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1. Introduction

Efficient computation of the radical of an arbitrary ideal in a polynomial ring over a
field of positive characteristic is very interesting problem as we have to resolve compu-
tational difficulty coming from “inseparability” which appears in many cases. There are
several works on the subject and many of proposed methods are based on derivation. (See
[7, 8, 11].) In [12] Matsumoto proposed an effective and efficient method in a different
approach based on computation of inverse image of Frobenius map. Also, for further com-
putation such as prime/primary decomposition, special efforts are done for solving such
difficulty and, by using Matsumoto’s method, a complete method for prime decomposition
is established in [15, 13].

In this paper, we extend Matsumoto’s method for further decomposition of polynomial
ideals over finite fields without complicated procedures of prime decomposition. In more
detail, we can utilize inverse image of Frobenius map very precisely to extract the inter-
section of all primary components which are prime by basic ideal operations such as ideal
quotient and saturation. Moreover, by applying such computation repeatedly, we can obtain
an interesting intermediate decomposition, where each component has different degree of
nilpotency. Therefore, we call such an intermediate decomposition the distinct nilpotency
decomposition.

Now we explain the new notion distinct nilpotency decomposition. Let p be a
prime number and ¢ a power of p. By [F;, we denote the finite field of order ¢ and by
Fy[x1, ..., xn] we denote a polynomial ring over I, in n variables x1, ..., xp.

We begin by defining degree of nilpotency.

DEFINITION 1.1 (Degree of Nilpotency). For an ideal I of F;[xy, ..., x,], we de-
note its radical by v/1. We define the degree of nilpotency of I as the smallest integer s
such that x* belongs to I for any element x in /7, and denote it by nil(/).

By Brownawell and Kolldr, it is shown that the degree of nilpotency of an ideal J is
bounded by d", where d is the maximum of total degrees of polynomials in a generating
set of J. (See Theorem 9.2.1 in [14].)
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REMARK 1.2. The definition of the degree of nilpotency is slightly different from
the standard one. In [14], the degree of nilpotency of J is defined as the smallest integer s
such that v/7° C J.

From now on, let / be an ideal of a polynomial ring Fy[x1, ..., x,,] and suppose that
I has no embedded primary component and every primary component of / has a common
maximal independent set. This assumption is not so special, since many cases in actual
mathematical problems have such property and also during primary decomposition there
appears such an ideal. See [9, 15, 13].

DEFINITION 1.3 (Distinct Nilpotency Decomposition). Let S(I) be the set of all
irredundant primary components. We note that S(/) is determined uniquely for /. Also,
when a subset .4 of S(I) is empty, we set erA 0 =Fylx1, ..., x.]

(1) By Ro(I), we denote the set of all irredundant primary components of / which

are prime, and we denote those intersection by ro(/), that is,

nh= () Q.
QeRo(I)
We call ro(1) the radical part of 1. For each Q in Ro(I), its degree of nilpotency

is 1.

Foreach k > 1, we denote by Ry (/) the set of all irredundant primary compo-
nents Q such that pk_1 < nil(Q) < pk. Moreover, we denote those intersection
by rr (1), that is,

nh= () Q.
QeRi(I)
(2) We define N'Ri(I) by

k
NRi () =S\ | JRi(D) .
i=0
Then, V'R (1) consists of all irredundant primary components Q with nil(Q) >
pk. Moreover, we denote those intersection by nri (1), that is,

=[] @
QeN Rk (D)
When k = 0, nro(I) is the intersection of all primary components which are

non-prime, and we call it the non-radical part of 1.
By definition, for each non-negative integer k, it follows that

k
I = <ﬂr,-(1)) Nnre(I) .
i=0
When k£ = 0, we have
I =ro(I) Nnrg(I) (1)

and we call the decomposition (1) the radical part decomposition of 1.
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(3) As the degree of nilpotency of each component Q is bounded, there exists a
non-negative integer d such that
d
I=()r). )
i=0
We call the decomposition (2) the distinct nilpotency decomposition of I or the
DND of [ for short.

In this paper, we show that the DND of 7 can be computed by elementary ideal opera-
tions in a recursive manner as follows. Here by computing an ideal we mean computing its
Grobner basis.

(I  First the radical part decomposition (1) is computed. That is, ro(/) and nro(1)
are obtained by computation of inverse image of Frobenius map and ideal
quotient computation.

(II) Beginning by k£ = 0, by applying the method for (I) repeatedly, r¢4+1 (/) and
nry4+1 (1) are computed from nry (7).

(II)  When nry(I) = rie1(I), that is, N Rg11(I) = @, the whole computation
terminates. Then we have computed ro(f),...,7x+1(I/) such that I =
ﬂf‘:& ri(I) gives the DND of 1.

The method proposed in the paper has the following features:
(1) During radical computation along with Matsumoto’s method, we obtain the
DND as an intermediate decomposition.
(2) Additional computations for the DND are only basic ideal operations (ideal quo-
tient and saturation).
As the method does not require any additional “decomposition” based on factorization,
DND computation may contribute a new approach to efficient and practical prime/primary
decomposition of polynomial ideals over finite fields. Because, for prime decomposition
of an ideal with positive dimension, we have to execute a special treatment for resolving
computational difficulty derived from “inseparability”. (See [15, 13] for details.) Also,
when we consider the factorization of a polynomial over an algebraic extension of a rational
function field, it corresponds to a primary decomposition of a corresponding ideal and
the distinct nilpotency decomposition can be considered as a variant of the square-free
decomposition which is computed in a very different approach.

2. Mathematical fundamentals

Here we provide necessary definitions and useful propositions for the DND computa-
tion. We begin by showing our setting.

Let p be a prime number and g a power of p. By IF;, we denote the finite field of order
q and by F4[x1, ..., x,] we denote a polynomial ring over F, in n variables x1, ..., xp.
For simplicity, we write X for {x1, ..., x,} and F,[X] for Fy[x1, ..., x,]. For a subset Y
of X, we also write F,[Y] and IF,;(Y) for a polynomial ring over IF; in Y and a rational
function field over F, in Y, respectively.
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SETTING: Let I be anideal of Fy[x1, ..., x,] and suppose that / has no embedded
primary component and every primary component of / has a common maximal independent
set. As to a maximal independent set, see [3] for its definition and computational details.
In this case, the dimension of each primary component coincides with the cardinality of a
common maximal independent set.

In the following, we denote the dimension of I by ¢ and fix a common maximal
independent set Y. Then #Y = £. Also, let S(I) = {Q1, ..., O} the set of all irredundant
primary components, where Q1, ..., O, (s < t)are primebut Q;41, ..., Q; are not. When
no component is prime, we set s = 0. Then the irredundant primary decomposition of [ is
given as follows:

I'=01NQ0xN---NQ;. 3)

We denote by P; the associated prime of Q;, thatis, P; = +/Q;. Then for each Q;,
i <s,0Q; =P andforeach Q;,s +1<i <t, Q; # P;.

By Definition 1.3, (}_, Q; is the radical part ro(I) of I and ﬂ§:s+1 Q; is the non-
radical part nro(I) of I. We note that for a set A of ideals, if A is empty, we set [ );c.4 J =
F,[X].

FROBENIUS MAP: We define the Frobenius map which is an endomorphism of
IF,[X] as follows:
Pp - IFq[X] 5 f(x1,x2, ..., x0) > f(x,x2,...,x,)7 € ]Fq[x] .
We note that ¢, is the composition of the following commutative endomorphisms ¢, and
Pe:
@v  FglX13 fx1,x2, ..o x) > fOl xl0o0 x)) e FylX1,

e e
v 1 Fy[X1 > Z“en,...-,enxll C X Zafl,...,en)ﬁl cexpm e FulX].

Thatis, ) = @y 0 @ = @ 0 @y. If ¢ = p, then ¢, is the identity map and ¢, = ¢,. Then,
the inverse image of the Frobenius map plays a very important role for radical computation.

PROPOSITION 2.1 ([12]).

() 1<e, )<V

() If1 # I, then I # ¢, ' (I). Otherwise, I = ¢, (I).
(3)  There is a positive integer d such that go;d(l) =J/I.

The third statement of Proposition 2.1 can be shown by the finiteness of the following
ascending chain:

ICe, ' (DCe, (DS Co (DS, (D) =VI

To utilize (p;1 (I) for the DND computation, we provide several lemmas and proposi-
tions in the sequent.

By a general property of maps, it follows that ¢ '(A N B) = ¢, (A) N ¢! (B) for
subsets A, B of F,[X]. By using this, we have the following.
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LEMMA 2.2. Corresponding to the primary decomposition (3) of I, we have the
following decomposition:

t
v, (D=, Q).
i=1

In the following, we write J®) for ¢, *(J) for an ideal J and a positive integer k.
Thus, I = (p;k (I) and Ql(k) = (p;k(Ql-). Then, for any positive integer k, Proposition
2.1 shows that ngl) =Q;forl <i <s,and Q;l) 20Qifors+1<i<t.

IDEAL QUOTIENT AND SATURATION: Next we provide necessary properties re-
lated ideal quotient and saturation. We recall the definition of saturation in a general set-
ting. Let I, I be ideals of a noetherian domain R. Then, we have the following ascending
chain of ideals:

h=U:Ich:hych:13)c---,

where we set Ig = R. Then there exists a positive integer d such that
g heowm:h=m:§th=--.. (4)

DEFINITION 2.3. For a positive integer d satisfying the formula (4), (7 : Izd) is
called the saturation of I; with respect to I, and denoted by (/; : I§° ).

As to ideal quotient, the following related to primary ideals is very useful. (See Page
82 of [14].)

LEMMA 2.4. Let P be a prime ideal of a noetherian ring and Q a P-primary ideal.
Also, let J be an ideal of R. Then the quotient (Q : J) of Q by J is determined as follows:
(1) IfJ ¢ P,then (Q:J)=Q.
2) IfJ CQ,then(Q:J)=R.
(3) IfJ C PandJ ¢ Q, then (Q : J) is a P-primary ideal properly containing
0.

Proof. The statements (1) and (2) can be proved directly by the definition of “primary
ideal”.

Now we consider the case (3) where / C P and J ¢ Q. We remark that O # P, as
J ¢ 0.

First we show that (Q : J) C P. If not, there is an element f in (Q : J) \ P. But,
as fJ C Q, fg € Q for any element g of J. Since Q is a primary ideal, it implies that
g € Q and thus J C Q. This is a contradiction.

Next we show that (Q : J) 2 Q. By the definition of ideal quotient, it is clear that
(Q : J) D Q. Thus, we show that (Q : J) # Q. As Q is a P-primary ideal, there exists a
positive integer k such that PX c Q, which implies J*¥ C Q. Then there exists a positive
integer d such that J¢ ¢ Q but J4~! ¢ Q. For such d, by the definition of ideal quotient,
we have J9=1 c (Q : J). As J4~1 ¢ Q, it follows that (Q : J) # Q.

Finally we show that (Q : J) is a P-primary ideal. Suppose that fg € (Q : J) but
f € (Q : J) for some elements f, g. Then fgJ C Q but fJ ¢ Q, which means that there
is an element 4 in J such that fgh € Q but fh ¢ Q. By the definition of primary ideal,
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it follows that g™ € Q C (Q : J) for sufficiently large m, which shows that (Q : J) is a
primary ideal. As P = ./Q C «/(Q:J) C P,(Q : J) is a P-primary ideal. O

LEMMA 2.5. For each primary component Q; and a positive integer k, Ql(k) isa P;-
primary ideal. Moreover, if Q; # P;, then Q;k) 2Q0;and(Q; : Q;k)) is also a P;-primary
ideal properly containing Q;.

Proof. For simplicity, we set Q = Q;, Q® = Ql(k), and P = /0. As Q c oW
/0 by Proposition 2.1, we have i/ Q®) = P.

First we show that Q® is a P-primary ideal. For a,b € F,[X], suppose that ab €
0®. Thena?'p”" € 0.5 O® = 9 %(Q) = {g € Fy[X1 | ¢,(g) = g € ). 1fa ¢ P,
then a”* ¢ P, and p e Q, since Q is a primary ideal. Thus, we have b € <p;k(Q) =0®
and Q™ is shown to be a P-primary ideal.

Next we show that 0% D Q and (Q : QW) is a P-primary ideal, if Q # P. By
Proposition 2.1, if Q # P, Q™ is containing Q properly. Thus, using Lemma 2.4, it can
be shown that (Q : Q) is a P-primary ideal properly containing Q, since Q and Q® are
P-primary ideal, and Q) ¢ P and Q© ¢ Q. U

EXTENSION AND CONTRACTION: Now we consider extension and contraction with
respect to [F, (Y)[X \ Y], where Y is the fixed common maximal independent set. As Q;
and Ql@k) are P;-primary ideal, those have Y as a common maximal independent set. Thus,
1™ has also Y as its maximal independent set.

Then we consider those extensions as ideals of IF, (Y)[X \ Y] and contractions of such
extensions. Here we use the following notation:

For an ideal J of F,;[X], we denote by J¢ the extension of J, which is the ideal of
F,(NIX\ Y] gAenerated by J. Also, ff)r an ideal J of F,(Y)[X \ Y], we denote by J¢ the
contraction of J, which is defined as J NF,[X].

LEMMA 2.6. Let J, L be ideals of Fy[X] and J', L ideals of Fy(Y)[X \ Y]. Then,
we have (J N L) = J* N L¢ (JL) = J¢L¢, (J : L)) = (J¢ : L®) and (J' N L"¢ =
]/c m L/C.

Moreover, if J¢¢ = J and L*° = L hold, then we have (J N L)*“ = (J N L),
(J : L) = (J : L) and (J : LY = (J : L¥) for every positive integer k, which implies
(J : L) = (J : L™).

Proof. Since F,(Y)[X \ Y] can be considered as the ring of fractions of F, [ X] with
respect to F, [Y] \ {0}, that is, F,(Y)[X \ Y] = (Fy[Y]\ {0})_1Fq [X], it can be show
by using properties of rings of fractions that (J N L)¢ = J° N L¢, (JL)® = JL® and
(J : L) = (J¢: L. (See Proposition 3.11 and Corollary 3.15 in [2].) Also, by a general
property of contraction, we have (J' N L) = J'“N L.

Next we consider the case where J¢ = J and L = L hold. By general properties
of contraction, we have (J N L) C (J N L)*,and (J : L) C (J : L)*“. But, we also have

JNL)¥ =J°NL) =J“NLC=JNL,
(J: )= LY CcJ*:L)Y=({J:L).
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Thus, we obtain (J N L) = J N L and (J : L) = (J : L). For an integer k > 2, since
(J : L*) = ((J : L*1) : L), we can show (J : LK)*¢ = (J : L¥) by using induction
argument on k. (]

Since Y is a common maximal independent set, /¢ and / (D¢ are 0-dimensional ideal of
Fy(Y)[X\Y]and each Pf is a maximal ideal. Moreover, by the one-to-one correspondence
of primary components (see Proposition 3.11 and Proposition 4.8 in [2]), P # P; for

i # jand Q;¢, (ngl))e are P¢-primary ideals. We also notice that if i # j, Q;¢ ¢ P; and
(D
(Q; ) & Pj.
LEMMA 2.7. For each Q; and a positive integer k, we have Q¢ = Q;, Ql(k)ec =
0% and (Q; : Ql(k))“ =(0Q;: Ql(k)). Moreover, we have 1¢¢ = I and (I1%)e¢ = [0,

Proof. By Lemma 2.5, Q; and Q;k) are P;-primary ideals. Therefore, those have
Y as a common maximal independent set and we have Qf° = Q; and (Q?k))“ = 0w,
(See Proposition 4.8 in [2].) Also by Lemma 2.6, we also have (Q; : Q;k))“ = (Q; :
Qﬁk)), and moreover, we have 1° = I and I®“ = [® since I = N_, Q; and I® =
Nizi . 0

Now we show three propositions which are used for the DND computation in the next

section.

PROPOSITION 2.8. Suppose that Q' is a P;-primary ideal and Q; C Q; for each
i. Then (Q; : Q) contains Q; properly, and if Q; # Q;, then (Q; : Q) is a P;-primary
ideal. Otherwise, that is, if Q; = Q}, then (Q; : Q}) = F,[X]. Moreover, we have

t t
(1 N Q§> =()@i:0)= () (Qi:0).
i=1 i=1 i:0;#0)
Proof. By Lemma 2.4, it follows that (Q; : Q}) contains Q; properly, and if Q; #
Q:, then (Q; : Q)) is a P;-primary ideal. If Q; = Q}, then we have (Q; : Q) = F,[X].
Since Q) is a P;-primary ideal, Q has Y as a maximal independent set and thus we
have (Q;)“ = Q;. (See the proof of Lemma 2.7.) Then, by Lemma 2.6, we have

(Ne) =Na. e u:Nepe=(1:Ne).
i=1 i=1 i=1 i=1

Now we evaluate (I : ﬂﬁzl Q)¢ as follows. By Lemma 2.6, we have
(g @) = : (Nizy @)°). Moreover, we have

t e t
(ﬂ Q§> =)o
i=1 i=1
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Since Q;¢ is a P;¢-primary ideal and P;® is maximal, it follows that Q; and Q';“ are co-
maximal for i # j. Then, by Chinese remainder theorem, we have

t t
e =[1e"
i=1 i=1

By Lemma 2.6 and using properties of ideal quotient (see Exercise 1.12 in [2]), we

also have
t

(o) = (o flen)-A(er 1)

i=1 j=1

For each (Q;° : ]_[’]= 1 Q’je), by using general properties of ideal quotient, we have
1
(Qf 1 Q}e> = (- Qi Q) 05) ) 0)°). 5)
j=1

By changing the order of evaluation of the ideal quotient by each Q/je in (5) so that the
ideal quotient by Q;e is evaluated lastly, we obtain

1
(Qie 11 Q}e> =(0i°: 0},
j=1

as (Qf : Q;.e) = Qf for j # i by Lemma 2.4. We note that Q/je ¢ Pf for j #i.
Since Q¢ = Q; and Q}°° = @/, it follows that if Q; = Q/, then we have Q;¢ = Q'*
and

(0i°: Qi) =F,(V)[X \Y]. (6)
Also, if Q; C Q}, then we have Q;¢ C Q' and
PfD(Qi°: 01 2 0, ©)

by Lemma 2.4. Thus, gathering the results (6) and (7) in the above, we obtain
t e t
(1 : ﬂQ§> =)@ 0= [) (@°: 0. ®)
i=1 i=1 i:0;#0;
Next we evaluate the contraction of of (8). Then we have
t ec t e\ ¢ c
(1 N Q;-) = ((1 N Q§> ) = ( N Q;‘)> = ) @: 0"
i=l i=1 i:0i#0; i:0,#0]
by Lemma 2.6. Since (Q;¢ : 0}°)° = (Q; : 0))* = (Q; : Q}), we have

t t ec 1
(lzﬂQ;)=(1:ﬂQ;-) =()@i:0h= [) Qi:0).
i=1 1 i=1

i=1 i:0,#0]
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We can extend Proposition 2.8 as follows.

PROPOSITION 2.9. Suppose that Q) is a P;-primary ideal and Q; C Q; for each .
Let .y = {1,2,...,t} and A1, Ay subsets of hg. Then we have (mieM 0;: ﬂiekz 0 =

(miekl Qi : miekz Q:) and
(ﬂQi:ﬂQ;)=(ﬂ Qi)ﬂ< N (Qi:Qb).
i€EA] [€A2 i€r\r2 ierNAo:Qi#Q)

Proof. We consider non-empty A; and A;. We use the same argument used in the
proof of Proposition 2.8. Since Y is a common maximal independent set of all Q; and Q,
Qi = Q; and Q;°“ = Q!. By Lemma 2.6, we have

<ﬂQiiﬂQ§)ec=(ﬂQiiﬂQ§>-

1EM i€Ay i€ €M)

Then we evaluate ([ e Qi Nie " Q;)¢. By the argument used in the proof of Proposi-
tion 2.8, it follows that

(Ne:Ne)-N(e: o)
i€er] i€Ay i€er] JEAY

On the other hand, each (Qf : [] jera Q/je) can be evaluated in the same manner as in the
proof of Proposition 2.8 as follows:

of¢ (i err\r2),
(g; : ]‘[ Q;e> ={F,MIX\Y] (Ge€rNiy, Qi=0),
jera (0 : 0/ (ierxnNiy, Qi #0)).
Thus, we obtain
(ﬂgi;ﬂgg) =< N Q;)m< N (Qf:Qi")>.
ien ien ier\Aa i€ NAp:Qi# 0}

To evaluate its contraction, we can apply the argument in the proof of Proposition 2.8 and
obtain

ec
(ﬂ Qi:ﬂQ;>=<ﬂ Qi:ﬂQ§> =( N @)m( N Q;)>.
€A e €M i€ iexi\\2 ié)»lm»ziQi#Q;
O
Replacing ideal quotient with saturation in Proposition 2.9, we have the following.

PROPOSITION 2.10. Suppose that Q) is a P;-primary ideal and Q; C Q! for each
i. Let \o = {1,2,...,t} and A1, Ay subsets of hg. Then the saturation of ) Q; with
respect 10 (;¢;, Q; coincides with (¢ \;, Qi- That is, we have

(ﬂQi:(ﬂQi)“’>= N o

1EM €M) ieri\ro

1EM
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Proof. We set I} = ﬁie)\l Q;and I, = ﬂiekz Q;. Then, as shown in the proof of
Proposition 2.9, we have I{° = I, I5° = I and (I} : Ié‘)“ = (I : Ié‘) for any positive
integer k by using Lemma 2.6.

When k = 1, in Proposition 2.9 we have shown

(11:12)=( N Qi)m< N (Qi:Q§)>-
i€hi\Ay i€xiMho:Qi#0)

For each positive integer k, by using the fact that (/7 : Ié‘) = (I : Ié‘_l) : Ib) and
applying the argument in the proof of Proposition 2.9 repeatedly, it follows that

(11:1§)=(ﬂQ,->m( N (Qi:Q;")).

iehi\Aa i€xiNA2:Q;#0)

Consider the case Q; # Q). Since Q; and Q;k are P;-primary ideals, there exists
a positive integer d; such that Pl.di C Q; and we have Q;d" C Q;. Thus, for any integer
k > d; we obtain
(0i : 0") = Fy[X].
Finally, for sufficiently large k it follows that

h:H= () Q.

iékl\kz
which implies (/1 : I5°) = ;¢\, Q- .

3. Distinct Nilpotency Decomposition

In this section, we show a concrete method for the DND for a given ideal. We begin
by showing a method for the radical part decomposition which can be considered as the
first step of the DND.

3.1. Computation of Radical Part Decomposition

The radical part decomposition of 7, that is, computation of ro(/) and nro(I), can be
done by computation of one “inverse image of Frobenius map”, that of two ideal quotients
and that of one saturation.

PROPOSITION 3.1. (I : 1MW) = (_,,(Qi : 0"y and (1 : IM)ec = (1 : 1D)
hold.

Proof. By Lemma 2.7 and Lemma 2.6, we have (I : 1(0)¢ = (1 : IVD). Also, by
Lemma 2.5, we have ;Y = Q; = Pifor1 <i <sand ;¥ D Q; fors+1<i <1.
Then by replacing Q; with le in Proposition 2.8, where Q! = Q; for 1 < i < s and
Q) # Q; fors +1 <i <1, it follows that
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t
1= i:o".
i=s+1
O
Next we set J; (1) = (I : IV) and consider the saturation of I with respect to J1 (7).
THEOREM 3.2. (I : J1(I)®) coincides with ro(I).

Proof. By Lemma 2.5 (Q; : Q;V) is a P;-primary ideal properly containing Q; for
s+1<i<t Bysettingh; = {1,2,....1}, o ={s +1,...,t}and Q] = (Q; : Q")
fors + 1 <i <t in Proposition 2.10, we have

N
(I Z(D®) = 0Qi =ro]).
i=1
O
Once we have obtained ro(/), we can compute nro (/) by ideal quotient computation.

THEOREM 3.3. nro(I) coincides with (I : ro(I)).

Proof. As ro(I) = (i_; Qi, we have ro(1)*“ = ro(I) by Lemma 2.6. Then, also
by Lemma 2.6, we have (I : ro(1))* = (I : ro(1)). Setting Ay = {1,2,...,¢}, A =
{1,...,s}and Q; = Q; for 1 <i < s in Proposition 2.9, it follows that

(I : ro(1)) = (ﬂ(Q,- : Ql-)) m( N Ql-) = () Qi =nro).
i=1

i=s+1 i=s+1
O

Also by using a similar argument as in the proof of Theorem 3.3 based on Proposition
2.9, we have the following.

PROPOSITION 3.4. ¢ (nro(1)) coincides with D ro(D)).

Following our notation, we write nro(/ YD for (p[jl (nro(1)). Although this ideal does
not appear in the DND of /, it can be used effectively for computation of the DND.

Thus, it is shown that the radical part decomposition of I can be done by computation
of one “inverse image of Frobenius map”, that of two ideal quotients and that of one sat-
uration. Applying this computation repeatedly, we have a total method for computing the
DND.

3.2. Computation of DND

Here we show that the DND of / can be computed by applying the method in the pre-
vious subsection for the radical part decomposition repeatedly. For describing our method,
we redefine Ry (/) in a different form.

LEMMA 3.5. For each positive integer k, Ry (1) consists of all primary component
Qi such that 7% (Q;) # Pi and ,*(Q;) = Pi.

Proof. Consider a primary component Q; in Ry (). By the definition of Ry (1), gl’k
belongs to Q; for any element g in P; = /Q; and there exists some element / in P; such



156 K. YOKOYAMA

that n”" ¢ Q. This implies that P; C ¢,*(Q;) but P ¢ ¢,*T1(Qy). Since ¢*(Q;) is
a P;-primary ideal by Lemma 2.5, we have P; = (p[jk(Ql-).

It can be shown in a similar manner that for any primary component Q; such that
P; C ¢,*(Qi) but P ¢ 9,51 (Q1), Qi belongs to Ri(1). O

Now we consider the radical part decomposition of I described in the previous subsec-
tion as the first round of recursive structure of the DND computation. Then we will show
the second round and k-th round in the below. We denote (p;k (nro(1)) by nro({ Y&,

SECOND ROUND: By Lemma 2.2 we have

t t
nro(Hh V= (N ¢, "= ",

i=s+1 i=s+1
t t
_ 2
nro(D@ = () g2 =) 2.
i=s+1 i=s+1

Now we let Jo(I) = (nro(DW = nro(1)?@).

PROPOSITION 3.6. Jo(I) = ()
Jo(I) hold.

Proof. By Lemma?2.5, Ql(l) is a P;-primary ideal. Also by Proposition 2.1, Ql(l) =Pb
holds if and only if 0" = 0'?.

Now we consider the radical part decomposition of nro(1)(1. Then, we can apply
Proposition 2.9, where we replace Q; and Q; with Q}l) and Ql@), respectively, and set
M =i ={s+1,...,t}toshow the statements of the proposition. U

1 2
iE{S-{-l,...,t}:Q{l);éQQ)(Ql() : Qz( )) and J(I1)* =

We remark that for computation nro(I)" we can do it efficiently by nro(I)(V =
(D ro()). (See Proposition 3.4.) Also, nro(/ Y@ can be computed by the inverse image
of the Frobenius map of nro(I)V, that is, nro(I)® = ;! (nro(1)M.

Next we consider the saturation of nry(/) with respect to J» (). Then, by Proposition
2.10, we have the following.

PROPOSITION 3.7. (nro(l) : Jo()®) = mie{s+1,...,z}:Q§”=P,- Q; and (nro(I) :
Jo(1)*°)¢¢ = (nro(I) : Jo(1)*°) hold.

By Propositions 3.6 and 3.7 and Lemma 3.5, we can compute the decomposition
nro(I) = ri(I) Nnri(I) as follows:

THEOREM 3.8. ri(I) coincides with (nro(I) : Jo(I)*°) and nri(I) coincides with
(nro(1) : ri(1)) = (nro(I) : ri(1)™).

Proof. By Proposition 3.7, (nro(I) : Jo(I)*) is the intersection of primary com-
ponents Q; such that <p;1(Q,~) # P; and <p;2(Q,-) = P;. Then, by Lemma 3.5, those
components Q; belong to R (1), that is, the degree of nilpotency nil(Q;) is greater than 1
but not greater than p. Thus, we have r1(I) = (nro(I) : Jo(1)*°).

Also by Proposition 2.9, nr (1) coincides with the saturation of nry (1) with respect to
ri(l). O
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By the same argument as in Proposition 3.4, we have the following on nri(I)? (=
@, 2(nr1(1)).

PROPOSITION 3.9. go;z(nrl (1)) coincides with (nro(H@ : r1(I)).

As nro(1@ and ry (1) are already computed, we obtain nry (1 Y@ by ideal quotient of
already computed ideals. By this way, we may avoid unnecessary computation of inverse
image of Frobenius map. See Remark 4.2 for computational aspect.

(K—1)-THROUND: For each positive integer k, we can compute the decomposition
nry—1(1) = ri(I) N nrg(I) by the same manner as in the second round.

Now we assume that nry_1(I) = r(I) Nnry (1) is already computed for some k£ > 1.
We denote ¢, ¥~ 1 (nry (1)) and ¢, ¥~ (nry (1)) by nry (1D and nry (1) *+2), respectively.
Then, by Lemma 2.2, we have

an(H*V = ¢, o= o

Q;eNRi(I) QieNRi(I)
—k— k+2
i P = () ¢, 0= [ o'?.
Q;eNRi () QieNRi(I)

Also we set Ji2(I) = (nr(D*D 2 g (1) *+2),

Corresponding to Proposition 3.6, we have the following proposition by using the
same argument as in used in the proof of Proposition 3.6.

PROPOSITION 3.10. Jiy2(I) =
Jr42%¢ = Jr42 hold.

Proof. By Lemma 2.5, Q;kﬂ) is a P;-primary ideal and also ngk+1) = P; if and only
i Q(k+1) _ Q(k+2)
i 14 :

k+1 k+2
ineNRk(I):Q,(-kH)#Q,('kH)(Ql( IR Ql( " )) and

Now we consider the radical part decomposition of n; (1)**+1D. Samely as in the proof
of Proposition 3.6, we can apply Proposition 2.9, where we replace Q; and Q/ with Q;kﬂ)
and Q§k+2), respectively, and set A = A = {i | Q; € NRy(I)}. O

Also, corresponding to Proposition 3.7, we have the following saturations with respect
to Jiq2(1).

PROPOSITION 3.11. (nri(1) :Jk+2(l)oo)ZﬂQ,-eNRk(l)Q,‘.“”:P,- Q; and (nro(I) :
Ji+2 (1)) = (nro(1) : Jx42(1)>) hold.

By Propositions 3.11, (nro(I) : Jr42(1)*°) is the intersection of primary components
Q; of I such that (p;k(Ql-) # P; and (p;k_l(Q,-) = P;. Then, by Lemma 3.5, those
components Q; belongs to Ry41([1), that is, nil(Q;) is greater than p* but not greater than

p*t1. Thus, we have i1 (1) = (nro(1) : Jy42(1)™) and the following corresponding to
Theorem 3.8. (From r;4+1 (1), we can compute nri1 (/) by saturation computation.)

THEOREM 3.12. rgy1(I) coincides with (nry(I) : Ji2(1)%°) and nryy1(I) coin-
cides with (nri(I) : ree1 (1)) = (nr(I) : rg (1)
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Thus, we can compute the decomposition nry (1) = rr11 (1) N nrr+2 (1) by ideal quo-
tient and saturation. When nry(I) = ri4+1(/) holds, the whole computation is completed
and we have the DND of 7:

I=ro(H)N---Nrp1(1).

As to nrip (I*2 (= <p[jk_2(nrk+1(l ))), we also compute it by ideal quotient of

already computed ideals as the same manner as in Proposition 3.9.

PROPOSITION 3.13. ¢, *2(nryy1 (1)) coincides with (nri(1)*F2 = ri 1 (1)

4. Computational Details and Examples

In this section, we give computational details on inverse image of Frobenius map, ideal
quotient and saturation and some examples for making the details of the method very clear.

4.1. Inverse Frobenius Map and Ideal Quotient
We begin by showing a concrete method for inverse image of Frobenius map.

INVERSE IMAGE OF FROBENIUS MAP: Computation of the inverse image of
Frobenius map ¢, consists of that of ¢, and that of ¢, as qﬁ;l(L) = ¢, 1(¢>v_ Ly =
o, 1 (¢, 1 (L)) for anideal L of F,[X]. Here we show a method given in [12].

For computation of the inverse image of ¢, of an ideal L, we provide new n variables
Y1, ..., yn and consider ideals of a polynomial ring I, [X U Y] in 2n variables, where we
set Y = {y1,...,ya}. InFy[X U Y] we consider the ideal F(L) which is generated by
LU{x{ — yi,x5 —y2,....x8 — yu}. (Actually F(L) is generated by a given generating

set of L and {xf -Vl xé) —y2, ..., xt — yu}.) Moreover, we fix an elimination order <
with {y1, ..., yn} << {x1,..., x,}. Then we have the following. (See Chapter 2 in [1] or
[12].)

PROPOSITION 4.1. The elimination ideal F4[Y] N F(L) coincides with the ideal
(pv_l (L) with y; replaced by x; for each i. Moreover, for a Grobner basis Go of F (L) with
respect to the elimination order <, Go NIF4[Y] with y; replaced by x; is a Grobner basis

of oy ' (L).

For computation of the inverse image of ¢. of an ideal L, we use the property that the
restriction ¢¢|r, of ¢ on Fy is a field automorphism and its inverse can be computed easily
as follows:

(@elg,) ' Fgoam—>al? €F,.
We note that «? = o for any « in [F;. Then, we have

-1. e q/p e
¢ Fg[X13 ) ey e, X x> Y adll o xft e xi e Fy[X].

Thus, for a given generator {g1, ..., gn} of L, ¢ 1 (L) is computed as an ideal generated
by (¢ 1(g1), ... 7 (gm)}-

REMARK 4.2. As to the computational efficiency of the inverse image of Frobenius
map go;d, the size p? effects very much. When d becomes large, its computation becomes
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very difficult. However, even though d increases during the DND computation, ideals for
which inverse images are computed become “large”, which means those Grobner basis
computation tend to be efficiently done. Moreover, during the DND computation, for each
k-th round, we can utilize the ideal nr,EkH)(I ), which can be computed by ideal quotient
of already computed ideals, for computation of the inverse image (p;k_z(nrk (1)), since

¢, 2 (D) = 9, (i TV (D).

IDEAL QUOTIENT: Next we show two typical methods for ideal quotient. (See [14,
10] for details.)

For two ideals Iy, I of F,[X], the ideal quotient (/1 : I2) can be computed by the
following methods. Here we assume that I, is generated by H = {hy, ..., h}, that is,
L =(H)=(hy,...,hs).

(Method 1)  As I, is generated by H, it follows that

s
(h:h)=(\h:h) ©)
i=1
Then, the computation of the ideal quotient can be reduced to that of ideal intersection
and that of ideal quotient in special case, that is, “ideal quotient by principal ideal”. See
[14, 10] for computational details on ideal intersection.

Thus, we assume that 1> is a principal ideal generated by a polynomial 4. Then, it is
easily shown that a generating set of the ideal /1 N (h) is of form {g1 A, . .., g:h}. From this
generating set, we have (I1 : h) = (g1, ..., gr)-

(Method 2)  We can compute the ideal quotient more simply. Let y be a new variable
and consider a polynomial ring ;[ X U {y}] in n + 1 variables. Also we set

h=hi+hyy+ -+ hsy ', (10)

Then, we have
(I b) = (I-Fy[X Uiy}l h) NFyIX],
where I - F,[X U {y}] is the ideal of F;[X U {y}] generated by /. Thus, the computation
the ideal quotient (/1 : I7) is reduced to that of ideal quotient in special case and that of
elimination ideal.
In fact, we first compute the ideal quotient (I -4, [X U{y}] : h) by Method 1, and then
we compute its elimination ideal with respect to an elimination order X << {y}.

REMARK 4.3. In the ideal intersection computation in (9) we can omit (1 : h;) if
h; € I, since (I1 : h;) = Fy[X] holds for such a case. Also, for construction (10) of &, we
can omit all elements /; € I, by which we have a smaller expression of 4 and improve the
efficiency of the computation (I : I»).

There are cases where such omissions appear. Especially, in algebraic factorization of
polynomials, which is considered as a special type of prime decomposition, ideals contain
a prime ideal which describes an algebraic extension over a rational function field as those
elimination ideals. For such ideals, there are many common elements in their generating
sets which are corresponding to generators for the common prime ideal, and we can omit
those for ideal quotient computation. See Example 2 for such a case.
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SATURATION: Finally we show some typical methods for saturation. (See [3, 10,
14] for details.)

(Method 3) First we show a special method for a saturation with respect to an ele-
ment (a principal ideal). In this case, the computation of saturation can be reduced to that
of elimination ideal.

Suppose that I is a principal ideal generated by a polynomial 4. Then, providing a
new variable z, we consider a polynomial ring F,[X U {z}]in n + 1 variables, and its ideal
fl generated by /1 and zh — 1. That is, fl = (I1 U {zh — 1}). Then, it can be shown that
I NTF,[X] = (I : h™).

Now we show two general methods for saturation.

(Method 4) We compute the saturation (/1 : I7°) by repeating corresponding ideal
quotient computation as follows: Compute the ascending chain of ideal quotients till it
stops, that is, (17 : Ig) =(: Ig“) holds.

L= :I)ch:hc:13)=(11:h):h)C---

Then, by the definition of saturation, we have (I : Izd) = (I : I3°).

(Method 5) We compute the saturation at once by using the same idea used in
Method 2. Suppose that I is generated by H = {hy, ..., hs}. Then we introducing new
variables y, z and consider a polynomial ring Fy[X U {y, z}] in n + 2 variables. Let & be a
polynomial expressed in the formula (10). Then we have

(It : I5°) = (I U{z — h}) : 22°) NTF,[X].

Thus, for computation of ({1 U{z — h}) : z°°), we apply Method 3 and by elimination ideal
computation, we obtain ((I U {z — h}) : z°°) NF,[X].

4.2. Examples
Here we give two examples for making computational behaviors of proposed method
clear.

EXAMPLE 1. First we show a simpler case, where the given ideal is principal. In
this case, each primary component is also principal and its degree of nilpotency coincides
with the multiplicity of its generator.

Suppose that an ideal [ is generated by a polynomial f in F3[x, y, z] and

f= (x2 +y +Z)3(x + 2y +22)(x2y +zx + y3)2

In order to make our computation very clear, for each principal ideal, its generator is written
in a factorized form.

Then, 7V is computed by the method based on elimination ideal computation and its
reduced Grobner basis consists of one element g, where

g= (x2+y+z)(x+2y+z2)(x2y+zx+y3).

We note that /(1 = 1® in this case and (g) coincides with the radical v/I.
By Method 1, we compute the reduced Grobner basis of the ideal quotient J;(I) =
(I: 1MW) = ((f) : (g)). Then the Grobner basis consists of one element /4, where

h=2+y+2?0y + 20 +57).



A Note on Distinct Nilpotency Decomposition of Polynomial Ideals over Finite Fields 161

The polynomial % coincides with the division of f by g.
Also by Method 3, we compute the radical part ro(/) by saturation computation (/ :
J 1°°) and its Grobner basis consists of one element k, where

k=x+2y+2°.

Then ro(I) = (x + 2y + z2).
Finally, by Method 1, we compute the reduced Grobner basis of the non-radical part
of I and
nro(l) = ((x +2y + 2% +y +2)°).
As I = 1@ = /], we also have ry (I) = nro(I).

EXAMPLE 2. Next we show an example which related to algebraic factoring.

Algebraic Factoring Problem: We consider an extension field K of a rational func-
tion field F,(Y) by K = F,(Y)[X]/P, where X, Y are set of variables with X NY = ¢
and P is a maximal ideal of F, (Y)[X]. Then, for a given polynomial f(¢) in K[¢], where
t is also a new variable, we want to factor f(z) over K.

This problem can be reduced to that of primary decomposition of the ideal I of F,[ X U
Y U {t}] which is generated by P N F,[X U Y] and f(¢), where we consider f(t) as a
polynomial in X U Y U {t} over F; by removing the denominator, if necessary. Thus, the
DND of I = (P U {t}) is an intermediate decomposition of /.

Now consider 3, Y = {y1, y2}, X = {x1, x2}and P = (x13 -1, xg — y2). Moreover,
let (1) = (13 — y)(® — y2)(13 + ¢ — x1). In fact f(¢) can be expressed by (1 — x1)3 (@ —
0@ +1—x))asa polynomial in ¢ over K.

REMARK 4.4. We note that, for polynomials g(¢), h(¢) in F3[X U Y U {¢}], the
ideal quotient ((P U {g(¢)}) : h(¢)) can be considered as the division of g(¢) by k(¢) over
K =TF3(Y)[X]/P, and there is a polynomial k(¢) in F3[ X UY U{z}] such that ((PU{g(?)}) :
h(t)) = (P U {k(2)}). For this k(t), f(t) = g(t)k(t) over K.

Now we compute the DND of the ideal

I=(x} =y, x5 = y2, (> =y = y2) (& +1 —x1))
of F3[y1, ¥2, x1, x2, t]. By the method based on elimination ideal, we have
1D = (xf = yi,x3 = y2, (1 = x) (@ =)@ +1 = x1)
Then by Method 2 in the previous subsection, we have
U: IV =:x3—y)NU:x)—y) N —x)(@ =3 41— x1)).

By Remark 4.3, the first two ideal quotients can be omitted and thus, we apply Method 1
for computing

I =T : (t = x))(@ =)@ +1 —x1).
Then, I N {(r — x1) (&> — x%)(t3 + t — x1)) is generated by 3 elements which are divisible
by (r — xl)(t3 — x%)(r3 + t — x1)) and from those, we have

Ji() = (x] — y1,%5 — y2, (t — x2)°(t — x1)?) .
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By Remark 4.4, (I : (t — x)@ — xg’)(t3 + t — x1)) can be considered as the division of
F@) by (t —x1) (> — x3)(t> + 1 — x1) over K = F3(Y)[X]/P.

Then, we obtain the radical partro(/) of I by ro(I) = (I : J{°), whichis computed by
elimination technique described in Method 3. Also by Remark 4.3, as the reduced Grobner
basis of I and that of J; have the first two elements in common, we omit those and thus, the
saturation (I : J°) coincides with (1 : (t — x2)*°(t — x1)*) and we can apply Method 3
for its computation. The computed reduced Grébner basis of 7o () consists of one element
3+t — x; and thus

ro(I) = (x;} — yl,xg — 4t —xp).
The non-radical part nro(I) of I is computed by the ideal quotient (/ : ro(/)). But,
samely as in the computation of Ji(I), we have
U:irgD)=U:x3 —yDNUT:x3—y)NUT: 2+t —x)=T:2+1—x1).
Thus, its computation is done by Method 1 and we obtain
nro(I) = (x7 — y1. x5 — y2, (° = y1)(1” = y2)) = (x] — y1. x5 = y2. (t —=x1)°(t — x2)°) .
In the second round, we have
nro(D M = (x] = y1.x3 = y2. (t = x1)(t — x2)%)
nro(D)® = (x] = y1.x3 = y2. (t = x1)(t — x2)).
Then, in a similar way as in the first round, we have
LD = (x] — y1, x5 — y2, (t — x2)%),
ri(1) = (nro(I) : (1)) = (nro(I) : (t — x2)™)
=} — y1, x; — ¥, (t — x1)%).
Finally, we obtain
nri(I) = (nro(1) = ri(1) = (nro(I) = (t = x1)%) = (x] — y1, x5 — y2, (t = x2)°).
And, by computation of g3 *(nr (1)), we have ro(I) = nri(I).

5. Concluding Remarks

In this paper we have shown that an intermediate decomposition of an ideal named
distinct nilpotency decomposition (DND) related to degree of nilpotency can be computed
by combining computation of inverse image of Frobenius map and that of basic ideal oper-
ations such as ideal quotient and saturation. The notion distinct nilpotency decomposition
and its computation are derived by revisiting Matsumoto’s method [12] for computation
of the radical of an ideal based on computation of inverse image of Frobenius map. The
method for the DND proposed in the paper has the following features;

(1) During radical computation along with Matsumoto’s method, we obtain the
DND as an intermediate decomposition.

(2) Additional computations for the DND are only basic ideal operations (ideal quo-
tient and saturation).
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As the method does not require any additional decomposition based on factorization, DND
computation may contribute a new approach to efficient and practical prime/primary de-
composition of polynomial ideals over finite fields. Because, for prime decomposition of
such an ideal, when its dimension is positive, we have to execute a special treatment for
resolving computational difficulty derived from “inseparability”. Thus, it is expected that
for many cases, we can avoid such a special treatment, which should contribute the total
efficiency. Also, the prime part decomposition, which is considered as the first step of the
DND, is efficiently computable and it is useful for obtaining primary components which
are prime at once.

Although certain interesting property is given and possible effectiveness of the DND
is discussed in the paper, the proposed method is merely shown to be executable on real
computer. Therefore, as further works, the efficiency and the practicality of the DND com-
putation should be examined both in theory and practice. To do so, improving the compu-
tational efficiency of basic ideal operations such as ideal quotient, saturation and inverse
image of Frobenius map, used in the DND is very important and analysis on finding certain
classes of ideals for which the DND can be efficiently applied is highly required.
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