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In this work we examine the basis functions for those classical and quantum me-
chanical systems in two dimensions which admit separation of variables in at least
two coordinate systems. We do this for the corresponding systems defined in Eu-
clidean space and on the two-dimensional sphere. We present all of these cases
from a unified point of view. In particular, all of the special functions that arise via
variable separation have their essential features expressed in terms of their zeros.
The principal new results are the details of the polynomial bases for each of the
nonsubgroup bases, not just the subgroup Cartesian and polar coordinate cases, and
the details of the structure of the quadratic algebras. We also study the polynomial
eigenfunctions in elliptic coordinates of tlmedimensional isotropic quantum os-
cillator. © 1996 American Institute of Physids$0022-24886)03212-4

I. INTRODUCTION

It has long been known that there are potentials for which a given Hamiltonian system in
classical mechanics admits a solution via separation of variables in more than one coordinate
systemt The methodical search for such potentials was initiated by Smorodinsky and Winternitz
et al. in two and three dimensiorfs? and there has been a considerable amount of work for
various example3:® A subset of such systems is callethximalin dimensionN if there exist
2N—1 functionally independent integrals of motion. In some papers, such systems are called
superintegrablé®* In this work we examine the basis functions for those classical and quantum
mechanical systems in two dimensions which admit separation of variables in at least two coor-
dinate systems. We do this for the corresponding systems defined in Euclidean space and on the
two-dimensional sphere. In a subsequent work we shall study systems defined in two-dimensional
hyperbolic spaces and in complex two-dimensional spaces.

For each of the superintegrable systems we observe that, for the discrete spectrum of the
quantum mechanical Hamiltonian, one can consider this operator as acting on a space of
polynomialst? Each eigenvalue is multiply degenerate. However, each separable coordinate sys-
tem gives rise to an orthonormal basis of polynomial eigenfunctions in this space and breaks the
degeneracy. These bases are characterized as simultaneous eigenfunctions of second-order sym-
metry operators for the Hamiltonidf We show that under commutation these symmetry opera-
tors close to form a quadratic algeBfarhe superintegral systems are of two types: the “normal
type” in which the original Hamiltonian is diagonalized, and the “conformal type” in which the
Hamiltonian is modified by multiplying the eigenvalue equation by a function and considering the
energy as fixed. The modified equation is then interpreted as the eigenvalue equation for a Hamil-
tonian on a conformal Euclidean space with a “charge” as the eigenvalue. We present all of these
cases from a unified point of view. In particular, all of the special functions that arise via variable
separation have their essential features expressed in terms of their zeros. The principal new results
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6440 Kalnins, Miller, Jr., and Pogosyan: Superintegrability and polynomial solutions

are the details of the polynomial bases for each of the nonsubgroup bases, not just the subgroup
Cartesian and polar coordinate cases, and the details of the structure of the quadratic dkmbras.
those coordinate systems which correspond to subgroup type coordinates, the finite solutions have
already been found. The contribution of this article is to indicate how the remaining finite solu-
tions can be obtained. This invariably involves the use of a Niven-type ansatz for the finite
solutions; every quantity of interest can be computed in terms of the zeros of the corresponding
polynomial solutiong. For the sake of completeness we list all the finite solutions that are pos-
sible. We analyze each of the potentials systematically.

In Secs. Il and Il we consider the superintegrable systems in Euclidean two-space and on the
two-dimensional sphere, respectively. In Sec. IV we examine the polynomial eigenfunctions in
elliptic coordinates of the-dimensional isotropic quantum oscillator.

II. TWO-DIMENSIONAL EUCLIDEAN SPACE

As is well knowrt'*® there are exactly four coordinate systems on the Euclidean plane in
which the free particle Schdinger equation separates: Cartesian, polar, parabolic, and elliptic.
We describe these coordinate systems.X.ahdy be theCartesian coordinates. Polar coordi-
natesare defined by

X=r cosfd, r>0,

y=r sing, 0=<6<2w. @
Parabolic coordinates We can define two mutually perpendicular parabolic systems:
x=3&—7°), y=én, EeR,p>0, 2
and
x=€7, y=X&€-7)), £cR7>0. 3

The connection £, n)H(E?) is a rotation of angler/4 in the (¢,7) space. The transformation
(x,y)—(&,7) actually is the two-dimensional realization of the Levi-Civita transformation
which has the form

x=8—7n?, y=2&n, EeR,p>0. (4

Elliptic coordinates in algebraic form are defined bye{<u;<e,<u,)

X2:(U1_e1)(U2_91), yzz(Ul_ez)(Uz_ez). ©)

€~ € €1—6

Replacinge—x + +/e,— e, yields a coordinate system which is callgtiptic Il coordinates*®

\/(Ul ep) (Uz 91)+ el. \/(Ul ) (Uz )_ ©)

It is interesting that the two elliptic coordinates are connected by the Levi-Civita transformation.
Indeed, if we use parabolic coordinat&€ss) in Eq. (4) as Cartesian coordinates in E&), we

have
NN (NPT NN (LT Y] .

€,—€; €1—€;
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TABLE |. The two-dimensional superintegrable potentials.

Coordinate
PotentialV(x,y) system
1 1 Cartesian polar elliptic

\Y 2 2(x2+y2)+} L3, i " "

1729 2\

1 Cartesian parabolic

vl oo o L G4 P

2= 04X +y?)+ Xt 5 ¥
v o . 1 1 Polar elliptic Il parabolic

SRR R

1 1
( k-3 k-3 )
VE+Y2Hx X3 Hy2—x
o 1 1 Mutually parabolic
= — + —
BEYE Ay
><(,81\/\/x2+y?+x+,82\/\/x7+y?—x)
where
—_— 2 —_ 1 2 L
U=ui—u(e;t+ey), e =—ze+e), e,=—ee;. 8

As shown in Refs. 2—4 there are four classes of potentials for which multiple separation
occurs in Euclidean spadsee Table)l
We treat the cases in order. In each case the Safger equation is#{=m=1)

—IAV+V,(x,y)P=E¥, i=1,...4 (9)

(i) The potential in the first case is

K2—% Ki-%
K ) 10

1 2(y2 2 1
Vixy) =5 0" (X +y9)+ 5 2 /2

The corresponding Schdinger equation isk; ,k,>0)

| Wt 2E- w0?2(x2+y?) - = 2 =
a2 ay? 2 y2

See Refs. 2, 3, and 16-18 for an earlier treatment. This equation separates in three different
separable coordinate systems: Cartesian, polar, and elliptical coordinates.
If we rewrite the Schrdinger equation by putting

Ve w(x2+y2)/2X1/2i klyl/2i kzq)(x,y), (11

then the equation fo® (x,y) is Qd=—2E®d or
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52+‘92+ 122K x| L2522 o) D 2kt ky) | = — 2E@
2t oy —2wX| o —yz——wyW—w(—l—z) == :

(12

Clearly the operatoQ maps polynomialgin x2,y?) into polynomials, without increasing the
order. Since the original Hamiltonian is self-adjoint with respect to the meabturmgy in the
plane, the operato® acting on polynomials inx? and y? is self-adjoint with respect to the
measure

dp(x,y)= e—w(X2+y2)X1t 2k1y1t2k2 dx dy

in the quadrank>0, y>0. We assume that the positive sign at khéas to be taken ;>3 and
both the positive and the negative sign must be taken<ik(< 3, so that the polynomials have
finite norm?®

To find the eigenfunctions in the case of Cartesian coordinates we look for separable solutions
d(x,y)=X(X)Y(y). Then the separation equationxrbecomes

(72

Eva

1+ 2k,

J
_2w+T)X &—(1i2kl)w X=2NX. (13

If we look for solutions of the form

q
Xe)=I1 =6,

1

the 6,, must satisfy

0,
0,=1+k;+2 -
wb, 1 j;/ 6,— 6,

and
A= —w(2q=ky+3),

whereq is a non-negative integer. The solutions (&) = Lzl(wxz) wherelL(z) is a Laguerre

polynomial.
Thus the corresponding set of orthonormal eigenfunctions which are normalized in quadrant
x>0,y>0 by
o 0 . l
0 dx 0 dywniné(xvy)wnlnz(xa)/): 4 5n£n15nén2 (14
is

—p(kiko) :\/ @nalny! 2=k 12+k
PO =V O =\ Fr T T D Rk (Ve eyt

(o 21 y2) *k *+k
xe (RIS wx?)L, (wy?), (15
whereE,,= w(2n*tk; =k,+2) andn=n;+n, is the principal quantum number.
The corresponding classical operator is
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ki3
lep)z(_( 2+ X )

These eigenfunctions satisfy

)\If 2\, (16)

In polar coordinateshe Schrdinger equation is

2,2 (k2 i k%—%)
BT\ o2 Tsia) VO

# 149 1 3

— et — 4+ 5 — | T+
a2 roar 1296

If we write ¥ =R(r)T(6), then the separation equation fb(6) is

d? -1 k-1
d—azT(a)—(—Cos2 it G)T(a)zn(e).

If we now put
T(6)=(cos 6)***1(sin )2 2P (z),

wherez=cos 2, this separation equation becomes
2

2 9 J 2
(1- Z)__[(2+k1 Ko)z+ (£ k1+k2)] [)\4' 1*+k,;*ky)°] 1 P(2)=0.

If we try solutions of the formP(z)=II3_,(z— 6,,), we find that the zeros of the polynomial
P(z) satisfy

1=k 1=k
22 2 1

2, 0/ b (1-6,) (1706, @n

wherex = — (2q+k, + k,+ 1)%. These are just the equations satisfied by the zeros of the Jacobi
polynomials. In fact the solutions of this eigenvalue equation have the form

T(6)=(cos 6)Y?*¥1(sin 9) 1’ZiKZP;ikl’ikz)(cos 2).

The classical constant of the motion is

(x2+y?)

Lo=(Xpy—Ypx)?—

and the corresponding eigenvalue equation satisfied by the eigenfurdtians

A R AL
oy Y ox Tl ™ v

LZ’\P:

(X2+y?) (=), (18

The orthonormalas in Eqg.(14)] eigenfunctions in these coordinates are
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2wn!
(n+2qxk;xk,+1)

_qp (k1. xky) — (Fki.Tko) \/
’\I,(r10)_q}nryq (r10) q)q (0) F

2 +kq+ *+ki £
Xe—wr /2(\/Zr)(2q_kl_k2+l)|_§q kq k2+1(wr2)’ (19)

where

(29=k;xk,+1)g! T (qxk;+ky,+1)
2I'(g=k,+1)I'(qxk,+1)

(I)gikl,ikz)(e):

X (cos 0) V2t ki(sin g)L/2* kZPff k1K) (cog 29) (20)

and E= w(2n=k;*xk,+2), with n=n,+q. Using (11) we can easily split off the polynomial
portion of (20) from the multiplier.
In elliptical coordinateswe adopt a similar approach. Using the identity

x2 2 u;—0)(u,— 0
R A C (S} o1
0—e 6-e (0—ep)(6—ey)
we look for solutiong(11) of the formt®
q 2 2
X y
d(x,y)= + 1].
(x.y) nl_:ll Om—€1 Om—€
The 6,, must satisfy
1=k 1+k 2
L 24y — 0=0, (22

+ -
Gm—el em—62 j£m (0m— 0])

whereE= w(2q*k; *k,+2). If we write the Schrdinger equation for this potential in elliptical
coordinates we obtain

4(u;—eq)(u;—ey)

P 1(1 1 | ow
u,—e, du,

+= +
Ul—U2 8ui 2 Ul—el é’ul
4(u,—e))(u,—ey) | *F 1 1 1 o
+ >+ = + —
Ur,— Uy du; 2 \U—e; Up—ey/ du,

K (e—e)  (G-Kd(er—ey)
(Up—ep)(Uux—e€g)  (Up—ey)(u—ey)

+| 2E— w?(u;+u,—e;—e,)+

This equation admits separable solutiohs-U;(u;)U,(u,) and separation equations

&24—1 ! + ! J 2r,2 +
ou? 2 \u—e;  u—ey) au; o ui— (e +ex)u]

[4(Ui_91)(ui—ez)

(Ki—D(ei—ey) (kK3—D(ey—ey)
(up—ey) (up—eyp)

+2Eui+)\}Ui(ui)=0, i:1,2.

The additional operator describing this coordinate system is
J. Math. Phys., Vol. 37, No. 12, December 1996
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Pr 1 1

A Y
uz 2 (ul—e1 }

1 )
+ —_—
Up—e,/ du,

_ Auy(u;—eg)(u;—ey)
* up—up

4uy(u,—eq)(u—ey) N 1 ﬂ
U,— €, (?UZ

2V 1 ( 1
U,— Uy

ous 2 \u,—eg

(K3—3(e;—ep)

(Ki—3(e;—ey)

(Up—ep)(u—ey)

+| —uu0?+
12 (Uup—eg)(u—ey)
J d 92 >, )
= XW_yg +92 m"‘el (y_yz_(,() (ezx +e1y +ele2)
l_kz l_kZ
4 22 4 "2 22
+ 2 (Xcty“tey)+ —5 (X°+y-+e) |¥=\V, (23
where
1+k; 1+k,

e +e .
2 9m—81 ! am_e2

q
A= — (12K, = Ko)2—2€,0(1%K,) — 2e,0(1 % K,) — wle0,— 4 >,
m=1

The corresponding classical operator is
L3=(xpy—ypx)2+e2p)2(+ elpf,—wz(ezxz—k e1y’+ee)
(i—k) (i—k3)
iz O yHre)t —7— Oy rey). (24

If we now use the redefined operators
Mi=L;, My=L,—3+k2+k3, My=Ls—3+k3+k3,

1_
4 1
2

2 m2 020020 \,2
H=p}+py— o< (X+y°)+ 2 + y

2 1 I:Z
4 2

we observe the following relations:

N T
M12:{M1aMZ}:4(Xpy_ypx)(pxpy_wXy)+ 7 XPx— N YPy, (25
{M15,M}=8(M5~M;H)~160°M,, (26)

(27)

{M12,M5}=8M,(H—2M,) —4(1—4k5)M,+4(1—4k)(H—M,),
M2,=16M;M,(H—M,)+16w?L5—4(1—4k5MZ—4(1—4k3)(H—M,)?

+40?(1—4K3)(1—4Kk3).
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We have not included ; in these calculations as it is linearly dependent-brM, and M, via
the relationM;=M,+ (e,—e;)M;+e;H. The constants of the motidl,, M, andH generate a
quadratic algebra.

(ii) The potential is now

1
2 4

2y

Vo(X,y) = % 0?(4x2+y?)+ (29

For k;=0 this potential is also known as a Holt potenti&lThe Schrdinger equation fok;=0
has the form

2 92 K3—3
_ 2 2 2 —
w2ty U —| w?(4x2+y?) + ~ V=—2EV.

There are two coordinate systems of relevance here: Cartesian coordinatasd parabolic
coordinatest, 7. If we express solutions of the Sclidinger equations in the form

Y=g~ wxszy2/2y1/2i kZCI)(X,y), (29)
then the functionP (x,y) satisfies the equatioR® = —2E®d or

——2w

&2 . #?  (1x2ky) o
X2 ay? y ay

2x 2 7] - 20(2=k
Xox 7Y 5y) ~20(2%k)

P d(x,y)=—2EP. (30

It follows that the operatoR maps polynomialgin x,y?) into polynomials, without increasing the
order. Since the original Hamiltonian is self-adjoint with respect to the meabturm@y in the
plane, the operatdR, acting on polynomials ix,y? is self-adjoint with respect to the measure

dP(X,y) — e—w(X2+y2)y1t2k2 dx dy

in the upper half-plang>0. We assume that the positive sign at K3ehas to be taken ik,>
3 and both the positive and the negative sign must be takercK,8< 3, so that the polynomials
have finite nornt®

Equation(30) admits a separable solution of the fofn=X(x)Y(y) where the functiorX(x)
satisfies the separation equation

——4wX —— 20—\ |X=0.
X

If we try solutions of the formX=IIJ3_,(x— 6,,), the relations among the,, are

1
4(1)0/: 2

31
m#/ 0/_0m ( )

and the eigenvalues ake= —2(2g+1)w with solutionsX = Hg(y2wx). The solutions for the
function Y(y) correspond exactly to those given for the potentdalviz

*k 2
Y(y)=L, 2(y9).
J. Math. Phys., Vol. 37, No. 12, December 1996
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The orthonormal eigenfunctions are

n! 2
_ (12)(1%ky) 12+ kgn— 120y?%) TK2 2
P(x,y)=+2w V—F(nikfrl) y e L, *(wy?)

2‘")1/4 ! e on (2o 32
? \/Zq_q!e q( wX). ( )

The energ)E takes the valueE=w[2(g+n+1)*k,].
In the case oparabolic coordinatesve note that

2 2_)\2 2+)\2
PGS e )

If we try a solution of(30) in the form

—+2x—)\§), (33
it follows that the\ , must satisfy

1+E

— ———5—2w\2=0
)\3 m=/ )\2/_)\r2n 4

andE=w(2g+2=k,). The Schrdinger equation written in terms of parabolic coordinates is

1 |[P¥ PP k3
21 72 | 98 + PP +| 2E— 0¥(&* - EnP+ 774)+§2_772 ¥=0. (34)

If we look for separable solutions of the forlh=X;(&)X,(7), the separation equations are

2 1_ 1.2
Tl 02t 2 e en | Ix =0
07#2 M /~L2 M i ,

whereu=¢if j=1 andu=7if j=2. The operator whose eigenvalueniss

. 1 P P k5
L ‘I’= 2 .2 + w2 2 2+ 2_ 2 ‘I’
2 §2+ 772 3 (9772 n &fz &n §2n2 (&°—7n%)
=2 i 2 i N+ 2w? 2+%_ : v 35

The eigenvalues are

q

q
A=2(ko+ D[] xf( > x;ﬁ) .
j=1 m=1
If we define the classical operators associated with this separable system as

12
71— K3
H=pZ+p;— 0?(4x2+y?) + v

J. Math. Phys., Vol. 37, No. 12, December 1996
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1_ 2
1Ky
Li=pi—4w?X?,  Ly=2py(Xp,—yp,) +203xy?+ v X,

then the defining relations of the quadratic algebra are

1 k2

32— Ro
PxP; + @2y2Pyt 22— py—dw?Xyp,

Lip={L,Lo}=4

L2,=16(H—L)%L,+160°L5+ 16w%(1—4k3), {L;,Lpt=—1603L,, (36)
{Ly, L1 =16L4(H—L;)—8(H—L)?—8w?(1—4Kk3).
(iii) The potential is now

-« 1

Vg= +
3 VXCHY? 4P +y?

(37

i1, ]

+
VECHY?+x P +y?—x

The Schrdinger equation separates variables in polar coordinates, parabolic coordinates, and
modified elliptic coordinates. If we look for solutions of the Sdafirger equation of the form

Y=g (112 J=2E(E2+ n2>§l/2i ky 771/2¢ kzq)(§, ), (39)

where¢ and # are parabolic coordinateswe find that the equation fab(¢,7) is Sb=—4a® or

[(?ZCD #Pd  (1+2ky) 9P (1*2ky) 9D

+ +
&% " an? & ¢ n  dn
P P
+2\—-2E (9_§+77% —2J—2E(2xk;*xky) | ®D=—4ad. (39

For fixedE we can consider this as an eigenvalue equatioisfwith eigenvalue—4«. Moreover,

S maps polynomialgin &, 77, or, what is the same thing, in= \Xx?>+y?, x) into polynomials,
without increasing the order. Since the original Hamiltonian is self-adjoint with respect to the
measuralx dyin the plane, the operat®&; acting on polynomials i#? and 77, is self-adjoint with
respect to the measure

dp(x,y)=e  HEE D A plzo 2y y2)dg dy.

We assume that the positive sign at thehas to be taken ik;>3 and both the positive and the
negative sign must be taken ifCk;< %, so that the polynomials have finite notfEor polyno-
mial eigenfunctions we must have the quantisation condition

2a=\—2E[2(q+1) = k; = Ky] (40)

for integerq.
In polar coordinateswith potentialV; the Schrdinger equation has the form

P 19 1 1-k2 k2 )

% roor r? 962

1
P

2a
v+ 2E+T+ ¥ =0.

1+cosf@ 1—cosé

If we write solutionsV¥ in the form

J. Math. Phys., Vol. 37, No. 12, December 1996
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¥=R(r)S(6),
the 6 separation equation is
d? 1] 1-4ki  1-4K o, "
de2 X9 16| co2(ai2) T sk (are)| O = VSO, “D

which has solutions

0 1/2ik2 0 1/2ikl
(£kq,xko)
) P, ' 2(cosé),

S(6)= ( sin > cosz

whereh =m+ 3(1+k; = k,). The separation equation f&(r) is

o
~ gt +2E

# 19 N
TR R(r)=0, (42

which has the solution
Rny(r)=e"V"2F(2\/=2Er)*.N(2\/- 2ET),
where

B —2a?
C[2(m+n+1)*k;tk,]?"

E

The orthonormal basis of eigenfunctions is

w= \/ an R (1)@= 43)
r2n+2x+1)(2n+2x+1) ™ n 2/
The operator whose eigenvalue,ié is, in Cartesian coordinates,
AR -1 k31
LiW=||x——y—| —= x+y? + (44
! ( ay Yox| "2 Y X*+y2+x  XP+y?—x
In parabolic coordinatesSchralinger's equation has the form
RN a4 TN DO ks 1 |
—52_'_772 0&2 (9772 o ? 7]2 = .
The separation equations are
92 112
o2 it — +2Eu®+ )\ | X;=0 (45)
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with \;+\,=4a. The orthonormal bound state eigenfunctions of Sdimger's equation in these
coordinates are

W=X1(6)Xa(7)

- \/ a \/ Na!Nat e~ (U2 =2E(*+7?)
[2(n;+Nny) Tk =k, +2]13 VT(n;=k,+1)C(ny*ky+1)
X(V=2EVER(=2E )P eL (V= 2EP)L, (V- 2E ), (46)

where\; = 2{—2E(2n; = k; + 1),j=1,2,and

2a?

B 2t )tk T Kyt 2]7

If we choosen;=2a+\ and\,=2a—N\, then the symmetry operator with eigenvalués

> P g , 1 WE+y2—x
L, W=2X —5—2y ——+|—| ki—~
&y 8Xc9y IX 4 /X2+y2( /X2+y2+x)
e 1 X2+ y%+x . 4a -
2 4] AP yP-x) JxEry2
1 , P PV 1, 7
= 3 —7° |t 27K ey
A LT 4 E(&+ 1)
§:2 §2_ 772
+ K= 2| o+ 20 s | W
2 4) G I

For the case oélliptical coordinateswve proceed as follows. The normal elliptical coordinates
will not separate variables. However, if we comp#ét®) and (39) we are motivated to choose
coordinates such that

, (Up—ep)(uy—ey) , (U1—€p)(Uu—ey)

&= .= - (47)

€16 €,—€;

If we then try a solution 0f39) in the form

q 2 2
£

o& =11 7

+
m=1 0m_e1 em_eZ

(48)
we see that thé,,, must satisfy

Ltk 1*k 2
0m—el gm_ez j¢m Hm—GJ

—V—2E=0,

and the quantization conditiq@d0). In this choice of coordinates the ScHinger equation has the
form
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4(u;—e))(up—ey) | ?d 1 1 1 b
U;— Uy duf  2\u;—e; U;—ey) dug
4(up,—e;))(Uy—e,) | 9°P 1( 1 1 )&CD
+ =+ = + —
Up—Uy dus 2 \Uy—e; Up—e€,) dup
(i-KD(e,—e)  (3-k)(e—ey)
+| 2E(uytu,—e;—e,) + + +4a|P=0.
(U uz—ey—e) (Up—ey)(Ux—e1)  (Uy—ey)(U,—ey)
This equation admits separable solutiehs-U,(u;)U,(u,) and separation equations
2 1
i~ —e)| =5+ = + — |+ 2_(e;+ey)u;
4(ui—ep)(uj—ey) auiz 2| u—e;  U—e,| au 2E[uf—(e;t+ey)ui]
(Ki-D(e1—ep) (K3~ H(ex—ey)
g T 22 2 L 4au+A (U (u)=0, i=12. (49
u—€ u,—¢e
The additional operator describing this coordinate system is
e 4 52q>+1 1 . 1 ] od
ST (U= up) (Ut U — ey —ep) Ua(Uy—€)(Ur—e;) oz 2|u;—e;  U;—e,| du;
a2<1>+1 1 . 1 ] od
Uy(Uz—eg)(u,—eyp) w272 ime T u—e) aup
N ki—3% e Uo— B — e [(Up—ex)(Uy—ey) e8]
(up—ep)(u—ey) [+ 2 Tt 72 (Up+Up—e;—ep)
L ki oo, L(u1men(Up—ey) terey)
(Uup—ey)(u—ey) | 1 72 1 72 (Uptu—e;—ey)
4auqu,
uptu,—e; —e, (50
In Cartesian coordinates the solutions have the form
\I,:e—y'——2E(x2+y2)(\/XZTyZ_l_X)(lm)(erkl)(\/XZTyZ_X)(lM)(erKZ)
&Iy Ex Xt y2—x
x [T y X, y . (52)
m=1 em_el Hm_ez

Acting on the functiongV the operatolL; has the form
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2 2 2
LsV¥ il i 7& + 7& 2+e n’+ H
= —— 7 = - e
3 & a7 n g€ € o0& € an (e6°+ein“+eey)

1 2+ p’+e 1 2+ p’+e
G| R mte) (1 o) (EF 0 te)
4 1 §2 4 2 7]2
N R 2 , 92 , P y
= T4 Xy Y —(e1—ey) X2~ oxay” ax| 612
2a 707 2.2 15
_\/Xz—Tyz[el(\/x Ty =X)+ e (VX +y +Xx)]— Z_kl
(e e)(hPryP o0 1_k2) (1= &) (X +y?+x)
25Ny |8 ] 2By
1 \/x§+ 2_x 1 X+y+x 1
T (. e S (- i e 1S (52)
4 X2+y?+x |4 WC+y?—x 2

where in Cartesian coordinates

- (92q,+32q,+ e 1 kZ—% . K3—3
ax? 9yt [y aHy? | EryRex Xt yP—x

The eigenvalues of the operatog are

A=—(1*xKy*ky)?—2y—2E[ey(1+k;)—2e,(1*ky)]
q

Ky +1 Ko+ 1
+2Eee,—4 >, ! 2
m=1

e +e
2 gm_el ! 0m_e2

. (53

The corresponding quadratic algebra can be generated by the classical constants

1 k2 1 k%

Li=(6p,— P+ (84 )| g+

2 2
2.2 22_77_(3_k2)_§_
gpq 7lp§ 52 4 1 772

- A 2_ .2
L2_§2+ 772 4 k2 +2a(§ 7 )}1

L3=(£p,— 7P 2+ espz+eip’— (€62 +e9P)H

1 2 2 1 2 2
+(Z—ki) (f +ZZ+62)+(Z—|(§ (é: +Zz+62),

pi+p2+aat

H= a7

ki ik
?JFT :

Here,L;, L,, andL4 are functionally dependent via the relation
J. Math. Phys., Vol. 37, No. 12, December 1996

Downloaded-29-0ct-2008-t0-130.217.76.77.~Redistribution-subject-to-AlP-license-or-copyright;~see=http://jmp.aip.org/jmp/copyright.jsp



Kalnins, Miller, Jr., and Pogosyan: Superintegrability and polynomial solutions 6453

L2=L3+2(e;—ep)L Lo+ (e;—e,)%L5—2[ (ki + ko) +2(ey+e5)all,
—[4a?(el—e3)+2(e;—€,) (ki ko) Lo — (kg + kot 2a(e, + €,))2. (54)

The only additional quantity that we need is

1

& 1 7 (1

+ 4?4'85 (Z—kg +4?(Z—k§”p§
3 1 52 1

| (4 on) 3] -4 (-1 )

The nontrivial independent commutation relations are
{Lip,Lq}=—16L1L,+32a(kZ—K5), {Lp,L,}=—16HL,+8L5. (55)
We should also observe the relations

{Li,Laf=(e;—ex){Ls,Lo},  {Li,Lof={Ls L5},

(56)
{L12,Ls}=16(e;—e)HL;—8(e;—ex)L5— 1641,
—16(e;— e,)H — 32a(a(e;— €,) + (ki —K3)).
(iv) The fourth potential is
v % By VX2 +y2+x By V{x2+y2—x -
4— — T .

+
WA W Gy

The corresponding Schdinger equation separates in two versions of parabolic coordinates.
In regular parabolic coordinate$2) the Schrdinger equation has the form

1 ) A
> | ==+~ +(4a—B£—B,n) ¥ |=—2EV. (58
S/ N S

If we write the solutions? in the formX(&)Y(#), the separation equations are

X ) %Y )
a—gz+(2a—)\—81§+2E§ )X=0, 0—7]2+(2a+)\—827]+2E7] )Y=0.

The solutions of these equations are

X(§)=e(llz‘TZE)[_ZESCZJrBlﬂH“(‘/__ZE( _E_é)) 9
and
B
_ A(U2/=ZE)[ - 2E72+B,7] — _ -2 )
Y(7n)=¢€ 2 Hm(\/ ZE( 4E) , (60)
where
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2 2

B2 B2
20— )\——=—(n+1)\/—2 2a+\— —==—(m+1)~2E.

8E

From this we see that the energy eigenstates are solutions of

1
4a—ﬁ(B§+B§)=—(m+n+2)\/—2E. (61)

Moreover, it follows from(59) and(60) that
qf(g,,)ze<1/2w—2E>[72E<fz+ 712)+Blf+327l]cb(§’7]),
where® is a polynomial iné and #. If (58) is written as a differential equation fab, it can be

interpreted as an eigenvalue equation, with eigenvalde, for an E-dependent operator acting
on a space of polynomials. The operator whose eigenvalhdss

1 2'92\1, 2'92\1, 2 2 )
qufzgz_,_nz Ui ﬁgz_f (9772"‘[_81577 +Byné +2(n — &) al¥

> PV g¥ | B, X
:—ZX—yQ— 2y (9X07y+0_X+ 2 \/\/x7+yz+x 1- —XZTyZ
BZ ZX(X
+ 5 Vyxe+yi—x| 1+ - 62
2 Y ( VY2 Xy °2

The second coordinate system isaiant of parabolic coordinate§3) in terms of which the
Schralinger equation has the form

1 |a2~11 P
+|da—

+
au’ v

V)l‘l’] =—2EV.

E + )_E —
\/E(M v \/E(M

The separation equations fd#=X(u)Y(v) are

M2+V2

2

0X+2 A 1(B+B)+2E2X0

- a—\— — =0,

a,u2 \/E 1T b2 I

a2Y+ 2a+\ ! B,—By)v+2Ev? |Y=0

92 a \/E( 1~ Ba)v v | Y=0.

The operator whose eigenvalueNss
1 2072‘1’ (92‘1’ 782 vu? )
Lz‘l’:,uz_sz T2 —pu? a2 \/— (Bl"‘Bz)‘IH' 2 (B1—By) ¥ +2(1*—u?)a¥

_ PV o PV allf
N v Xaxay ay 2\/—

—By) VX2 +y?—X

(Bl+82)\ \ X +y +X

1_

VXEty
2Xa

Jx2+y ) VX ty? ©9

1
2@
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The space of polynomials ig,# coincides with the space of polynomials ify. The classical
operators associated with this separable system are, usirgrtlteordinates,

1
1= 2 [7°PE— £~ Bag® + Boné® + 2077~ )al,
1 1, .,
Lzzm (épe—mp,)(€p,— npg)—4§7701+§(§ —7°)(7B1—¢€B>) |,

1
H= oz [Pet Pyt (4a= Bt~ Bym)],

together with

1
Liz={L1.Lo}= o2 [2(6p, = 7P (PF+P7) +8a(ép,— 7Pe)

+((7°— E)p,+2Emp B+ (77— E2)pe+2£7P,)Bo].
The defining relations of the quadratic algebra are

LZ,=4L5H+4L3H —16a’H+ (B5—B?)L,—2B;B,L,— 2a?(B2+B3),
2 2 2 (64)
{Lip,Li}=—4LIH+B1B,, {Lyp,Lo}=4LH—3(Bi—B3).

There are, of course, quantum analogs for all the quadratic algebras that occur for each
potential. These operator algebras can be obtained via the replacement of the Poisson bracket by
the commutator brackdilndeed the relation&4) for the classical version of the algebras remain
unchanged under this replacemé®@ne can ask the question what are the consequences of such
an algebra on the eigenfunction spaces of the operatoasidL ,? Let the eigenspace correspond-
ing to a fixed bound state enerdy be of dimensionN. This eigenspace can be spanned by
eigenfunctions of both.; andL,. Let the corresponding eigenvectors #g, and ¢,,, respec-
tively, satisfying

Lidm=Am®m, Lo¥n=pnthn,
where)\n=2a—Bf/8E—(2n+1)\/—2E and p,=2a—(B;+B,)%/16E— (2m+1)J/—2E. Us-

ing the quantum version of the defining relations of the quadratic algebra, what can we deduce? If
we use the second of the relatioig}) acting ony,, and writeL;,,=3="_,C, .. we deduce that

[(pn—p.)?+8E]Cy,= —[5(Bi—B5)+ 16aE]5,,.
This relation implies thaC,,= —[3(Bf—B3)+16E]/8E and C,,#0 if [p—q|<1 and zero

otherwise. Here we have used the relatignp,)2+8E=0 for |[n—7|=1. If we apply the
second relation to the functiog, we obtain the relation

N
21 Cn:Cro(2p,— pn—po) = (8Epy+ BBy + 16aE) 8y, -

If we assume that the basis functiogg are orthonormal and observe that the operatpiis
self-adjoint, then we can assur@g.;, = Cj ,,1. The only nontrivial consequence of this rela-
tion is whenn=o¢. The result is
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6456 Kalnins, Miller, Jr., and Pogosyan: Superintegrability and polynomial solutions

4y— 2E(|Cn,n+l|2_ |Cn—1,n|2) =8Ep,+B1B,+16aE.

If we act on the functions¢,, we generate similar relations. In fact, if we write
L, =2N_,D,,,¢,, the corresponding results are

Dnn: _(Ble+ 16&E)/8E
andD,,#0 if [p—q|<1 and is zero otherwise. Furthermore,
4\=2E(|Dnn+1/*~[Dn-10/*) = — 8N ,E~ 3(BI~B}) - 16aE.

From these relations we can, in principle, calculate the matigsandD 4. Once these are
known, relations are also implied for the matrices relating the two bases. If we denote
(bm,¥q) =Amg, then these matrices must satisfy

N N
Cuy= 2 AmArnrAmty Dy = 2 pmAmrA:"lt'
m=1 m=1

Thus, from the consequences of the quadratic algebra we can, in principle, calculate the overlap
functionsA,s. The only ambiguity is in the choice of the phases of the wavefunctions.

lll. THE TWO-DIMENSIONAL SPHERE

In the case of the two-dimensional sphere there are two potentials that are separable in more
than one coordinate system, and these each separate in two systems. To work with the two-
dimensional sphere it is convenient to use projective coordingtes=1,2,3,s>+s3+s3=1.

(i) The first superintegrable potential on the sphere is

1(ki-3 k-7 Ki—3
V== + + : 65
172 ( s s s5 €9
In terms ofspherical coordinates
s;=sin # cos¢, S,=sinf@sing, Sz=c0s6, (66)
the corresponding Schidimger equation has the form
2 2
J J N J J N J J v
S19s, 2 s, 1 9s, 3 s, 5895, 2 4s,
Ki-3 kKi—i Ki—3i
B 124 224 324‘P=—2E\I’, 67)
or, in terms of@ and ¢,
SENRUA PR U S S (‘_l‘_kiﬁl‘_k% L PV
sing a0\ > 50 Tsit 0 992 S 0\ cod o | SIP @ cof 9 '

This equation admits separable solutions of the fdrm T(6)P(¢) such that
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Po [ ik ik
+ + = =—
re (0052 © St ¢ =-20,
SN AL ik T=—2ET
sing a0\ " 30) " sin? 6 cof § '

These equations have the solutions

CI)=(sin (p)k2+1/2(COSqo)kl+1/2PE]k2’k1)(COS zp),

where\ =(2n+1+k;+k,)? andn is an integer, and

_ Kg+1/2¢ ai 2n+ky +kyo+1p(2n+ky+ky+1k3)
T(6)=(cos g)*s*Hq(sin g)>"Tratietip TR (cos ),

whereE= [2(m+n+1)+ (k; +k,+ks)]?— £. The orthonormal basis eigenfunctions are

. — 1 (K2,k1) 2n+kq+ks k
¥ =(sin ) 10 2"V (p)d2ntkitkaka)(g), (68)
The operator which characterizes this solution and separation is

2

2 2
Sl+ S,
+

7

1
S ——Sp, —
Los, “?os,

2
4 ™M

_ o2

2 2
s2+3 (1

Note that after the multiplier (sip)2*Y%(cos )"V cosh)ke*V(sin g)katkett = H§=1sf/+1/2 is

split off, the eigenfunctions are polynomials in the varialdésand s3. See Refs. 21-24 for a
complete discussion of the polynomial setting for this eigenvalue equation.
For the second coordinate system we chdomeecoordinatesgiven by

, (Up—e)(u—e)

f=——————  i,j,k=1,2,3, andi,j,k pairwise distinct.
bo(e—e)(e—e : Jxp

The Schrdinger equation written in terms of these coordinates is

4 { &2\P+1 U SN A 4
U=y (Uup—ey)(u;—ep)(u;—e;3) a2 2 tme T ui—e Ur—es) 7up
Pv 1 1 . 1 1 o
—(uz—ep)(uy—ey)(u,—e;) 2 2\t—e T u,=e, T Uy—es) 70,
ke 1) (ey—ey)(e1—ej3) ( 2 }) (ex—ey)(e,—e;3)
Yo4) (up—ep)(u—eyp) 2 4] (up—ey)(uy—ey)
1\ (es—ey)(ez—ey)
+ K- = Vv =2EV. 70
( 3 4) (up—ez)(u—ey) (79

The separation equations are
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&2 1( 1 1 1 )a\lf} [( 1) (e1—ey)(e;—e3)
—e))(p—e)(p—es)|-3+5 + + ki~
(p—e)(p—e)(p 3)(? 2\o=e; " poe, p=es Ip 177 o—e,
(e2—ep)(ex—e3) (e3—€y)(ez—ey)
2__ 2__ =
(k 4) —e, +| k3 2 o—e, +2Ep+u|¥=0, (77

wherep=uy, U,. The operator whose eigenvalueiss

Ly a2w+1 1 . 1 1 A
2 —m Uyl (Ug—eq)(u;—ey)(u;—ey) &uf 2 e e &_ul
v 1 1 . 1 . 1 A
Us|(Uy—eq)(u—ey)(ux—es) a2 2 Up—€; ' Up—€,  Up—es (9_Uz

2 (e2—e1)(ez—€3)
(Urttp—e)+{ K ") (U= e (U—ey)

(up—e;)(u—eyq)

[(kz— _) (e;—€p)(e1—es)

(e3—€y)(ez—eyp)
X (Up+U,—e,)+ k2——) (Uup+u,—e;) | (72
1T (Up—eg)(u—eg) - 2 73

Expressed in terms of coordinates on the sphere this has the form
a a\? ] g \2 a d\* (1 ,\[ess5+esss
Lo=e3|S; =———S, =——| teysi ———S3=——| +eSs=—S —| +|-—ki||—=—

2 S, 95, 953 95, 9y 2 934 4 s
1 €57+ €353 1 e,S5+ ;5>

+e,—e,—ez|+ 2 k —h+e2 —e3|t+ 2 k —2—+93 e,—eql.

(73

The eigenfunctionsl’ can readily be calculated from the ScHimger equatior(67). In order to
find the bound state solutions we try a solution of the form

kK, +1/2
+
(H 5 )H( '—el ;= 9i—es> 79
(Ref. 19 and observe that
CEE B T )
0—e 6—e 6—e; II3_ (6;—ey
For solutions, the zerog, must satisfy the equations
ki+1 ko+1 ks+1 2
: )y =0, (79

0m_el Hm_ez 0m_83 j;&m 0m_ 0]
and the eigenvaluds and u in this case are

=3(2q+2+ky+ko+ks)2— 5,
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u=—2[Ki(e;+e3) +Ky(e,+e3) +Kks(e,+ep)+eskik+ ek kg + e,koks]

3 q
— = (ey+eyteg) —deses(k;+1) D>, —————4ejes(ky+1)

2 m=1 (0m_el)

q q
1 1

X ———4e,e,(ky+1 —_—.

m=1 (Om—€2) 281(ks )m2:1 (Om—es3)
If we take the constants of the motion to be

2 1 2 1 2 1

2 2 2 174, o, 2 274, 5, 2 374 o, 2
H=M{,+ M3+t M5+ = (s5+s3)+ = (sf+s3)+ = (s5+5s79),
1 2 3

2 2
1\ s; 1| s]
Li=MZ+|Ki-=| 5+ K- =] =,
1 12 1 4 si 2 4 Sg
2_ 1 2_ 1 2_1
_ 2 2 2 1 4 2 2 2 4 2 2 3 4 2 2
Lo=esMp,+eMizte M3+ 2 (e383+€,53) + —Z (ess1+e;S3) + —Z (e187+e;87),
1 2 3
the corresponding defining relations are
5, 1) s35;
Lip={Li,Lo}=4(e;—e)| M ;M 13M 55— kl_z e M3
1

S3S1 1\ s;5,
—(K5—13 Z Msr(k%— Z) 2 Mlz},

Li,=—16L1(e;H+ (e3—ey)Ly—Ly)(esH+(e3—ey)Ly—Ly)

1
1 Kk2-=
16(k3 3

—16(k2—1)(e H+(e3—ey)Ly—Ly)?
1 4 2 3 2/=1 2

(e1—e€)?L]

1 432 1
_16( k3 — Z) (e;H+(e3—ep)L—Ly)*— 3 /1;[1 (k,z/_ Z)(el_ez)z.

(76)

{L12,L1}=—(8L;+16)

1
k5— Z) (e;H+(e3—e)L1—Ly)
2 1
—(8L,+16) kl_Z (e;H+(e3—ey)L—Ly),
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{L12,Lo}=—8(e;H+(e3—ey)L1—Ly)(esH+ (e3—e)Li—Ly)—8(e,—e3)L (eH + (65

—e)li—Ly)—8(e;—ez)L (e;H+(e3—ey)L;—Ly)

6( 1 ) 6( , 1 , 1
+1 (eg_el) L2_1 kl_Z kZ_Z

2_ T
2 2 1 2 » 1
X(e3—ey)+ ks_z (e1—€y)7 L+ 16e.(e1—€3) kz_Z +16e,(e,—e3)H.

(e3—ey)+ (63— €)%+

1
2_Z
ki 7

(i) The second potential on the sphere is

—aS3 n 1
=
2\si+s5 4\si+ss

(77

k-1 k3—3 1

+
VS +S2+s; Pt s2i—s

In polar coordinatesthe Schrdinger equation has the form

1 a( a‘If) 1 ¥ acosd

—— —|sing —|+— + —
sinoao\ SN0 G s e dp®  siné
1 [ ik kg

+— +
2sif  \1+cose 1—cose
=—-2EV.

This equation can be solved by a separation of variables via the substiiation( 6)®(¢), and
the separation equations are

d=— )\,

P2 1(%—@ 1ok

+= +
dp® 2 \1l+cose 1—cose

snoae "M% sng | siee ' 2ET

1 9 aT +acos«9 A2
00

The solutions of the first equation a«rleﬁ:l’kZ)(WZ) [see(20)], whereh?=3(2m+k; +k,+1)2.
The solution of thed separation equation is given by

T (n+2(m+1)+ky+ k)T (i o+ m+ 1+ 3(k; +ky))

1 a?
snm<e>=—\/ 1+
F@m+2+k,+ky) (N+m+1+ 3(ky+ky))* MIT (o +m+ 3(k; +kp))

X (2 sin )™ 1 W2k Rgir - E (gt m 14 Skt kp);2me+ 24Ky + kg 1—e2), (78)

whereo=a/(n+m+ 1+ 3(k;+k5,)), and the orthonormal eigenfunctions are

¥=5, 0)c1><n$1"‘2>(§).

The operator which characterizes the separable solutions in this coordinate system is
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4 1

L ] o \? (1 o Vsi+ss N 2 Vsi+ss v
SRR 2(VSrstsy |4 7] 2(JSErsE-sy)
=-\%V.

For the second coordinate system we must choosariant of the standard elliptical coor-
dinates A suitable choice is

s;=cosf x;+sinf x5, S$,=X,, Sz3=-—sinf x;+cosf X3,

where

xfzw, i,j,k=1,2,3 andi,j,k pairwise distinct, sinf=+/ z 1
(ei—ej)(e—e) €3— €

To see how this works it is convenient to define the new varidblesg_ , Z,, andZ, according
to

1 1
e1=€+ 7 (E.+ E_)? es=ey+ 7 B+~ E )%

1
Zit 7

1, ;. 1
yj:ez‘l‘z (E++E7)+Z E.E_

In terms of these variables Schlinger’s equation has the form

47,7, 7 O N7t 7 a2w+1 1 . 1 +1 AL
(Z2,-2,)(2,2,-1) (Z1+0.)(Z1+0 )2 022 " 2\z;+0, " Z,+Q_ " Z4) 9z,
Z,+Q Z,+Q_)Z 62\1,4—1 ! + ! +1 i
(2o Q) (Zp+ Q)2 922 T 2\ Z,4 0, " Z,+Q_ " Z,] 67,
2ia(Z,Z,+1) ( ) 1) (1-0%)2,7,
(Z:Z,-1) 4] (212,-1)(Z,+ Q) (Z2,+ Q)
1 (1-0%)2,2,
2__ —
T k2 4) iz (2t QO )z 10 | V= 2EY, (79)
whereQ), =E_ /E_ andQ_=E_/E,, soQ,Q_=1. The separation equations are
4Z+Q.)(Z;+Q Z(9Z\I,+l ! + ! +1 i
(G Q2+ Q%) 5zt 5 750, Y z+a T7) iz
_ . (K-HQ2-1) (K-(Q5-1)
+ 2(—Ia+E)Zj+2(|a+E)Z—j+ 270 + 70, +u|¥P=0.

In terms of the variable; the operator which describes the separation is
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|
(Z,—Z)(Z125,-1)

LW = —(Zo+1)Zy(Z1+ Q) (Z1+ Q)
" A 1 1 ow
22 2\ z w0, Tz ol 9z,
2 V7Tt N (2t ) 2 1 1 1\ ¥
H(Z1+ D) Zy(Z,+ Q1 )(Zo+ Q) az§+§ Z,+0. " z,v0. " 7,) a7,
(1-03)ZiZoAZ1+Z)+ 0 (Z:Z,-1) |, 1
(21Z,=1)(Z1+ Q) (Z,+ Q) toa
(1-02)(ZiZ5(Z1+Z) + Q1 (ZaZ,- 1) [, 1 Aa(Z1125)] (80
(Z1Z5=1)(Z1+ Q) (Z,+ Q) 2 4 Z,Z,—1 '

Indeed if we consider the elliptical coordinates

(Z;+Q_)(Z,+Q ) » (Z3+ Q) (Z,+0y)

U3=z,Z,, U= 021 , Us= 07-1 ,

(81)

then puttingks=+/3+2(E—ia) and E=ia+E and multiplying the Schidinger equation by
(1/2,Z,—1) we see that the resulting equation has the form

HW =

aZ\If+a2\If+(92\If U a+U a+U J 2\P
oU? " gUs U3 Lau,  T20U, T2 aUg

12 1 2 1 g2
4

A *lw+2Ew=0. (82

U + +
1 TNV

o Y o y ov
au+ 23U+ 3¢9U3+

We recognize this as E¢67) that we obtained in the case of the potential Thus the solutions
are of the form

3 q 2 2 2
:(/Hl U5/+l/)H( auz b ) (83

=1 e 0i—e;

The zerosy,, satisfy the equations

ki+1 ko+1 Vi+2(E—ia)+1 2

+ + + =
Ot Q_ Ot Q. Om ,;m Om— 0, 0. 849

and the eigenvalues and u are determined by
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1 21

_| kot \/%+2(E—ia) kqi+ \/%+2(E—ia)
+2[Q k+Q_ k2]\1—+2(E—|a)+—(Q +0O_ \/—+2(E—|a)

E=

I\)IH

(89)

+Q.,

4Q+(k1+1)n121 0+—Q)+4Q (k2+1)2 m}
1 , a1
—4Q+Q( 7 T2E-ia)+1 mE=1 .

The classical constants of the motion associated with this potential are

47,7,

=z )zt

(Zy+ Q) (Zy+Q)Z4PS —(Zy+ Q1 )(Z+ Q) Z,PF
(1-0%)2,7,
(Z1Z,—=1)(Z+ Q4 )(Z1+Q )

NS 1) (1-0%)2,7, }
(21Z,=1)(Z+ Q) (Z3+ Q)|

21
174

2ia(Z,Z,+1) (
(Z,Z2,-1)

L2:

_ 2
(Zl_ZZ)(leZ_l) [ (ZZ+1)Zl(zl+Q+)(Zl+Qf)le

+(Z1+ 1)Z(Zp+ Q1) (Zo+ Q- )PF ]

(1-02)ZiZp(Z1+Z)+ 0 (Z1Z,-1) [, 1
(Z1Z5—1)(Z1+Q_)(Z,+Q_) 177

(1- Q )(lez(Zl+Zz)+Q (Z 122—1)) 2_1 4ia(Zl+Zz)
(Z1Z,-1)(Z1+ Q) (Z,+ Q) 24 2,Z,-1

0, (s3—isy) +Q_(s3+isy)

=(Q+ Q) (M= MZ-M5) = 21(Q_~ Q)M M 5+

o
Vsi+s;
ki_i - .
4 Q+(SB_|S]_)+Q,(S3+|S]_)
+ +Q_(\si+ss+is,)
2(\VsZ+sa+s;) | VSP+si(\si+s3—sy) ]
k2 1 _ -
2 4 Q. (s3—isy)+Q_(s3+isy)
+ +Q+(\/§§+_Sg+is3) !
2(\si+s5—5)) | Vsi+sa(\ST+S5—S5) |
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(L Q) (Z+ Q) (2104 )(Z,+ Q)
v (Z,-2,)*

(Z4P2,~Z,P;)?

1 2 1) (QF-1)(Z1Z,-1) 1 , 1| (Q2-1)(Z1Z,-1)
T2\ ooz A\ T3] Zra )z 0
:MZ_E ﬂ kZ_E +—“S§+S§ kZ_E

22| S+s2+s, 4] Zrsd-s | 2 4

The corresponding defining relations for the quadratic algebra are
L2,=—64L2—4(Q, +Q_)?H2L;+64HLS+16(Q +Q_)LL5—4L,L5—8(Q, +Q_)L L H
Q-0 )—4(Q_(4k2—1)—Q, (4k5—1))LT—4(Q_(1—k3—3k?)
—Q (1-Ki=3K3)HL,+4(K3—K3)L L, —4i a(K2—K3)L,+8i a(Q _(k3—k—2ia)
+0, (K—K5+2i @)Ly — (KI—K3)(Q_(K5—Ki+4ia)+Q (K2 —K5+4ia)H
+2ia(Q, —Q_)(K2—k3)2+2i a(2(k3+K5) — 1)),
{Lip L} =8(Q. +Q )LI—4L1L,—4(Q, +Q )L H+2(KE k)L,
—2ia(k?—k3)(Q,—Q_), (86)

(Lo Lot=—2(Q, +Q_)?H?—96L2— 215+ 16L,L;—4(Q, +Q_)L,H—2LH(Q,-Q_)
X[Q, (K2+3k3—1)—Q_(ka+3ki—1)JH—4(Q  (1—4k3)— Q, (1—4k3))L,
+aia(K—K)(Q,—Q ) +2ia(Q,—Q_)).

IV. THE n-DIMENSIONAL ISOTROPIC OSCILLATOR

It is well known that the quantum isotropic harmonic oscillator can be solved by the method
of separation of variables in a number of coordinate systems, including Cartesian coordinates and
elliptical coordinategsee, e.g., Refs. 25 and )26Ve present a new derivation of the eigenfunc-
tions associated witklliptic coordinates We will adopt the convention of defining this equation

by
HW =[—3A+ 30?(x+ - +x2) ]V =EV, (87
whereA = ail + -+ &ﬁn. Elliptical coordinates in Euclideamspace are defined by

2_“9:1(U/—ej)

Xi=—= 88
oz j(ec—g) 9

for e;<u;<e,<---<e,<u,. To obtain polynomial solutions of this equation in these coordi-
nates we note the identity

DX ~ HR_y(6—-up)

&L o—e T TD_y(6-e)

If we rewrite Eq.(87) in terms of® whereW=exp[— 1/20%r?]® andr is the radial coordinate,
we obtain the eigenvalue equation
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O=-2ED. (89

n
{A—Zw( 2 Xm Ox )—nw
m=1 m

Note that the operator on the left-hand side maps polynomials in the varigiiegpolynomials,
without increasing the order. For this equation we look for solutions of the form

q
®: H Xi/g(xla---yxn)y
/=1

wherea,=0 or 1. The equation fof is then

n n
2a
A+ E (—max — 2wXmdy )}§=(—2E+nw+2w§ a/)g’.
m=1\ Xm M m /=1

We now look for solutions of the form

{= l_q[ “ i -1/ (90)
m=1|k=1 Om—€
Substituting this ansatz into the equation fowe obtain the requirements
Lt i =—20w, E=ow 2m+n+é a ) (91
k=1 0,—e 7 0,— 0, ’ 2 &%)

The operators which describe the separation constants are
A= S ME+Y SQ,,, j=1..n-1,
k#/ /#]
whereM, , = Xidx, = X0, and
Q= dx, Ox,~ 02X X,  S'== Z &, €
whereiy, # iy, ip#zk, | form#m’ andm, m’=1---j, and

1
= > €, "€, i1,...i; pairwise distinct,

k_ <k —
Sj—Sj[eli...,en]_]! Tont?

whereiy, # iy, ig#Fk form#m’ andm, m’=1---j. In coordinate form these operators are

" S{up,...Ug]

A=Z o~ (ANII) _ y(u—e)) dy NIID _ g (U—e,)dy, — w110y (u—e,)).
| (92)
They have the eigenvalues
q
/ 2(&’/"‘1)
, . ,
Z S| w(2a,+1) m2:1 e (93)

These operators form a closed algebra under the commutation relations
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[Myi, Mij]1=Mj i+ Mi8j — My 6ii — My; 6y,
[Qik: Qjil= w?[Mj;Sik+Mj 8+ My 8 + My ;i 1,

[Qik, Mji1=Qjj i+ Qi + Qii 6+ Qi 6 -

The eigenfunctions can be normalized by using their representation in terms of Cartesian
coordinates. For the assumed form of the eigenfunctions given above the Mdsnreadily
calculated to be

n
=S 3 D (_1)qw—(nl2+22:lah)

p=0 Si Siyees Sip i1, dp#

TP y[(— @) M (e + 55+ DI ol (i, + D)
) , (04
Hleﬂj:(ﬁir/r—eir)

where 0< si, =2q,0< Z'—Llsij < 2q,0<p=n.Each ofthesij areintegers;é}ir/r e{0,,...,0}and
b %* 6, if i,#],,andifi, is fixed then at most twe; , can be equal. From these results we

have the satisfactory situation that both the eigenvalues and the normalizations can be computed in
terms of the zero9,,...,0,,.
As an example of the simplest normalized eigenfunction we give the following:

-1/2

_\/E 3( 1 1 )
"Vl 202 0=e? T (0=ey2) T 20%0-ep) (06, 1
X2

w @~ 0C+yH)2 y
0—e; 6—e,

2
—-1].

For this eigenfunction the varabkis a solution of

1 N 1
(6—ey) (0—ey)

:0,

i.e., 0=(e;+e,)/2. If we substitute this into the above equations we obtain

B (SN

The orthonormalized eigenfunctions calculated in this way form a complete set.

In this paper we have established that once the zeros of a given set of special eigenfunctions,
which are essentially polynomials, are known, then all the other properties such as normalization
and eigenvalues can be determined from them in terms of algebraic expressions.

2(x2—y?)

(ex—eq)

-1/2
- w(x +y )/2

(w(el €2)
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