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Abstract. The Ehrhart polynomial of the d-th hypersimplex A(d, n) of order n is
studied. By computational experiments and a known result for d = 2, we conjecture that
the real part of every roots of the Ehrhart polynomial of A(d, n) is negative and larger than
—2 if n > 2d. In this paper, we show that the conjecture is true when d = 3 and that every
root a of the Ehrhart polynomial of A(d, n) satisfies —% < Re(a) < 1if4 <d < n.

Introduction

Let P C R” be an integral convex polytope of dimension p. Recall that an integral
convex polytope is a convex polytope all of whose vertices have integer coordinates. Given
an integer m > 0, we write i (P, m) for the number of integer points belonging to mP =
{ma | @ € P}, that is,

i(P,m)=|mPNZ" m=1,2,....

It is known that i (P, m) is a polynomial in m of degree p. We call i (P, m) the Ehrhart
polynomial of P. In general, i(P,0) = 1 and the leading coefficient of i (P, m) is equal
to the normalized volume of P. In [1], it was conjectured that each root a € C of i (P, m)
satisfies —p < Re(a) < p — 1. However, several counterexamples for the conjecture are
given in [3, 9] recently. On the other hand, it is known [2] that all the roots of i (P, m) lie
inside the disc with center —% and radius p(p — %).

In this paper, we study roots of the Ehrhart polynomial of a hypersimplex. Let d and
n be integers such that 1 < d < n. The hypersimplex A(d, n) is a convex polytope in R"
which is the convex hull of

fej, +---+e, |1 <i1 <. <iqg<n},
where each e; is the unit coordinate vector of R". In general, it is known that
e The dimension of A(d, n)isn — 1;
e A(d,n) is isomorphic to A(n — d, n).
Thus, throughout this paper, we always assume that d and n satisfy the condition
(1) 2d < n.
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The Ehrhart polynomial i (A(d, n), m) of A(d, n) is given in [4]:

d—1

{AW. ). m) = Z(_l)s <n) ((d s)m+n—1 s) '

= s n—1
Katzman computed the Hilbert polynomial of corresponding semigroup rings and it is equal
to i(A(d, n), m) since the semigroup ring is normal. Exactly speaking, the Hilbert poly-
nomial is equal to the normalized Ehrhart polynomial if and only if the semigroup ring
is normal. For the sake of completeness, we will later show that the normalized Ehrhart
polynomial is equal to the Ehrhart polynomial in this case.

Ifd =1, theni(A(l,n), m) is an (n — 1)-simplex and

i(A(L,n), m) = <m T 1) .

n—1
Hence, roots of i(A(1,n), m) are —(n — 1), —(n — 2), ..., =2, —1. If d = 2, then
2 -1 -2
ia@ny.my = (""" Mt .
n—1 n—1

In [8], it is shown that every root a € C of i (A(2, n), m) satisfies

n
5 < Re(a) <0

when 2d = 4 < n. Computational expelrimen'[sl suggest the following conjecture:

CONIJECTURE 0.1. Let2d < n. Then, every root a € C of i (A(d, n), m) satisfies
n
—— < Re 0.
p < Re(a) <

In this paper, we show that

THEOREM 0.2. Let d and n be positive integers, and let a € C be a root of
i(A(d, n), m). Then, we have the following:
() Ifd =3 andn > 6, then we have —5 < Re(a) < 0.
(i) If4 <d < n, then we have —% < Re(a) < 1.

1. Fundamental factsoni(A(d, n), m)

In this section, we present fundamental facts on i (A(d, n), m) which will later play an
important role. First we confirm that the Ehrhart polynomial of the hypersimplex A(d, n)
is

d—1
) i(A(d, n), m) = Z(_l)s(z) ((d—s)n:l—t;;_ 1 _S).
s=0

1o rough bound was obtained by Masanori Tajima in his master’s thesis (in Japanese).
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It is pointed out in [4, Remark 2.3] that the right-hand side of (2) is equal to the normalized
Ehrhart polynomial of A(d, n). In other words,

d—1
_ fn\(d—-sym+n—1-—s
ImA(d,n) NZA| = YEZO(—l) <S)( w1 )

where A = {e;; +---+¢, |1 <i] <--- <ig < n}. Note that ZA # Z". Since the
following fact is not stated in [4], we show it for the sake of completeness:

PROPOSITION 1.1. The Ehrhart polynomial of A(d, n) is equal to the normalized
Ehrhart polynomial of A(d, n).

Proof. 1In general, we have mA(d,n) N ZA C mA(d,n) NZ". Hence, it is enough
to show that mA(d,n) NZA D mA(d,n) NZ". Leta = (ay,...,0,) € mA(,n) NZ".
Since « € mA(d, n), we have o1 + - - - + a0, = dm. Remark that

ep—e=(ej+e3+---+egp1) —(e2+e3+---+egp1) € ZA.

Similarly, e; — e; belongs to ZA for each 2 < j < n. Hence,

d
de; = (e +ez+---+ed)+2(e1 —ej) € ZA.
j=2

Thus,

n n n

o= Zaj e — Zaj(el —ej)=dme; — Zoej(el —ej)

j=1 j=2 j=2

belongs to Z A, as desired. O

In order to study roots of i (A(d, n), m), we will use the following fact:

PROPOSITION 1.2 (Rouché). Let D be a simply connected region and let f and g
be holomorphic functions in D. If | f(z)| > |g(z)| holds for every z € 3D, then f and
f + g have the same number of zeros in D, where each zero is counted as many times as
its multiplicity.

Fix an integerd > 0. Fors =0, 1,...,d — 1, let

fn,s(m)=(Z)((d—S)m+n—1—s)---((d—s)m—l—l—s).

Then
d—1

(n—1)! Sg(—l)‘ Fus(m).

We will apply Rouché Theorem by considering the functions f(z) = f,.0(z) and

i(A(d,n),m) =

d—1
9() =Y (=) fus(@).
s=1

Let gn.a.6(2) = 1251
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LEMMA 1.3. Foreveryz = +/—1 with B € R, we have ¢n+1.4.5(2) < ¢n.d.5(2).

Proof. Since

(M @ =522+ (=1 =9)?) - (=92 + (1 —9)?)
(pn,d,s(ﬂ\/__l) - (S)\/

d?2+(n—1?)---@*B>+1)
holds, we have

Ont1,d,s(2) \/(n + D2(d —9)2B2 + (n 4 1)2(n — 5)?
onds@ \ +1—9)2d2B2+(m+1—5)2n2
Moreover, since
((n4+1—=5)?2d?B+ (n+1—-5)2) — (4 1)*d — )2+ (n + 1)*(n — 5)%)
=ﬂ2((n +1Dd-—s)+m+1=—59)d)yn—-d+ s+ ((n+1Dn—-s5)+m+1—195)n)s
>0

we have Ont1.d,s(2)

®n.d,s(2)

LEMMA 1.4. Supposen > d* — 2. Then, for every z = —% — B/—1 with B € R,
we have ¢ntd.4.5(2) < ¢n.d.s(2).

< 1, as desired. O

Proof. Since ¢, 4.5(2) is equal to

n ((d_s)zﬁz-i-(—l—S+%)2)~-~((d—S)2ﬁ2+(—n+l—s+%)2)
(S> @B+ 1) (d*B*+ (n — 1?) ’

we have
Pntd.ds(2)
wn,d,s(Z)
_ (ntd)\/((d — 224 (1= 2)2) ... (d — )28 + (s — 2)2)
-0 @B 1) (P + (15— 1Y)

X\/((d—8)252+(n+3—%)2)~--((d—s)2,32+(n+d_1_%)2)

(d2B2+ (n+5)2)---(@2B2+ (n+d —1)?)
<(n+d)(n+d—1)--.(n+d+1_s)
nn—1)---(n+1-s)

((d — )22+ (1 = 312y ... ((d — $)2B2 + (s — )2)

X .

(d2B2+n2) - (d*B2+ (n+5 — 1)?)
Forl <k <s(<d-1),

(@—s7p2+ k=) _ (d - 1>2 (43262 + 2Dy
B2+ m+k—12) d (52+(n+§_1)2)
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and
In+k—1| 3 Ik—%lz(n+k—1)(d—1)+dk—sn
d d—1 did—-1)
_nd—-1-s)+dk+(d—1)k—1) -0
- dd—1) '

Hence, we have

(d—s)?p2+*k—-2)2 d-1
PR+ n+1-k2  d

Thus,

Pntd.d,s(2) - n+d)n+d—-1)---(n+d+1—ys) (d— l)x
©n,d,s(2) nn—1---(n+1-s) d '
Moreover,forl <k <s(<d—1),
m+1—kd—mn+d+1-kd—-1)=n—d>—2)+d—-1—k) >0

and hence

n+d+1—-k d-1
. <1.
n+1—k d ~

Pnrdds @) 1, as desired. O

On.d,s(2)

LEMMA 1.5. Foreveryz = —a + ina/—1with) < a < % and . € R, we have

n—1

n\ [@d—sP+5\ "
¥n,d,s(2) < s 7612 .
Proof. Note that

. (n) l:[‘ (d — 2222 + (k —s — (d — )a)?
Pnds {2 = ¢ i d?)2n? + (k — do)? '

Forl<k<n-—1land1l <s <d — 1, we have

Therefore, we have

—n<—n—l—s(%—l)—l—l:l—s—(d—s)g<k—s—(d—s)oe<n—l—s<n.

Hence, (k — s — (d — s)a)? < n2. Thus,

n—1

n\ ((d = $)*»*n* +n? _(n d—5?+5\ 7
Ond,s(2) < s 022 = T ’

as desired. O

n—1
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2. Thecaseofd =3

In this section, we prove that Conjecture 0.1 is true if d = 3.
THEOREM 2.1. Letd = 3 andn > 6 (= 2d). Then, every root a € C of
i(AQ3, n), m) satisfies
—g < Re(a) < 0.

Proof. 1f n = 6, then the Ehrhart polynomial of A(3, 6) is

i((AG3.6).2) = <3Z5+5> —6<2Z5+4> + 15(“?)

1 4 2
—%(Z—Fl)(ll(z—f-l) +5G+1) +4).

Since 0 < 4 < 5 < 11 holds, by Enestrom—Kakeya Theorem (see, e.g., [5]), it follows that
every root a € C satisfies |(a + 1)2| < 1. Hence, in particular, we have —2 < Re(a) < 0.
Letn > 7. We apply Rouché Theorem for the functions
f@) = fuo(2), 9(2) = = fn1(2) + fn2(2)

and the region
D:{zec ‘—§<Re(z)<0, —ﬁn<lm(z)<ﬁn} .

Remark that the roots of f(z) are

n—1 n-2 2 1
R TR
and all of them belong to D. Thus, it is enough to show that

| fn 1@+ [ fn 2] < 1fn0()]

forall z € aD.
CASE 1. z=p+/—1where B € R.
Ifn =7ands =1, then
|f71(Bv=D| - (482 +52)(4B2 +42) (462 + 32) (42 +22) (442 + 12)(42)
If7.08v—=D1 | 9B+ 62) (982 + 52)(982 + 42) (982 + 32)(98% + 22)(98% + 1)

1792 9B+ ) (B> + DB+ DB
287\ 16(8% + BB+ DB+ DB+ 5)
We now show
9B+ R)(B* + P(B* + B
<
16(82+ 3) (B2 + (B + ) (B + 5)

_ 16 25 16 4 1
fx)= <x+6> <x+3) (x+§> <x+§>

Let
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90(x+ 2 ) (x4 2) (x+2

X 2 X 2 X 4 X
109 5 10969 , 739711 25600
s

=7x* )
SRS 132 % T 26656 * T 6561

Then, since
1117 5 11099 , 100567 1844635
36 Y T w32 Yt aees6 ) T dioo0s
for all y > 0, it follows that f(x) > O for all x > 1. Moreover, if 0 < x < 1, then
fx)>6x*4+3x% —27x% +15x 43
=30 —-x)1+x+x2x+51 —x))
> 0.

Thus, f(x) > 0 forall x > 0.
Ifn=7and s = 2,

| f12B/=D)
| f1.0(Bv/=1)|

fO+1) =Ty +

(B2 +42)(B2 4+ 32)(B2 + 22)(B2 + 12)(B2 + 02 (B2 + (= 1)?)
=2
(982 + 62)(98% + 52) (982 + 42)(98% + 31) (982 +22)(9B% + 1)
_ 14 (B2 +16)(B2 + 9)(B2 + 1) B2
81V 36(82+ )2+ B2+ Hg2+ 4
It then follows that

(B2 +16)(8% +9) (B> + 1) B>
36(82+ ) (B2 + D(BE+ 9B+ §)

since

36 25 16 4 1 16 9 {
<x+3><x+3)<x+§><x+§>—(x+ ) (x +9) (x +Dx

5 232 3484
=35x* + 158 + Zx? + =Zx + —— + (10x — 2)?
XA IS8T A Fa A S g 10 =2)
>0
for all x > 0.

Thus, by Lemma 1.3, if n > 7, then

| fu 1 (B =D + | fu2(BV/=1D) - | /11 (BvV=DI n | f12(Bv=DI

| fu.0(B~/—1)] T 1 f.0BY=DI | fr08v=DI
1792 14

<2187 81
<1.

Hence, we have | £, 1(BV/ =D + | fu2(Bv=1D)| < | fu.0(BV/—=DI.
CASE2. z=—%+pB+/—1withpeR.

97
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First, we study the case whenn =7, 8,9. If n = 7, then

|f7,1(@)]

1.0
_ \/ B2+ (DHAF + DHUE? + DA + DHEB? + (A + (5)?)
- (OB + 1)9B? +22) (982 + 31 (9B + 42) (982 + 5) 9B + 62)

—7 <2)4J 4B+ (DAEE + DHU + GHEL + (DY)

3) @R+ @@+ G 209@ + G V@ + G- 4?)

—

X

FE (B DB+ D
6\ (D22 + D32+ 1)

Ul|w|

8624
5 R

10935°
and

| f7.2(2)]
| f7.0(2)]
_, \/ B2+ OB+ GHB+ DB+ PHB2+ PHHPB+ (D)
(9B% + 1)(9B2 + 22 (982 + 31)(9B% + 42) (982 + 52) (982 + 62)

L1 7 10 [ (PP + D((p)*B2 +1)
2303 3 B+D((*+D
245
< —.
— 2187
Then, % + % < 1. Moreover, if n = 8, then

1@ _ 8 [482+ (1 1@1 _ /1@

Ifso@| 7V 9B +7% |fr.0@|  1fr.0@]°
and

[fs2@| _ 4 [B2+ (5?1 /12Q _ 1f120)

fo@l ~ 3V 982+ 72 0@ Ifro@I

On the other hand, if n = 9, then we have

[ fo,1(2)]
[ f9,0(2)]

2 2 2
26J 982082 + (3) )08 + (3) OB + (3) )4 + )48 + 62
36N (987 + DO+ 22)(9B% + 42 (967 + 51 (9B + T2) (982 + 82)
g

81
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and
[ f9,2(2)]
| f9,0(2)]
—136 1 9B2(4B% + 22)(4B2 + 42)(B% + 32)(4B% + 62) (482 + 82)
T 2433 (982 + 1)(9B% + 22) (982 + 4%) (982 + 52)(9B% + T) (982 + 8%)
L
12

Then, % + 11—2 < 1.
Note thatd? —2 =7 < n. By Lemma 1.4, it follows that

[fn1 @1+ [fa2(] < 1fa0(@)]-
CASE3. z=—a++/2n/=Twith0 <o <%

By Lemma 1.5,
| fu1 @) 443
<n
[ fn,0(2)] 9

[fa2@] _ (=1 1+5\ 7  nm—-1 <1>
| fr0(2)] 2 9 T2 6)

and

Since .
n+D ()7 s 1
= <
1 % ﬁn
" (3)
and .
nn+1) (1)2
2 (6 n—+1 1
— = <
n(n—1) (1)71 Von —1)
6

hold for n > 7, we have

n=1 3
|1 )] <n<1) : 57(1> _7
[fro@I 7 \2 2/ 8

n=1l 3

2l e 0 (0 E (1) =]

[ fn,0(2)] 2 6
Thus, | /1) + | f2,2()] < | fu,0(2)] follows from § + 5 < 1. O

and

9
o)}

|
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3. Thecaseofd >4

In this section, we study the case of d > 4. Although, we could not prove that Con-
jecture 0.1 is true for d > 4, we prove inequalities which are close to those in Conjecture
0.1 whend < n.

THEOREM 3.1. Suppose that integers d and n satisfy d > 4 andn > 6d>—16d+13.
Then, every root a € C of i (A(d, n), m) satisfies
Re(a) < 1.
Proof. First, we prove that, every z € C with 1 < Re(z) satisfies
| fns @I _ 2’
| fn0@)] 3% s!

fors =1,2,...,d—1.Letz = a+1+8+v/—1 witha > 0and 8 € Randletm = z—1 € C.
Then,

Sus(@) = (Z)((d—s)m—i—d—i—n—l—2s)~-~((d—s)m+d+1—2s).

Fori =1,2,...,n —d, we have
dd+n—i—2s)—(d—-s)d+n—i)=sn—d—1i) >0,

and hence,
d—s d
<

0< - < -,
d+n—1i-—2s d+n—1i

Thus,

d—s)ym+d+n—i—2s| d+n—i—2s (755582 + (e + 1)

dm+d+n—i  d+n—i (7282 + (77— + 1)
d+n—i-—2s
<
d+n—1i
On the other hand, for j = 1,2, ..., s, since

d-1)Q2d—-j)—dR2d—j—2s)=2d(s—1)+j>0
and
d-—1)QRd—-j)+dR2d—j—2s)=2dRd—-1—5)+G—j))+1D)+j>0

hold, we have

2d—j-2s| 24—
d—1 d
Thus,
d—sym+2d—j—2s| d—1|5Fpm+ 202
dm +2d — j d m+ 2
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(§=38)% + (§=ha + 25422
d B2+ (o + 212

d—1
< —.

d

In addition, fork =1,2,...,s,
2d—-—1)R2d—-2)d+n—k)—Qd—2k+1)2d —2k)(d+n—1)

=2(k — )2(d +n)(d — 1 — k) +2dn +n + 2k) > 0.

Hence,
2d — 2k + 1)(2d — 2k) - 2d —1)2d —2)
d+n—k - d+n—1 ’

Therefore,
[ fn,s (D)

Ifno(Z)I
|d—sym+d+n—1-=2s|---|(d—s)m+d+1—2s|

ldm +d+n—1|---|dm +d + 1|
li[ (d—s)m+2d—j—2s
izl dm+2d —j

(d—s)m+d+n—l—2s
dm+d+n—i

d—-—sym+2d—j—2s
dm+2d — j

(n d+n—i—2s (d—l §
<
s d+n—i d

Qd —1)---(2d — 25) (d—l)s

n
:<s>(d+n—l)-~-(d+n—2s) d
1 H n+1—k li[(zd—zk+1)(2d—2k) (d—l)s
Y _d+n— —s il d+n—k d
<l<(2d—l)(2d—2) 'd—1>*‘
— 5! d+n—1 d

25 /@2d - 1) -1\’
= 3551 \ d(2d? — 5d + 4)
Since d > 4,

(2d —1)(d—-1)?* 1 1 0
T dQdE—5d+4)  dQdE—5d+4)  dCd—DHd-2+d) -




102 H. OHSUGI and K. SHIBATA

Thus,
d—1 d—1
2S
Z|fn,s(2)| <Z <—1+e% <1,
s=1 lfn0 (@) s=1 3%s!
and hence
d—1
D =D fus@] < 1 fo@)]
s=1
Therefore, z is not a root of i (A(d, n), m). O

THEOREM 3.2. Suppose that integers d and n satisfy d > 4 andn > d*+2d. Then,
everyroota € C of i(A(d, n), m) satisfies

Z < Re(a)
—_ << .
d a

Proof. We prove that, every z € C with Re(z) < —% satisfies
|fn,s(Z)| 1
<
[fno@@)] d-1
fors =1,2,...,d — 1. Letz = —a — % — Bv/—1withe > 0Oand B € R and let
m=—z— % =a + B+v/—1 € C. Then,

fn,s(z)=(—1)”_1<:>((d—S)m - r;—s +14s5)---((d—s)ym— r;—s +n—1+5s)

and
| fn,s (2]
[ fn,0(2)]
n\|d—s)ym—"3+1+s|---[(d—s)m—"57 +n—1+s5|
:<) ldm + 1]---|dm +n — 1]

N

% )

_(n d—s)m— (G- L7114k
T \s i dm+k
n—d (d—s)m =2 +k+s nl (d—sym =% +k+s
< 1 dm +k < 1 dm +k
k=% |—s+1 m+ k=n—d+1 m+

d
Fork=1,2,...,| %] —s, we have
ns ns
—k 1—<——L—J —k<1-k(<0).
= d La ) = (=0

Hence,
d—sm—"% —|%]-14+k
dm +k

Fork=|%|—-s+1,|%]|—s+2,....,n—d, wehave

<

ns
—— 4k 0
d—i— + 5 >
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and
k  —F7+k+s S —d—k) >0
- = = n — — .
d d—s d(d —s) -
Hence, fork = % | —s+ 1, |% | —s+2,....n—d,
d—sym—"5 +k+s d—s m+_7dff+s d—s
= < .
dm +k d m+ & d

Fork=n—-d+1,n—d+2,...,n—1, we have
d d—s ds(k — (n — d))
= >0

k=B ik+s  k(kd— (n—d)s)

Hence
ns ns Lm{—] ns
d—s)m—"F+k+s| —F+k+s | = St k+s
= < .
dm +k k %m—}—l k
Therefore,
| fus (=m = )|
| fu0 (=m — %)
n\ (d—s\"TEET 8y g sl 1
< “e
s d n—d+1 n—1
n (d—s\9GD B —dts+1 B 4n—1+s
< — .
—s! d n—d+1 n—1
Let

n’ d—s (d—S)(g—l)
’d9 :1 N, N -5 )
g(n,d,s) =log F(S+1)< p )

where I"(—) is the gamma function. Since 1 < s < d — 1, we have

d—s s
<__

d d

log

and hence, for any n > d* 4 2d,
g s d—slo d—s
on n d & d
- s +d—s< S)
d? +2d d d
S
=——(2—-d+2)d—-1-
e Rl $))
< 0.
Thus, g(n +1,d,s) < g(n,d, s). Moreover,fork =1,2,...,d — 1 (< n),

o (—F+n—k+s s(d —k)
2 - _ <
on n—k d(n —k)?

103
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Therefore, for n > d? + 2d,

[ fi.s (_m - %) |
|fn,0(_m_%)|
- (d? + 2d)* (d—s>("—”<d+” d=9)d+D+1 @=s5)d+D+d—1
- s! d d*+d+1 d?+2d — 1 ’
CASE 1. Supposes =d — 1.
For eachd > 4,
d*+2d)41 1\ d+2 2d
d—1)! <E) d2+d+1 d>+2d—1
1@+t d+2 2d
Td  dl d+d+1 d+2d-1
1 2923 2dd+2) I d+2)@+1+4
== I1

d' 3d?+2d-1) 2(d?+d +k)

k=1

Note that
d

d-2
k=4
3(d*+2d—1)—2dd+2)=(d—-1)d+3)>0,
and, foreachl <k <d -2

2d*+d+k)—d+2)d+1+k)=dd—-2—-k)+d—-2>0.

Hence,
@424 1\ d+2 2d 1
d—1)! (d) Lrd+1  Py2d—1"d-1
CASE 2. Supposel <s <d —2.
Let

h(d,s) = log ((d -1

Then, forl <s <d —2,

(d+2d)° (d—s\ @D
Ls+1) ( d ) '

oh 'is+1) d—s
— =log(d>+2d)— ————— —@d+ 11 1
35 og(d” + 2d) FeT D) (d+1)|log 7 +
and
2h d+1 1 d+1 2 1 2
_drl e by (S P L A B
9s2  d—s z:o(s+1+€)2 d—s 6 d—s 6

Thus, for each d, we have h(d, s) < max(h(d, 1),h(d,d —2))foralll <s <d — 2.
‘We now show that i(d, 1) < 0 and h(d, d — 2) < 0. Note that, ford > 4,

h(d, 1) =logd — 1) —i—log(d2 +2d)+ (d —1)(d+ 1) log (%)
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and

dh@ ) _ 1 2d42 ddl o (d -]
dd  d—1 " &+2d 4 g\ 74

1 2d+2  d+1
i—1 212 d
_ d=HW*+d-1)

T T T @ - Ddd+2)

2

<

<0.

Thus, for every d > 4, we have h(d, 1) < h(4,1) =log72+ 15 logf—L = log %%Zé?g%gg < 0.
On the other hand,

(d® +2d)"2 <2>2<d+1>_ 26 672(d — 1) (4(d2+2d)>d_2

d—1 =
W=D=g o \a (d —2)lds 6d?
20642~ 1) (3d—(d -4\
T (d—2)d° 3d
20 692(d — 1)
< - - @7
= (d-2)db
_266772(d— 1DXd+ 1)
B d+ D)d>
_206172d—1) d*—1
T @+ D@ d2
20 692(d — 1)
d+ D)3
Ford = 4,
2°6"24-1) _ 9 1
4+ 1)43 10
and ford > 5,
2612 d—1) 206 52 d—1‘ii[16 _9%
d+Dla> 552 4> d ik 125
Thus,
(d2+2d)d_2 2 2(d+1)
hd,d —2)=1 d—1H)———_ (= 0.
( ) og(( —a— \a <
Therefore, it follows that, forevery | <s <d — 1,
| fus (=m = 5)|
| fu0 (=m —5)|

d d2+d+1 ' d2+2d —1

B (d* + 24)* (d—s)(d_s)(“”“l) d=9)d+D+1  @d—s)d+1)+d—1
- s!
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1
< —F.
d—1
Hence,
d—1 d—1
1
Z | .5 (2)] < Z =1,
0@ d-1
and
d—1
D =D fus @] < 1ol
s=1
Thus, z is not a root of i (A(d, n), m). O

4. Computational experiments

In this section, some computational experiments are given. First, we computed the
approximate roots of the Ehrhart polynomial i (A(d, n), m)

e ford <d <10and2d <n < d*+2d (Figures 1 -7),

e for4d <d <75andn =2d (Figure8),
by using the software package Mathematica [7] (“N” and “Solve”) and gnuplot.
Second, by the software Maple [6] (“Hurwitz”), we checked that every root « of the
Ehrhart polynomial i (A(d, n), m) satisfies

_Zl_i < Re(a) <0

ford <d <10and2d <n <d?+2d.

5 5 4 3 2 B o e 5 5 4 3 2 ] )

FIGURE 1. d =4 FIGURE 2. d=5
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‘12 0 s 5 " 2 o 2 a8 16 4 2 E] 08 06 04 02 [

FIGURE 7. d =10 FIGURE 8. 4<d <75andn =2d
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