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Abstract

This paper considers the problem of computing the Bézier representation for a
triangular sub-patch on a triangular Bézier surface. The triangular sub-patch
is defined as a composition of the triangular surface and a domain surface
that is also a triangular Bézier patch. Based on de Casteljau recursions
and shifting operators, previous methods express the control points of the
triangular sub-patch as linear combinations of the construction points that
are constructed from the control points of the triangular Bézier surface. The
construction points contain too many redundancies. This paper derives a
simple explicit formula that computes the composite triangular sub-patch
in terms of the blossoming points that correspond to distinct construction
points and then an efficient algorithm is presented to calculate the control
points of the sub-patch.

Keywords: Composition; Sub-patches; Bézier representation; Triangular
surfaces; de Casteljau algorithm; blossoming.

1. Introduction

Many applications in CAD/CAM or computer graphics industry require cre-
ating geometric entities such as curves or patches on surfaces. Isoparametric
curves on a surface are easy to derive. In many cases, however, the curves
need to be in a general position such as the intersection curve of two sur-
faces, the boundary for surface trimming. DeRose [1] examined the curves on
triangular Bézier surfaces via functional composition. Jiittler and Wang [2]
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analyzed the curves on a sphere. Both approaches generate curves on surfaces
by parameter space representation.

Beside curves, sub-patches on surfaces are also important. Two types of
surfaces are widely used: triangular Bernstein-Bézier surface (TB or TBB
surface) and tensor product Bézier surface (TP or TPB surface). For in-
stance, the subdivision of a Bézier surface [3, 4, 5, 6, 7] falls into this category
and so do the conversions between TB surfaces and TP surfaces. Brueck-
ner [8] represented a TB surface as a trimmed TP surface. Waggenspack
and Anderson [9] transformed a TP surface to a TB representation. Jie [10]
extended the equations to rational cases. In most cases, the sub-patches do
not have isoparametric boundary curves. For example, the explicit formula
of Goldman and Filip [11] converted a TP surface of degree (m,n) into two
TB surfaces of degree m + n. Hu [12] developed a method to divide a TB
surface into three TP surfaces. In another way, Sheng and Hirsch [13] divided
a trimmed surface into many TB surfaces.

Subdivision, reparametrization and surface extensions are possible appli-
cations of composition [1]. Both blossoming and product methods can be
used to obtain the composition of a TB/PB and a TP/PB [14]. However,
as pointed out by DeRose [14], the product algorithm was more efficient for
machine implementation whereas the blossom algorithm was geometrically
more intuitive. There are four different compositions: TP over TP, TP over
TB, TB over TP and TB over TB. DeRose [14] used blossoming algorithm to
study the four compositions. However, the algorithm for the control points
of the compositions is not sufficiently efficient in practice. Lasser [15, 16]
studied the composition of TP over TB, and the composition of TB over
TP. Explicit formulae are provided for the control points of the composi-
tions. Feng and Peng [17] considered a simpler case using shifting operator
to derive the composition of a triangle with a TB surface.

Lasser [15, 16] formulated the control points of the composition as the lin-
ear combinations of some intermediate points called the construction points.
However, the number of the construction points is huge and many of them
actually have the same positions. In this paper, we provide a more com-
pact formula to compute the control points of the composition and detailed
algorithms are presented for practical uses.




2. Preliminaries and notations

A TB surface [18] T(u, v, w) of degree n can be defined by

T(u,v,w) = Z B (u,v,w) Ty,  (u,v,w) € Dr. (1)
i+j+k=n

where Ty € R® are the control points, B (u, v, w) are Bernstein polyno-
mials

n!
tp(u,v,w) = Hk|uv]wk, i+j+k=n uv,w>0, ut+v+w=1,

and Dy = {(u,v,w)|u+v+w=1,u,v,w € [0,1]} is a triangle domain.
A domain surface P(u, v, w) of degree m is a TB surface

P(u,v,w) = Z Bl (u, v, w)Pije, w,v,w >0, utv+w=1 (2)
i+j+hk=m

where the control points P;j;, € Dy are parameter points.
A hyper-index I'" is defined as

Igb_ (]1""7171) J?_ (Jl""v‘]n)vK?: (Klv"'vKn)’ (3)
L4+ J+K=m, L,J,K€{0,---,m}.

The norm for the hyper-index is
T = [T+ 5]+ [KGr| = mn,
| = le, [l = Z J, K| = ZKZ
An index (I}, J;, K;) corresponds to a parameter point Py, x, in Eq.2. Thus,

I'", with n indices, corresponds to a parameter vector P, with n parameter
n
points:

n  _ pn o
Prn = Prpgmin = ((unnk, vnnk, Wik ) s 5 (W ks Vo, ks W, k)
. . _
where (uy, . x,, V1,05, Wr,0,k,) € Dp, i =1,--+,n. A sub-vector PF,Sn,s =
0,1,---,n can be obtained satisfying
P%Q" = Pi?”J?‘KQ” = ((wna kv KWL KD s (U K VT K WKL) -




The hyper-index can be used for the product of n Bernstein polynomials of
degree m:

n

H Biiya (v, 0) = Ciplymien Bl 3o, ey (4, v, ). (4)
=1

Cfint = Clitpxcn = (E Jl!Jl!Kl!>/(\I:;”l! Tl |K?“)'

Lemma 1. Suppose R+ S + T = mn. Then

Z Clnymkp = 1. (5)

‘ImIZvaJnmlz‘s"Knml:T

where

Proof: Suppose we have mn different balls and put them into 3 different
boxes By, B, andB3. There are }(?, ST)T, different cases for B; containing R balls,
By containing S balls, and Bs containing 7" balls with R + S + T = mn.
On the other hand, we divide the mn balls into n groups Gu, ..., G,, such
that each group G, contains m balls. If bos B; contains I; balls from G,
box Bs contains J; balls from G; and box Bs contains K; balls from G, then
the numbers of balls in By, By, B3 are |I"| = R, |J7| = S,|K"| = T where
= (-, 1,),J" = (Jl,-- v ), K= (Ky, -+, K,), [+ + K, =m .

Note that there are TR J, i different cases to distribute m balls in G} into

the three boxes. Therefore, for a given (I, J” KT), there are H SARATA K’

different cases to put mn different balls into By, By, Bs. Hence, We get

mn)!
> (H Ilevil ) - }<%!S!)T!'

[T =R, | I3 | =S, K =T

This is equivalent to Eq.5.
It is easy to prove the following equality:

(Z W)n: 5 S o] ©

i+j+k=m R4+-S+T=mn \|I7|=R,|J|=S,|K»|=T I=1




The TB surface can be rewritten using shifting operators [19]
T(u,v,w) = (uE; + vEy + wE3)" Ty (7)
where the shifting operators are
ErTijie = Tivrgk, E2Tije = T jran, E3Tije = T j et

With T%k = T, , given a parameter vector Py jmgm for a TB surface, the
de Casteljau algorithm [20] yields

T (P}, )
igk\ =~ ImJmKm
_ n—1 n—1 n—1 n—1
= g, 0,0, Ty e (P gm e ) + 00,0, T (P gm g ) (8)

n—1 n—1
+wI"J”K"Tivj7k+1 (PInm—lJnm—lK:Ln—l ) ’

Alternatively, Eq.8 can be rewritten using shifting operators

T%k<P?;nJgLK;y) ) X
= (w6, Br + V1, 0,5, B2 4 Wi, E3) T (P g gom ) ()

)

(wr gk, B + 10,5, B2 + w105, E3) Tijk-
i

Lemma 2. The number of different choices of the d wvariables (Ny, ..., Ng)
d
satisfying Y N; = s is

i=1
s+d—1Y\ [ s+d—1
d—1 N s '

Proof: Consider the problem of putting s balls into d boxes. Place the s
balls in a line and use d — 1 bars to separate these balls. There are s+d — 1
positions for balls and bars. Select d — 1 positions for the bars. Then put all
balls to the left positions. The s balls are separated into d sets. Hence, we

s+d—1 )
have ( d—1 ) choices.

Let M5 C Z¢ be the following set

1

d
342::‘{h4|hl::(Aﬁaﬂ4$"'7A£D7§£:ALﬁ:éﬁAﬁfz(Lla”'vs}'

If M e M CZ% Mis al xd vector and the summation of its elements is

5. According to Lemma 2, there are ( d- i s ) elements in M.
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3. Triangle sub-patch from a triangle surface

Consider a TB surface T(z,y, z) whose parameter domain is a triangle
Dr. A sub-patch is derived from the TB surface by limiting the parameter
domain to an area within D7. This section presents a simple way to express
a class of sub-patches as a new TB surface.

3.1. Domain surface

On domain Dy, three Bézier curves Cq, C,y, C3 form a closed sub-domain
Dg, c,,c; (Figure 1(a)). Assume that the three boundary curves C;(t), Ca(t)
and C3(t) are of degrees nq, ny and ns, respectively. Let m = max(ny, ns, ng).
We can make the degrees of Cy (¢), Cq (t), Cs (t) be m using degree elevation.
Denote the control points of C; (¢) (i = 1,2,3) by P;;,7 =0, ..., m. For each
P, ;, it has a corresponding point Q; ; on the curve C;(t):

Qi = Cz‘(%) (10)

which we call an influence point (see Figure 1(b)).
Re-label the control points P; ; such that they represent the control points
of the boundary curves of a triangular Bézier patch:

Pijk; min(i,j, k’) =0. (11)

The corresponding influence points are also re-labeled accordingly: Q;jir €
DT-

To define a domain surface for the area D¢, c¢,.c,, We need to define some
interior control points. The interior control points P;;x, min(i, j, k) # 0 can
be specified using Qi (see Figure 1(c)):

Pijr = % (%Qz‘,o,mﬂ' + #Qi,mfi,0> + % (%Qo,j,mﬂ' + ﬁQm—j,j,O) (12)

L .
+3 (m,{k Qo,m—k,k + ﬁQm—k,O,k) )

Thus Eq.11 and Eq.12 define the control points or parameter points for a
domain surface that is a a TB surface in the form of Eq.2 (see Figure 1(d)).

It can be seen that the interior control points are linear combinations
of the influence points. The combination involves six influence points along
the u,v,w directions (Figure 2). The number of interior control points is
(m —1)(m —2)/2. If m = 3, for example, there is only one interior control
point:

P11 = (Quo2 + Qi20 + Qo12 + Q210 + Q201 + Qo21) /6.

6
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Figure 1: Domain surface: (a) three boundary curves form a closed sub-domain; (b) the
control points (blue dots) and the influence points (black squares); (c) the interior control
points (red dots); and (d-f) different parameter curves by different interior control points.

For m = 1,2, there is no interior control point.

It is worth pointing out that above we have just provided a way to con-
struct interior control points. Users may also choose to modify them in-
teractively. Figure 1(e) and Figure 1(f) show two different choices of the
interior control points. Different choices of the interior control points may
lead to different parameterization of the domain surface and hence affect the
parameterization of the composite surface.

3.2. Sub-patch via composition

If P(u,v,w) is a surface on the domain of a TB surface T(z,y, z), the
composition S(u,v,w) = T(P(u,v,w)) is a sub-surface of the TB surface
T(x,y, z) (Figure 3). Moreover, we have

Theorem 1. (Composition of two TB surfaces). Suppose T(z,y,z) is a TB
surface of degree n with control points Tijx € R i+j+k = n, and P(u,v,w)




QDDm

Q 0, 7.m=7

\Q’U,M—&k

QUMU

Q m=kJ0LE

Qm—j,j,ﬂ Q iam=il

Figure 2: Construction of an interior control point.

1s a domain surface of degree m with parameter points
Piji = (Tijis Yijis ziji) + 4+ J + k= m, Ty + Yiji + 26 = 1.

Then the composition S(u,v,w) = T(P(u,v,w)) is a TB surface of degree
mn:
S(u,v,w) = Z BR&r(u, v, w)Sgsr (13)
R+S+T=mn

with control points

_ mn n
Srsr = > LK DT Ip Ky (14)
12 [= R, |37 =, Ky | =T

where Sgm ymygm = TOOO(PI;?JWK?) are construction points corresponding to
parameter vectors

P?;”JI?K;L" = [PIlJlKl | I=1,-- '7n] : (15)

Proof: Let P(u,v,w) = (z(u,v,w),y(u,v,w), z(u,v,w)). Then

r(u,v,w)= > B (u,v,w)r,
i+j+k=m

y(U,U,’lU) = Z Bg}k(u7v7w)yijka (16)
i+j+k=m

z(u,v,w) = 3 B (u,v,w)z.
i+j+k=m

Following Eq.7, the TB surface T(z,y, z) can be represented as

T(.’I), Yy, Z) = (.T)El + yE2 + ZEg)n TOOO' (17)

8
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0
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Figure 3: Composition of a TB surface and a domain surface.

Substituting Eq.16 into Eq.17 yields

S(u, v, w) = T(P(u,v,w))

n

= | (z(u,v,w),y(u,v,w), z(u,v,w)) | Es Tooo

= > (Tijk, Yijks 2iji) By (u,v,w) | Ey To0o
i+jtk=m Es

= Y. BE(u,v,w) (i + yirEa + zijil3) | Tooo-
i+j+k=m

Applying Eq.6 gives
S(u,v,w)

n
pu— m
R+S~§:T=mn <|1m|—R \Jm2|:—s \Km‘—Tzljl (BILJIKL<u‘v’w) (IIL"I K BrFun e Be t 2n K E3))> Tooo-
n = i n 1= n |— -




With Eq.4 and Eq.9, the composition becomes

S(u,v,w)

- (c;:;nJme B (u, v, w) T (Pl o gem ))
R+S+T=mn ‘I;{L|:R7|J;ZL|:S,|K;ZL‘:T n Yn n mymKgm

m
n

(Cpatm s Tioo (Pl gmicy)) | B (u,v,w)
R+S+T=mn ‘1x|:Rv‘J:{‘|:S,|KZ“:T n n mJmKY

= R+S~§":mn SrsTBRE(u, v, w).
This completes the proof.

As shown in Eq.8, the construction points Sp.jmgm are linear combina-
tions of the control points T;;,. From Eq.5, the cgntnrolnpoints Sgrsr in Eq.14
are linear combinations of S{. ymgm. Therefore, Sgpgr are linear combinations
of the control points Tjy. T

The above formula is similar to the blossoming algorithm [14]. Later we
will further simplify it to a more compact one.

3.3. Number of different construction points

A parameter point is a control point of the domain surface. There are (m+
1)(m+2)/2 parameter points for the domain surface. Every parameter vector
P?Z? gmKm consists of n parameter points. Therefore, the number of parameter
vectors is [(m + 1)(m + 2)/2]", which implies there are [(m + 1)(m +2)/2]"
cases of construction points St jmgm = Tioo(Plmgmm)-

Define a power set "y T

Bm

n ?m+1)(m+2)/2 C Z(m+1)(m+2)/2

as
BZ% :{<[30,0,7nwﬁ0,1,m—1aﬁl,O,m—lv‘"aBO,nL,O:ﬁl,m—l,Ow“':Bm,O,O) | > Bijk =1 Bijk 20}- (18)
itith=m
Based on the (m + 1)(m + 2)/2 parameter points Pz = (@ijk, Yijk, 2iji) of

the domain surface P (u, v, w), the blossoming point set Q7 (P) = Q" (P (u, v, w))
is defined by

Q' (P) = {QB

Q= Il (zyjuEr +yirubse + ZijkES)ﬂijkToom Bc Bnm} . (19)
i+j+k=m

10




Lemma 3. A construction point is a blossoming point: Simymxm € Qy'(P).

e 3 3 n J— n n
Proof:  For construction point Sgn ymgm = Tog(PLmgmkm), suppose the pa-
rameter point P;;, = ((L’ijk, Yijks zijk) repeats ﬂf;Z’Jme times in the parameter
vector Pl ymgm, which means that the index (4, j, k) repeats G5 fmgm times
n n n n n n
3 3 m m m n
in the hyper-index (I}, J7', K7'). Then, Sty can be formulated as

n _ n n
ImymKm = TOOO<PI,TJannm)
n
= [I (nux,Er + ynak, B2 + 21,05,E3) Tooo
=1 ﬁi,j,k (20)
m ym m
= I (@ijeBEr + yijEs + 2zijpBs) IR K Tooq
i+j+k=m
= QBypxy
where
0,0, 0,1,m—1 1,0,m—1 0,m,0 1,m—1,0 ,0,0 m
BIWJQ"KW = (6]2,3751,}(21 ) BIWnnJ”ZnK:ln’ BI’ZLJZ:/LK:{L7 4§ :BIQ”ZTKZ’» /Blz:rf]zw,];(g/: te wgian,sz,sz,) S Bn .

(21)
This proves the lemma.
According to Lemma 2, the number of blossoming points is

m o m| __ n - (m+1)(m+2)/2—1+n
‘Qn (P>| - ‘Bn| - |M(m+1)(m+2)/2’ - ( (m+1D(m+2)/2-1 ) (22)
This number is much smaller than the number of construction points, which
is [(m+1)(m+2)/2]". For example, if m = 1, the number of blossoming
points is (n + 1)(n + 2)/2 which is the same as the number of control points

Tjr, but the number of the construction points is 3". Therefore several
construction points may correspond to the same blossoming point.

3.4. Geometric algorithm for blossoming points
A blossoming point can be obtained using the blossoming algorithm [14].
In this section, given B € B!, we discuss the geometric algorithm for the

n

blossoming point Qg € Q" (P). Suppose

B = (60,0,m7 ﬁO,l,m—lv ﬂl,O,m—l; U 760,771,07 Bl,m—l,Oa Tty /Bm,O,O) . (23>

Hyper-index If is defined by repeating (i, j, k) for §;;; times

If = |©0,0m),,(0,0,m),(0,1,m —1),---,(0,1,m — 1),---,(m,0,0),---,(m,0,0) | . (24)

B0,0,m Bo,1,m—1 Bm,0,0

11




The parameter vector Pg is defined by repeating P;jj, for 3;;, times

n I
PE = |Poom, P0oom: Poim—1," " Potm—1, " P00 s Pmoo| - (25)

Bo,0,m Bo,1,m—1 Bm.,0,0

Denote the intermediate points at level n by R}, = T;j;. Suppose the a-th
parameter point of Pg is P, = (%4, Ya, 2a). Then there are (a +2) (a4 1)/2

intermediate points Rf;, at level v and Ry, are linear combinations of Rf‘;,;l
as

a a+1 a+1 a+1 . . _ _
Rijk = anrlRi+1,j,k+ya+1Ri,j+1,k+Zoz+1Ri,j,k+1a i+j+k=a,aa=0,---,n—1.

Then the intermediate point at level 0 is the blossoming point Ry, = Qg €
Q"(P). This is similar to the de Casteljau algorithm [20].

Figure 4 shows an example with n = 3. The parameter vector P} contains
3 parameter points

P, =(0.7,0.2,0.1), P, = (0.1,0.1,0.8), P; = (0.1,0.5,0.4).
There are 10 intermediate points RY;, in level 3, 6 intermediate points Ry,
in level 2, 3 intermediate points R}jk in level 1, and the construction point

Ry, in level 0. All the blossoming points Q7" (P) can be obtained easily.

Figure 4: Algorithm for a blossoming point with n = 3.

12




3.5. Control points by blossoming points

In Eq.14, different parameter vectors Pl jmgm = [Py | [=1,---,n]
may lead to the same construction point Si.jmgm = Tioo(Pingmgm). For
example, T ~_

m=n=2R=|=0,8=|J3|=1T=|K}| =3.

The construction points are

n _ n —
I%J%K% - [POOZa POll] 7PI%J%K% - [P011> POOQ] )

which are equal to the blossoming point Pg = {Pgo, Poi1} with B =
(1,1,0,0,0,0). Hence Spi3 is defined by only one blossoming point. Refor-
mulating Eq.14 using blossoming points from Qg € Q7 (P) in Eq.19 yields
a control point Sgrgr

SrsT = Z FE°TGE™ Q. (26)

BeBp

Eq.14 describes a control point as a linear combination of the construction
points. In a compact way, Eq.26 formulates a control point as a linear com-
bination of the blossoming points. By Eq.26, we avoid the huge number of
construction points.

For B in Eq.23, we define fg as

0 0 0
fB = Bo,om | O + Bo,1,m—1 1 +--+Bomo| m | +--+Bmo,0
m m—1 0

If a blossoming point Qg is used to construct Sgsr, then

oog

fe—(R,S,T)" =0.

Hence, each blossoming point is used for only one control point. By defining
FEST as

ST __ 07 fB_(RJ‘SvT)T%Oa
r={} e lRarrlo 0

The blossoming points used for a control point can be labeled. Given a B,
we get n indices: the number of the index (i, j, k) is 3 with

13




n!
11 (8ij!)
tained. From Eq.14 and Eq.24, for all these hyper-indices (I'", J7", K), the
coefficients of the construction point Sgmymgm are Cpaymgm:

Bijk
(11 (%)
. itjth=m \ =1 T

IpKn = (mn)!
RISITT

From B, n indices (i, j, k) and different hyper-indices can be ob-

As a result, for control point Sgsr, the coefficient of the blossoming point

Qg is
m (T ()
itj+k=m \ =1 itk n!
Lmnl T8k

RST _
Gy~ =

(28)

4. Algorithms

In the previous sections the formulae for the control points of the compos-
ite surface are derived. Each control point of the composite surface is a linear
combination of the blossoming points (Eq.26). In this section, some practical
functions or algorithms for computing the control points are presented. The
parameter point list, the control point list, and the resulting control point
list are denoted by P, T and S, respectively. They are

P= {P00m7 PO,meb Pl,O,mfh Ty PO,m,Ov Pl,mfl,Oa e 7Pm00} ;
T = {Toon, To1,n-1, T1,0n-1, > Ton0, T1,n-1,0, - Tnoo}, (29)
S = {SO,O,mTw SO,l,mn—l’ Sl,O,mn—ly ) SO,mn,07 Sl,mn—l,()a B Smn,O,O} .

4.1. Power set

Blossoming points are based on the power set. Here a function is provided
to derive all the elements of M. Algorithm 1 returns a matrix M of size

d—1 D .
( < TS ) X d, which is called the power set matrix. Each row of the
power set matrix is an element of M, which is a vector of dimension d.

To illustrate the algorithm, we examine the situation where d = 3,s =

14




FUNCTION: M = GetPowerMatrix(d, s)

d—1+s
S
FOR i=d to 1 DO
r=1;
WHILE r < ¢ DO
v =0;
FOR j =i+ 1tod DO
v+ = M(r,j) ;
END
v=5—U;
IF i==1 DO
M(r,i) = v ;
T+ +;
CONTINUE;
END
FOR I =wv to 0 DO
1—2+v—1Y\.
v—1 ’
FOR k =1 to e DO
M(r,i) =1 ;
T+ +;
END
END
END
END

b

Algorithm 1: Algorithm for power set matrix M.

2,c¢ = 6. Algorithm 1 works as follows.

1=3 v=2 [=2 e=1 :>M173:2
=1 e=2 :>M2’3:M3’3=1
=0 e=3 $M4,3=M573:M6’3:0
i1=2 v=0 [=0 e=1 :>M172:0
v=1 I=1 e=1 :>M272:1
=0 e=1 :>M372:0
v=2 [=2 e=1 :>M472:2

=1 e=1 :>M5’2:1 =M =
=0 e=1 :>M6,2=O
1=1 v=0 :>M171:0
v=20 :>M2’1=0
v=1 :>M371:1
v=20 :>M471=O
v=1 :>M571:1
v =2 :>M6’1=1

15

== o= OO0

O = NO O

O OO = =N




4.2. Point index
Note that Pj;; is the I[7-th point in P where

1 1,
L =1+i+5(m—k)(m—k+1)=1+it+5(i+5)(+j+1). (30)

Thus we have

FUNCTION: index = PointIndex(i, 7, k)

index = 144+ (i +7)(i + 7+ 1);
Algorithm 2: Algorithm for point index.

4.3. Blossoming points
Let M and N as

M:(m+1)(m+2)/z,zv:(M*ﬂlﬂ). (31)
Let B be the power set matrix that has size N x M, and I be a matrix of
size M x 3, each row of which is an index. They can be obtained by
B = GetPowerMatrix (M ,n) ,
I = GetPowerMatrix (3,m) .

A blossoming point can be computed with the geometric algorithm (Algo-
rithm 3) or the classic blossoming algorithm. The blossoming point list Pp
contains N points.

(32)

4.4. Identifying blossoming points for a control point

Each control point Sggr is a linear combination of the blossoming points.
We need to find those blossoming points that are contributing to this point.
Let J = B -1. The i-th row of B corresponding to the i-th row of J which
corresponds to an index for S, say (R, S,T). Hence, the i-th row of B con-
tributes to the only one control point (R,S,T). A matrix C; with N rows
can be obtained (Algorithm 4).

Consider Example 3 in next section. The fifth and ninth rows of J both
correspond to Soyp. Thus, Soy; is the linear combination of the fifth and
ninth blossoming points. The fifth row of C'y; has values 11 and 17, which
implies that the fifth control point S;;5 is constructed by the 11th and 17th
blossoming points. Sg;3 is the second point which is constructed by the 20-th
blossoming point.
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FUNCTION: Pp =GetAllBlossomingPoints(T, n, P, m, B, I, M, N)

FOR¢=1to N DO

L =n;

IP:T;

FOR j=1to M DO
r=B(,j);

(uo, vo, wo) =P (PointIndex(I(j,1),1(4,2),1(74,3)));
FOR k =1 to r DO
L=L-1,
Ny, = GetPowerMatrix(3,L);
FOR each row (ig, jo, ko) in Ni, DO
_[0 = POil’ltIIldeX(io,jo, ko),
I, = PointIndex(iy + 1, j0, ko);
I, = PointIndex (i, jo + 1, ko);
I3 = PointIndex (i, jo, ko + 1);
Tp([o) = Uo*IP(Il> +U0*Ip([2) +w0*IP(I3);
END
Ip = Tp;
END
END
PP (2): Ip,
END
Algorithm 3: Algorithm for blossoming points.

4.5. Coefficients of the blossoming points

For each blossoming point, a coefficient defined by Eq.28 is calculated by
Algorithm 5.

4.6. All control points
Algorithm 6 computes all the control points S.
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FUNCTION: Cy; =GetCorrespondenceMatrix(B, I, m,n, M, N)

J=B-1I
X[1:Q]=0;
FOR¢=1to N DO
(10,50, k0) = J(2);
j = PointIndex(i0, 50, k0);
X(j) + +;
Cnlj X(j) = i
END
Algorithm 4: Algorithm for correspondence.

5. Examples and discussion

Example 1: Refer to Figure 5, where m = 1 and the domain surface
P(u,v,w) is defined by three parameter control points

P = (1’1007 Y100, 2100)7
Py = (550107 Yo10, 2010)7
Pon = ($001> Yoo, 2001)-

Then, the control points for the composition are

. In n n
SrstT = E OI;"Jannm Tooo(PmeKw-
I | =R, | I | =5, K | =T

When 17" = R, |J7| = S, |KI"| =T, ¥}, J,, K; € {0,1}, the index for the
parameter vector Pipymgm 18 Brmgmgm = (R, S, T). Hence

n
Pgrsr = TSUO(P’FZLJ?KZL) = 11:[1 (z1,0,5,B1 + y1,0,1, B2 + 21,0, 1, E3) Tooo

= (#100F1 + 100 E2 + 2100 E3) T (2010 E1 + yo10 B2 + 2010 E3)° (2001 E1 + yo01 B2 + 2001 E3)T Tooo

Therefore,
— 1n n n
SrsT = Z OI;HJZLK;L”T%O(PI;“JgK;n)
L =R, I =S, |K} =T
— 1in
= Prsr Z CI,LMJ;;IK;”

I =R, I =S, Kt =T
= Ppggr.
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FUNCTION: Cy =GetCoefficientVector(B, I, m,n, M, N)

FOR s=1to N DO
B =B(s)= (B, -+, Bu);

a=1,;
b=1;

FOR i =0 to m DO
FOR j=0tom —1 DO
k=m—1—73;
[= PointIndex(, j, k);
b=10b-(B));
Fort =1 to B; DO

m!

@ =a- 7k

END
END
END
Cu(s) = =4
END
Algorithm 5: Algorithm for coefficients.

This result is the same as that of Chang and Davis [21]. In this case, the
number of blossoming points is (n + 2)(n + 1)/2, and they are just the control
points for the composition.

Figure 6 shows an example of m = 1,n = 2. The algorithms yield
M =3 N=@ =6 and

0 0 2 2 0 0 6 1
0 1 1 1 1 0 5 1
0 0 1
1 0 1 1 0 1 3 1
J=B-1 0 2 0 ((1) (1) 8) 0 2 0o |CMm=] 4 |:Cv=|,
1 1 0 0 1 1 2 1
2 0 0 0 0 2 1 1

The value from Cyy, Cy indicate that each control point equals one blossom-
ing point.

Example 2: This example shows that the surface subdivision can be achieved
by composition. Let m = 1. A TB surface is subdivided into a TB sub-surface
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FUNCTION: S =GetAllControlPoints(T, n, P, m)

Get M, N, Q in Eq.31;
B,Iin Eq.32;
A = GetAllBlossomingPoints(T,n, P,m, B, I, M, N);
Cnm = GetCorrespondenceMatrix(B, I, m, n, M, N);
Cv = GetCoefficientVector(B, I, m,n, M, N);
FOR i=1to @ DO
S(i) = 0;
X = Cm(i);
J=0;
WHILE X (5) > 0 DO
B = A(X())):
b= Cv(X(j));
S(i) = S(i) + B x b;
END

END
Algorithm 6: Algorithm for all control points.

Pi(u,v,w) whose domain is defined by three parameter points
(0,0,1),(0,1,0),(0.5,0.5,0)

and another TB sub-surface Py(u, v, w) whose domain is defined by param-

eter points
(0,0,1),(1,0,0),(0.5,0.5,0).

From Example 1,

T
T
Disr = (Es)" (E2)” (0.5E1 +0.5E5)" Too = ) ( i ) Ti’SﬂTi)’R/QT

i=0
and
(T
Diyor = (E3)" (£1)” (0.5E1 +0.5E,)" Tooo = » ( ; ) TS+i,T—i,R/2T-
=0
Then these two composition surfaces
S’ (u, v, w) = Z Bt (u, v, w)Dlher, i = 1,2,

R+S+T=mn
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Figure 5: A triangular sub-patch from a TB surface.

1
0
1
(a) (b) (c)

Figure 6: A composite surface with m = 1,n = 2: (a) the domain surface; (b) the
blossoming points; and (c¢) the composition surface with the control net.

form a subdivision of the original surface (Figure 7). Figure 8 shows the
subdivision of a surface (a leaf) into 6 sub-patches.

AN

Figure 7: Subdivision of a TB surface.

Example 3: Figure 9 is an example of m = 2,n = 2. By the algorithms, we
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Figure 8: Subdivision of a surface (a leaf): (a) the surface with its control nets; and (b)
the 6 sub-patches with their control nets.

1

=

(a)

Figure 9: A composite surface with m = 2,n = 2: (a) the domain surface; (b) the
blossoming points; and (¢) the composition surface and the control net.

()

obtain M =6, N =21,Q = 15, and
00 0 0 0 2 4 0 o0 1
o0 0 0 1 1 3 1 0 1
o0 0 1 0 1 2 2 0 1/3
o 0o 1 0 o0 1 3 0 1 21 0 1
o1 0 0 0 1 2 1 1 20 0 1/3
10 0 0 0 1 2 0 2 18 0 1/3
00 0 0 2 0 2 2 0 15 19 2/3
00 0 1 1 0 o o0 o 13 0 1117 1
00 1 0 1 0 0 1 1 2 1 1 6 16 2;3
01 0 0 1 0 12 1 14 0 2/3
J=B-I-| 1 0 0o o 1 o é (2) é =l 1 1 2 | Cm=| 10 13 [,Cv=| 1/3
0 0 0 2 0 0 LT 0 4 0 5 9 1
00 1 1 0 0 5 0 o 12 1 4 0 1/3
01 0 1 0 0 0o 3 1 12 0 1
1 0 0 1 0 0 0o 2 2 8 0 1/3
00 2 0 0 0 2 0 2 3 7 2/3
01 1 0 0 0 11 2 2 0 2/3
1 0 1.0 0 0 1 0 3 10 1
0 2 0 0 0 0 0o 2 2 2/3
1 1 0 0 0 0 o 1 3 1
2.0 0 0 0 0 0 0 4 1

Hence, 21 different blossoming points and 15 control points are generated.
Figure 10 shows more examples with m = 3,n = 3; m = 3,n = 5; and
m=4,n=3.
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—

o

I8 2 4

—

o

(a) (b) ()

Figure 10: Composite surfaces: first row: m = 3,n = 3; second row: m = 3,n = b;
third row: m = 4,n = 3. (a) the domain surfaces; (b) the blossoming points; and (c) the
composition surfaces and the control nets.

Example 4: Different parameterizations of the composite surface. Different
choices of the interior control points for a domain surface could lead to differ-
ent parameterizations of the composite surface. Figure 11 shows an example
of a composition with m = n = 5. Figures 11(b-f) are different choices of
interior control point. In each case, the domain surface is uniformly sam-
pled (the green curves are parameter curves). Uniform parameter curves
(Figure 11(b)) in the domain surface lead to uniform parameter curves (Fig-
ure 11(h)) in the composite surface. Moving interior control points causes
the change in the density of parameter curves for both the domain surface
(Figure 11(c) and Figure 11(d)) and the composite surfaces (Figure 11(i) and
Figure 11(j)). It may also cause the parameter curves intersecting with each
other (Figure 11(e), Figure 11(f), Figure 11(k) and Figure 11(1)).
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0

C

(

0.5

0.5

0.5

05

)

.5

(d)

M

(a) an area bounded by
(g) the sub-patch defined by

(k)

Figure 11: Different parameterizations of a composite surface

S

S5

b

==

i

(b-f) different choices of interior control points
the three curves in (a); and (h-1) different parameterizations of the sub-patch.

)

three curves
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-
=3

(a) (b)

(d) (e) (f)

Figure 12: Surface extensions: (a) a surface with three boundary curves in red, blue and
yellow; (b) one domain surface in black; (c¢) another domain surface in green; (d) the
surface; (e) the composite surface from (b); and (f) the composite surface from (c).

Example 5: Surface extensions. Figure 12(a) shows a TB surface with
three boundary curves in red, blue and yellow. The surface domain for the
TB surface (Eq.1) is Dr. If we extend the surface domain to the black area in
Figure 12(b), the surface is extended. The composite surface (Figure 12(e)),
which is also a TB surface, becomes a nature extension of the original TB
surface (Figure 12(d)) on the yellow boundary. Similarly, Figure 12(c) and
Figure 12(f) show the extension on the blue boundary.

6. Conclusions

In this paper, an approach to generating a TB sub-patch from a TB sur-
face is presented. The TB sub-patch is formed by composition of the TB
surface and the domain surface, which is also a TB surface. An explicit for-
mula for computing the control points of the composition is derived. These
new control points are linear combinations of the construction points. How-
ever, the number of construction points is huge especially when the surface
degrees are high. Thus we simplify the formula to express the control points
of the TB sub-patch as linear combinations of the blossoming points. The
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total number of the blossoming points is much smaller than the number of
construction points. The geometric algorithm for the blossoming points is
analyzed. Finally, detailed algorithms are provided to efficiently derive the
composition.
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