €
G~ (s), but we sometimes treat them three distinct unit faces, i.e., U= (s) C S= ().

LEMMA 3.26 (for type (—1,0)). Using s satisfying (3.14), we get the following re-
lations:

Exy(0)UZ (5) = UZ (s),  E2(0-)UZ (5) > UZ (5)

where § > y means that the patch y is the subpatch of the patch §. In other words, § > y
means that if (z,i N j) € y, then (z,i A j) € 6.

LEMMA 3.27 (for type (+1, 1)). The following relations hold:

Ex(o)UT =UT, Ex(op)U; =UT.

The proofs of Lemmas 3.26 and 3.27 are given by checking of Es (o_)U~ (s),
E> (0-)UZ (s), Ex (04)UT, Ea (04) U7 explicitly.

PROPOSITION 3.28 (for type (—1,0)). Using s satisfying (3.14), let us consider
two seeds U= (s) and U (s). Then, the following properties hold:

(1) U= (s) € G= (s), U (5) € G (s);

(2) Ex(0-)UZ (8) = UZ (5), E2(0-)UZ (5) > UZ (5);

() Ex(0-)UZ (x) —U> (s) = E2 (6_) U (s) — U (s);

(4) SZ(s)\UZ (5) 3 (z,i A j) implies E3 (6-) (z,i A J) € G= (s);

S ($)\UZ (s) 2 (z,i A j) implies Ey (0-) (z,i A J) € G (s);
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(5) (z,iAJ), (2 AJ)) € SZ(s)(orSZ (), (z,i A J) # (2, (i A J)) imply
Fw, kAl : (w,kAl) € Ey(o_)(z,iAj) and (w,kAl) € Ep(o_)
(2 G A ).

(6) Forany (z,i Aj) € SE\Z/E (s), there exists (y,k Al) € S= (s) \L{f (s) such
that E> (0-) (¥, k A1) 2 (z,i A J).

Proof. (1) is clear from the definition of = (s) and U~ (s). (2) is proved in Lemma
3.26. (3) is clear from the definition of E; (0_). For (4). Let us assume that S~ (s)\
u= (s) > (z,1A2), ie., by Lemma 3.15, let us assume that .z € (7. (s —e2),
T (s —e2+€3)), = int(IZ (1 A2)(s)). From E3 (0-) (z, 1 A2) = (Az,2A3), we
want to show that 7. (Az) € (. (s —e2), 7. (s —e2 +e€1)). = int (I_Z 2A3) (s)) . From
the assumption 7.z € (7. (s — e2), . (s — e2 + €3)),. and from the properties that A is
the linear contracting map on P, and det A = —1, we have

e (Az) € (A (s —ex+e3), T A (s — €2)),
= (7c (be2) , e (—ae3 +e1)). +7c (s —e2) .
On the other hand, from the condition (3.9) and @ > 0, i.e., roughly speakinga > 0,5 > 0,
we know that
(e (bey) , e (—ae3 +ey1)), C (70, Teel), -

Therefore, we get m.Az € int (I,2 2A3) (s)). We prove the other cases, i.e., (z, 1 A 3),
(z,2A3) € 8= (5)\UZ (s), analogously. In particular, we use the properties such that
|eeq| : |meer| : |meez] =1 1 A3 : |A§ , 1 > a)%, and 1 > bA3. For (5). We assume
that I(w,k Al) € SZ(s) : (w,kAl) € Ex(0-)(z,i Aj)NEx(o-) (2, AJ)). Tt
is enough to consider k Al = 2 A 3. Let consider the case thati A j = 1 A 2 and
(i A j) = 1A3. From the definition of E; (6_), we assume that there exists j (1 < j < a):
Az = AZ' + (j — 1) e3. By the way, (z, 1 A2) € S (s) (z/, 1 A3) € $7 (s), 50 7z €
IZ(1A2)(s)and ez € IZ (1 A3)(s). From1 < j < a,a > 0, weknow that0 < j—1 <
a — 1. This fact contradicts the assumption that there exists j (1 < j <a) : Az = A7 +
(j — 1) e3. We prove other cases, i.e., {(z, ing), (z’, (i/\j)’)} € {{(z, 1A2), (z’, 1/\2)},

[z 1A2), (2,2 A3) L {@ 1 A3), (2,1 A3)} {1 A3),(2.2A3)}{(z.2A3),
(z’ N 3) } }, analogously. For (6). The proof is obtained by the analogous discussion with
Lemma 2.3 in [102]. O

On type (+1, 1), we obtain anlogous result.

PROPOSITION 3.29 (for type (+1, 1)). Let us consider two seeds L{f and U7 .
Then, the following properties hold:
() U eG7. U7 €GTs
2) Ex(op)Us > UE, Ex(o)UI > UT;
3) Ex(op)Us —UZ = Ex (o) Us —UT;
4) ST\UT > (x,i A j) implies E» (04) (x,i A J) € G7;
ST\UT 3 (x,i A j) implies Ez (04) (x,i A j) € GT;
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S) (xin),(x,GAJ))eST (orST), (x,inj)#(x', (i AJ))imply
Aw, kAl :(w kAl e Ey(oy)(x,i A j)and (w, k Al) € E> (04)
(x" G A JY).
(6) Forany (x,i ANj) € SE\L{Z, there exists (y,k A1) € SE\Z/{E such that
Ey(04) (3, kAD > (x,0 A J).
COROLLARY 3.30. Ej(0_)’UZ(s) > U= (s) and E>(0_)>U> (s) > U (s)
where s is satisfying (3.14).

Hence, we see that there exist the invariant quasi-periodic tilings of P, by E> (o)
(see [Al], [FIR]).

3.5. Complex Pisot numeration systems from 3 x 3 unimodular complex Pisot com-
panion matrices
Let us discuss only the existence of complex Pisot numeration system on type (—1, 0)
and type (41, 1).
Let us define 7= (s), 7= (s) as
TZ(8):=T> +7mes, T=(5):=T" +7mes

where s is the solution of (3.14). Then from the definition of S~ (s) and the property
of sgn (v) = sgn (v*), we see that .7~ (s) is a quasi-periodic tiling of P, with proto-
tiles {m, (0,i A j) |i A j € Vp}. Since the non-periodicity of the tiling comes from the
irreducibility of p (x) and the quasi-periodicity of the tiling comes from the fact that the
tiling is constructed by the projection 7, of the s-translated stepped plane .~ (s). The
other cases T~ (s), 7~ (s), Tf, 7, f, T7,and 7 are discussed analogously.

Let 7.G> (s) (resp. .G~ (s)) be the family of patches of T=(s) =T~ + 7es (resp.
T~ (s)), we proved that the operator . E3 (0_) is the tiling substitution from .G~ (8)
(resp. m.G> (s)) to .G~ (s) (resp. m.G= (s)) and that that the operator 7. E> (¢o4.) is the
tiling substitution from rregf (resp. negi ) to gi (resp. g; ) in the subsection 3.4.

Finally, we arrive at the following theorem.

THEOREM 3.31. (1) Let us define yirj,— by
Vinj— 1= im AT Ea (0-)" (sinj i A J)
where (s,-Aj, i N j) € U~ (s) or U (s). Moreover, we assume that there exist
the new seed U= (s") such that
i Uz (s') =UZ (s) + u for some u € 7
() Ez(0-)2UZ (') = U= (s);
(i) U, B2 (o) U (s') = P.
Then (A_,P-), P_ = {)/,-/\j,_ linje Vo} satisfies the properties for the

complex Pisot numeration system, i.e., (N1), (N2), (N3) in Definition 0.2 hold.
(2) Let us define yinj,+ by

Yinj+ = lim A™"m,Ey (04)" (Xinj. i A j)
n—0o0
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where (xmj, iN j) € Z/{E or L{j. Moreover, we assume that there exist the new
seed Z/{f (x’) such that

(i) ?/{f (x) = Uz + x' for some x' € 73;

(i) Ex(op)UZ (&) = UZ (x);
Gii) U2, E2(04)"UZ (x') = P..
Then (A4, P1), P+ = {y,-Nﬁ l[inje V1} satisfies the properties for the
complex Pisot numeration system, i.e., (N1), (N2), (N3) in Definition 0.2 hold.

Proof. For (1). The property (N1) for v/, ; = limy—cc A~ Ez (o_)" (s;A A j),
Si . i iNng ) € ?/E, (s’ ) holds from the assumption (ii) and (iii). Therefore, we see that the
property (N1) holds for y;; (c.f. Theorem 1.5 in [EIR] using Theorem 5.3 in [LW]). We
prove the property (N2) analogously with the proof of Corollary 2 in [AI]. From the relation
E>(0-)(0,i A j) given by the proof of Proposition 3.22, we obtain the set equations of
(Vinj | ¥inj = limp—oo E2 (0-) (0,0 A j) } by
A7ini = U 1= (rgo o + 7 (B”) + 7 (P?)). On the other hand, iy, is
l<i<lj
written by the translgltion of Pin j- Therefore, we obtain that Ay;,; is written by the sum
of the translation of the elements by {)/m ARRAYERY) } . To prove the property (N3), we
must show that E; (o) satisfies the strongly coincidence condition (see [AlI]). By the way,
the strongly coincidence condition is geometrically given by the following: there exist n,
iAj,y, andt € R3 (resp. n’, (i A j)', ', and ¢') such that

Ex (0_)" (3,i A J) > t +UZ (5) (resp. Ex(o0)” (¥, G A J)) > t’+uf) .

This conditions holds in the case of n = 2,i Aj =2A3,y =5 —e,and ¢ = 0 in Lemma
3.26. (2) is proved analogously and see Remark 3.33. |

COROLLARY 3.32. Let T=7(s) = {Vinj—+mez linjeVo,zinj)e
T= (s) } Then, T="* (s) is a quasi-periodic self-similar tiling of P, by the linear trans-
formation A. The other cases T~ " (s), TE’*, T, are discussed analogously.
REMARK 3.33. For type (+1, 1) in Theorem 3.31 , we have obtained the numera-
tion system <A+, P = {yiAj’+}l'Aj€V1) where

Yinj+ = nlglgo A e Er (04)" (Xinj i A j)

1—2
for (xmj,i /\j) € Z/{E or U7 where oy is given by o4 2—3 and Ay, =
3— 12k3¢
0 0 1 S
1 0 b |. Let us consider the automorphism t = <0+) , which is the inverse
01 a
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of the mirror image of o, then,

1—17b2743
T:2—>1

352,
From the condition of (a, b) satisfying the complex Pisot condition (3.10), i.e., (1), (2), (3)
in Proposition 3.2, it is clear that the automorphism 7 is a substitution. Therefore we know
that the limit set y;Aj,+ is also obtained as y;jrj + = —8, {1, 2,3} = {i, j, k} by Theorem
2.1, in other words, the numeration system produced from the class of type (41, 1) is
the numeration system produced from the unimodular Pisot substitution (c.f. Remark 2.2
discussed in the section 2).

EXAMPLE 3.34. Let us consider the case (a, b) = (1, 0) of type (—1,0),i.e., A =
0 0 —1
1 0 0 | and its characteristic polynomial is x> — x> + 1. The eigenvalues of A are
0 1 1
A1 = 0.877439+0.744862i, 1, = 0.877439—0.744862i, .3 = —0.754878 (see Figure 11)
and Vpis givenby Vo = {1 A2, 1 A3, 2 A3}.

FIGURE 11

1—2
Let the automorphismo : § 2—3 | then E; (o) is given by
33171
Ey(0)(0,1A2)=(0,0(1) Ao (2) =(0,2A3)
Ey(0)(0,1A3) = (0, 2/\31—1) —(0,273)+ (83, 2A 1—1)

©0,2A3)+ ((e3 —e1), 1 A 2)

Ey(0) (0,2 A3) = (0,3 /\31_1) = <e3,3 A 1—1) ® ((e3—e1), 1A3)

where (x) means the rearrangement and it satisfies the POP-property (see Figure 12).
LetU~ (—e;) be
U” (—e)):=((—e; —ex+e3), 1 A2)+ ((—e1 —e2), 1 A3) + (—e3,2 A3),
then U~ (—ey) satisfies
Ex (0)*UZ (—e1) = UZ (—e1)
(see Figure 13).



32 M. HAMA, M. FURUKADO, and S. ITO

Es (o) Es(0)
— —

e (0,1 A 2) e (0,1 A 3)

S~
2(9)

FIGURE 12. 7.E (0)(0,i A j)in Example 3.34: 0 : 1+ 2,2+ 3,3 > 3171,

7e (0,2 A 3)

I (0') E> (0‘)
— —

FIGURE 13. 7.Ep (0)"UZ (—e1),n=0,1,2,...,6.

Let us define .7~ (—ey) as follows: the tiling .7~ (—e1) generated by the projection
7, of the stepped plane .~ (—e1) satisfies the following properties:

T (—e1):={me (z.i Aj) | (z.i A j) € E(0)"U” (—ey) forsomen} ,
T (—e1):= U e (2,0 A ) (= Pe)
7e(z,iNJ)ETZ (—e1)

on this example (see Figure 14). The analogous proof can be obtained by the method of
s-connected in [AFHI], or C-covered propery in [IO1].
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FIGURE 14. 7~ (—ej) where the black dot is the origin point.

UiAj6{1A2,1A3=2A3} Ting Ui/\je{l/\?,l/\3,2/\3} AYing

FIGURE 15. The set equations.

Let us the limit set yjn; = limy 00 A™"m.E> (o)* (si,\j,i A j) for (s,-,\j,i A j) €
U- (—ey). Then, P = {Vi AJ }mj Vo satisfies not only the following set equations

Ayirn2=72/3 — €]

Ayin3 = (Yin2 — Te€3) U (Yan3 — Tee3)

AY273=Y1n3 + Tc€2
(see Figure 15), i.e., the property (N2), but also the properties (N1) and (N3) of Definition
0.2. Therefore, we see that (A, P) is the the complex Pisot numeration system of A.

Then, the labeled graph (V, E, i, t, £) on the example is given by Figure 16. From the
fact that
¢ (reer) =1, ¢ (mee2) = 4, ¢ (mee3) =27,

we see that the labeled graph (V, E, i, t, (¢L£)) is given by Figure 16.
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The graph (V, E,i,t, L) The graph (V, E,i,t,(¢L))

FIGURE 16. The graph of (a, b) = (1, 0) for type (—1, 0).

Therefore, let £2; 1 ; be the label-admissible symbolic space which is starting from the
vertex i A j by the labeled graph (V, E, i, t, (L)) and let its element be (ag, a;, az, .. .),

a; € {—1, X, A2, _A2} , then z € ¢, (Um]‘evg )/,'/\,') is represented by z = ZZ‘;I
where a,, = ¢, (rre f ,Ej’:l))

ap_ A"

4. Complex Pisot numeration systems from 4 x 4 unimodular complex Pisot com-
panion matrices

4.1. Setting

In this section, we discuss how we obtain the complex Pisot numeration system from
a4 x 4 unimodular complex Pisot companion matrix (see [AFHI], [FIR], [F]).

Let A+ be the 4 x 4 companion matrix whose characteristic polynomial is p+ (x) =
xt—axd—b 2—cx:F1,a,b,c€Z, ie.,

0 0 0 =#£1
1 00 c
A=10 1 0 b
0 0 1 a

We assume that the algebraic integers A; (1 < i < 4) of p4 (x) satisfy the non-Pisot
hyperbolic condition, i.e.,

A1l > [A2] > 1 > [A3] = [A4] .

Under the non-Pisot hyperbolic condition, let u;(1 < i < 4) be the eigenvectors of A;
respectively and put the corresponding vectors v; of eigenvectors

{m:"z;’“, v2=”2;”1 if A1, A2 € C\R
vi=u;, vVy=1up l if A, A2eR ’
{v3="4;’”3, u:”“;’” if A3, € C\R ,
V3 =U3, V4=1U4 l if A3, A4 €R

Then, the linear transformation A has the 2-dimesional A-invariant expanding plane P,
spanned by {vy, v} and the 2-dimensional A-invariant contracting plane P. spanned by
{v3, v4}. Using P, and P, RY is decomposed by P, and P, i.e., R? = P, @ P.. Then,
let us define the projection 7, : R* > P, 7, (xvy; + yva + zv3 + wvyg) = xV] + yv2



Complex Pisot Numeration Systems 35

(resp. m¢ : R* > P., 7, (xv1 4 yva + zv3 + wvy) = zv3 + wv4 be the projection to Py).
Moreover, P, o A = A o P, (resp. P. o A = A o P,.) holds.
Using the representation by
[e1 €2 e3 ea] = [v] v2 3 v4] [JCji]lSJ-J54 . (4.15)
mee € P, (resp. mce € P.) of the projected canonical basis {e;}| <; <4 are given by
Tee; = x1;v1 + X2i02 == [x1;, x2;]
(resp. mee; = x3;03 + X404 = [x3;, x4;]) .
DEFINITION 4.1. The set of the projected canonical basis {r.e;} <; <4 has the good

star property if 7.e; = wrn.e; for some real number w # 0 implies i = j. We define the
good star property for the set {r.€;}; ;<4 analogously.

Using {m.e;}|<j<a (resp. {mcei};<;<4) with the good star property, we uniquely ob-
tain the proto-tiles set V, (resp. V.) consisting of six symbolic faces whose orientation are
positive denoted by

Ve =
i#j,i,je{l,...,4}, i A j be the positive oriented parallelogram
i Aj| generated by 7.e; and m.e; where i A j is chosen if the counterclockwise
angle o between w.e; and w.e; satisfies 0 < o <7
The case of V. is defined by {7.€;}, ;<4 analogously.

Let a pair (x, i A j) € Z* x V, (resp. V.) be the positive oriented parallelogram i A j
located at x, i.e.,

(x, inj):={x+pe+vej |0=<pu,v=1}
(see Figure 17).

x+teitej

xtei

FIGURE 17. (x,i A j).

Let o (resp. 0) be the automorphism on the free group F (1, 2, 3, 4) given by

1—2 1—4-11¢0b3a 1 — 392b1c4-1
5.1 273 ol 1 21 9':0(:1' 21
") 34 ’ "] 352 P ] 32
4 — 2¢3bga1F! 453 453

Using the automorphism o (resp. 6), the 2-dimentional extension E; (o) (resp. E2 (8)) on
the patches of the symbolic faces of V, on P, (resp. V. on P,) is defined analogously with
(3.13) in the section 3.
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From now on, we try to get the sufficient conditions of a, b, ¢ € Z satisfying the
following properties:
(S1) The eigenvalues A; of A satisfy the hyperbolic non-Pisot condition:
A1 (=M = k2] > 1> [A3] = |A4];

(S2) {meei} <i<q (resp. {mce;}|<;<a) satisfy the good star property (described later);
(S3) The 2-dimensional extension E; (o) (resp. E> (6)) has the POP-property.

4.2. Computer experiments
For the companion matrix A_:

0 0 0 -1
1 0 0 c

A_ = 01 0 P —15<a,b,c <15,
0 0 1 a

by the computer experiments, we observe the following facts:
(1) For —15 < a,b,c < 15, the automorphism o (resp. 6) satisfies all of the
properties (S1), (S2), (S3)ifandonlyif b =0,c = —a — 1, —a, —a + 1.
More precisely,
(2) See the table in the section 4.5;
(3) There is no automorphism o (resp. 0) satisfying all of the properties (S1), (S2),
(S3) associated with the companion matrix A

0 0 0 1
1 0 0 ¢

Ay = 010 b |’ —7<a,b,c<7.
0 01 a

The condition that » = 0 and ¢ € {—a — 1, —a, —a + 1} for the companion matrix
A_of p (x) = x* —ax>® —bx? — cx + 1 seems to be the necessary and sufficient condition
satisfying that E> (o) has the POP-property.

4.3. Theorem
We will prove the following theorem in this section.

THEOREM 4.2. Let A be the companion matrix of p (x) = x* —ax> —cx + 1 by

00 0 —1
1 0 0 ¢
A-=1109 10 o
0 01 a

satisfying a,c € Zandc € {—a — 1, —a, —a + 1}. Then
(1) the automorphism o (resp. ) associated with A (resp. A=) satisfies all of the
properties (S1), (S2), (S3). In particular, (a, c) satisfies
(_35 4) ) (_25 3) ) (_27 2) 5 (_27 1) 5 (_17 2) 5 (_17 1) 5 (_17 O) 5 (07 1) B }

@c)e { ©0,—1),(1,0), (1, =1), (1,-2), 2, 1), (2, =2), (2, =3), (3, —4)
(4.16)
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then, the eigenvalues A; (1 <i < 4) of A satisfy the complex Pisot condition:
Al = |22l > 1> [A3], [Aal, and Xy = A

(see the table in the section 4.5);
(2) Under the assumption that there exists U, (resp. U.) which is the family of 4C =
6 pieces symbolic distinct faces satisfying
(1) there exists k (resp. k) such that

E2x (@)U >Ue, U= ) (TeXinj inJ)
injeVe
(resp. Ea O U, U, U= Z (mexin i A J))
injeve
i) U Ex (@)™ U = P (resp. U2 E2 @) Ue = P.),
then, the compact set
Vinje = lim A™"m By (0)" (Xinj.i A Jj)

(resp. Yinj,c = lim A" Ey (0)" (xmj,i A J))

n— o0
for each (xmj, i N j) € U, (resp. Ue).
Then P = {yi Aje }I. njeVe (resp. {y,- Ajc }I. N eVC) satisfies a set equation and the properties
(N1), (N2), (N3), then (A, P) has the complex Pisot numeration system.
To prove Theorem 4.2, we prepare a few lemmas.

LEMMA 4.3. Forp(x) = xt—axd—cx+1l,a,ceZ,ce{—a—1,—-a,—a+1},
(1) ifa =5, then p (x) has two real roots in the interval (—1, 0);
(2) ifa < =5, then p (x) has two real roots in the interval (0, 1).

Proof. For(l). Itiseasytoseethat p(0) =1, p(=1)=2+4a+c>1,p (—%) =
11_6 (17 + 2a + 8c) < 0. Therefore, the statement holds. (2) can be obtained analogously
by the observation of p (0), p (%) <0,and p (1) > 1. O
LEMMA 4.4. Forp(x) = xt—axd—cx+1l,a,ceZ,cec {—a—-1,—a, —a+1},

the roots A; (1 <i < 4) of p (x) are distributed as follows:
(1) ifa =5, then

—l<M<M<0<l<ly<Ar;
2) ifa < -5, then
M<hm<—-1<0<lg<Ai3<l.

Proof. For (1). By Lemma4.3, we know that p (x) has two real roots in the interval
(—1,0). Let g (x) = x* —cx® —ax+1, then g (x) satisfies the condition (2) in Lemma 4.3.
Therefore there exist two roots 1 and uy of ¢ (x) in (0, 1). From the fact that A := i,
Ay = i are the roots of p (x), we see that A1, A satisfy the relation 1 < Ay < A1.(2) s
obtained by the analogous discussion. O
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LEMMA 4.5. Let A be the companion matrix whose characteristic polynomial
p(x)=x4—ax3—cx+1,a,c €Z,ce{—a—1, —a, —a+1}andv;, (1 <i < 4)
be the corresponding vectors of the eigenvectors discussed in (4.15). Then the signature of
xj1, (1 < j <4)in (4.15) are given by

(1) ifa =35, then

(sgn (x11), sgn (x21) , sgn (x31) , sgn (x41)) = (+, —, —, +);

(2) ifa < -5, then

(sgn (x11) , sgn (x21) , sgn (x31) , sgn (x41)) = (—, +, +, ).

Proof. From Lemma 4.4, v; (1 <i <4) of (4.15) are the eigenvectors themselves.

The eigenvector v; (1 <i <4) is given by

t 1 1 c 1 c
v, = |:_)\_1’ —Eﬁ-)\—i, —Eﬁ-g, 1j|.
Therefore we have
A3 (AaAzhac? — (AoAz + Aokg + A3hg) ¢ + Ao + A3 + A4)

e (=1 + 22) (—h1 + A3) (—A1 + Aa)

A3 (MAshac® — (MAs + Aiha 4 Aska) ¢ + 2+ A3+ ha)
e (—h2 + A1) (=32 + A3) (—ha + 24)

A3 (Maohac? — (A + Aaha + Aada) ¢+ A+ A + Ag)
BT (=h3 + A1) (=23 + A2) (—ha + 2a)
o A3 (MA223¢® — (MA2 + AA3 4+ A2A3) ¢ + A+ A2 + A3)

(A4 + A1) (—Aa + A2) (—Aq + A3)
On the other hand, we know the relations between roots and coeffcients for p (x) such that

MtA+rA3+ra=a 4.17)

MA2 + A A3+ Adg + AoA3 + Aodg + 2304 =0 (4.18)
AMAA3 + A1A2A4 + AA3A4 + AaA3da = (4.19)
MAAzdg=1. (4.20)

By the way,

1
MA3 + Aora +A3ha = A1 (A2A3 + A2da + A3Aa) o
1

(4.19) 1
=" (c —A2A3A4) —
Al
1 1
L P P 4.21)
MM

Thus we have
33 <A2A3A4c2 — (Mads 4 Aok 4 A3ha) ¢ + Ao+ As + M)
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1 1 1
(4.17),(420),(4.21)@ —2—(ce——)—c+@—-nr)
A A M

Therefore, x;1 = Bl En eTETT evEsTyE By Lemma 4.4, if a > 5, it is clear that
x11 > 0. For xj1, j = 2,3,4, we can discuss analogously. We get the proof for (2)
analogously. O
LEMMA 4.6. Forp(x) = xt—axd—cx+1l,a,ceZ,cec {—a—-1,—a,—a+1},
the following properties hold:
(1) Ifa =5, then {m.e;}|<; <4 satisfies the good star property and the proto-tiles set
Ve is given by
Ve={1A2, 1A3, 1A4, 2A3, 21A4, 314}
called V (0) in the table in the section 4.5. Moreover, E; (o) has the POP prop-
erty. On the other hand, {m e;};<;<4 satisfies the good star property and the
proto-tile set V. is given by
Ve={2A1, 1A3, 4A1, 3A2, 214, 4A3}
called V (2) in the table in the section 4.5. Moreover, E> () has the POP prop-

erty.
(2) Ifa < =5, then {m.e;}| <;<4 satisfies the good star property and the proto-tiles
set V, is given by

Ve={2A1, 1 A3, 4A1, 3A2, 214, 4A3}

called V (2) in the table in the section 4.5. Moreover, E; (o) has the POP prop-
erty. On the other hand, we see that {m.e;}, <; <4 satisfies the good star property
and the proto-tiles set V. is given by

Ve={1A2, 1A3, 1A4, 2A3, 214, 34}
called V (0) in the section 4.5. Moreover, E; (0) has the POP property.

Proof. For (1). From Lemma 4.4, v; (1 <i <4) of (4.15) are the eigenvectors
themselves and we know that P, = L (v, v2) and P, = L (v3, v4). From the notation
of the inverse matrix of [v{, v3, v3, v4], we have m.e; = x11v1 + x21v2 and we know that

o€ =T A€l = A1X11V] + A2X21 02
T.e3 =m.Aer = )»%xuvl + A%x21v2
T.e4 =T A€z = )»%xuvl + K%levz .

Therefore, {m.e;}, ;<4 satisfies the good star property since 1 < A < Ay and xy1 > 0,
x21 < 0by Lemma 4.5. So, we obtain Figure 18 and we see that the proto-tiles set is given
by

Ve={1A2, 1A3, 1A4, 2A3, 274, 3A4}=V(0).
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FIGURE 18. The image of {nce;};<;<4ina > 5.

Now let us operate the 2-dimensional extension E; (o) to the proto-tiles of V., then we
obtain the following:

Ex(0)(0,1A2)=(0,0 (1) Ao (2)) = (0,2A3)
Ex(0)(0,1A3)=(0,0 (1) Ac (3) = (0,214

Ey(0)(0,1 And)= (Z(cez—i-(k— 1)e4,2/\4)) + (cex +aes — ey, 1 N 2)
k=1
E>(0)(0,2A3)=(0,0 Q) A0 (3) =(0,314)

E>(0) (0,2 A4)= (Z (—kes, 2 A 3)) + (Z (cer+ (k — 1)es, 3 A 4))

k=1 k=1
+ (cex +aeqs — ey, 1 A 3)
—C

E»(0) (0,3 A4)= (Z (—kes,2 A 4)) + (ces +aes —er, 1 A4) .
k=1

Therefore, we see that E; (o) has the POP property.

Now let us consider on P, that is, we have m.e; = x31v3 + x41v4 and we know that

ey =mcAe| = A3X31V3 + A4x4104
T.e3 =m.Aey = A§x31v3 + )\42;X4lv4
ey =Tm . Aes = A§x31v3 + )\ix41v4 .

Therefore {m.e;}| ;<4 also satisfies the good star property since —1 < A3 < A4 < 0 and
x31 <0, x41 > 0by Lemma 4.5. So, we obtain Figure 19 and the proto-tiles set is given by

Ve={2A1, 1A3, 4A1,3A2,2A4,4A3} (=V (2)).

Operating the 2-dimensional extension E (9) to the proto-tiles of V., then we obtain
the following:

E>(0)(0,2A1)= (0,0 2) A6 (1) = (Z ((k—1)e3, 1 /\3))
k=1
+ (aez +ce; —eq,4 N 1)
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FIGURE 19. The image of {nce;}i<;j<4-

a—1 —c
E»(0)(0,1A3) = (Z (k—1)e3,3 /\2)) + (Z (aes —kei, 2 A 1))

k=1 k=1
+ (ae3 +ce; —eq,2 N 4)

—C
E,(©0)(0,4n1) = <Z (ae3 — ke, 1 A 3)) + (ae3 + ce; —eq,4 N 3)

k=1
Ex(0)(0,3A2)=(0,03)A0(2)=(0,2A1)
Ex(0)(0,2A4)=(0,02) A0 4) =(0,1A3)
Er;0)0,4A3)=0,04)A03)=(0,3A2).

Therefore, we see that E; () has the POP property.
For the case of (2) a < —5, we get the conclusion analogously. O

Proof of Theorem 4.2. 'The first part (1) is obtained by Lemma 4.6 in the case a < —S5,
a > 5,and foreacha (-5 < a < 5), we can check that the proto-tiles set V,, V. and the fact
that E» (o) has the POP property explicitly (see the table in the section 4.5). The second
part (2), mentioned that the family of compact sets {yinj.e}, i A j € Ve (resp. {yinj.c}s
inj € V,)satisfies (N1), (N2), (N3) of the complex Pisot numeration system property, can
be obtained by the analogous proof of Theorem 3.31. O

4.4. Example of the complex Pisot numeration system
EXAMPLE 4.7. Let us consider the minimal polynomial

px)=x*—x34+1,

then its companion matix A is given by

A=

o O = O
oS = O O
— o O O
—_—0 O ==
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FIGURE 20.

which is corresponding to (a, ¢) = (1, 0) in Theorem 4.2.
The eigenvalues of A satisfy

A1l = [A2] > 1 > [A3] = |A4]

and the distributions {r.e;}; <; <4 is as Figure 20. The proto-tiles set V, is chosen as

Ve={1A2, 1 A3, 1 A4, 2A3, 274, 3A4}

00O NG

Let us define the automorphism o of F (1, 2, 3, 4) by

1—>2
2—3
3—>4
44171

and using the automorphism o, we see that the 2-dimentional extension E3 (o) from the
positive orientated face to the “patch” of faces is given by

Ex(@)(0,1A2) = (0,0 (1) Ao (2)=(0,2A3)
Er(0)(0,1A3) =(0,2A4)

EQ(G)(0,1A4)=(0,2/\41_1) =(0,2/\4)+<f(4),2/\1_1)
D 0,274)+ ((es—e1), 1 A2)

E2(0)(0,273) = (0,3 A4)

Ez(a)(0,2/\4)=(0,3/\41_1)(2*)(0,3/\4)—1-((84—81),1/\3)

Ey () (0,3 Ad) =(0,4A41*1) =(0,4A4)+(f(4),4Ar1) © ((es—e1), 114

where (%) is the rearrangement which is introduced in the section 3. Then, we see that
E» (o) has the POP-property (see Figure 21).
Starting (—e3, 3 A 4), we see that

E>(0)° (—e3,3 A 4) = 7o (—e3,3 A 4) ,
moreover, let

To = {me (x,i A )| 7o (x,i A j) € T Er (0)> (—e3,3 A 4) forsome n e N},
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FREEEEY Y A\ Eae)
Mwe (0,1A2) Mwe (0,2 A 3) V”'rre (0,1A3) V“we (0,2 A 4)
me (0,11 4) 7e (0,27 4) + (4 — 1), 17 2)) 7 (0,273) e (0.304)
me (0,21 4) Te ((07:3A4)+(<e4 —e1)),1A3) 7”7re (0,37 4) Wer‘(‘(e4 —e1),1n4)
FIGURE 21. 7, (0,i A j)and mEy (0) (0,i A j),i A j € V.
then .7, = Une(z,i/\j)eTe e (2,1 A j) is the quasi-periodic tiling of P, (see Figure 22).

Now we can find the octagonal patch I, satisfying E; (0)*U, > U, (see Figure 23):

((—e3—e1—e2),1A2)+ ((es—e1—e€3), 1 A3)+((—e3 —e1), 1 A 4)
+((eg—e; —exy—e3),2A3)+((—e3 —e; —e3) ,2 AN4)+ (—e3,3 A 4)

Let us define

U, =

vinj = lim A™"m By (0)" (xinjii AJ)  for (xinj.inj) €Ue.

Then, the family of the compact sets {cl (int (y,- ,\j)) } has the following set equations:

iNjEV,
Ayipo = V23 + e (—2e4 + €)
AYIn3 = Vo + Te€3
Ayina = (Y2na + 7 (€3 + €1 — €4)) U (Yin2 + 7c€3)
Ayrn3 = vina + e (€1 + €2)
Ayana = (3n4 + e (—€2 — €4)) U (Via3 + 7Te (—€2 — €4))
Ay3pa =Yipa + me€3
(see Figure 23).
Moreover, we can see that
cl (int (yi,\j)) =VYinj, Me (ayw) =0, and y = U Yinj is disjoint,
injEV,
therefore, we see that (A, P), P = {Vi/\j }mj e, is the complex Pisot numeration system.
The labeled graph (V, E, i, t, L) is given by Figure 24.
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e (—e3, 3 N 4)

step

4 step

8 step

7 step

(L7

12 step

FIGURE 22. The quasi-periodic tiling 7.
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AYyo

Uinjev, Yinj Uinjev, Aving

FIGURE 23.

Te (e +€2)

Te (-5 -e4) TTe(-¢5-€5)

FIGURE 25. The graph (V, E, i, t, (¢L)).

From the fact that

¢ (meer) =1, ¢(meex) =1, ¢(mee3)=2r%, ¢ (mees)=2",

the labeled graph (V, E, i, t, (¢ L)) is given by Figure 25.
Therefore, let £2;1; be the labeled admissible sequence space which is starting from
the vertex i A j by the labeled graph (V, E,i,t, (¢L)) and its element be (ai, a2, ...),

ai € {=223 + 1A%, =23+ 22+ 1, A+ 1,-23 — 1}, thenz € ¢ (UW-E‘,F J/iAj) is rep-

resented by z = Y 00 | a,—1 A" where a, = ¢, (”eflg,{’:l))

4.5. Appendix: The table

Finally, we will show the table how the eigenvalues A; are distributed depending on
a, ¢ € Z. Notation on the table is as follows:

(1) “Comp” (“resp. Real”) means the complex (resp. real) number respectively.
(2) V(@),i=0,1,2 are the set of the proto-tiles such that

VO)={1A2, 1A3, 1A4, 2A3, 274, 34}
V) ={1A2,3A1, 1A4, 2A3,4A2, 34}
V)={2A1, 1A3,4A1,3A2, 24, 4A3}.
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a 2t —ax® —cx+ 1| A, da | A3, Mg Distribution of \; V. .
a<-5 Real | Real V(2) | V(0)
Jan
—4 2 +42% — 52 +1 | Real | Real N oSS V(2) | V(0)
&R
—4 2t +42° — 4+ 1| Real | Real PO Y V(2) | V(0)
an
—4 2t +42% — 3z +1 | Real | Comp AL N V(2) | V(0)
— A4 3 _ Ar » ,/& R
3 z*+ 3z — 4z +1 || Comp | Real RRNY) V(1) | V(0)
(22 + 22 — 1) CQ 2) | v(0)
_ X €r — A2 V(2 V(0
3 (@ +o—1) Real | Real
B . 5 LT
3 2t +32% —2x+1 | Real | Comp NN V(2) | V(0)
_ 4 3. \.l_/}\
2 z'+22° =3z +1 || Comp | Real A.Z‘Su& V(1) | V(0)
WP
-2 2t +22% — 22+ 1 || Comp | Comp s V(1) | V(0)
Yy
-2 2t +22% — 2+ 1 || Comp | Comp Ny V(1) | V(0)
&P
-1 z*+ 2% —2x+1 | Comp | Comp Ny V(1) | V(0)
A2
SR
-1 at+23—z+1 || Comp | Comp S V(1) | V(0)
T
-1 a2t +1 Comp | Comp i V(1) | V(0)
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a c a2t —ax® —cx+11] A, Ao | A3, M Distribution of \; V. V.
. an)
0 1 2t —z+1 Comp | Comp }2}% V(1) | V(0)
o
0 | -1 rr+1 Comp | Comp g,;; V(0) | V(1)
. 3 o
1 0 -2+ 1 Comp | Comp RE V(0) | V(1)
AR
1 1| 2*=23+z+1 | Comp | Comp };5 V(0) | V(1)
DY
1 | =2 2*—2%+22x+1 || Comp | Comp BA V(0) | V(1)
A2
JaRY
2 | =1 2*=22>+2+1 | Comp | Comp it V(0) | V(1)
1 3 AR
2 =2 || 2 —22° + 22+ 1 || Comp | Comp f V(0) | V(1)
[1_’\].1
2 | =3 | 2*—223+32+1 | Comp | Real '&/“.2 V(0) | V(2)
. 5 A0
3 —2 | 2* =32° +22x+1 | Real | Comp T v V(0) | V(1)
, an
3 |3 @-2z-1) Real | Real Tt aou V(0) | V(2)
(22 — 21 —1)
JaR
3 | -4 | a*=32*+42+1 | Comp | Real S V(0) | V(2)
o,
4 | =3 2*—423+32+1| Real | Comp ML N V(0) | V(1)
o
4 | =5 | a2*—42>+5x+ 1| Real | Real pYSZVIY V(0) | V(2)
an
4 | —4|a2'—42°+4x+1]| Real | Real &A1 V(0) | V(2)
a>5 Real | Real V(0) | V(2)

On other pairs (a, ¢), c = —a — 1, —a, —a — 1, {A;}| <; <4 are totally real.
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