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Abstract. We discuss four topics on discrete subgroups: Exceptional zeros of the
Selberg zeta function, the construction of noncongruence subgroups of an arithmetic co-
compact Fuchsian group, the construction of noncongruence subgroups of the unimodular
group and a presentation of a Hilbert modular group.

Introduction

Let I be a cocompact Fuchsian group. Selberg ([Sell]) defined the zeta function
Zr(s) attached to I'; concerning the zeros p in the critical strip 0 < 9i(p) < 1, he showed
that Z(s) satisfies the Riemann hypothesis except for finitely many zeros on the real line.
For these exceptional zeros, Selberg ([Sel2]) showed that they actually exist in some cases
and conjectured that such phenomena will not take place for congruence subgroups. Later
Randol ([R]) gave a simple proof of the existence of exceptional zeros.

In section 1, we will give another conceptually simple proof of the existence of excep-
tional zeros. The idea is to consider the distribution attached to Z(s) and employ Weil’s
observation ([W]) that it is of positive type if and only if Z(s) satisfies the Riemann hy-
pothesis. Our example of I" is given as the kernel I', of a suitable character x of Iy, where
Iy is a cocompact torsion free Fuchsian group. When I is arithmetic, Iy should be a
noncongruence subgroup in view of the Selberg conjecture. In section 2, we will show
that we can actually produce noncongruence subgroups in the form of I'y. The relation of
noncongruence property and the existence of exceptional zeros is an interesting problem
but we will not touch this topic in this paper. In section 3, we will construct noncongruence
subgroups of SL(2, Z) by a different technique. Though the method of section 2 applies
for the case SL(2, Z), this new technique has the advantage that we can easily construct
examples of modular forms with respect to noncongruence subgroups. We will show an
example in section 4. In section 5, we will determine a presentation of the Hilbert modular
group for Q(W53).

Some parts of this paper have old origins. I found the proof given in section 1 about
twenty years ago when I was preparing my course; section 2 is added on this occasion. I

*The author was supported by Grant-in-Aid for Scientific Research (C) (No. 21540014), Japan Society for
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found the construction of section 3 when I wrote the paper [Y2]; section 4 is worked out
for this paper. Section 5 appeared as an appendix of my paper in Math. Arxiv [Y3].

This paper is written on the occasion of the retirement of Professor Akio Fujii. It is
my great pleasure to dedicate this paper to him in gratitude for our long standing friendship
since 1973.

NOTATION. For an associative ring A with identity element, A* denotes the group of
all invertible elements of A. Let R be a commutative ring with identity element. We denote
by M (n, R) the ring of all n x n matrices with entries in R. The unit matrix is denoted
by 1,. We define GL(n, R) = M(n, R)*, SL(n, R) = {g € GL(n, R) | detg = 1}. The
quotient group of SL(n, R) by its center is denoted by PSL(n, R). For an algebraic number
field F, OF denotes the ring of integers and Er = O} denotes the group of units of F.
We denote by $) the complex upper half plane. For modular groups and modular forms, we
follow the notation of Shimura [Sh2].

§1. Exceptional zeros of the Selberg zeta function

_Let I" be a cocompact Fuchsian group. For simplicity, we assume that —1, € I" and
put I' = I'/{£1>}. Let x be a character of I" such that x (—12) = 1. We consider x as a
character of I". The Selberg zeta function Z (s, x) is defined by

oo
Zris, 0 =[[[Ta = xNe»~5
{r} k=0
which converges absolutely when ) (s) > 1 and can be continued to an entire function.
Here {y} extends over all primitive hyperbolic conjugacy classes of I" and N(y) denotes
the norm of y. When y is trivial, we denote Zr (s, x) by Zr(s). We will give a simple
proof that there exists I" for which Z(s) has an exceptional zero.

Let L2(F\5§, x) be the Hilbert space consisting of all functions ¢ on ) which satisfy
o(yz) = x(y)e(z) forevery y € I' and |p| € L>(I"\$). We assume that T is torsion free.
Then the trace formula reads as follows ([Sell], p. 74, [H1], p. 32, Theorem 7.5, [GGP], p.
78). For a test function F € C°(R), put

o0
D(s) =/ F(x)eS1/2xgx .
—00

Then, when F is an even function,

vol(I'\$)) [ €™ —e " |
;@(p) = /_wre”’+e—”’(p<§+lr>dr

(- o X)) log(N(»)
X Y
+2) ) N = NG PP F(klog(N(¥))).
{r} k=1
Here for an eigenvalue XA of the non-Euclidean Laplacian A = — yz(% + 8%) occuring

in L2(I'\$, x) with multiplicity m (1), we let p occur in (1.1) with multiplicity m (1) by
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the relation p = 1/2 £5/2, A = (1 —s2)/4. (When A = 1/4,5s = 0, we let p = 1/2
occur with the multiplicity 2m(1/4). When A # 1/4, two p’s occur.) And {y} extends
over all primitive hyperbolic conjugacy classes of I". The p’s such that 0 < R(p) < 1
coincide with the zeros of Zp (I, x) with the multiplicities stated above. Both sides of
(1.1) converge absolutely.

We recall the interpretation of (1.1) by representation theory. Let G = SL(2, R),
K = SO(2,R). Let L>(I'\G, x) be the Hilbert space consisting of all functions ¢ on
G which satisfy ¢(yg) = x(¥)¢(g) for every y € I' and |¢| € LZ(F\G). We put
Hy, = L*(I'\G, x); G acts on H, by the right translation. The Hilbert space L3(I"\$, x)
can be identified with the closed subspace of H, consisting of all K-fixed vectors. The
unitary representation of G on H, decomposes into a discrete direct sum:

H X = D Vn
where V7 is a closed invariant subspace of H, and an irreducible unitary representation 7
of G is realized on V. Then m must satisfy 7 (—1,) = id; V; contributes to L2(F\S§, X)
if and only if 7 has a (nonzero) K-fixed vector. The classification of such 7 is given as

follows. Let B be the subgroup of G consisting of all upper triangular matrices. For s € C,
we define a quasi-character w; of B by

o )=

Let PS(ws) be the space of smooth functions f on G which satisfy f(bg) = ws(b) f(g)
for b € B. Then G acts on PS(ws) by the right translation. When s € iR, PS(w;s) is a
pre-Hilbert space with a canonical inner product. Let 7y be the unitary representation of
G obtained by completion. It is irreducible and is called a principal series representation.
When —1 < s < 1, s # 0, we obtain an irreducible unitary representation g by a similar
procedure from P S(w;s). It is called a complementary series representation. We have my =
m_s. The eigenvalue of A for a K-fixed vector of 7y (unique up to constant multiple) is
(1 — s%)/4. This finishes the classification besides the trivial representation. A principal
series representation g corresponds to zeros 1/2+s/2 on the critical line; a complementary
series representation g corresponds to zeros p = 1/2 £ s/2 on the real line, 0 < p < 1,
p # 1/2,1.e. exceptional zeros; the trivial representation contributes p = 0 and 1 for (1.1).
Now the trivial representation of G occurs in H,, if and only if x = 1. Therefore the
following observation holds.!
The terms @ (0) and @ (1) appear on the left hand side of (1.1)
if and only if x = 1.
The left-hand side of (1.1) defines a distribution T, : Tr, ,(F) = Zp D(p). Asis well
known (cf. [W]), Tr,y is of positive type, i.e., Tr (@ * &) > 0, a(x) = a(—x), for every
a € C°(R) if and only if all p on the left-hand side of (1.1) lie on the critical line. As a
slight refinement of this criterion, I showed that the condition T (o * &) > 0 for all odd

(F)

L This fact should not be confused with the existence of trivial zeros of Z (s, x).
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functions « is sufficient to assure this conclusion ([Y 1], Proposition 1)>. Then F = a % &
is an even function. Now from (F), we see that there exists odd « € CZ°(R) such that
Tri(oxa) < 0. We fix such an . Let g > 2 be the genus of the compact Riemann surface
I'\$. Since T = (r\%), T has 24 generators o1, .. ., 0g, T1, . . ., Tg Whose fundamental
relation is

(1.2) (0'1‘510'1_1‘(1_1) e (agrgag_ltg_l) =1.

Choose s; € C,_|sl~| =1, € C |til = 1,1 <i < g. In view of (1.2), we can define a
character ¥ of I" by
xX(oi) =si, xX(w) =1, I<i=<g.

Then we define a character x of I by x = X o p, where p : I' — T is the canonical
homomorphism. If s; and #; are sufficiently close to 1, then we see that T , (a*&) < 0 from
the right-hand side of the trace formula (1.1). In view of (F), this implies that Z (s, x) .has
azero p suchthat0 < p < 1, p # 1/2 (if x # 1). In particular, choose s; = t; = e2mi/N
1 <i < g for a positive integer N. Let I'y be the kernel of x. Then I'/I"y = Z/NZ and
we have’

Zr, ) =[] 2r@.m
n

where n extends over all characters of I" which are trivial on I'y. Therefore, when N is
sufficiently large, Z, (s) has a zero p such that 0 < p < 1, p # 1/2.

A conjecture of Selberg states that Z - (s) has no exceptional zeros if I" is of arithmetic
type. In view of this conjecture, the group I', should be a noncongruence subgroup when
I' is of arithmetic type. We will examine this problem in the next section.

§2. Construction of noncongruence subgroups for cocompact case

We will give a simple proof for the existence of noncongruence subgroups of a co-
compact arithmetic Fuchsian group.

Let F be a totally real algebraic number field of degree n. Let OF denote the ring of
integers of F. Let B be a division quaternion algebra over F such that

2.1 B®oR=MQ2,R) xH" !,

Here H denotes the Hamilton quaternion algebra. Let % denote the main involution and let
N : B — F denote the reduced norm. We have N(x) = xx™. We take a maximal order
R of B and fix it. For a prime ideal p of F, we set

Bp:B®FFp, RP:R®OF0Fp’

2This proposition is proved for zeros of the Dedekind zeta function. The modification adapted to the present
case is easy.

3We can prove this equality easily. Instead we can use the obvious fact that the spectra of A in LX(r \9, x)
are contained in that in LZ(FX \$).
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where Fy is the completion of F at p and OF, is the ring of integers of Fy. We say that B
is ramified at p if By, is a division algebra and unramified otherwise. In the latter case, By
is isomorphic to M (2, Fy) as algebras over Fy.
Put
I'=R'={xeR|Nx) =1}.
By the projection to the first factor in (2.1), we can regard I” as a subgroup of SL(2, R); I"
is a cocompact Fuchsian group. For an integral ideal n of F, we put

I'n={yerl|y—1€nR}.

We call I, the principal congruence subgroup of level n. A subgroup of finite index of
I’ is called a noncongruence subgroup if it does not contain I3, for any n. We are going
to show that I" contains noncongruence sugbroups. This case is of particular geometric
interest because I"\§) is (a special case of) the Shimura curve ([Sh1]).

LEMMA 2.1. There exists an ideal n such that Iy is torsion free.

proof. This is well known. We give a proof for the convenience of the reader. Let
y € I be an element of order n > 2. Clearly we can obtain an isomorphism F(y) =
F(e*™/™) by sending y to e*™/". Since y* = y~!, y + y* € F, we see that F contains
cos(2m/n). Therefore n is bounded. Changing y to a power of it if necessary, we may
assume that y 4+ y* = 2 cos(27r/n). Now suppose that y € I,. Since R is stable under x,
we see that 2 cos(2w/n) € 2+ nR, which implies 2 cos(27/n) —2 = 0 mod n. It suffices
to choose n so that it does not divide (2 cos(2r/n) — 2) for all n > 2 which can occur as
the order of y € I'. This completes the proof.

We take an ideal n so that 7, is torsion free and put A = Iy,. Let g be the genus of
the compact Riemann surface A\$). Asin §1, A has 2g generators o1, ..., g, T1, ..., Tg
whose fundamental relation is (1.2). Let p be a prime ideal of F'. We put

Ry ={x€Ry|Nx) =1}.
For a nonnegative integer f, we put
Ups=1{ueRy|u—1ep/Ry}.
Let S be the finite set of all prime ideals of F at which B is ramified.

THEOREM 2.2. Letm be a positive integer and define a character x of A by x (o) =
x(ti) = ¥/m 1 < i < g. Let I’y be the kernel of x. We assume that m has a prime
factorl > 5 which satisfies the following three conditions. (i) [ does not divide the norm of
n. (ii) [ is relatively prime to every prime ideal p € S. (iii) [ does not divide the order of
Up,0/ Up,1 for every prime ideal p € S. Then I'y is a noncongruence subgroup of I'.

proof.  Suppose that I, contains a principal congruence subgroup of level m. Then
I’y contains I'hm. We may regard x as a character of A/Iwm. Therefore A/l has a

character of order /. Let
n=[]er, wm=][p*
p p
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be the prime ideal decompositions. By the strong approximation theorem (cf. [Sh3], Corol-
lary 32.13), we have

22) T/ Tam Z [ [Up.ey/ Upepidy) -
p
Hence there exists p such that Up,ep / Up,eerdp has a character ¥ of order /. We distinguish
two cases.
(I) The case where p ¢ S.
Let pZ = pNZ. If ey > 0, then Uy ¢,/ Up ¢,+d, 1s @ p-group. Since [ # p by (i), this
is a contradiction. Suppose e, = 0. Since Ry, = M (2, OF,), we have

Up.0/ Up.d, = SL(2, Op /p* OF) .

If p > 5, then by Lemma 2.3 given below, the commutator subgroup of SL(2, O /p%» Or)
coincides with itself, which is a contradiction. Suppose that p = 2 or 3. Since [ > 5 and
Uyp.1/Uy.a, is a p-group, ¥ is trivial on Uy ;. Hence ¥ can be identified with a character
of SL(2, O /pOF). We see that y is trivial on the subgroups

H= {(é 1;) u e OF/pOF}

and ' H. Since H and ' H generate SL(2, O /pOF), this is a contradiction.

(Il) The case where p € S.

By (ii) and (iii), we see that / does not divide the order of Uy, /Uy ¢,+d,» Which is a
contradiction.

To complete the proof of Theorem 2.2, it suffices to prove the next lemma.

LEMMA 2.3. Let K be a non-archimedean local field, Ok be the ring of integers,
@ be a prime element and q be the order of the residue field of K. Take a positive integer
nand let G = SL(2, Ok /w"Ok). If ¢ > 3, then the commutator subgroup [G, G] of G
coincides with G.

proof. Fora, b € G, we define the commutator by [a, b] = aba~'b~!. First we
consider the case n = 1. Let F;, = O /@ OF be the finite field with ¢ elements. It is well
known that PSL(2, F,) is a simple group when g > 3. Therefore we have [G, G]{£1;} =

G. Since
1 0 0 I\|_ (-1 0
0 —-1/)’\—-1 0oJ]"\0 -1)"
we have —17 € [G, G]. Hence the assertion holds in this case.
Now assume n > 2. We put R = Ok /@" Ok . Define a subgroup H of G by
H={geG|g=1, mod w}.
Then H is a normal subgroup of G such that G/H = SL(2,F,;). We have [G, G]H = G.
Fort € R* and u € R, we have

62)- 6 9]=6 ™)
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Since ¢ > 3, we can choose 7 so that 1 — 1 € R*. Hence we have (}%) € [G, G] for
every u € R. Similarly (19) € [G, G] foreveryu € R. Forx € R, y € w Ok /w" Ok,
we have

1 0\ (1 x\(1 O\ /1 —x/(A+xy)\ [(1+xy 0
—y/(I4+xy) 1J\0 1/\y 1)\O 1 - 0 I/(I+xy)) -~

Therefore (6 t(,)l) € [G, G]foreveryt € 14+ (w Ok /" Ok ). We can check easily that H
10

is generated by such elements together with (1), ( i ), x,y € @Ok /" Ok . Therefore
[G, G] D H. Combined with [G, G]H = G, the assertion follows.

REMARK 2.4. If x is a character of A whose order is divisible by a prime number
[ satisfying the conditions of Theorem 2.2, then I') is a noncongruence subgroup of I".

PROBLEM 2.5. Let I' = R and let I'' be a subgroup of I of finite index. The Sel-
berg conjecture states that Z (s) does not have an exceptional zero if I'' is a congruence
subgroup. Is the converse true?

§3. Construction of noncongruence subgroups of SL(2, Z)

We will give a simple construction of noncongruence subgroups of SL(2, Z). Let

oo
Az) = eZniz l_[(l _ e271ikz)24’ €9
k=1
be the cusp form of weight 12 with respect to SL(2, Z). Let n be a positive integer. We
define a holomorphic function A(z)!/” so that it takes positive values when z is purely
imaginary. We see easily that A(z)!/” has the product expansion

o
(3'1) A(Z)l/n — eZm’z/n l_[(l _eZJTl'kZ)24/n’ z c fj.

k=1
Here the branch of (1 —e?7%2)24/7 i5 taken so that it is positive when z is purely imaginary.
Take an integer m > 2. Put

f@)=Aam)'" A"
Then f(z)" is an automorphic function with respect to Io(m), since A(mz) € Si2(Ip(m)).
For y € I'y(m), put
x)=rflya/f@.
Since x (y)" = 1, we see that x (y) does not depend on z and x is a character of Iy(m).
From (3.1), we see that
A(Z + 1)1/}1 — e27‘[i/)‘lA(Z)l/n , A(m(Z + l))l/n — eme’/nA(mZ)I/n X

Hence we obtain

(3.2) X((é })) — 2mim=1)/n_
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Let I'y be the kernel of x. Write (m — 1)/n = p/q with relatively prime positive integers
p and g. By (3.2), we see that the order of x divides n and is divisible by g. Hence
[Io(m) : I'y] divides n and is divisible by g.

THEOREM 3.1. We assume that q has a prime factor | > 5 which does not divide m
and t — 1 for every prime factor t of m. Then the group I'y is a noncongruence subgroup.

proof.  Suppose that I, contains the principal congruence subgroup I"(N) for a pos-
itive interger N. Then m divides N and yx factors through the canonical map I'y(m) —
I'o(m)/I"(N). Hence I'h(m)/I"(N) posesses a character whose order is divisible by g. Let
N =[] p*» be the prime factorization. We have

Lom)/T(N) =[G, x [[SL@.Z/p2).
pim ptm

where, p? being the exact power of p dividing m,

G,= {(‘C’ z) € SL(2,Z/p°rZ)

ce pdl’Z/pel’Z)} .

Let

]_[p‘m Gp x SL(2,Z/2%7) x SL(2,Z/3%Z) if 6 does not divide m ,
]_[p‘m Gp x SL(2,Z/3%Z) if 2 divides m and 3 does not divide m,
]_[p‘m G, x SL(2,Z/2%Z) if 3 divides m and 2 does not divide m ,
[1,m Gp if 6dividesm.

G =

By Lemma 2.3, the commutator subgroup of SL(2, Z/ p¢r Z) coincides with itself if p > 5.4
Therefore G must have a character whose order is divisible by ¢. Since the order of G is
not divisible by [, this is a contradiction and we complete the proof.

REMARK 3.2. The condition of the theorem is satisfied if m = 2 andn > Sis a
prime number. In the case m = 2, n = 5, we obtain a noncongruence subgroup of SL(2, Z)
of index 15.

REMARK 3.3. It is well known that the principal congruence subgroup I"(p) is a
free group for a prime number p. Using this fact, we can apply the method of section 2 to
produce noncongruence subgroups.

REMARK 3.4. Let D be a hermitian symmetric space. If there exists an everywhere
nonvanishing holomorphic automorphic form on D with respect to an arithmetic group I,
then we can produce noncongruence subgroups of I" by a similar argument to the above.
However the non-existence of such a form is known for a wide class of D.

4 Another simple proof is given as follows. It is well known that the commutator subgroup of SL(2, Z) contains
' (6). Take g € SL(2,Z/p°PZ). Write ¢ = y mod p°P with y € I'(6). We can write y as the product of
commutators of elements of SL(2, Z). Reduce this expression modulo p¢?. Then we obtain an expression of g as
the product of commutators of the elements of SL(2, Z/p°P Z).
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§4. An example of modular forms for a noncongruence subgroup

In Theorem 3.1, we assume that m and n are prime numbers such thatn > 5, n # m
and n does not divide m — 1. Then I'y is a noncongruence subgroup such that [IH(m) :
I'y]1 = n. Up to equivalence, I'p(m) has two cusps oo and 0. The equivalence classes of
the cusps of I') lying over co are in one to one correspondence with Iy \Io(m)/Io(m) oo
where

In(m)so = {y € I'y(m) | yoo = oo} .
By (3.2), we see easily that Iy(m) = I'y, Io(m). Hence, up to equivalence, there is only
one cusp of I'y lying over co. We can check easily that

1 0 _ J2wi(m—1)/n
4.1 X ((m 1)) =e .

Then, similarly, we see that there is only one cusp of I') lying over 0, up to equivalence.
The number of equivalence classes of elliptic points of Iy(m) of order 2 (resp. 3) are v
(resp. v3) where (cf. [Sh2], Proposition 1.43)

—1 -3
4.2) v2=1+<—>, U3=1~|—<—>.
m m

We can show easily that the number of equivalence classes of elliptic points of Iy of order
2 (resp. 3) are nv; (resp. nv3).

Let g, (resp. go) be the genus of the compact Riemann surface I', \$) U {cusps} (resp.
TI'oy(m)\$ U {cusps}). By Theorem 2.20 of [Sh2], we find

47273

Here v, and v3 are given by (4.2). By Theorem 2.24 of [Sh2], we have dim S;(I'y) = gy
and for an even integer k > 2, we have

1 1 1
4.3) gy = n[ﬁ(m +1)—-vy — —v3i| , gy =1ngo .

(4.4) dimSp(Iy) =k —1)gy — 1 +nvz[§i| +nV3|:§:| .
Let
(4.5) (@)= Am) " ja@)"

be the function used in §3. We see that f(z) is an automorphic function with respect to I' .
Let ¢ = ¢¥2/" (resp. ¢’) be the uniformizing parameter at the cusp oo (resp. 0) of r,.
We have

(4.6) ordy(f(z)) =m—1, ordy/(f(z)) =—(m—1).

For a function F on $, k € Zand g = (%) € GL(2,R), detg > 0, we define a
function (F|x g)(z) on $ by

(Fl 9)(2) = (det ) *F(g2)(cz+d)*, ze$H.
Forl <i <n-—1, weset
Sk(Io(m), x') = {h € Sk(Ty) | hley = x(W'h, y e Lpm)}.
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Then we have a decomposition:

(4.7) Sk(Iy) = Sk(To(m)) ® (@"Z] Sk (To(m), x')) .
Letw = (9 }). We have
(4.8) xyo ™) =x»),  yelm.

Hence we see that w normalizes Iy and that the operator | w gives an isomorphism of
Sk(Io(m), x') onto Sx(Io(m), x™').

Now we take m = 2, n = 5. We have v, = 1, v3 = 0. By (4.3), we have g, = 0. By
(4.4), we have dim S4(I'y ) = 4. Let

o0
Es(z) = 1 + 240 Z o3(n)eminz

n=1

be the Eisenstein series of weight 4 with respect to SL(2, Z). Here o3(n) = ) . din d3.
Put

(4.9) 9(2) = E4(z) — 2*E4(22).
Then ¢(z) is a modular form of weight 4 with respect to 1(2) and we see that
ord,(9(z)) =0, ordy(g(z)) =n.

In view of (4.6), f(2)'g(z) € Sa(IH(2), x') C Sa(Iy) for I < i < 4. By (4.7), they are
linearly independent. Therefore a basis of S4(I) is given by

(4.10) (f@9@), f@*92), (2 9, f)*92)}.
REMARK 4.1. We have
f@g@hko = f)° gz, 1<i<4.

Put h(z) = E4(z) — E4(27). Then we have
ordy (h(z)) =n, ord, (h(z)) = 0.
A basis of S4(I'y) is also given by
@@, fF@7h@), @7 h@). f@*h@) .
Using the fact dim S4(10(2), x) = 1, we can prove the relation
h(z) = —16f(2)°9(2).

REMARK 4.2. We have dim S¢(/y) = 4 and a basis of this space can be given
similarly. We have dim Sg(I'y) = 9, dimSg(/p(2)) = 1. For 1 < i < 4, a basis of

Ss(I(2), x') is given by {£(2)'g(2)?, f(2)' g(z)E4(z)} and f(2)°g(z)* spans Sg(1(2))
(cf. (4.7)).

REMARK 4.3. It would be interesting to examine the example of this section in
more detail in view of the Atkin-Swinnerton-Dyer congruences (cf. [AS], [Scl], [Sc2]).
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§5. Generators and relations for a Hilbert modular group

Let F be a real quadratic field and € be the fundamental unit of F. Let {I, w} be an
integral basis of OF, i.e., O = Z & Zw. We write
(5.1) e =A+Bow, o=C+Do.
We put I" = PSL(2, OF), I = SL(2, OF),

P={( )

We define elements of I” by

(0 1 (e 0 (11 (1
7=\-1 0) H*TN o ) TTNo 1) TTNo 1)

Then it is known that o, i, T and n generate r (cf. VaserStein [V]). This fact can be proved
in elementary way if OF is a Euclidean ring, F = Q(\/g) for example. We use same letters
o, i, T and n for their classes in I", since this will cause no confusion. Now we have
relations among them:

ae EF,beOF} , P =P/{%1,}.

) or=1.

(ii) (cr)’=1.

(iii) (cw)?=1.

(iv) ™ =nrt.

V) prp~t=14nh.
(vi) pnu~t =P

If we can take w = € and —e ! = A’ + B’e, then we have
(vii) ono = rA/nB/on_lu.

The relations (ii) and (vii) follow from

1 ¢ 1 —t! - 1
5.2) a<0 1>O'—<0 1)0‘(0 —t_1>’ te Er.

It is easy to see that , T and n generate P and (iv)~(vi) are their fundamental relations.
The purpose of this section is to prove the following theorem.

THEOREM 5.1. Let F = Q(v/5) and I' = PSL(2, OF). We take » = €. The
fundamental relations satisfied by the generators o, |, T and n are (i)~(vii).
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We note thatif F = Q(+/5)then A=1,B=1,C=1,D=2,A'=1,B = —1.
The relations (i) to (vi) and (5.2) hold for any real quadratic field. Our theorem states that
the minimal relations are enough when F = Q(+/5). This minimality will be satisfied by
some more real quadratic fields with small discriminants but will not hold in general.

We begin by preliminary considerations on generators and relations of I".> Since I is
generated by P and o, every relation among elements of P and o takes the form

p1Op20 - ppo =1, pieP,1<i<m.

Using (i) and (iii)~(vi), this relation can be written as

1 x 1 xp 1 x, _(u 0 _
(O 1)0<0 1)0--(0 1)0‘—( ), xi € O, ue Ep.

0 u!
We call a relation of this type an m terms relation counting the number of o involved.

LEMMA 5.2. Using relations (i) and (iii)~(vi), every three terms relation can be
reduced to (5.2).

proof. If we have a two terms relation

1)(1 lxz_uo
o 1)\ 1) \o u)

we have x; = x» = 0, u = *1. Hence the two terms relation reduces to (i). Let

6 1) )l W)= )

be a three terms relation. Then we see that x, = +u € Efp. Using (5.2), we have
o ( (1) "12 ) o = piopy with some p1, p» € P and the three terms relation in question re-
duces to a two terms relation. This completes the proof.

LEMMA 5.3. Assume that we can take w = €. The relation (5.2) can be reduced to
the relations (1)~(vii). In other words, the relation (5.2) fort € EF can be reduced to the
relations (5.2) for t = 1, € using relations (i) and (iii)~(vi).

proof.  We write the relation (5.2) as {¢t}. Using (i), the relation (iii) implies the

u 0 -1

relation ) o=0 (” 2 for u € Er. Then we obtain the relation {—¢} taking the

0u! 0
inverse of the both sides of (5.2), using (i), (iv)~(vi). Taking the conjugate by u of both
sides of (5.2), we obtain the relation {e‘zt} using (i), (iii)~(vi). Since EF is generated by
€ and *£1, this completes the proof.

Next we consider the four terms relation.

1 X1 1 X2 1 X3 1 X4 _ u 0
(53 (0 1)"(0 1)”(0 1)"(0 1)"‘(0 u!
We write the relation (5.3) as {x1, x2, X3, x4; u}.

LEMMA 5.4. The four terms relation (5.3) reduces to ()~(vi) and (5.2) if x; € Ef
forsomei,1 <i <4.

SFor this part, we do not assume F = Q5.
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proof.  Suppose that x; € Er. By (5.2), we have o (| *2) 0 = piops with some pi,
p2 € P. Using this expression, we find that (5.3) reduces to a three terms relation. We
write (5.3) as

1xz01x3GIX4O__O_1—X1MO

o 1"\ 1)"\0 1)J"""\0o 1 )J\o )"
Using (i)~(vi), the right-hand side can be written as ("6' 2) o (é _”12"1 ) Hence
{x1, x2, x3, x4; u} is equivalent to {xz, x3, x4, u‘le; u‘l} under (i)~(vi). By this cyclic
rotation, any x; can be brought to the second position at the cost of multiplying by a unit.

Hence the assertion follows.
Foru € Ep, x € Of, we have the relation

1 x 1 —-w/x 1 —x/u 1 —u(l—u)/x
O i L O A CRR
_(u O
—\o u!

if x divides u — 1.

5.4

LEMMA 5.5. Under (i)~(vi) and (5.2), the four terms relation (5.3) can be reduced
to (5.4) with some x and u.

proof. We see easily that the four terms relation (5.3) is equivalent to a relation of
the form

, 1 x (1 »n 1 » 1 y3\(h O
(5.3) "(0 1)2=\o 1)°V 1)%V0 1)lo nt)-
Here x, y; € Of, 1 <i <3 and h € EFr. By a direct computation, we get

h(yiy2— 1) = o, hy, = wx , vy — 1) = —o,

where w = £1. Putting u = wh ™!, we have
1—u 1—u!
Y2 =ux, V1= s y3 =
ux ux

Hence we see that x divides u — 1 and that (5.3') is equivalent to
1 x

o 0 1 o
_ (Y G=w/jux) (1 ux\ (1 A—uYH/ux\ (u=' 0
—\o0 1 0 1 0 1 0 u/’

On the other hand, under (i)~(vi), (5.4) is equivalent to
1 —x

g 1)°
(1 d—-uw/x 1 —x/u 1 —u(l—u)/x\(u O
= \o 1 W 1 )%\ 1 0 ul)"

(5.3")

(5.4))
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We obtain (5.3”) from (5.4’) by substituting x by —x and u by u~'. This completes the
proof.

We denote the four terms relation (5.4) by {x, u}. We have {x,u} = {x, (1 —u)/x,
—x/u, —u(1—u)/x; u}. Under (i)~(vi), the relation of the form (5.3") is equivalent to {x, u}
and the relation {x1, x2, x3, x4; u} is equivalent to {x2, x3, x4, u2xg; u_l} (cf. the proofs
of Lemmas 5.4 and 5.5). Therefore {x, u} is equivalent to {(1 — u)/x, u~'} under (i)~(vi).
By Lemma 5.4, {x, u} is reducible to (i)~(vi) and (5.2) if x € EF or (1 —u)/x € EF.

LEMMA 5.6. Assuming (i)~(vi) and (5.2), the following assertions hold.

(1) {x, u} is equivalent to {—x, u™'}.

(2) {x, u} is equivalent to {t*x, u} for everyt € Er.

(3) We assume the four terms relation {x, u}. Then {x, u®} is equivalent to {ux, u
fore e Z.

(4) {x, u} is equivalent to {(1 — u)/x, u""}.

(5) Suppose that (x) = (2). Then {x, u} is equivalent to {x, —u}.

l—e}

proof.  We write {—x, u~'} in the form of (5.3”). Taking the inverses of both sides,
we obtain (1). We obtain (2) taking the conjugates of both sides by (’ 61 ‘t)) To prove

(3), we set the right-hand side of (5.3”) is equal for {x, u} and for {x, u¢}. By a simple
computation, we find that the resulting equality is

1 u®x

U<0 1)0
(1 @ = 1) ux 1 ux 1 @' —u=2)/x\ (w0
_<0 1 )"(0 1)"(0 1 0 u'~)”

which is {u®x, ul_e}. Hence we obtain (3). We noted (4) already in the discussion before
Lemma 5.6. To prove (5), we set the right-hand side of (5.3”) is equal for {x, u} and for
{x, —u}. The resulting equality is

o 1 ux o
0 1
(1 =2/ux 1 —ux 1 —2/ux\ (-1 O
“lo 1 )% 1 )% 1 0o -1)°
Since —2/ux € EF, this relation reduces to a three terms relation by Lemma 5.4. In view

of Lemma 5.2, this completes the proof.

REMARK 5.7. Suppose that (1 — u)/x € Er. Then, by Lemma 5.4, {tx, u} can be
reduced to (i)~(vi) and (5.2) for every t € Er. By (1) and (3) of Lemma 5.6, we see that
{x, u®} can be reduced to (i)~(vi) and (5.2) for all e € Z.

The following Lemma is of some interest though it will not be used in this paper.

LEMMA 5.8. Suppose that there exist sequences of integers xo, X1, ..., xx € OF
and units ug, ui, . .., uy € Er such that

Xiixi=1—u;, 1<i<k.
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We assume that u; = u;"_iI, 1 <i < kwith a nonzero integer m;. If (1 —ug)/xo0 € Ef, then
the four terms relation {x, uy} reduces to (i)~(vi) and (5.2).

proof. Using Lemma 5.6, the reducibility of {rx;, uf}, t € Ep, e € Z can be shown
easily by induction on i.

Let G be a group with generators o1, ...,0,. Let F be a free group on the free
generators o7, . . ., 0;,;. Then we can define a surjective homomorphism = : F —> G by
7(0;) = 0;, 1 <i < m. Let R be the kernel of w. Next let S be a finite subset of G
which generates G. For y € S, we prepare a symbol [y] and let F’ be the free group on
the free generators [y], y € S. We can define a surjective homomorphism 7’ : /' — G
by 7'([y]) = v,y € S. Let R’ be the kernel of #’. Clearly ([y11[y2])"![y1y2] € R’ if
Y1, Y2, Y1¥2 € S. We assume that R’ is generated by the elements of this form and their
conjugates.

Now for every y € S, we take and fix an expression

y:afll---aizk, ijell,m]l, € ==1

andput y = &;'---G;f. (If y = oy € S, we put ¥ = &;.) By the universality of the
free group, there exists a homomorphism ¢ : F — F which satisfies ¢([y]) = ¥,
y € S. Then we have 7’ = 7 o ¢. Let Rg be the normal subgroup of F generated by
717) "2, v1, 2. y1v2 € S and their conjugates. We have Ry C R. Since ¢(R’) C Ry
by the assumption, ¢ induces the homomorphism ¢ : F'/R' —> F /Ry which satisfies
@(g mod R') = ¢(g) mod Ry, g € F'.

LEMMA 5.9. Let the notation be the same as above. If 5; € S, 1 < i < m, then we
have Ry = R.

proof. Define a homomorphism mg : F/Ry —> G by mo(h mod Ry) = m(h),
h € F. Since (mp o ¢)(g mod R") = (m o ¢)(g) = n'(g), g € F', mg o @ is injective.
Hence 7| @(F'/R’) is injective. We can write ¢(F'/R’) = H/Rq with a subgroup H of
F. Now the assumption of the Lemma implies H = F. Therefore my is injective and we
obtain Ry = R.

For the proof of Theorem 5.1, we use the following theorem of Macbeath (cf. Theorem
1 of [M] and also Theorem 1.1 of [Sw]).

THEOREM M. Let X be a path connected Hausdorff topological space and I" be a
group which acts on X as homeomorphisms. We assume that the fundamental group m1(X)
of X is trivial. Let V be a path connected open subset of X such that X = I'V. Define a
subset S of I' by

S={yelr|VnNnyV £0}.
Then S generates I b Let F be the free group which has the symbols [c], o € S as free
generators. Define a homomorphism t : F — I by n([c]) = o. Let R be the kernel
of m. Then R is generated by ([a][r])_l[ar] and their conjugates, where o and T are
elements of S which satisfy

(%) VNeVNotV #0.

OThis fact is an old result of Siegel, cf. [Sil].
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In other words, I' has a presentation I' = F/R.

Swan ([Sw]) generalized this theorem to the case where 71(X) # 1 and obtained
generators and relations for SL(2, O), for several imaginary quadratic fields K with small
discriminants.

Let the notation be the same as in Theorem M. For a subset T of X, we put

S(MY={yel | TNyT #0}.
Let D be a closed subset of X such that I'D = X.

LEMMA 5.10. Suppose in addition that the topological space X is normal. Then
we have
NU-D, U is open S(U)=S8D).

proof. Clearly the left-hand side contains the right-hand side. Pick an element y of
the left-hand side. Assume that D Ny D = (. Since X is normal, we can find open subsets
U and U’ of X so that

UDD, U >yD, unu’' =9.

Put U” = U Ny~ 'U’. Thenwe have U” D D, U’ NyU” Cc UNU' = ¢. Thisisa
contradiction and we complete the proof.

Next we assume that S(D) is finite and that S(U) is finite for an open set U which
contains D. We put

S(D) = {]/l, R ] ]/m}’ S(U) = {]/l, R ] ]/m, ]/m-i-l’ qun}

assuming S(U) 2 S(D). By Lemma 5.10, for every y;, i > m, there exists an open set
Ui D D suchthaty; ¢ S(U;). PtV =0UnN (ﬂ?:mHU,-). Then we have y; ¢ S(V).
Therefore we conclude that S(D) = S(V) for an open set V which contains D. This means
that we may replace S to S(D) in Theorem M if such a V is path connected. (Note that in
Theorem M, ([a][r])_l[ot] € R foro, T € S such that ot € S. Thus the condition (x)
may be dropped. However (x) reduces the number of relations and can be essential for the
practical purpose.)

Now let F be a totally real field of degree n. Let us review the fundamental domain
of I' = PSL(2, OF) acting on " (cf. [Si2]). Let o1, ..., o, be all the isomorphisms of F
into R. For a € F, we put ') = a° . Take an integral basis of O so that

Or=Zwr + 2wy + - -+ Zow,
and let €1, ..., €,_1 be generators of a free part of Ef. For x = (x1,...,x,) € C", we
put N(x) = x1 - - - x,,. For simplicity, we assume that the class number of F is one. Take
z2=1(21,...,22) € H". Putz; = x; +iyj, xj, y; € R. We define the local coordinates of
z relative to the cusp oo by the formulas (cf. [Si2], p. 249)

1 Yk
(5.5  Yilogle® |+ + v, 1logle® | = = log ,
! ! YNG)

n—1' "7 2
(5.6) X0+ + X0 =x,,  1<l<n.

n

1<k<n-1.
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Here y = (y1, ..., yu). We put
1 1 . .
Dw:{zeﬁ”|—§§Yi<§,lflfn—l, —§<Xj<—,1§]§n}.

Then D« is a fundamental domain of P. (P is the subgroup of I” consisting of all elements
which are represented by upper triangular matrices.) We define

D = {z € Dy |N(Jcz +d|) > 1 whenever

5.7
57 c and d are relatively prime integers of OF} .

Here Do, denote the closure of Do and |cz 4+ d| = (|cWzy +d D), ..., |c®z, +d™)).
Then D satisfies that (cf. [Si2], p. 266-268):
(1) D is aclosed subset of $ such that I'D = $".
(2) Two distinct interior points of D cannot be transformed each other by an element
of I'.
(3) There are only finitely many y € I" such that D Ny D # (. Furthermore D and
y D,y # 1 can intersect only on the boundary of D.
Now we assume that [F : Q] = 2. We may assume that w; = 1, v = w, e® = ¢,
Then we have

D={ze562|6_252562,
N1
1 1 1 1 1
(5.8) — S o—o@Whn-en) <5, —3s———n-xn) <3,

N(|cz +d]) = 1 whenever c and d are relatively prime integers of O F} .

Here o’ denotes the conjugate of w.
Hereafter in this section, we assume that F = Q(+/5). We take @ = €. The next
lemma is the essential ingredient of the proof of Theorem 5.1.

LEMMA 5.11. Let F = Q(v/5) andtake w = €. Put S ={y € I' | DNy D # ).
Then S is a finite set and we have S C So U S1 U Sz, where

So=P, 51={V=<i Z>,C€EF},
o1, _ +e3 b +1 b
25V T L2 +3) 2¢2 +1)[°

Here + can be taken arbitrarily and b € OF is chosen so that dety = 1. (S, consists of
eight elements.)
We give a proof of Theorem 5.1 assuming Lemma 5.11.

PROOF OF THEOREM 5.1. We consider $2 C C? and let d denote the Euclidean
metric induced by this embedding. For § > 0, we put

Ds = {z € H% | d(z, D) < 8}.
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We see easily that D is path connected. Let z € Ds. Then there exists z; € D such that
d(z,z1) < 8. Hence z is connected by a path to z;. Therefore D; is path connected. By
using the argument of Lemma 5.10, we see that Ns~0S(Ds) = S. Moreover we can show
without difficulty that S(Ds) is finite when § is sufficiently small. Therefore S(Ds) = S
when § is sufficiently small and Theorem M can be applied with S given in Lemma 5.11.

For y € S, we prepare a symbol [y] and consider the free group F’ on the free
generators [y]. By Theorem M, it is sufficient to show that [yz]_l[yl]_l[yl w1, v1, 2,
y1y2 € S can be reduced to a three term relation. We put Slf =S5NS;,0<i <2 We
can check easily that o, u, 7, n € S. Hence Lemma 5.9 is applicable. Let F be the free
group on the free generators o, i, T and 77. We define a homomorphism 7 : F —> I
by (@) =0, n(t) = u, 7(T) = 7, 7 () = n. Fory € S, we define y € F such that
7 (¥) = v as follows.

If y € P, we write y = u%t?n¢. Then we define ¥ = [1°7?%°. In particular, this rule
applies to an element y € §j. We have

a b 1 ¢ la 0 1\(—-c —d
3 (c d>=<0 1)(—1 0)(0 —c—1>’ cekbr.

Hence y € Si can be written as y = p1op2, p1, p2 € P. We fix such an expression and
define y = p10 p>. Suppose y € S;. We write y in the form y = (23," f*), u,u* € Ep,
B € O, m € Z. We have

—ou—lem — —
(>-10) <2Zm ﬁ‘) ="<(1) 2u1 ‘ )"(ou —uél)'

We fix this expression y = opjops, p1, p2 € P and define ¥ = 5 p5 p,.

By Lemma 5.9, it is sufficient to show that )72_1371_1ny2 reduces to a three terms
relation (under (i)~(vi) and (5.2)) when y1, y2, Y172 € S. We see that there cannot arise
the case where all of y1, y2, v1y2 belong to S, by inspecting the (2, 1)-component of y;y».
This implies that if two of yi, 2, v1y2 belong to S), then the other one must belong to
Sg- Therefore 372_1571_ 117, defines at most a four terms relation. We may assume that
)72_1)71_1)7172 defines a four terms relation. Then one of y1, y2, y1y2 belongs to S). By
(5.10), this relation takes the form (5.3") with x € Op such that (x) = (2). As shown in the
proof of Lemma 5.5, it suffices to consider the four terms relation {x, u} for u € EF such
that x divides u — 1 . Now the group E¢oy = {u € Er | u = 1 mod 2} is generated by
—1 and €3. By €3 — 1 = 2¢ and Remark 5.7, we see that {x, 639} is reducible to (i)~ (vi)
and (5.2) for e € Z. By Lemma 5.6, (5), {x, —e3¢} is reducible to (i)~(vi) and (5.2). This
completes the proof.

Now we are going to prove Lemma 5.11. We consider an element y € I" such that
fora point z € D, yz € D holds,i.e, DNy~'D # .7 Weputy = (%), 7 = yz,
7 = (2}, ), z/j = x} + iy},j =1,2,y" = (¥}, y5). We have

N(y)

NOY= S ran?

1

7Since S;i,i =0, 1, 2 is stable under y — y ", it suffices to determine y which satisfies D N y_l D # 0.
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Hence N(y’) < N(y). Changing the roles of z and 7/, we have N(y) < N(y’). Hence we
see that N(y") = N(y) and

(5.11) N(lcz+d])=1.
Since we are assuming that F' = Q(V/3), w = €, we have
14+4/5 1-+/5 1 11 1
=X X, =X Xy, —2=<X1<5,—=<X2=<-.
X1 1+ 2 2 X2 1+ 2 2 5 1=3 ) 2 )
Then x1x; = X7 — X5 + X1 X, and we see that
5 3445 1+4/5
(5.12) [x1x2] < 6 lx1] < R [x2] < T

Since z € D, we have
(5.13) N(zD)* = f + yD (3 +y3) > 1.

Put k = y1y,. Since € 2 < y1/y2 < €2, we have e "'k < y1, y2 < €+/k. Then by (5.13),
we have
K4 (0} 4+ x3)e%k +x3x3 — 1> 0.
We consider the equation with respect to ¢:
(5.14) 2+ 24+ +x3x3—1=0.

Let & be the positive root of (5.14) and let «* = min&. Here the minimum is taken with
respect to X1 and X», regarding x1 and x; as the functions of X and X»; X and X, extend
over the domain —1/2 < X1, X» < 1/2. Let « be the positive root of the equation

t2 + Mr — E =0.
8 16

This is the positive root of (5.14) when X1 = X» = 1/2,x1 = 3 + ﬁ)/4, x = @3-
V/5)/4. We have k = 0.19622 - - - . By elementary but somewhat tedious calculation, which
we omit the details, we can show that «* = x. Hence we have
(5.15) yiy2 >k =0.19622 - - . .

If c =0, then y € Sp. It suffices to show that y € S; U S, assuming ¢ # 0. By (5.11),
we have
(5.16) IN()|yiy2 = 1.

By (5.15), we have |[N(c)| < 1/k. Therefore [N(c)] = l or4 or 5. If |[N(c)| = 1, then
¢ € Er and y € S;. Hereafter we assume |N(c)| = 4 or 5. By (5.15) and (5.16), noting
e?< yi/y2 < €2, we obtain

(5.17) ek <yLm<

€
VIN@©T

Since N(|z|) > 1, we have ()cl2 + ylz)(xg + y%) > 1. Using y1y2 < 1/|N(c)|, we have

1 2
(5.18) x2yh— (1 —xix? - —)y2 + 2
(&
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If x; = 0, we obtain
1

— > 11—
N(c)? ~ 16
from N(|z|]) > 1 and (5.16). By (5.12), we have

> /1 ! 2—119681
=y 16 ¢

This contradicts (5.17). Hence we have x; # 0.
First we exclude the case |N(c)| = 5. To this end, we assume | N (c)| = 5 and consider
the equation (cf. (5.18))

yixi>1

(5.19) X2t — l—xzxz—Lt—i-ﬁ:O
' ! 7225 25
Let f(r) be the polynomial of  on the left-hand side. For 1y = ¢ 2k, we have

e+1\?, 25 1 1 /e\?
) <|— |t |l-———=)oo+—=|=) =-0.02882--- <0
f(")—< 2 ) 0 < 256 25)”25(2) =

using (5.12). Let g1 > € 2k > 2 be the roots of the equation (5.19). By (5.17) and (5.18),
we must have y, > ./n1. We note that (cf. (5.17))

€
(5.20) nons o= 0.72360 - - - .

We consider 717 as a function of X; and X, defined in the domain —1/2 < X1, X, < 1/2.
First we consider 1 on the subdomain defined by the condition x; > 0. It is not difficult to
check that n; is monotone decreasing with respect to the both arguments X; and X». For
X1 =1/2, X5 = 0.4985, we have /i = 0.72377---. For X1 = 0.4985, X, = 1/2, we
have /n1 = 0.72389 - - -. In view of (5.20), we must have X, X7 > 0.4985. Similarly, in
the subdomain x; < 0, we must have X, Xo» < —0.4985.

First we consider the case X, X» > 0.4985. For relatively prime integers «, 8 € OF,
we have (cf. (5.8)) N(jaz + B]) > 1. Take @ = 2, B = —e%. We have

2x1 — €2 <0.03(1+¢€),  [2x2—e€ 2 <0.03(14 €.
Here €’ = (1 — +/5)/2 is the conjugate of €. Then we find
N(2z — €2 = (@x1 — €32 + 4y2}H{(2x2 — € )2 + 4y3)
= 16y7y3 +4y](2x — € 27 +4y3(2x1 — €))7 + (2x1 — €221y — € )’
< g +4y2(0.03(1 + )2 + 4y2{0.03(1 + [¢']))?
+{0.03(1 + €)}*{0.03(1 + [¢/}*.

Since y1, y2 < 0.72360 - - -, this contradicts N (|2z — E2|) > 1. When X, X» < —0.4985,
we obtain a contradiction similarly by taking o« = 2, 8 = €. Thus we have shown that the
case |N(c)| = 5 cannot occur.

It remains to show that y € S, assuming |[N(c)| = 4. We can write ¢ = £2¢™
with m € Z. Changing y to —y if necessary, we may assume that ¢ = 2¢”. We put
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7= (2,2 = vz =xi+iy, j=1,2 Sincez =y, y7! = (4 F), the
estimate (5.17) holds also for y| and y}. We have

(5.21) ek =027376 - < y1. v, ¥} . ¥h < ———— = 0.80901 - - - .
[N (o)
We have .
Dz +dPR =2 j=12.
Yj
Hence we obtain
2
. . €
(5.22) e 2VkVINOI < 1Pz +dVP?P < ———x, j=1,2.
’ Vi/IN©T
In particular, we have
(1))2+,2 e’
(cy2y? < —— | ji=1,2.
T VkVIN(©]

Using (5.21), we obtain
(5.23) e < 234N 74 = 6.27915- -, ji=1,2.

From (5.23), we obtainm = 0, =1, £2.
Next we are going to restrict possibilities of d. A preliminary table of listing all
possible d can be obtained by (5.22) and (5.23). By (5.11) and (5.21), we have

(5.24)  {Q2e"x1 +dV)? + 42 2N X2 +dP) + 467 ek < 1.
We consider the equation (cf. (5.18))

2,2 22 | x%
(5.25) xpt — l—xlxz—ﬁ t+—==0.
Let ¢(r) be the polynomial of 7 on the left-hand side. For rp = €2k, we can check
g(to) < 0. Letny > fo > n2 be the roots of g(¢). By (5.18) and (5.21), we have y, > /n1.
As in the case where |N(c)| = 5, we consider 11 as a function of X| and X, defined in the
domain —1/2 < X1, X2 < 1/2. On the subdomain defined by the condition x; > 0, we
check that n; is monotone decreasing with respect to the both arguments X; and X,. For
X1 =1/2, X2 = 0.39, we have ,/n; = 0.81291 - --. For X; = 0.38, X5 = 1/2, we have
/M = 0.81101 ---. In view of (5.21), we must have X; > 0.38, X > 0.39. Similarly,
in the subdomain x; < 0, we must have X; < —0.38, X» < —0.39. Let V be the closed
domain
V ={(X1,X2) 038 < [X1] = 1/2, 0.39 < [X2] < 1/2}
and consider the function
F(X1 X2) = (2" +dD)? + 42" 22N w2 +d )7 + 4T k)
on V. By (5.24), we see that:
(C1) The minimum of f (X1, X7) on V does not exceed 1.
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Next let & be the positive root of (5.14). Since y;y> > &, we have y, y» > €' \/E. By
(5.11), we obtain another inequality:
Qe x1 +d V) Q)" x2 + dP)? + 42262 x) +dD)?
+ 4 2E Q) x +dP)2 + 1682 < 1.

We regard x1, x2 and & as the functions of X; and X, and let g(X1, X») be the function on
the left-hand side of (5.26). Then (5.26) implies:

(C2) The minimum of g(X;, X») on V does not exceed 1.

(5.26)

By numerical computations using a computer, we find the following:

For m = 0, (Cl1) leaves possibilities d = %1, *e, +e2, +e~ L. If combined with
(C2), the only possibility is d = +e2. Form = 1, (C1) leaves possibilities d = +1, e,
+e2, €3, If combined with (C2), the only possibility is d = +e3. Form = 2, (Cl)
leaves possibilities d = +e, +e2, +¢3, +e*. If combined with (C2), the only possibility is
d = +€*. Form = —1, (C1) leaves possibilities d = +1, &€, +e~!, £¢72. If combined
with (C2), the only possibility is d = £e. For m = —2, (C1) leaves possibilities d = %1,
+e!, +e2, +e73. If combined with (C2), the only possibility is d = £1.

Thus, in every case where ¢ = 2¢”, we have d = +¢" with n depending only on m.
Changing the roles of z and z’ and noting that —y ~! = (¢ 2 ), we see that @ must have
the same form a = +€". (Here the &+ sign is arbitrary but n is the same for d and a.) By
dety = 1, we have ad = 1 mod 2, which implies » = 0 mod 3. Therefore only the
cases m = 1, —2 can survive and we see that y € S». This completes the proof of Lemma
5.11.
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