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CORRIGENDUM

Corrigendum: Quantum steering ellipsoids, extremal physical states
and monogamy (2014 New J. Phys. 16 083017)
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The proof of theorem 6(a) is incorrect, although the monogamy of steering result ./ V413 + /Veip < E

holds as stated. Here we give a corrected proof, which reveals a remarkable new result relating the volume of
Alice’s steering ellipsoid to the centre of Charlie’s: V5 = %”ccﬂ 5- Weare very grateful to Michael Hall for
identifying the mistake, independently verifying our numerical tests and assisting with the corrected proof.

Proof. The pure three-qubit state held by Alice, Bob and Charlie is|¢ , . ). The canonical transformation

[P apc) — |$ABC) =1® ﬁ ® )| pc) leaves E4pand E¢p invariant. To prove the monogamy of steering
B

we therefore need consider only canonical states for which b = 0. (When ppissingular and the canonical

transformation cannot be performed, no steering by Bob is possible; we then have V3 = Vi 3 = 0so that the

bound holds trivially.)

Webegin by showing that V5 = %”célB. Denote the eigenvalues of p, ; = trc |$ABC) ($ABC |as{4;}. Fora
canonical state Charlie’s Bloch vector coincides with c¢|, and so g, = trap b ABC) (@ el = % (1 + ccp - 0).
By Schmidt decomposition we therefore have {4;} = {% (1 + cciB)> % (1 = ¢ccip), 0, O}

From the expression for V3 givenin [1] we obtain V|5 = 647” |det ﬁ:g |sincedet p,; = 0. Define the
reduction map [2,3]as A (X) = 1 tr X — X. Following [4] we note that det ﬁ;{g =det ((6, ® ) ﬁATg (o, ® 1))
and that(c, ® Jl)ﬁgg (6, @) =AQD(Pu5) = %Jl ® 1 — j 5 where we have used the fact that Bob’s local

state is maximally mixed. Since the eigenvalues of %Jl ®1—p,pare {% — A;} we obtain det ﬁgg = Hi (% )

1 1 Iy 1y 1 2 . . _ 4z 2
=(=5cc1) Geers) (5) (5) = = -ccp> which gives Vi g = =~c& 5.

max __ 4n 2 4
From theorem 3 we have Vi 5 < Veers _T(l — cc|p)’-Hence [ Va5 +,/ VB < /?CC|B+

E(l—ch):\/?- 0
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Abstract

Any two-qubit state can be faithfully represented by a steering ellipsoid inside
the Bloch sphere, but not every ellipsoid inside the Bloch sphere corresponds to
a two-qubit state. We give necessary and sufficient conditions for when the
geometric data describe a physical state and investigate maximal volume ellip-
soids lying on the physical-unphysical boundary. We derive monogamy rela-
tions for steering that are strictly stronger than the Coffman—Kundu—Wootters
(CKW) inequality for monogamy of concurrence. The CKW result is thus found
to follow from the simple perspective of steering ellipsoid geometry. Remark-
ably, we can also use steering ellipsoids to derive non-trivial results in classical
Euclidean geometry, extending Euler’s inequality for the circumradius and
inradius of a triangle.

Keywords: two-qubit states, steering ellipsoids, Bloch sphere, concurrence,
entanglement monogamy
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1. Introduction

The Bloch vector representation of a single qubit is an invaluable visualisation tool for the
complete state of a two-level quantum system. Properties of the system such as mixedness,
coherence and even dynamics are readily encoded into geometric properties of the Bloch vector.
The extraordinary effort expended in the last 20 years on better understanding quantum
correlations has led to several proposals for an analogous geometric picture of the state of two
qubits [1-3]. One such means is provided by the quantum steering ellipsoid [4—7], which is the
set of all Bloch vectors to which one party’s qubit could be ‘steered’ (remotely collapsed) if
another party were able to perform all possible measurements on the other qubit.

It was shown recently [6] that the steering ellipsoid formalism provides a faithful
representation of all two-qubit states and that many much-studied properties, such as
entanglement and discord, could be obtained directly from the ellipsoid. Moreover steering
ellipsoids revealed entirely new features of two-qubit systems, namely the notions of complete
and incomplete steering, and a purely geometric condition for entanglement in terms of nested
convex solids within the Bloch sphere.

However, one may well wonder if there is much more to be said about two-qubit states and
whether the intuitions obtained from yet another representation could be useful beyond the
simplest bipartite case. We emphatically answer this in the affirmative. Consider a scenario with
three parties, Alice, Bob and Charlie, each possessing a qubit. Bob performs measurements on
his system to steer Alice and Charlie. We show that the volumes V,, and V., of the two
resulting steering ellipsoids obey a tight inequality that we call the monogamy of steering
(theorem 6):

Mw%ﬂ/? (M)

We also prove an upper bound for the concurrence of a state in terms of the volume of
its steering ellipsoid (theorem 4). Using this we show that the well-known CKW inequality for
the monogamy of concurrence [8] can be derived from the monogamy of steering. The
monogamy of steering is therefore strictly stronger than the CKW result, as well as being more
geometrically intuitive.

The picture that emerges, which was hinted at in [6] by the nested tetrahedron condition
for separability, is that the volume of a steering ellipsoid is a fundamental property capturing
much of the non-trivial quantum correlations. But how large can a steering ellipsoid be?
Clearly the steering ellipsoid cannot puncture the Bloch sphere. However, not all ellipsoids
contained in the Bloch sphere correspond to physical states. We begin our analysis by giving
necessary and sufficient conditions for a steering ellipsoid to represent a valid quantum state
(theorem 1). The conditions relate the ellipsoid’s centre, semiaxes and orientation in a highly
non-trivial manner.

We subsequently clarify these geometric constraints on physical states by considering the
limits they impose on steering ellipsoid volume for a fixed ellipsoid centre. This gives rise to a
family of extremal volume states (figure 3) which, in theorem 3, allows us to place bounds on
how large an ellipsoid may be before it becomes first entangled and then unphysical. The
maximal volume states that we give in equation (11) are found to be very special. In addition to
being Choi-isomorphic to the amplitude-damping channel, these states maximise concurrence
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over the set of all states that have steering ellipsoids with a given centre (theorem 5).
This endows steering ellipsoid volume with a clear operational meaning.

A curious aside of the steering ellipsoid formalism is its connection with classical
Euclidean geometry. By investigating the geometry of separable steering ellipsoids, in
section 4.4 we arrive at a novel derivation of a famous inequality of Euler’s in two and three
dimensions. On a plane, it relates a triangle’s circumradius and inradius; in three dimensions,
the result extends to tetrahedra and spheres. Furthermore, we give a generalisation of Euler’s
result to ellipsoids, a full discussion of which appears in [9].

The term ‘steering’ was originally used by Schrédinger [10] in the context of his study into
the complete set of states/ensembles that a remote system could be collapsed to, given some
(pure) initial entangled state. The steering ellipsoid we study is the natural extension of that
work to mixed states (of qubits). Schrodinger was motivated to perform such a characterisation
by the EPR paper [11]. The question of whether the ensembles one steers to are consistent with
a local quantum model has been recently formalised [12] into a criterion for ‘EPR steerability’
that provides a distinct notion of nonlocality to that of entanglement: the EPR-steerable states
are a strict subset of the entangled states. We note that the existence of a steering ellipsoid with
nonzero volume is necessary, but not sufficient, for a demonstration of EPR-steering. It is an
open question whether the quantum steering ellipsoid can provide a geometric intuition for
EPR-steerable states as it can for separable, entangled and discordant states, although progress
has recently been made [13].

2. The canonical, aligned state

A Hermitian operator with unit trace acting on the Hilbert space C> ® C*> may be expanded in
the Pauli basis {1, 6}%* as

1 3
p=zJl®11+a-o®}1+ﬂ®b~c+2T,,q®q,. (2)

ij=1

For a two-qubit state, p is positive semidefinite, p > 0. The local Bloch vectors are given by

a=tr(po @1)and b =tr(p 1 @ ), whilst bipartite correlations are contained in the matrix

I=t(po® oj) [3]. Requiring that p > 0 places non-trivial constraints on a, b and 7.
Alice’s steering ellipsoid &, is described by its centre

¢, =y (a—Tb), (3)
where the Lorentz factor Y, = 1 / V1 = b?, and a real, symmetric 3 x 3 matrix
Q, =7 (T —ab")(1+ ybb") (T" - ba"). 4)

The eigenvalues of Q, are the squares of the ellipsoid semiaxes s, and the eigenvectors give the
orientation of these axes. Together with a specification of Bob’s local basis, the geometric data
(SA, a, b) provide a faithful representation of two-qubit states (figure 1) [6].

When Bob is steered by Alice, we can consider his ellipsoid &, described by ¢, and Q,.
This amounts to swapping @ <> b and T < T in the expressions for ¢, and Q,.

Bob’s steering of Alice is said to be complete when, for any convex decomposition of a
into states in &, or on its surface, there exists a POVM for Bob that steers to it [6]. All nonzero
volume &, correspond to states that are completely steerable by Bob. When Bob’s steering is
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Figure 1. An example of the geometric data: Alice’s steering ellipsoid &, and the two
Bloch vectors @ and b. Together with a specification of Bob’s local basis, this is a
faithful representation of two-qubit states.

complete, a lies on an ellipsoid &, scaled down by a factor b = Ibl; for incomplete steering of
Alice, a lies strictly inside this scaled-down ellipsoid. Aside from these straightforward,
necessary restrictions on a and b, finding whether any two-qubit operator p describes a physical
state usually involves obscure functions of the components of the matrix 7, resulting from the
requirement that p > 0. However, these functions become much clearer in the context of the
steering ellipsoid.

It will prove very useful to perform a reversible, trace-preserving local filtering operation
that transforms p to a canonical state p. Crucially, Alice’s steering ellipsoid is invariant under
Bob’s local filtering operation, so the same &, describes both p and 5. We may perform the
transformation [5]

18 ——|,

1
1® —
12p, I2p, ]

1 ~ 3
:Z(Jl®ﬂ+a-6®ﬂ+ ZY;jainoj

ij=1

pop=

&)

provided that Bob’s reduced state p, = tr, p is invertible (the only exception occurs when p, is
pure, in which case p is a product state for which no steering is possible). In this canomcal
frame, Bob’s state is maximally mixed (b = 0) and Alice’s Bloch vector coincides with the
centre of &, (@ = ¢,). The ellipsoid matrix is given by Q, = 7T , and so the semiaxes are
s, =t Where t. are the signed singular values of T

The local filtering operation preserves positivity: p > 0 if and only if 5 > 0. It also
maintains the separability of a state: p is entangled if and only if p' is [14]. We may therefore
determine the positivity and separability of p by studying its canonical state p'.

Applymg state-dependent local unitary operations on p, we can achieve the transforma-
tions @ - O,d, b — O, band T — o, TOT with O,, O, € SO (3) [3]. We can always find O,
and O, that perform a s1gned singular Value decomposition on T, ie. o, TOT diag (¢). Bob’s
rotation O, has no effect on &,, but O, rotates &, about the origin (treatlng ¢, as arigid rod) to
align the semiaxes of &, parallel with the coordinate axes. Note there is some freedom in



New J. Phys. 16 (2014) 083017 A Milne et al

performing this rotation: the elements of ¢# can be permuted and two signs can be flipped, but the
product #,1,t, is fixed.

Both the positivity and entanglement of p are invariant under such local unitary
operations. We therefore need only consider states that have &, aligned with the coordinates
axes in this way. The question of physicality of any general operator of the form (2) therefore
reduces to considering canonical, aligned states

1 3
p=—|1®1+¢c, - 6®@1+ )10 ®oq|. 6
P=7 ( 2 Z ) (©)
In the steering ellipsoid picture, this restricts our analysis to looking only at steering
ellipsoids whose semiaxes are aligned with the coordinate axes: Q, = diag (tlz, t), tf) = diag
2 2 2

(s1 AN )

In the following, unless stated otherwise, we will only refer to Alice’s steering ellipsoid;
we therefore drop the label A so that & = &,, Q0 = 0, and ¢ = ¢,.

3. Physical state conditions and chirality

We now obtain conditions for the physicality of a two-qubit state p of the form (6). The results
of Braun er al [15] employ Descartes’ rules of signs to find when all the roots of the
characteristic polynomial are non-negative; this shows that p° > 0 if and only if

3 3
detp > 0andc® < 1 - Y’ = 2t,t;and ¢ + Y17 < 3. (7)

i=1 i=1

We find that det p = 2;—6 (04 — 2uc’ + q), whereu =1 — Zitiz + 2Ziti2éi2, the unit vector
¢ = c¢/c and

g=1+t+6,-6)1+t-t,+6)(1—t,+6,+86)(1—t,—1,—1). (8)

To obtain geometric conditions for the physicality of p, we express these conditions in
terms of rotational invariants. Some care is needed with the term ¢,1,¢;, which could be positive
or negative. Since ./detQ = It t,t,| = 55,5, 1s positive by definition, we have that
tt,t; = y4/det Q, where

x = sign (det T) = sign(t,1,1;) 9)

describes the chirality of &.

Let us say that Bob performs Pauli measurements on p and obtains the +1 eigenstates as
outcomes, corresponding to Bloch vectors X, y and Z. These vectors form a right-handed set.
These outcomes steer Alice to the Bloch vectors ¢ + #,%, ¢ + 1,y and ¢ + ;2 respectively.
When Bob’s outcomes and Alice’s steered vectors are related by an affine transformation
involving a proper (improper) rotation, Alice’s steered vectors form a right-handed (left-
handed) set and y = +1 (y = —1). We therefore refer to y = +1 ellipsoids as right-handed and
x = —1 ellipsoids as left-handed. Note that a degenerate ellipsoid corresponds to y = 0, since at
least one ¢, = 0 (equivalently s, = 0).
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Theorem 1. Let p' be an operator of the form (6), described by steering ellipsoid & with centre
¢, matrix Q and chirality y. This corresponds to a two-qubit state, p > 0, if and only if

c4—2uc2+q>0and <1 —trQ — 2y./det Q and c2+trQ<3,

where
u=1—-trQ+2¢'Qe,
g=1+2t(0%) -2wQ - (r Q) — 8y /det Q.
Proof. Rewrite the conditions in (7) using the ellipsoid parameters Q, ¢ and y. O]

It should be noted that any & inside the Bloch sphere must obey /det O < 1. For such &
we have that ¢*<1—-trQ —2yJdetQ = >+ trQ<3 and hence the condition
¢* + tr Q < 3 is redundant.

As with the criteria for entanglement given in equation (4) of [6], we can identify three
geometric contributions influencing whether or not a given steering ellipsoid describes a
physical state: the distance of its centre from the origin, the size of the ellipsoid and the skew
¢'Q¢. In addition, the physicality conditions also depend on the chirality of the ellipsoid, which
relates to the separability of a state.

Theorem 2. Let p' be a canonical two-qubit state of the form (6), described by the steering
ellipsoid &.

(a) & for an entangled state p must be left-handed.

(b) & for a separable state p may be right-handed, left-handed or degenerate. For a separable
left-handed &, the corresponding right-handed & is also a separable state and vice-versa.

Proof.

(a) An entangled state 5 must have det 5™ < 0 [6, 16] (following from the Peres—Horodecki
criterion) and a non-degenerate ellipsoid, hence y = +1 a priori. Partial transposition
p — p™ is equivalent to t, - —t, and hence to y — —y. All quantum states achieve
det p’ > 0, so for an entangled /', we have det 5 > det 5. Using the form for det ' given
in theorem 1, an entangled canonical state must have —8y/det Q > 8y./det Q and so its
chirality is restricted to y = —1.

(b) The ellipsoid for a separable state may be degenerate or non-degenerate and so y = 0 or
y = +1a priori. For a two-qubit separable state /', the operator p"# is also a separable state
[17]. Since partial transposition is equivalent to y — —y, this means that both the y and the
—y ellipsoids are separable states. For the degenerate case, y = 0. For a non-degenerate
ellipsoid, both the y = +1 and y = —1 ellipsoids are separable states. |

Recall that a local filtering transformation maintains the separability of a state. Although
the chirality of an ellipsoid is a characteristic of canonical states only, we can extend theorem 2
to apply to any general state of the form (2) by defining the chirality of a general ellipsoid as
that of its canonical state.
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Figure 2. The physicality and separability of a steering ellipsoid depend on its chirality
x- This dependence is illustrated for the set of Werner states p,, (p) of the form (10).

As an example, consider the set of Werner states given by

1 —
@ =p ) (wl+ 1oL (10)

where |y~) = % (J01) — |10)) and 0 < p < 1[18]. Although Werner’s original definition does
not impose the restriction p > 0, states with p < 0 can be obtained from the partial
transposition of states with p > 0. We will see in section 4.2 that p, (p) is described by a
spherical & of radius p centred on the origin. Figure 2 illustrates theorem 2 for p,, (p).

4. Extremal ellipsoid states

We will now use theorems 1 and 2 to investigate ellipsoids lying on the entangled-separable and
physical-unphysical boundaries by finding the largest area ellipses and largest volume ellipsoids
with a given centre. The ellipsoid centre ¢ is a natural parameter to use in the steering ellipsoid
representation, and the physical and geometric results retrospectively confirm the relevance of
this maximisation. In particular, we will see in section 5 that the largest volume physical
ellipsoids describe a set of states that maximise concurrence.

The methods used to find extremal ellipsoids are given in full in the appendix, but the
importance of theorem 2 should be highlighted. The ellipsoid of an entangled state must be left-
handed. For non-degenerate & we can therefore probe the separable-entangled boundary by
finding the set of extremal physical & with y = +1; these must correspond to extremal
separable states. The physical-unphysical boundary is found by studying the set of extremal
physical & with y = —1. Clearly the separable-entangled boundary must lie inside the physical-
unphysical boundary since separable states are a subset of physical states. For the case of a
degenerate & with y = 0, any physical ellipsoid must be separable and so there is only the
physical-unphysical boundary to find.

4.1. Two dimensions: largest area circles and ellipses in the equatorial plane

We begin by finding the physical-unphysical boundary for & lying in the equatorial plane. For a
circle of radius r, centre ¢, we find that & represents a physical (and necessarily separable) state
if and only if r < 3 (1 = ¢7).
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The physical ellipse with the largest area in the equatorial plane is not a circle for ¢ > 0.
For & with centre ¢ = (c, 0, 0), the maximal area physical ellipse has minor semiaxis

5 = % 3 — 41 + 8¢’ ) and major semiaxis s, = %\/1 — 4¢® + 1 + 8¢*. Noting that that
both s, and s, are monotonically decreasing functions of ¢ with s, < 5, < %, we see that the overall
largest ellipse is the radius % circle centred on the origin. Our results describe how a physical ellipse
must shrink from this maximum as its centre is displaced towards the edge of the Bloch sphere.

Note that the unit disk does not represent a physical state; this corresponds to the well-
known result that its Choi-isomorphic map is not CP (the ‘no pancake’ theorem). In fact, [15]
gives a generalisation of the no pancake theorem that immediately rules out such a steering
ellipsoid: a physical steering ellipsoid can touch the Bloch sphere at a maximum of two points
unless it is the whole Bloch sphere (as will be the case for a pure entangled two-qubit state).

4.2. Three dimensions: largest volume spheres

In three dimensions we find distinct separable-entangled and physical-unphysical boundaries.
Inept states [19] form a family of states given by p =r ‘gé> <dg| + (1 —r)p’ @ p’, where

‘(ﬁg> =€ |00) + V1 — ¢ |11) and p' = tr, q§€> <¢)E| =t q§€> <¢E| (The name ‘inept’ was
introduced because such states arise from the inept delivery of entangled qubits to pairs of
customers: the supplier has a supply of pure entangled states |¢ > and always delivers a qubit to
each customer but only has probability r of sending the correct pair of qubits to any given pair
of customers.) The two parameters r and e that describe an inept state can easily be translated
into a description of the steering ellipsoid: & has ¢ = (0,0, (2¢e — 1)(1 —r)) and
Q = diag (rz, r rz). Thus an inept state gives a spherical & of radius r. Note that inept
states with € = % have null Bloch vectors for Alice and Bob and are equivalent to Werner states.
The corresponding & are centred on the origin.

The separable-entangled boundary for a spherical & with centre ¢ corresponds to

r= %(\/4 — 3¢® — 1). Any left- or right-handed sphere smaller than this bound describes a
separable state. The physical-unphysical boundary is r = 1 — ¢. A spherical & on this boundary
touches the edge of the Bloch sphere, and so this is just the constraint that & should lie inside
the Bloch sphere. All left-handed spherical & inside the Bloch sphere therefore represent inept
states. Right-handed spheres whose r exceeds the separable-entangled bound cannot describe
physical states since an entangled & must be left-handed. Note how simple the physical state
criteria are for spherical &: subject to these conditions on chirality, all spheres inside the Bloch
sphere are physical. The same is not true for ellipsoids in general; there are some ellipsoids
inside the Bloch sphere for which both the left- and right-handed forms are unphysical.

4.3. Three dimensions: largest volume ellipsoids

As explained in the appendix, any maximal ellipsoid must have one of its axes aligned radially
and the other two non-radial axes equal. The largest volume separable & centred at ¢ is an oblate
spheroid with its minor axis oriented radially. For an ellipsoid with ¢ = (0, 0, ¢), the major

. 1 . .. .
semiaxes are 5, =5, = ﬁ\/ 1 -3¢+ +J1+3c> and the minor semiaxis is

s3=§(2— Vvli +3c2).



New J. Phys. 16 (2014) 083017 A Milne et al

The largest volume physical & centred at ¢ is also an oblate spheroid with its minor axis
oriented radially. For an ellipsoid with ¢ = (0, 0, ¢), the major semiaxes are s, = 5, = +/1 — ¢
and the minor semiaxis is s; = 1 — c. These extremal ellipsoids are in fact the largest volume
ellipsoids with centre ¢ that fit inside the Bloch sphere.

The volume V of these maximal ellipsoids can be used as an indicator for entanglement
and unphysicality. Our calculations have been carried out for a canonical p, but since steering
ellipsoids are invariant under the canonical transformation 5, the results are directly applicable
to any general p. The maximal ellipsoids for a general ¢ are simply rotations of those found
above for ¢ = (0, 0, ¢); the results therefore depend only on the magnitude c.

Theorem 3. Let p be an operator of the form (2), described by steering ellipsoid E with centre ¢
and volume V. Let V.** = %(1 —9¢* + (1 + 3C2)3/2) and V™ = 47”(1 — o)

(a) If p is a physical state and V > V¥ then p must be entangled.
(b) If V> V™ then p must be unphysical.

Proof. Find the volume of the ellipsoids on the separable-entangled and physical-unphysical
boundaries using V = %slszsy ]

This result extends the notion of using volume as an indicator for entanglement, as was
introduced in [6]. We see that the largest volume separable ellipsoid is the Werner state on the
separable-entangled boundary, which has a spherical & of radius . and ¢ = 0. We have tightened
the bound by introducing the dependence on c. In fact, theorem 3 gives the tightest possible
such bounds, since we have identified the extremal & that lie on the boundaries. Note that for all
¢ we have V** < V™ with equality achieved only for ¢ = 1 when & is a point with V=0 and p
is a product state. This confirms that the two boundaries are indeed distinct and that the
separable & are a subset of physical &.

4.4. Applications to classical Euclidean geometry using the nested tetrahedron condition

Recall the nested tetrahedron condition [6]: a two-qubit state is separable if and only if & fits
inside a tetrahedron that fits inside the Bloch sphere. We used theorem 1 and ellipsoid chirality
to algebraically find the separable-entangled boundary for the cases that & is a circle, ellipse,
sphere or ellipsoid. The nested tetrahedron condition then allows us to derive several interesting
results in classical Euclidean geometry. We give a very brief summary of the work here; a full
discussion is given in [9].

Euler’s inequality r < § is a classic result relating a triangle’s circumradius R and inradius
r [20]. In section 4.1 we investigated the largest circular & in the equatorial plane, finding that &
represented a physical (and necessarily separable) state if and only if r < %(1 - cz). By the
degenerate version of the nested tetrahedron condition, this gives the condition for when & fits
inside a triangle inside the unit disk (R = 1). We therefore see that our result implies Euler’s
inequality, since 0 < ¢ < 1.

We can pose the analogous question in three dimensions. Let S be a sphere of radius r
contained inside another sphere S, of radius R. If the distance between the sphere centres is c,
what are the necessary and sufficient conditions for the existence of a tetrahedron circumscribed
about S and inscribed in S,? This question was answered by Danielsson using some intricate
projective geometry [21], but there is no known proof using only methods belonging to classical
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Figure 3. The geometric data for three maximal volume states p™* with (a) ¢ = 0, (b)
¢ =0.5 and (c) ¢ = 0.8. Since these are canonical states we have b = 0 and ¢ = a. Note
that & = & touches the North pole of the Bloch sphere for any c.

Euclidean elementary geometry [22]. By considering the steering ellipsoids of inept states
(section 4.2) we have answered precisely this question, finding the necessary and sufficient
condition for the existence a nested tetrahedron. Our result is found to reproduce Danielsson’s
result that the sole condition is ¢* < (R + r) (R — 3r).

In fact, our work extends these results to give conditions for the existence of a nested
tetrahedron for the more general case of an ellipsoid & contained inside a sphere. These very
non-trivial geometric results can be straightforwardly derived from theorem 1 by understanding
the separability of two-qubit states in the steering ellipsoid formalism.

5. Applications to mixed state entanglement: ellipsoid volume and concurrence

The volume of a state provides a measure of the quantum correlations between Alice and Bob,
distinct from both entanglement and discord [6]. We will now study the states corresponding to
the maximal volume physical ellipsoids. By deriving a bound for concurrence in terms of
ellipsoid volume, we see that maximal volume states also maximise concurrence for a given
ellipsoid centre.

5.1. Maximal volume states

Recall that the largest volume ellipsoid with ¢ = (0,0, c) has major semiaxes
$, =8, = +1 — ¢ and minor semiaxis s; = 1 — c. We will call this &. With the exception
of ¢ = 1, which describes a product state, these correspond to entangled states and so are
described by left-handed steering ellipsoids. Using (6), the canonical state for & is

~max __ _£ £
= (1= 5wl + 5 100) ool (11

where |y ) = ﬁ(lOl) + +/1 — ¢ |10)). This describes a family of rank-2 ‘X states’
parametrised by 0 < ¢ < 1. Some examples are shown in figure 3.

The density matrix of an X state in the computational basis has non-zero elements only on
the diagonal and anti-diagonal, giving it a characteristic X shape. X states were introduced in
[23] as they comprise a large class of two-qubit states for which certain correlation properties
can be found analytically. In fact, steering ellipsoids have already been used to study the

10
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quantum discord of X states [5]. In the steering ellipsoid formalism, & for an X state will be
radially aligned, having a semiaxis collinear with c.
The  state  p™  should  be compared to the  Horodecki  state
T =ply™) (W + (1 — p) |00) (00|, where |1// > (|01> + |10)); this is the same as
ﬁc ™ when we reparametrise ¢ =2(1 — p) and also make the change ly*) = ly). The
Horodecki state is a rank-2 maximally entangled mixed state [24]. p" may be extended (see for
example, [25-27]) to the generalised Horodecki state p®” = p ly ) (v | + (1 = p) [00)00],
where |y ) = Va [01) + +/1 — a |10). Note that this has two free parameters, @ and p. Setting
a= 1/2p and reparametrising ¢ = 2 (1 — p), we see that our p"™ states form a special class of
the generalised Horodecki states described by the single parameter c.
The maximal volume states have a clear physical interpretation when we consider the
Choi-isomorphic channel: § ™" is isomorphic to the single qubit amplitude-damping (AD)
channel with decay probabllity ¢ [25]. For a single qubit state #, this channel is

b, (n) = EnE, + EnE,’, where [27]

(1 0 _ (0 Ve
EO—(O \/l——c)andEl_(O 0).

If Alice and Bob share the Bell state [y™) = % (101) + |10)) and Alice passes her qubit
through this channel, we obtain a maximal volume state centred at ¢ = (0, 0, ¢), i.e

ﬁcmax = ((pAD ® ﬂ)(h//r) (w'] )
5.2. Bounding concurrence using ellipsoid volume

Physically motivated by its connection to the entanglement of formation [28], concurrence is an
entanglement monotone that may be easily calculated for a two-qubit state p. Define the spin-
flipped state as p = (ay ® Gy) p* (ay ® ay) and let 4, ,..., 4, be the square roots of the eigenvalues

of pp in non-increasing order. The concurrence is then given by

C(p) =max(0, A, — 4, — A, — 4,). (12)

Concurrence ranges from O for a separable state to 1 for a maximally entangled state. In
principle one may find C (p) in terms of the parameters describing the corresponding steering
ellipsoid &, but the resulting expressions are very complicated. It is however possible to derive
a simple bound for C (p) in terms of steering ellipsoid volume.

Lemma 1. Let © be a Bell-diagonal state given by

1 3
:Z[ﬂ®ﬂ+§tiai®q). (13)

The concurrence is bounded by C (t) < |/It,t,t;1, and there exists a state t that saturates the
bound for any value 0 < C (r) < L.

Proof. Wlthout loss of generality, order ¢ >1t, > It;l. [14] then gives C(r) = max
{0 2(t + 1, — 1) } For a separable state z, we have C(r) =0 and so the
bound holds.

11
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An entangled state 7 must have C (7) > 0. Recalling that the semiaxes s, = I,| and that an
entangled state must have y = —1 (theorem 2), we take t, = s,, t, = 5, and t; = —s; to obtain
Ct)=3(s+s,+s—1).

Reference [3] gives necessary and sufficient conditions for the positivity and separability
of 7. For 7 to be an entangled state, the vector s = (s,, s,, 5;) must lie inside the tetrahedron with
vertices r, = (1,1, 1), n=(1,0,0), r,=(0, 1, 0) and r, = (0, 0, 1). Since the tetrahedron
(ry,n,r,r) 1s a simplex, we may uniquely decompose any point inside it as
s =pn+pn+pnt+pn where Zipl. =1 and 0<sp<l This gives
s = (po +p.p D0t p3). Evaluating s, + s, + 55, we obtain C () = p,, as Zipi =1

Now we evaluate the right-hand side of the inequality. We have It,t,t,| = s;5,5, =

(po + pl)(p0 + p2>(p0 + p3) = po2 + D, (plp2 +pp, + p3p1) + pp,p,, Where we have again
used )’ p = 1. Since all the terms are positive, we see that \/lnt,51 > p = C(7), as
required. The bound is saturated by states whose s vectors lie on the edges of the
tetrahedron (r, r, 1, r;). For example, by choosing p = p, = 0, we obtain the set of states
s = (po, Dys 1). These saturate the bound for any value of the parameter 0 < p, < 1. |

Theorem 4. Letlﬁ be a general two-qubit state of the form (2). The concurrence is bounded by
C(p) < )/b_l (3—2) , where the Lorentz factor y, = 1/\/1 — b and V is the volume of Alice’s

4
steering ellipsoid &.

Proof. Any state p can be transformed into a Bell-diagonal state 7 of the form (13) by local
filtering operations [14]: 7= (A ® B)p(A ® B)'/N, where the normalisation factor
N = tr((A RB)pAR B)*). The concurrence transforms as C (z) = C (p) Idet Alldet BI/N.
Express the state p in the Pauli basis {1, 6}®* using the matrix @ (p) whose elements are
defined by [© (p)]lw =tr (p o, ® q). Similarly 7 is represented in the Pauli basis by @ (7).
The local filtering operations achieve @ (7) = L,0 (p) L, |det A||det B|/N, where L, and L,
are proper orthochronous Lorentz transformations given by L, =7 (A ® A*) Y’ / |det A,
Ly=1Y (B ® B*)Y"/|det B| with

10 0 1
yo Lo 1 0
210 i —i o
10 0 -1

For a general state p, the volume V = 4?”)/: Idet ® (p)| [6]. From the local filtering
transformation, and using det L, = det L, = 1, we have

4 4
Idet @ (7)1 = Idet@(p)l(w) = |det@(p)|(c(7)) .
C(p)
4
For a Bell-dila/gonal state Idet O (7)| = It,,¢,] and so we obtain V = 47”;/: It 2,1 (%) and hence
C@) =(57) 7, 4,51"C(p). Since lft,t,] < 1, lemma 1 implies that C(z) < I t,t,1", from
which the result then follows. ]

This bound will be of central importance in the derivation of the CKW inequality in
section 6. Theorem 4 also suggests how ellipsoid volume might be interpreted as a quantum

12
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correlation feature called obesity. If we define the obesity of a two-qubit state as
Q2 (p) = Idet © (p)I'"* then theorem 4 shows that concurrence is bounded for any two-qubit
state as C (p) < 2 (p). Note that this definition also suggests an obvious generalisation to a d-
dimensional Hilbert space, 2 (p) = Idet @ (p)["“.

5.3. Maximal volume states maximise concurrence

We now demonstrate the physical significance of the maximum volume steering ellipsoids by
finding that the corresponding states p™* maximise concurrence for a given ellipsoid centre.
This will also demonstrate the tlghtness of the bound given in theorem 4.

The state p™ given in (I11) is a canonical state with b =0. Let us invert the
transformation (5) to convert p ™ to a state with b # 0:

= (e ) (10 ) i

This alters Bob’s Bloch vector to b, where p, = 1 S+ b - 6) is Bob’s reduced state. Recall that
Bob’s local filtering operation leaves Alice’s steermg ellipsoid & invariant, and so & for p™" is
still the maximal volume ellipsoid &;*.

Theorem 5. From the set of all two-qubit states that have & centred at ¢, the state with the
highest concurrence is p™, as given in (11). The bound of theorem 4 is saturated for any
0 < b < 1 by states p™ of the form (14), corresponding to the maximal volume ellipsoid E™.

Proof. Recall that under the local filtering operation p — (A ® B)p (A ® B)'/N concurrence
transforms as C (p) — C (p) Idet Alldet BN, where N = tr ((A ® B)p (A ® B)") [14]. For the

canonical transformation (5), we have A =1 and B=1 / /2pB. This gives detA =1,

detB=y, N = 1 so that C(pN) =,C (p). Computing the concurrence of (11) gives

C (pNLma") 1 — c¢. Hence for a state of the form (14) we have C (p ) = yb_lx/l - c.
Since & is invariant under Bob’s local filtering operation, the same &) describes a state

max

p* with any b. From theorem 3 we know that the maximal ellipsoid & has volume
| g S5 (= ¢)’. Substituting C (pmax) and V™ into the bound of theorem 4 shows that the

c

bound i 1s saturated by states p™ for any 0 < b 1.
Any physwal p with & centred at ¢ must obey the bounds V < & 5 - ¢)’ (theorem 3) and

Clp) <y, (3:)] (theorem 4), and hence C (p) <y, m . For a given c, the state that
maximises concurrence has b = 0. The state p™ then achieves this maximum possible
concurrence, C( ma") = /1 — ¢. Hence, from the set of all two-qubit states that have &
centred at ¢, the state with the highest concurrence is pN( f"ax. ]

Note that p™* maximises obesity from the set of all two-qubit states that have & centred at
¢, achieving Q ( "‘“X) = V1 — c. Although the maximal volume & describes states p™* with
any b, the maximally obese state is uniquely the canonical 5. The family of maximally obese
states is studied further in [31] with p™" found to maximize several measures of quantum
correlation in addition to concurrence.

13
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Figure 4. The two scenarios for studying monogamy, with arrows between parties
indicating the direction of steering. (a) Bob performs a measurement to steer Alice and
Charlie, with corresponding steering ellipsoids &, , and &, respectively. (b) Alice and
Charlie perform measurements to steer Bob, with corresponding steering ellipsoids &,
and & respectively.

6. Monogamy of steering

The maximal volume states p™" have particular significance when studying a monogamy
scenario involving three qubits. Monogamy scenarios and steering ellipsoids have been used
before to study the Koashi—Winter relation [5]. Here we show that ellipsoid volume obeys a
monogamy relation that is strictly stronger than the CKW inequality for concurrence
monogamy, giving us a new derivation of the CKW result. Subscripts labelling the qubits A, B
and C are reintroduced so that Alice’s ellipsoid & is now called &,, the maximal volume state
p is now called p™, and so on.

We begin by c6nsidering a maximal volume two-qubit state shared between Alice and
Bob.

Lemma 2. If Alice and Bob share a state p" given by (14) then both &, and &, are maximal
volume for their respective centres ¢, and c, The steering ellipsoid centres obey

7b2 (1 - CB) = }/az (1 - CA)'

Proof. &, = E™ by construction, so V, = V"™ = Z (1 — ¢,)’. From theorem 5 we know that
C (pcina") = yh_lﬁ/l — ¢,. Since concurrence is a symmetric function with respect to swapping
Alice and Bob we must also have C (/{;‘ax) = ya_l 1 —c;, which gives
v, (1 = ¢;) =7’ (1 = ¢,;). For any two-qubit state, the volumes of &, and &, are related by
v Vy=7'V, [6], 50V, = 4{(1 - cB)z. This means that V, = V™ and so &, is also maximal
volume for the centre ¢, i.e. & =& O

Now consider Scenario (a) shown in figure 4, in which Alice, Bob and Charlie share a pure
three-qubit state and Bob can perform a measurement to steer Alice and Charlie. Let &, ;, with
volume V,, and centre c,,, be the ellipsoid for Bob steering Alice, and similarly for the
ellipsoid & ; with Bob steering Charlie.

Lemma 3. Alice, Bob and Charlie share a pure three-qubit state for which the joint state

Py =P, given by (14), corresponding to &, being maximal volume. The ellipsoid & is
then also maximal volume, and the centres obey c,, + coz = 1.

14
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Proof. Consider first the case that Alice and Bob’s state is the canonical p,, = p™" given by
(11), which means that &, = & by construction. Call the pure three-qubit state ‘423 c >, so that

Pap = tre ‘@mc> <42ch ’

purification over Charlie’s qubit, we obtain the rank-2 state

Bsc ) = 75 (VG 1001) +1010) + T =c,; 1100) ). Finding p,. = tr, |, ) (Boc |

see that the state p, . corresponds to a maximal volume &, = & with centre ¢y = 1 = ¢

Transforming out the the canonical frame ‘¢:BC> - ‘qﬁABC> = (ﬂ ® \/% ® Jl) |¢N§wc>

‘boosts’ Bob’s Bloch vector to an arbitrary b, but leaves both &, , and &, invariant. Therefore
the relationship ¢,; + ¢, = 1 must also hold for the general case that p,, = p™" with any b.

with Bob’s local state being maximally mixed. Performing a

we

We now derive two monogamy relations for ellipsoid volume. The first relation concerns
Scenario (a) discussed above, in which Bob can perform a measurement to steer Alice and
Charlie. We are interested in the relationship between V, , and V,,,: does Bob’s steering of Alice
limit the extent to which he can steer Charlie? The second relation concerns Scenario (b) shown
in figure 4, in which Alice and Charlie can perform local measurements to steer Bob. We label
the corresponding steering ellipsoids &,,, and &, respectively.

Theorem 6.

(a) When Alice, Bob and Charlie share a pure three-qubit state the ellipsoids steered by Bob
must obey the bound \/V,, Vo < \/> The bound is saturated when &, and &,
are maximal volume.

(b) When Alice, Bob and Charlie share a pure three-qubit state the ellipsoids steered by Alice
and Charlie must obey the bound ya_z Vea + }/C_z Ve )/b_z \/g . The bound is saturated
when &y, and Eg . are maximal volume.

Proof.

Cop C

(a) From theorem 3, we have VAI » < V™ and VC, s < V.. For any pure three-qubit state we
lTlZlX max
therefore have \/V, , a s S LA‘ . The result then follows from substitut-

ing in V™ = =(1 - CAIB) V== (1 caB) and the relation ¢, , + ¢, = 1 given in

AlB CciB

lemma 3.

(b) The bound follows from the above result m \/E < 4” and the relationships
Y, Voa = Y, *V, s and Y, Voo = A *V.5» which apply for any state [6] The bound is saturated
for maximal volume &y and 83|c owing to lemma 2, since the bound for Scenario (a) is
saturated by maximal volume &, ; and & ;. ]

These monogamy relations are remarkably elegant; it was not at all obvious a priori that
there would be such simple bounds for ellipsoid volume. The simplicity of the result is a
consequence of the fact that &,,, = & implies &y, = &7, Ep = &, and &Gy = &7, ie.
all of &, 5, 4> Eip and &, are simultaneously maximal volume for their respective centres.

The monogamy of steering can easily be rephrased in terms of obesity. Although Alice and

Bob’s steering ellipsoid volumes are in general different, obesity is a party-independent
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measure. When expressed using obesity, the two steering scenarios therefore give the same
bound £° (pAB) + Q° (pBC) <7’

We now use the monogamy of steering to derive the Coffman—Kundu—Wootters (CKW)
inequality for monogamy of concurrence [8].

Theorem 7. When Alice, Bob and Charlie share a pure three-qubit state the squared
concurrences must obey the bound C* (pAB) + C? (pBC) < 4det p,.

Proof. The result can be derived using either bound presented in theorem 6; we will use
. _ 1/4 _ 1/4

Scenario (a). Theorem 4 tells us that C(p,,) < 7, : (%) and C(p,.) <7, : (SZ;'”) , so that

4?” yhz C’ (ps) < \/Vap and 4?” )/hz C’ (Dye) < \/Verp- The result then immediately follows from

the bound /V,, + Vo5 < \/g since yb—2 = 4det p,. L]

The monogamy of steering is strictly stronger than the monogamy of concurrence since
theorem 6 implies theorem 7 but not vice versa. Our derivation of the CKW inequality again
demonstrates the significance of maximising steering ellipsoid volume for a given ellipsoid centre.

Finally, we note that the tangle of a three-qubit state may be written in the form
Tipe = yb_z -C’ (pAB) -C° (pBC) [8]. When there is maximal steering, so that the bounds in
theorems 6 and 7 are saturated, we have 7,,. = 0. The corresponding three-qubit state belongs
to the class of W states [30] (assuming that we have genuine tripartite entanglement). The W
state itself, | W) = % (1001) + |010) + |001)), corresponds to the case that ¢, ; = ¢, = € =
eye = (0,0, 3).

7. Conclusions

Any two-qubit state p can be represented by a steering ellipsoid & and the Bloch vectors a and
b. We have found necessary and sufficient conditions for the geometric data to describe a
physical two-qubit state p > 0. Together with an understanding of steering ellipsoid chirality,
this is used to find the separable-entangled and physical-unphysical boundaries as a function of
ellipsoid centre ¢. These boundaries have geometric and physical significance. Geometrically,
they can be used to find very non-trivial generalisations of Euler’s inequality in classical
Euclidean geometry. Physically, the maximal volume ellipsoids describe a family of states that
are Choi-isomorphic to the amplitude-damping channel.

The concurrence of p is bounded as a function of ellipsoid volume; this is used to show
that maximal volume states also maximise concurrence for a given ¢. By studying a system of
three qubits we find relations describing the monogamy of steering. These bounds are strictly
stronger than the monogamy of concurrence and provide a novel derivation of the CKW
inequality. Thus the abstract, mathematical question of physicality and extremal ellipsoids
naturally leads to an operational meaning for ellipsoid volume as a bound for concurrence and
provides a new geometric perspective on entanglement monogamy.

These results may find applications in other notions of how ‘steerable’ a state is. In
particular, it should be possible to use our work to answer questions about EPR-steerable states
[12]. For example, what are the necessary constraints on ellipsoid volume such that no local
hidden state model can reproduce the steering statistics? Beyond this, the results on monogamy
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of steering pave the way for looking at steering in a many-qubit system by considering how
bounds on many-body entanglement are encoded in the geometric data.
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Appendix

Alice’s steering ellipsoid & is invariant under Bob’s local filtering transformation to the
canonical frame as given in (5). We therefore need to consider only canonical states p. Let us
rephrase the conditions of theorem 1, recalling that for & inside the Bloch sphere the condition
¢’ + tr Q < 3is redundant: 5 > 0 if and only if g > O and g, > 0, where g = ¢* — 2uc’ + ¢
andg, =1—trQ — 2y detQ — c’. As discussed in section 2, we can restrict our analysis to
ellipsoids aligned with the coordinate axes, i.e. ellipsoids with a diagonal Q matrix. Theorem 2
allows us to use the conditions for p > 0 to probe both the separable-entangled and the
physical-unphysical boundaries. Since all entangled & have y = —1, separable states lying on
the separable-entangled boundary must correspond to the extremal ellipsoids that achieve
p = 0 with y = +1. Similarly, the physical-unphysical boundary corresponds to the extremal
ellipsoids that achieve p' > 0 with y = —1. For the degenerate case with y = 0, any physical
ellipsoid must be separable and so the only boundary to find is physical-unphysical.

For a spherical & of radius r, centred at ¢, we may set Q = diag (rZ, r2, r2) in the
expressions for g and g, to find the separable-entangled and physical-unphysical boundaries
in (c, r) parameter space. Similarly, for a circular & in the equatorial plane, we may set
Q = diag (rz, r, O) and ¢; = 0 to find the physical-unphysical boundary.

More parameters are required to describe a general ellipse or ellipsoid, and so in these
cases the procedure for finding extremal & is more involved. For an ellipsoid with semiaxes s,
the volume is V = 4{«/ detQ = %”slszsy We wish to maximise V for a given c subject to the
inequality constraints g > 0 and g > 0. This maximisation can be performed using a
generalisation of the method of Lagrange multipliers known as the Karush-Kuhn-Tucker
(KKT) conditions [32]. We form the Lagrangian £ =V + 4,g + 4,g,, where 1, and 4, are
KKT multipliers. Setting Q = diag (slz, 55, s32), we then solve in terms of ¢ the system of
equations and inequalities given by d.L/ds = 0, 4,g, = 1,8, = 0 and 4, 4,, g, g, = 0. That the
solution found corresponds to the global maximum is straightforwardly verified numerically.

This system can in fact be simplified before solving. In particular, the skew term é' Q¢ is
awkward to deal with in full generality. However, by symmetry, any maximal ellipsoid must
have one of its axes aligned radially and the other two non-radial axes equal. Since we are
looking at ellipsoids aligned with the coordinate axes, we may therefore take ¢ = (0, 0, ¢) and
s, = 5,. Maximal solutions could then have s, = 5, > s; (an oblate spheroid), s, =s, < s, (a
prolate spheroid) or s, = s, = s, (a sphere).

Extremal ellipses in the equatorial plane are found similarly using the KKT conditions. We
outline the method here in more detail as an example of the procedure. We describe an ellipse in

17



New J. Phys. 16 (2014) 083017 A Milne et al

the equatorial plane using Q = diag (slz, 55, 0) and ¢ = (c, 0, 0). The area of this ellipse is
ns;s,. The Lagrangian is L = zs;s, + 4,8, + 4,8,; the algebra is simplified by equivalently
using L = 8zs;s, + 4,8, + 24,g,. Substituting O and ¢ into the expressions for g and g, gives

g = ct —2c’ (1 +s) —sf) +1 =257 —2s; =2s]s, + 5 +s;, (A.1)
g, =1-s>—s - (A.2)

The requirement 0.L/ds = 0 corresponds to the two equations d.£/ds, = 0 and 0.L/ds, = 0.
Noting that the maximal solution must have s, # 0 and s, # 0, these equations can be solved
simultaneously to give

2 2
S, — 8
A= > > > (A.3)
5,5, (sz -5 +c )
1 s — 5?2
2 2
/12 =—|s +s5, - % . (A4)
5.5, s, — 8 +¢

We now impose the constraints that 4,g = 4,¢, =0 and 4, 4,, g, g, = 0. The only
solution to this system of equations and inequalities requires g = 4, = 0. Using the expressions
(A.1) and (A.4) these are solved simultaneously to find s, and s, in terms of c¢. Ruling out
solutions that do not satisty 0 < s, s, < 1 gives the unique solution

qzi@—¢1+&ﬂ, (A.5)

1 2 2
s, = —1—4c"+ 1 + 8¢, A.6

as given in the main text.
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