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Abstract We show that the geometric lifting of the RSK correspondence in-
troduced by A.N. Kirillov (Physics and Combinatorics. Proc. Nagoya 2000
2nd Internat Workshop, pp. 82—150, 2001) is volume preserving with respect
to a natural product measure on its domain, and that the integrand in Given-
tal’s integral formula for GL(n, R)-Whittaker functions arises naturally in this
context. Apart from providing further evidence that Whittaker functions are
the natural analogue of Schur polynomials in this setting, our results also
provide a new ‘combinatorial’ framework for the study of random polymers.
When the input matrix consists of random inverse gamma distributed weights,
the probability distribution of a polymer partition function constructed from
these weights can be written down explicitly in terms of Whittaker functions.
Next we restrict the geometric RSK mapping to symmetric matrices and show
that the volume preserving property continues to hold. We determine the
probability law of the polymer partition function with inverse gamma weights
that are constrained to be symmetric about the main diagonal, with an addi-
tional factor on the main diagonal. The third combinatorial mapping studied is

N. O’Connell ()
Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK
e-mail: n.m.o-connell @warwick.ac.uk

T. Seppilédinen

Department of Mathematics, University of Wisconsin-Madison, Madison,
WI 53706-1388, USA

e-mail: seppalai@math.wisc.edu

N. Zygouras

Department of Statistics, University of Warwick, Coventry CV4 7AL, UK
e-mail: n.zygouras @warwick.ac.uk

@ Springer


mailto:n.m.o-connell@warwick.ac.uk
mailto:seppalai@math.wisc.edu
mailto:n.zygouras@warwick.ac.uk

362 N. O’Connell et al.

a variant of the geometric RSK mapping for triangular arrays, which is again
showed to be volume preserving. This leads to a formula for the probability
distribution of a polymer model whose paths are constrained to stay below the
diagonal. We also show that the analogues of the Cauchy-Littlewood identity
in the setting of this paper are equivalent to a collection of Whittaker inte-
gral identities conjectured by Bump (Number Theory, Trace Formulas, and
Discrete Groups, pp. 49-109, 1989) and Bump and Friedberg (Festschrift in
Honor of Piatetski-Shapiro, Part II, pp. 47-65, 1990) and proved by Stade
(Am. J. Math. 123:121-161, 2001; Israel J. Math. 127:201-219, 2002). Our
approach leads to new ‘combinatorial’ proofs and generalizations of these
identities, with some restrictions on the parameters.
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1 Introduction

The Robinson-Schensted-Knuth (RSK) correspondence is a combinatorial
mapping which plays an important role in the theory of Young tableaux, sym-
metric functions and representation theory [23, 45]. It is deeply connected
with Schur functions and provides a combinatorial framework for understand-
ing the Cauchy-Littlewood identity and Schur measures on integer partitions.
It is also the basic structure which lies behind the solvability of a particular
family of combinatorial models in probability and statistical physics includ-
ing longest increasing subsequence problems, directed last passage percola-
tion in 1 + 1 dimensions and the totally asymmetric simple exclusion process,
see for example [1, 3, 33, 40].

The RSK map is defined on matrices with non-negative integer coefficients
and can be described by expressions in the max-plus semi-ring. This was
extended to matrices with real entries by Berenstein and Kirillov [10]. Re-
placing these expressions by their analogues in the usual algebra, A.N. Ki-
rillov [35] introduced a geometric lifting of the Berenstein-Kirillov corre-
spondence which he called the ‘tropical RSK correspondence’, in honor of
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Geometric RSK correspondence, Whittaker functions 363

M.-P. Schiitzenberger (1920-1996). However, for many readers nowadays the
word ‘tropical’ indicates just the opposite, so to avoid confusion we will refer
to Kirillov’s construction as the geometric RSK (gRSK) correspondence, as
in the theory of geometric crystals [8, 9], which is closely related.

The geometric RSK correspondence is a birational mapping from (R )" *"
onto itself. It was introduced by Kirillov [35] for square matrices (n = m) and
generalized to the rectangular setting by Noumi and Yamada [37]. In the pa-
per [19] it was shown that there is a fundamental connection between the
gRSK correspondence and GL(n, R)-Whittaker functions, analogous to the
well-known connection between the RSK correspondence and Schur func-
tions. In particular, it is explained there that the analogue of the Cauchy-
Littlewood identity in the setting of gRSK can be seen as a generalization of
a Whittaker integral identity which was originally conjectured by Bump [15]
and later proved by Stade [43]. The connection to Whittaker functions gives
rise to a natural family of measures (Whittaker measures) which play a similar
role in this setting to Schur measures on integer partitions. It also has appli-
cations to random polymers. In the paper [19], an explicit integral formula is
obtained for the Laplace transform of the law of the partition function asso-
ciated with a random directed polymer model on the two-dimensional lattice
with log-gamma weights introduced in [42]. For related recent developments,
see [11, 12, 38].

In the present work, we first provide further insight into the results of [19]
by showing:

(a) the gRSK mapping is volume preserving with respect to the product mea-
sure ]_[ij dx;j/x;j on (R.0)"*™, and

(b) the integrand in Givental’s integral formula for GL(n, R)-Whittaker func-
tions [26, 32] arises naturally through the application of the gRSK map
(see Theorem 3.2 below).

The volume preserving property can be seen as a consequence of a new
description of the gRSK map as a composition of local moves which we in-
troduce in this paper. This description is a re-formulation of the geometric
row-insertion algorithm introduced by Noumi and Yamada in [37]. Combin-
ing (a) and (b) gives a direct ‘combinatorial’ proof of Stade’s identity (with
some restrictions on the parameters) analogous to the bijective proof of the
Cauchy-Littlewood identity via the classical RSK correspondence (see, for
example, Fulton [23, §4.3]).

The second aim of this paper is to initiate a program of understanding the
gRSK mapping in the presence of symmetry constraints in much the same
spirit as the work of Baik and Rains [2, 4, 5] on longest increasing subse-
quence and last passage percolation problems. Here we consider one partic-
ular symmetry, namely the restriction of gRSK to symmetric matrices. We
show that the volume preserving property continues to hold in this setting
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364 N. O’Connell et al.

and deduce the analogue of the Whittaker measure. The corresponding Whit-
taker integral identity (Corollary 5.5) involves only a single Whittaker func-
tion, and turns out to be equivalent to a formula for a certain Mellin trans-
form of the GL(n, R)-Whittaker function which was conjectured by Bump
and Friedberg [16] and proved by Stade [44], again with some restrictions on
the parameters. We also consider a degeneration of this model in which the
diagonal entries of the input matrix vanish and the gRSK map rescales to a
new version of gRSK defined on triangles. This model has a surprising and
non-trivial connection to the symmetric case (see remarks at the end of Sect. 6
below).

One particular motivation for our study of the gRSK mapping is the anal-
ysis of directed polymer models. The basic directed polymer in a random
environment is a model from statistical physics introduced by Huse and Hen-
ley [29] that couples a random path with an environment of random weights.
Given random positive weights {w; ;} indexed by the two-dimensional lat-
tice, each directed lattice path & from (1, 1) to (n, m) is given the quenched
probability

Qnm(”)=zn_ni l_[ wj, j
(i,j)em

where the normalization, also called partition function, is

Zim= ) |1 wi (L.D)

mellym (i,j)GT[

and I1,,, is the set of such paths. A great deal of work in probability and sta-
tistical physics has been devoted to understanding the large-scale behavior of
the random path 7 and the partition function Z,,,, but the subject is far from
complete. The reader is referred to [17, 18, 20] for reviews. The connection
with gRSK is that the partition function appears as an entry in the output
matrix (equation (3.9) below).

As an application of our gRSK results we determine the law of the partition
function of a family of random polymer models with inverse gamma weights
that are constrained to be symmetric about the main diagonal. (The model
with inverse gamma weights is also called the log-gamma polymer because
conventionally the weights are written as exponentials to create a Gibbs-like
measure.) We also consider a degeneration of this model in which the poly-
mer paths are constrained to stay below the diagonal. This can be seen as a
discrete version of the continuum random polymer above a hard wall, which
appeared recently in the physics literature [28]. Formally, our results yield in-
tegral formulae for the Laplace transforms of these laws which we anticipate
will be made rigorous in future work and then used as a starting point for
further asymptotic development. Similar integral formulae obtained in [19]
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Geometric RSK correspondence, Whittaker functions 365

for the polymer model without symmetry were used in [12] to prove Tracy-
Widom GUE asymptotics for the law of the partition function. The polymer
models we consider also give rise to a positive temperature version of the in-
terpolating ensembles of Baik and Rains [2, 4]. In the KPZ scaling limit they
should correspond to the KPZ equation on the half-line with mixed boundary
conditions at zero and narrow wedge initial condition.

The outline of the paper is as follows.

o In the next section we give some background on Whittaker functions, in-
troduce a generalization of these functions and explain how these functions
can be regarded as generating functions for patterns. This interpretation
can be seen as a generalization of Givental’s integral formula [24, 26, 32]
and is analogous to the combinatorial interpretation of Schur functions as
generating functions for semistandard Young tableaux.

e In Sect. 3 we give a new description of the gRSK map as a composi-
tion of local moves (based on Noumi and Yamada’s dynamical description
of gRSK) and use this to establish several basic results. In particular, we
show that the gRSK mapping is volume-preserving with respect to a nat-
ural product measure on (R.)"*™ and establish a fundamental identity
(Theorem 3.2) which provides an elementary explanation of the appear-
ance of Whittaker functions in this setting. This gives further insight into
earlier results from [19] and yields a new proof and generalization of two
of Stade’s Whittaker integral identities (Theorems 7.1 and 7.3).

e In Sect. 4 we explain the relationship between the local-moves descrip-
tion of gRSK and the geometric row-insertion algorithm of Noumi and
Yamada [37].

e In Sect. 5 we consider the restriction of gRSK to symmetric matrices. We
show that the volume preserving property continues to hold in this setting
and deduce several consequences, including a new proof (with some re-
striction on the parameters) of the Whittaker integral identity (Theorem
7.5) involving a single Whittaker function due to Stade [44].

e In Sect. 6 we introduce gRSK for triangular arrays. Again we prove a fun-
damental identity and the volume preserving property, and deduce the prob-
ability distribution of the shape vector of the output array under inverse
gamma distributed initial weights. The polymer version of the problem de-
scribes paths restricted to lie below a hard wall.

e In Sect. 7 we explain how the results of this paper relate to some of the
Whittaker integral identities which have appeared previously in the auto-
morphic forms literature.

e In Sect. 8 we explain how the Berenstein-Kirillov extension of the RSK
correspondence can be recovered by taking a limit (tropicalization). In sta-
tistical physics terminology this is a zero-temperature limit that takes poly-
mer partition functions to last-passage percolation values. By analogy with
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Sect. 3, we give a description of the Berenstein-Kirillov mapping in terms
of local moves which shows that this map is also volume preserving. Under
exponentially distributed weights the probability distribution of the shape
vector of the resulting pair of Gelfand-Tsetlin patterns is given by a non-
central Laguerre ensemble. This connection to random matrix theory has
had important applications to last passage percolation models [4, 13, 21,
22, 33].

2 Whittaker functions and patterns

For A € C, x,y € (R.()", define

n ) A n ) n—1 Y
Qi =(JT2) exp(-D L - > T
o1 i XD i

For 1 € C, x € (R-¢)" and y € (R~()""!, define

We regard these as integral operators: for suitable test functions,

n d ;
, i fm 2L

R0 i=1

0" f () = /

n—1
oV o |] i
R)"~! i Vi
These operators were introduced in the papers [24, 25]. We remark that, in
those papers, they are referred to as Baxter Q-type operators by analogy with
similar operators that were originally introduced by Baxter (see, for exam-
ple, [6, 7]) as a tool for solving the eight-vertex model.

Define ¥, (x) for A € C", x € (R~0)" recursively as follows. For n =1,
AeCand x e Rog weset Wl(x) =x~*. Forn>2and A = (A1,..., Ay) €
cr,

11/)11 = 11/)’:!1 ..... An = Q,)t;,n ll’p},»z,..l.,)»n,] ° (21)

We note here, for later reference, some identities which follow easily from
the definitions. For a > 0 we have

W (ax) =a~ 2 %Wl (x). (2.2)
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If af = o + ¢ for some ¢ € C then, writing x = (x1, ..., x,),
Wl (x) = (]_[ x;f) Wl (x). (2.3)
i

Finally, if we set x! = 1/x,_; 1, then
el (x) =¥, (x"). (2.4)

The functions ¥," are GL(n, R)-Whittaker functions [24, 25] (see also [26,
32]). These functions were first introduced by Jacquet [31]. They play an
important role in the theory of automorphic forms [14-16, 27, 30, 43, 44] and
the quantum Toda lattice [24-26, 32, 34, 36, 41]. In the latter literature they
arise as eigenfunctions of the open quantum Toda chain with n particles with
Hamiltonian given by

52 n—1
H=- — +2 ) fitiT,
Z 9x? £
i l i=1
If we define ¥ (x) = ¥", (z), where x; =logz; fori =1,...,n, then

HY} = —(ZA?)M-

See, for example, [24] for more details.

In the automorphic forms literature the standard ‘normalization’ is slightly
different. In particular, in the notation of the paper [30], we have the relation,
forn > 2:

A/m¥in fnzl
w"A(x)z(l_[x,-) (Hy;”"‘”/)wn,a@), (2.5)

i j=1

where ay = A —(1/n) Y ;Aifork=1,...,nand wy; = \/xp—j41/xn—;, for
j=1,...,n—1.This is easily verified by comparing the recursion (2.1) with
a similar recursion obtained by Ishii and Stade [30] for the functions W,, ,(y),
and using the elementary relation (2.3). Indeed, first note that, by (2.3), we
only need to check this for A = a, that is, when ) ; A; = 0. In the case n =2
we have, writing a = (a, —a) and y| =y,

Wa.a(y) = 2/ K2a 2 y) = /YW 2 (x1, x2)
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368 N. O’Connell et al.

where my = 4/x2/x1 and K, is the Macdonald function
1 [ v=1,=5 G+~ 1y
K,(z) == t dt.
2 Jo

For n > 3, in [30] it is shown that

na(y)—l_[y(" 7)/242a1 (n—j)/ (n— 1)[ o= LIzt iU+,

(Roo)~ !

” duy,—
Xl—[u(n 2j)/4+nay /(n— I)W 16| 2 /—2,..-,)71171 i
ui Un-—2

du1 du,_q
X —— s

’

ui Up—1

where

al al
b= —_— , .
<a2+ 1 an+n_1>

Making the change of variables

Xn—j+1 V4 Xn—j 2 Zn—j+1
7Ty] = ) - = ) T[yju] = )
Xn—j Uj  Zn—j Xn—j
for j =1,...,n — 1, and using (2.5) above, we see that this is equivalent to

the recursion

— le dz -1
o= [ e wawn) @5 e
R>0)"~

in—1

which agrees with (2.1) above.
We will also consider the following generalization of the functions ¥,". For
AeC" x e (Rop)" and s € C, define

W (x) =l (x); (2.6)

for L € C"tk k> 1, and Ms > 0, define
q/f;s = QKnJrk an+k—1 an+1 ..... An3s® (2.7)
It is straightforward to see that ¥," '(x) is well-defined, as an absolutely con-
vergent integral, for each x € R”. The functions 'lf)f’ can be regarded as gen-

erating functions for ‘patterns’, as we shall now explam
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Geometric RSK correspondence, Whittaker functions 369

Let x € (R.g)". We define a pattern P with shape sh P = x and height
h > n to be an array of positive real numbers

211
222 221

P=_ - 2.8
Znn Znl (2.8)

Zhn Znl

with bottom row z;,. = x. The range of indices is
Ln,h)={G,j): 1<i<h, 1<j<inn}.

If h =n then P is a triangle in the sense of Kiyillov [35]. Fix a pattern P as
above. Set po =1 and, for 1 <i <h, p; = ]_[;A:"I zij and 7 = p;i/pi—1. We
shall refer to  as the fype of P and write T = type P. For a € C" define

h

P =] (2.9)

For s € C, define

Zi—1,j T Zi+1,j+1

FP)=—1+ Y

L eL(nh

(2.10)
Zij

with the convention that z;; = 0 if (i, j) ¢ L(n, h). Denote by IT h(x) the set
of patterns with shape x and height 4. Then, for A € C" and %ts > 0 (this
condition is only required if & > n)

)l (x) =/ Pt Pap (2.11)
nh(x)

where
dz;;
dP = | | L.
. Zij
(i,))eL(n,h—1)

This formula is just a re-writing of the above definition (2.7) of lI/A”; 5

We remark that, although it is not obvious from the above definition, the
function W' is invariant under permutations of the indices Ay, ..., A, [25,
34]. In fact, the same is true of the function lI/”;S, where A € C"t% k> 1
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370 N. O’Connell et al.

and Ms > 0. That is, ¥," 1.s 1s invariant under permutations of the indices
ALy ey Aprk. This follows from the definition (2.7), using the relation

Oy R Q) = QL R{ 0y, (2.12)

where R, denotes multiplication by the function e*/*», and the invariance of
le ’’’’’ . under permutations of Ay, ..., A,. The relation (2.12) is a straight-
forward extension of the commutativity property Q% Q) = Q}, Q' obtained in
[25, Theorem 2.3].

There is a Plancherel theorem for the Whittaker functions [34, 41, 46],
which states that the integral transform

. dx;
fo= /( f(x)w"(x>1_[ &
>0

defines an isometry from La((Rx0)", [T/_; dx;/x;) onto L™ (R", s,(M)d2),
where L;y " is the space of L, functions which are symmetric in their vari-
ables, t = +/—1 and

_ 1 -l
sn(h) = (2ﬂt)nn!gr<xl )

is the Sklyanin measure.

3 Geometric RSK correspondence

The geometric RSK (gRSK) correspondence is a bijective mapping
T: (R>O)nxm g (R>O)nxm‘

It is also birational in the sense that both 7 and its inverse are rational maps.
It was introduced by Kirillov [35] as a geometric lifting of the Berenstein-
Kirillov extension of the RSK correspondence and further studied by Noumi
and Yamada [37]. We will define it here via a sequence of ‘local moves’
on matrix elements. This is essentially a reformulation of the row-insertion
procedure introduced in [37], as will be explained in Sect. 4 below.

For each 2 <i <n and 2 < j < m define a mapping /;; which takes as
input a matrix X = (x;;) € (R-0)"*" and replaces the submatrix

Xi—1,j—1 Xi—1,j
Xij-1 i
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Geometric RSK correspondence, Whittaker functions 371

of X by its image under the map

a b bc/(ab + ac) b
<c d)}_)( ¢ d(b+c)>’ 3.D

and leaves the other elements unchanged. For2 <i <n and2 < j <m, define
li1 to be the mapping that replaces the element x;1 by x; 1 1x;1 and /y; to
be the mapping that replaces the element x1; by x1,;_1x;;. For convenience
define /1 to be the identity map. For 1 <i <n and 1 < j <m, set

J
TT; =l,'jo'~ol,'1,

and, for 1 <i <n,

T o om:;, 1=<m,
= ﬂ;l_m_’_l o on:", i>m (3-2)
The mapping T is defined by
T=R,o0---0oRy. (3.3)
For example, suppose n = m = 2. Then
Ri=nl=lpolyi=lp, Ry=nloni=ljolpnoly=lpoly

and so
T =RyoR|=Ilpolpol.

Here is an illustration:

Y b 'ﬁ) a ab 'ﬂ) a ab 'ﬁ) be/(b+c) ab
‘\e¢ d c d ac d ac adlb+c) )’

Note that each /;; is birational. For example, the inverse of the map (3.1) is

given by
a b bc/(ab+ac) b
c d]™ ¢ d/(b+c))

The birational property of T can thus be seen directly from the above defini-
tion.

Each matrix X € (R.¢)"*"™ can be identified with a pair of patterns (P, Q)
with respective heights m and n, and common shape

sh P =sh Q = (xum, Xn—1,m—1s+-+» xn—p—i—l,m—p-i—l),
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372 N. O’Connell et al.

where p =n A m, as illustrated in the following example:

x31
Yo o xm
X1 X2
X12
X12
p=_ " O=x1 2
X1 X3 Y1 xm

sh P =sh Q = (x32, x21).

In the following, we will simply write X = (P, Q) to indicate that X is iden-
tified with the pair (P, Q).
The mappings R; defined above can also be written as

Rizpfno---opéopi
where

i = li,j—i+10--+0li—1 j—10lij, =], (3.4)
P Wicjyr10--0lizy jo10lij, i>]

Here we are just using the obvious fact that /;; o [;j = l;1jr o l;; whenever
li —i’| +|j — j’| > 2. This representation is closely related to the Bender-
Knuth transformations, as we shall now explain. Foreach 1 <i <n and 1 <
J < m, denote by b;; the map on (R.()"*" which takes a matrix X = (x;)
and replaces the entry x;; by

.1 1 1\
X = _(xi,j—l +Xl‘_1,j) + s (35)
Y Xi+1,j  Xij+1

leaving the other entries unchanged, with the conventions that xo; = x;0 =0,

Xnil,j =Ximy1 =00forl <i <nand 1 < j <m,butxjg+xo1 =X, T
X, ;111 41 = 1. Denote by r; the map which replaces the entry x,j by X, j+1/%n;
if j <m and 1/x,,, if j = m, leaving the other entries unchanged. For j < m,

define

h; = {b"—ﬁlﬂ o-robu-tj-toby. j=n. (3.6)

bij—pnt10---0by_1 j_10byj, j=n.

It is straightforward from the definitions to see that ,07 = hjorj.Now, observe
that if X = (P, Q), then for each j <m, h;(X) = (¢;(P), Q) where ¢; is
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Geometric RSK correspondence, Whittaker functions 373

defined by this relation. It is easy to see that the mappings b;;, h; and t; are
all involutions.

In the case n = m, the mappings ?1,...,#,—1 are the analogues of the
Bender-Knuth transformations in this setting, as discussed in [35]. In this
case, if we define, fori < n,

gi=tio(tpotj)o---o(tjo---oty), 3.7

then, as explained in [35], the involutions s; = g; o t] o g;, i < n, satisfy the
braid relations (s,-si+1)3 = Id, and hence define an action of S, on the set of
triangles of height n. The mapping ¢,—1 is the analogue of Schiitzenberger’s
involution in this setting.

An immediate consequence of the above re-formulation of gRSK is the fol-
lowing volume preserving property. Denote the input matrix by W = (w;;) €
(R0)"*™ and the output matrix by 7' =T (W) = (;;) € (R>0)"*".

Theorem 3.1 The gRSK mapping in logarithmic variables
(logw;j, 1 <i<n,1<j<m)— (logtj, 1 <i<n,1<j=<m)
has Jacobian %1.

Proof It is easy to see that the Jacobians of the mappings /;; in logarithmic
variables are all 1. This follows from the fact that the mappings

(loga,logb) — (loga,loga + logb)
(loga,logb,logc,logd) — (log(bc/(ab + ac)),logb, logc, log(db + dc))

each have Jacobian %1. The result follows from the definition (3.3) of 7. [

We remark that, by a similar argument it can be seen that the involutions
gi, i < n, on the set of triangles of height n, all have Jacobian %1 in logarith-
mic variables.

We recall here some basic properties of the gRSK map 7', which are either
obvious from the definitions or proved in the papers [36, 37]. Suppose W e
Rog)™ ™ and T =T (W) = (P, Q). If we define row and column products
R; =[], wij and C; = []; wij, then type Q = R and type P = C. Note that
this implies, for A € C" and v € C",

[Tw," ™™ =[]&"[]c;” =P0 (3.8)
ij i j

Also, the following symmetries hold:
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T(WH)=TW),;

TW)=(P,Q)& T(W)=(Q,P);

W is symmetric < T is symmetric & P = Q;

W is symmetric across the anti-diagonal < Q = g,—1(P).

The connection to directed polymers is via the following formula for #,,,:

tnm = Znm = Z 1_[ wij, (3.9)

mellym, (i,j)en

where Z, ,, is the partition function that appeared in (1.1). Recall that 1, ,,
is the set of directed nearest-neighbor lattice paths in Z? from (1, 1) to (n, m),
that is, the set of paths 7 = {w (1), 7 (2), ..., w(n +m — 1)} such that = (1) =
1, ), r(n+m—-1)=m,m)and r(k+ 1) — (k) € {(1,0), (0, 1)} for 1 <
k <n + m — 1. We shall refer to the variable t,,, as the polymer partition
function. In this context it is natural to refer to the w;; as weights and W as
the weight matrix. In fact, the remaining entries of 7 = (P, Q) can also be
expressed in terms of similar partition functions, as follows. For 1 <k <m
and 1 <r <n Ak,

In—r4+1,k—r+1"In—1,k—1Ink = Z 1_[ Wij, (3.10)

(1) el (€T

where H,ir,z denotes the set of r-tuples of non-intersecting directed nearest-
neighbor lattice paths my, ..., m, starting at positions (1, 1), (1,2), ..., (1,7)
and ending at positions (n, k—r—+1), ..., (n,k—1), (n, k). (See Fig. 1. When
we use the path representation we draw the weight matrix in Cartesian coordi-
nates.) This determines the entries of P. The entries of Q are given by similar
formulae using T(W') = (Q, P). We note here the following identity, which
follows from the above lattice path representation for 7': setting p =n A m,
we have

P 1 1
}:7=—. (3.11)
- w~, i

To see this if n < m, take the ratio of (3.10) for H,gf’,f D and 17,5",2 . In the
opposite case apply the same to W'.
Now, for X € (R.¢)"*™ and s € C, define

SS(X):L—FZM’ (3.12)
ij

X11 Xij
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Fig. 1 Three paths

(71, 7, 3) of a particular
3-tuple in 17;13,2 inann x m
weight matrix. Note that the
picture is in Cartesian (n, k)
coordinates. The paths start
at the lower left at (1, 1),
(1,2) and (1, 3) and end at
the upper right at (n, k — 2),
(n,k—1), (n, k)

(1,1)

where the summation is over 1 <i <n, 1 < j <m with the conventions
x;jj =0fori =0or j =0. Note that, if X = (P, Q), then

Fo(P)+Fs(Q), nz=m,
£(X) =
Fs(P)+ Fo(Q), n=m,
where F; is defined by (2.10). An important property of the maps b;; defined
by (3.5) above is that they preserve the quantity £ (X), that is, & o b;j = &.
To see this, recall that the map b;; takes a matrix X = (x4,) and replaces the
entry x;; by

.1 1 1\
X =— i j—1+Xi-1,)) + ;
Xij Xi+l,j X j+1

leaving the other entries unchanged, with the conventions that xo; = x;0 = 0,

Xpt1,j =Xim+1 =00forl <i <nand 1 < j <m, and x19+xo1 =x”J:Lm+
—1

X, my1 = 1. Itis readily verified that
/ / / /
XA X X xgatxen . xy . xy
i,j—1 i—1,j ij ij Xi,j—1 i—1,j ij ij
; + = + = = + +
Xij Xit1,j  Kij+1 Xij Xi+l,j  Xij+1

(3.13)
with the conventions that xo; = x;0 = x(’)j = x{o =0and x;41,j = Ximt1 =
xr/z+1,j = xlf’m_H = oo for each i and j. This implies & (b;; (X)) = En(X). We
remark that, in particular, this implies &yoh j = &, Foot; = Fo forall j <m
and, in the case m = n, Fooq,—1 = Fo, where g,_1 is the geometric analogue
of Schiitzenberger’s involution defined by (3.7).

The cornerstone of the present paper is the following identity which, com-
bined with Theorem 3.1, explains the appearance of GL(n, R)-Whittaker
functions in the context of geometric RSK.
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Theorem 3.2 Let W € (R.o)"*™, T =T (W) and s € C. Then
D B )
Wi, p—i wjj N

where p =n Am and Z/ denotes the sum over 1 <i <n, 1< j <m such
that j £ p—i+1.

Proof From the identity (3.11), we can assume without loss of generality that
s = 1. We will prove the theorem by induction on n and m. The statement
is immediate in the case n =m = 1. Write R; = R""', T =T"" and &"
for the mappings defined above. Recall that 7" (W') = [T™"™(W)]’, for any
values of m and n. It therefore suffices to show that the proposition holds for
T™™ assuming that n > m and that the proposition holds for 7~

Write W1, = (wij» I<i<n—-1,1<j<m),S= Tnil’m(Wn—l,m)
and T = T™"(W). Then

T =R"" 5
n Wyl .. Wam )’

and we are required to show that

eIy =&

Now,

Ry™ =ppo0---0pyop]
where

,0]? :hk orgk :bn,kJr],] O--- Obnk Org.

Set

70 _ §

Wnl .- Wam

and, fork=1,...,m,

T® = PR o--0pyo0 p?(T(O)).
For X € (R-¢)"*" and 0 < k < m, define
(k)
1 X; + x;
gl’lmk(X) _+Z 1— 1] l] 1 Z -

X
1 ij Jj=k+1 tnj
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where X = (x;;) and the first summation is over pairs of indices (i, j) such
thateither ] <i <nand 1 <j<mori=nand 1 < j <k, with the conven-
tions x;; =0 for i =0 or j = 0. Note that

m

) _ 1 )
gn,m,O(T(O)) — 8? l,m(T) + Z ’ gn,m,m(T(m)) _ g;l,m(T)
— Wnj
j=l1
We will show that
gnmiko pp = grmkl (3.14)
for each k =1, ..., m. Note that this implies

gn,m;k(T(k)) — En,m;k—l (T(k—l))

foreach k =1, ..., m, and the statement of the theorem follows.
Let X = (x;;) € (R50)"*" and write

X'=(xj;) = pil(X) = hg o1 (X).

Note that x{j =x;j forall (i, j) except (n —g + 1,k—g+1),1<qg <k.
Applying by o ry gives the relation
Tpmt T _ 1
Xpk Xnk
The next three relations follow from the invariance of &£, under the b;; map-

pings as discussed earlier, see (3.13). If (i, j)=(n —qg+ 1,k —q + 1) for
some 1 < g < k, then

/ / / /
X. . —+ x: . X-. X . Xi + x; . Xii Xii
i,j—1 i—1,j ij ij A j-1 i—1,j ij ij
7 7 —l—x, = o +x~ ~+x-- .
ij i+1,j i,j+1 ij i+1,j i,j+1
If k < n, then

x! x! x! X x X

n—k,1 n—k+1,1 n—k+1,1 n—k,1 n—k+1,1 n—k+1,1
7 + - + - = + + ;

Xp—k+11 Fn—k421  Fn—k412  An—k+11 Xn—k+2,1  Xn—k+1,2

If kK = n (this can only occur if m = n), then

1 X! X! 1 X X
11 11 11 11
x| Xy Xy X1 X210 Xi2

It follows that £k (X") = £m™k=1(X), as required. d

@ Springer



378 N. O’Connell et al.

Let s > 0 and consider the measure on input matrices (w;;) defined by

' P dw,,
99s<dw>_1_[w exp( ;wzp i+1 Z wu)l;[ Wij |

ij
where §; + 6 i > 0 for each i and j. Note that
/( o Ué,@;s(dw) = S_Zf=1(0i+9p—i+1) l_[ F(éi +6)).
0 ij

Suppose W € (R.g)"*™ and T = T (W) = (P, Q). Define a mapping o :
(R=0)""™ — (Rx0)? by

o(W)=shP =shQ = (tyn. —1,m—1s-» tn—p+1,m—p+1)a (3.15)

where p =n A m. The next two corollaries are essentially a re-formulation of
two of the main results in [19].

Corollary 3.3 The push-forward of the measure v ,. . under the geometric
RSK map T is given by o

dr;
Vg s 0 T (at e &ML,
b 0T @) =P"Q U ”

Proof This follows immediately from Theorems 3.1, 3.2 and the relation
(3.8). O

Corollary 3.4 The push-forward of v; ,. under o is given by

P(x)w” O, % n>m,

i=1 x ° -

;s<x>w;’(x>n” L n<m

i=1 x;°

-1
Vj.g:5 OO0 (dx) =

Proof This follows from Corollary 3.3 and the integral formula (2.11) for
vl O
Ass

We also obtain from Theorems 3.1 and 3.2 the following integral identity.
This is the analogue of the Cauchy-Littlewood identity in this setting.

Corollary 3.5 Suppose s >0, A € C" and v € C", where n > m and R(A; +
v;j) > 0 foralli and j. Then

[ o
Roo)"
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Proof From the definitions (2.11), (3.12), the identity (3.8), Theorems 3.1
and 3.2, and Fubini’s theorem,

S—Z:ﬂ:](w-l-ki) HF(Vi +1))

ij

m
— / (f Q—ve—]‘—s(Q)d Q> (/ P—Ae—}'o(P)dP> 1—[ dx;
(R-0)™ \J 11" (x) T (x) o Xi

[ encouy
R-o)"

as required. U

When m = n — 1 this is equivalent to an integral identity which was con-
jectured by Bump [15] and proved by Stade [44, Theorem 3.4], see Theo-
rem 7.4 below. We note that in this case, the identity is proved in [44] without
assuming the condition R(A; + v;) > 0 for all i and j. In this case, the in-
tegral is associated with Archimedean L-factors of automorphic L-functions
on GL(n — 1, R) x GL(n, R).

When n = m, (3.16) becomes:

Corollary 3.6 Suppose s >0 and A,v € C", where R(A; +v;) > 0 for all i
and j. Then

n
‘ dx; n
/ e_A/x”‘I’f(X)‘I’f(X) | | i — ¢~ 2i=1(ith) | | T'(vi +1j).
(R>0)" i=1 Xi

ij

Using (2.4), this is equivalent to the following integral identity for
GL(n, R)-Whittaker functions, due to Stade [43], see Theorem 7.2 below.

Corollary 3.7 Stade Suppose r >0 and A, v € C", where R(X; +v;) > 0 for
all i and j. Then

/ e g (x)lP”k(x)l_[——r_Zl D T (v + 4).
(R-0)"

ij
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Again, we note that this identity is proved in [43] without assuming the
condition R(A; +v;) > Oforalli and j. In this case, the integral is associated,
via the Rankin-Selberg method, with Archimedean L-factors of automorphic
L-functions on GL(n, R) x GL(n,R).

Corollary 3.8 Suppose s > 0 and v € C" with Rv; > 0 for each i. Then,
for each m < n, the function ¥"_is in Lo((R-o)", ]_[l’.”:l dxj/x;), and the

Vs

Sfunction e 1Y (x) is in Lz((R>o)”, [T, dxi/xi).

Proof The first claim follows from Corollary 3.5 and the Plancherel theorem,
as follows. We first note that, under the above hypotheses,

G () =5~ D= R T M (0 + 4j) € Lo((R™, sy (W)d ).
ij

This is easily verified using Stirling’s approximation

blim |F(a+tb)|e%|b||b|%_“ =27, a,belR.
—00

Now, suppose f € La((R0)™, [1/L, dxi/x;) such that f is continuous and
compactly supported on (R"”. By the Plancherel theorem, such functions are
dense in Ly((R<¢)™, ]_[;":1 dx;/x;) and, moreover, satisfy

f ) :/Rm SOOI ()50 () dN (3.17)

almost everywhere. Indeed, for any g € Lo((R-0)™, [ ]/~ dx;/x;) which is
continuous and compactly supported we have, by Fubini’s theorem,

/ ( FOOT (xX)sm (A)dk>_
R-o)™ \JiR™

=], fREGIsndr

‘/(R>O)m

This implies (3.17). Now, by Corollary 3.5,

()W (x) / . ow
/(R>o)m| X)¥) x’l_[ oo ;s X ¥
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It follows that, for f € Ly((R-)™, ]_[5":1 dx;/x;) such that f is continuous
and compactly supported on (R™, the integral

dx;

Xi

[ e fowrmsoa
Ro o)™ JiR™

is absolutely convergent, and so, by Fubini’s theorem,

"™ dx;

v feo ] [

‘/(\R>0)m s E 'xi
m

_ / e (x)( f FOOw™ (x)s (A)dk)l_[dxi
®m R B Xi

i=1 !

— f G (0) f O)sm (W)
(Rm ’

Hence, using the Cauchy-Schwarz inequality,

X dx;
I f) ]| —
/(‘R>O)m ' ll:ll i '

/ G () £ ) ()

(R™

. 5 1/2 o 12
S(/Rm|l1/fs()»)| Sm()\)d)\.> (me|f(k)| Sm()h)d)\,) .

This proves the first claim. The second claim follows from the first, letting
m = n and using (2.4). 0

Consider the probability measure on input matrices W defined by

~ -1
vé’g;s(dw) = Zé’e;svéﬁ;s(dw)

where

—SP (it6: A
Zé,a;s = Zi:1<91+9z>]_[1“(9,- +6;).
ij

The following result was obtained in [19].

Corollary 3.9 Suppose 0; +0; > 0foreachi and j,and (w.l.o.g.) thatn > m,
0; <0 for each i and 6 i > 0 for each j. Then, the Laplace transform of the
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law v; n% of the polymer partition function t,,, under T)é’ 9.5 IS given by

99s

/e ”"’”w (dw)

:f (rs) izt Gi= MTTr o —9)]_[”9710’; L (W dA.

ij t J

Proof By Corollary 3.4,

Tltam 35 —rX|q,m m
/e V5 (dw) 9 5. Y/(R>0)me v, (x)llfé;s

By Corollary 3.8, the functions e™"'¥,"(x) and llfgf’.’v (x) are in the space

Lo((R-p)™, ]_[;-":1 dx;/x;). The result follows, by Corollaries 3.6, 3.7 and the
Plancherel theorem. (]

m
dx,-

4 Equivalence of old and new description of geometric RSK

We explain here the equivalence of the Noumi-Yamada row insertion con-
struction [37] and the definition of geometric RSK given in Sect. 3. The input
weight matrix (w;;) is n x m, where m is fixed and n represents time. After
n time steps the Noumi-Yamada process gives two patterns P = {zx¢} and
0 ={z j}. P has height m, Q has height n, and their common shape vector
Zm. = 2,,, is of length p =m A n. The rows of Q indexed by s =1,...,n
from top to bottom are the successive shape vectors (bottom rows) z,,,(s) =
(zm.e(8))1<e<mns Of the temporal evolution {z(s) : 1 <s < n} of the P pat-
tern. Thus as in classic RSK the Q pattern serves as a recording pattern.

The Noumi-Yamada process begins with an empty pattern at time n = 0.
Then the following step is repeated forn =1,2,3,....

Noumi-Yamada construction for time stepn — 1 —n. Letz=z(n —1) de-
note the P pattern obtained after n — 1 steps. Insertion of row w,,, of weights
into z transforms z into Z = z(n) as follows.

(i) If n > m + 1 (in other words, the triangle was filled by time n — 1), then

ak,1 = Wn k forl <k <m,
Tk+1,02k,0
ak+1,041 :ak+1,gv+7 forl <l <k <m,
Zh+1,2k 0 4.1)
ko = Ak o2k, + Zk—1.0) forl <l <k<m,
Zkk = Ak kZh.k for 1 <k <m.
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(ii) If n < m, then the equations above define Zx ¢ for | <¢ <k A (n —1).
Set

Zkn=0dpn- Ak fork=n,...,m, 4.2)

while Zj ¢ for £ > n + 1 remain undefined.
Proposition 4.1 Let (w;;) be an n x m weight matrix and T =T (W) defined
by (3.3). Then the output T is equivalent to the patterns (P, Q) obtained from

n steps of the Noumi-Yamada evolution, through these equations:

P pattern:  zype =th—p41 k—t+1, 1=L€=<kAn,1<k=<m, 4.3)

Q pattern:  Zyy =ty_gyim—t4+1, 1<€<mAs,1<s<n. 4.4)
Note in particular the common shape vector

/
Im. =23y, = (tn—(f-i—l,m—ﬂ—&-l)lfﬁgp-

Here is an illustration for n x m =3 x 6.

233 243 253 63 =2335 Iy 7
T=|z2n 22 42 52 2= . (4.5)
11 221 231 241 z51 261 = 25,

Proof of Proposition 4.1 We keep m fixed and do induction on 7. In the case
n = 1, the m-vector Z,; described by (4.2) is the same as that obtained by
applying Ry = m{" =,y o --- oly; to the top row wj, of the weight matrix.
Suppose the statement is true for 7"~ Add the nth weight row w,,, to
T"~1™ and call the resulting n x m matrix Tnm — (T';:nl’m ). Then T""™ =

R”(T""”). From the definition of R, we see thatonrow i € {1,...,n — 1} it
alters only elements 7;; for j —i <m — n. Consequently after the application
of R,, the induction assumption implies that (4.4) remains in force for 1 <
s < n— 1. It only remains to check that (4.3) holds after the application of R,.

Again we do induction, starting from the bottom row of 7" and moving
(m—n)vO0+1 m—1

up row by row. This corresponds to executing R, = T 041 O OT 1 ©

7" step by step.
Before applying 7,", the two bottom rows of 7" are

TV =1zt 221 - Zml |=|211 221 - Zml
Wp1 Wy2 -+ Wpm ayir a1 -+ aml
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where we used the first row of (4.1). Apply )" =l 0ly m—10---0l,1. Only
the bottom two rows are impacted. Use the notation from (4.1).

Z11 221 231 - Zml
ailr azr asr - aml
In1 gu 221 31 "t Zml
Z11 a1 asr - aml
In2 an 221 231t Zml In3 azp 4y 31t Zml
711 221 a3l -+ Apl 211 221 231 -t aml
b lam | a2 a3 ag v Am2 o Zml
211 221 231 0 Zm—=11 Zml

Now the bottom row of 7" is in place. Note that the transformations above
left in place z,,1 = z),; as they should, for this entry is in accordance with
(4.4).

Next, an application of 7" =1 n—1.m—109lp—1.m—20---0ly_11 trans-
forms rows n —2 and n — 1 in thlS manner:

22 32 2 Im—12 o Ty
ap ax a4 -+ dup—12  dm2 7
211 221 231 't Zm=21 Zm—1.1  Zml
an-t [@33 as3 asy oo ames fi,z ZL,TM
2 I3 42 o Im-12  Im2 2
I 221 31 Zm=21 Zm—11  Zml

The bottom two rows of 7" are in place. These steps continue until we
arrive at 7", g

S Symmetric input matrix

As it is needed in the following, we will write R;""" and T = T"™ for the
mappings defined in (3.2)—(3.3), and note the following recursive structure.
Let W = (w;j) € R50)"*™ and write Wy, = (w;j, 1 <i <k, 1 <j<m).
Recall that

T"" =Ry™o R o-- 0 R]"™.

n—

Now, for each i < n, the mapping Ri"’m acts only on the first i rows of W and
leaves the remaining rows of W unchanged. In fact, for each i <k <n, we

have
km
n,m _ (ka)
= (B).
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where W/ = (w;j, k+1=<i<n, 1< j<m).This property is immediate
from the definitions. This gives the basic recursion

T (Wootm)
n,m — pn.m n—1,m
T""™(W)=R" ( o) (5.1)
Recall that
(W) = [T (W)]'. (5.2)

In particular, if n =m and W is symmetric, then 7" (W) is also symmetric.

Lemma 5.1 Suppose that n = m and W is symmetric.
(a) The following recursion holds:

Rn’n_l Tn_l’n_l(Wn—l,n—l) !
T""(W) = szn 8 Win «-- Wn—1,n

(5.3)
Wiy -.. Wyn
Moreover, if we denote by (s;;) the elements of the (n — 1) X n matrix
n—1,n—1 t
Wip --- Wn—1,n
and by (t;;) the elements of T"" (W), then
tij=sij f0r1§i<j§n,
1 =s12/2s11,
. 5.5
lii = Sii+18i—1,i/Sii, for2<i<n-—1, (5-5)
Inn = 2sn—1,nwnn-
(b) For n > 1 we have this identity:
n HL%J N
4ln/2] Hwii _ j2=0 n=2j,n=2j _ l_[ioddz’li ) (5.6)
i=1 Hﬁzj th—1-2j,n—1-2] Hieven 2ni

Proof Part (a). Using (5.1), (5.2) and the fact the W is symmetric,

Tn,n(W) — Rn,n <Tn_1’n(Wn—l,n))
n

Wyl ... Whn

Wyl .. Won

o ([T"’"-l([wn_l,n]f)]f)

— R <[Tn,n—1 (Wn,n—l)]t)

n
Wnl ... Wyn
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Rn,n—l <Tn_1’n_1(Wn—l,n—l)> '
:szn | " Wnl +.. Wppn—1
Wl -.. Won
n R;Ll,n—l <Tn1’n1(Wn—l,n—l)> [\
=R, | | Wip - Wp—ln )
Win -.. Won

This proves the first claim. So we have

S
Tn,n W — Rn,n ,
W) " (wln ce wnn)

where S € (R-()""~D*". To prove the second claim, first note that the map-
ping R;;"" leaves the elements of its input matrix which are strictly above the
diagonal unchanged. Thus, #;; = s;; for 1 <i < j < n. Using this, the symme-
try of T, and recalling how the row insertion procedure works (see Sect. 4),
we see that

thn = Wpp (tn—l,n + Sn—l,n) = 2Sn—l,nwnn,

Ih—1,nSn—1,n
In—1n—1= (tn—Z,n—l +Sn—2,n—l)
Sn—l,n—l(tn—l,n + Sn—l,n)

= Sn—l,nsn—Z,n—l/Sn—l,n—l,
and so on; for 2 <i <n — 1 we have t;; =, ;+15i—1,;/si; and then finally,

112512
= ———— =1512/2511,

1 =
s11(t12 + 512)

as required.

Part (b). The second equality in (5.6) is a consequence of (4.3). The first
equality is proved by induction on n. Cases n =2 and n = 3 are checked by
hand.

Suppose (5.6) is true for n — 1. Observe first from the definition of the

n’n_l Tnfl,nfl

mappings that R, operating on ( ) does not alter the diagonal

Win - Wp—1,n
{tﬁ_l}lf,-fn_l of T"~1.7=1 Consequently (5.4) implies that s;; = ti”i_] for
1<i<n-—1.

Suppose n is even. Then the middle fraction of (5.6) develops as follows,
through equations (5.5), s;; = tfi_l and by induction:

Sn—2,n—15n-3,n-2 $23512
28, w L onTs > e
inth—2,n—2 122 _ n—1,nWnn Sn—2,n—2 522
T Sp—1,nSn—2,n—1 Sn—3.n—25n—4,n—3 S12
fre 1 ne1tn—3.n—3 11 n—1, n=1 , =3
n=ln=1%—=3,n-3 Su—1n—1 Sn—3,n—3 2511
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Sn—1,n—18n-3,n—3 " S11

Sn—2,n—28n—4,n—4 " 822

n—1 n
=4wnn . 4%_1 l_[ Wi = 4Ln/2J Hwii.
i=1 i=1

The case of odd n develops similarly except that now the product in the nu-
merator finishes with s17/2s11 and consequently the factors of 2 cancel each
other. O

Theorem 5.2 Suppose that n = m and W is symmetric. Then T =T (W) =
(tij) is also symmetric, and the Jacobian of the map

(logw;j, 1 <i<j=<n)r (logtj;,1 <i<j=<n)
is 1.

Proof We prove this by induction on n. When n = 2, we have t11 = wy2/2,
t2 = wiwi2, ty = 2wiwipwyy and the result is immediate. Now, by the
previous lemma,

_ _ t
n,n—1 Tn-bn 1(‘/Vn—l,n—l)
T =g || R
=, Win ... wn_]’n
Win ... Wp—1,n Wnn

Denoting by (s;;) the elements of the matrix

— — t
S = | grn-1 Tl 1(‘/Vn—l,n—l)
n Wip -+ Wp—1,n ’
we have, by the previous lemma,

tij = Sij forl<i<j<n,
11 =s12/2s11,
. (5.7)
ti; = si,i+lsi—l,i/sii for2<i<n-—1,
thn =2sn—1,nwnn-

This expresses the n(n + 1)/2 variables #;;, 1 <i < j <n as a function,
which we shall denote by F, of the n(n + 1)/2 variables s;;,1 <i < j <n
and S11, ..., Sh—1,n—1, Wan.

Denote by tl.”j*1 the elements of the symmetric matrix 77~ 1"~ Wn=1.n=1)-
By the induction hypothesis, the map

(logwij, 1 <i<j<n—1) (logs ' 1<i<j<n—1)
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has Jacobian +1. The mapping R7" "' on the whole of (R-¢)"*"~D is a
composition of /;j-maps and hence has Jacobian +1 in logarithmic variables;
since it leaves matrix elements above the diagonal unchanged, its restriction
to the space of matrix elements on and below the diagonal also has Jacobian
41 in logarithmic variables. It follows that the mapping

(logw;j, 1 <i < j<n;logw,, 1 <i <n)
— (logsij, 1 <i < j<n;logs;,1<i<n)
has Jacobian +1. It therefore remains only to show that the Jacobian sub
matrix of the map F (in logarithmic variables) which corresponds to the vari-

ables (logsii,...,logs,—1,,—1,logw,,) and (logty,...,logt,,) has deter-
minant 1. From (5.7), this sub matrix is given by

logsi1 logsay ... logsy—1n—1 logwy,
log 381 —1
log 1)) —1
logty—1,n—1 —1
logt,.» 1
which completes the proof. O

Consider the measure on symmetric input matrices with positive entries
defined by

o o 1 1 dw;;
voc(w) =TT Tl exn(= X o= Y 5 ) TT 5
i

i<j i<j i<j

(5.9)

where @ € R" and ¢ € R satisfy o; + ¢ > 0 for each i and o; + «; > 0 for
i # j. Note that

/ v g (dw) = 221D TT R (0 + O [ (@i + ).
(R>0)n(n+1)/2 ; i<
In this setting we have R = C and so, using (3.8) and Lemma 5.1(b),
—ei =0, —ai—¢ 2 (='¢ p—
l_[wij Jl_[wii =4ln/ J{l_[zm. R™“.
i<j i i
Thus, by Theorems 3.2 and 5.2, we obtain the following result.
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Corollary 5.3 The push-forward of vy, under o is given by

Ve 06~ (dx) = AUV F(x)E e (5.9)

where
fa=T]="".
i
If A € C" and y € C satisfy R(A; + y) > 0 for each i, and R(A; + 1) >0

fori # j, then

1 " dx,'
fx) e 2 (x)
‘[R>0))l * 1:[ A

— 4 ln/20y o3 G +V>1_[r(x + [ +21p.

l<j

Now, using (2.2) we can strengthen this to:

Corollary 5.4 Suppose A € C" and y € C satisfy R(\; + y) > O for each i,
and R(A; + ;) > 0 for i # j. Then, for s > 0,

dx;
fx) e nwl (x) ’
/(‘R>0)n l_[

= cu(s, y)s ™ Zi= Mtl_[r(x +y)l_[F(A + 1)),

i<j

where

1 if n is even,

(8 ¥) = {s‘y if n is odd.

By (2.4) this is equivalent to the following identity which is equivalent
to an integral identity conjectured by Bump and Friedberg [16] and proved
by Stade [44, Theorem 3.3], see Theorem 7.5 below. We note that in [44] the
corresponding statement is proved without any restrictions on the parameters.
This integral is associated with an Archimedean L-factor of an exterior square
automorphic L-function on GL(n, R).
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390 N. O’Connell et al.

Corollary 5.5 (Stade) Suppose . € C" and y € C satisfy R(A; + v) > 0 for
each i, and R(X; +X;) > 0 for i # j. Then, for s > 0,

n
dx;
f(x Ve sxign (x)l | !
‘/(‘R>O)n ( ) * i=1 xi

=cpls,y)s X Mf]_[r(x + [0+,

l<j

/
where x; = 1/xp—i41.

Note that f(x") = f(x) if niseven and f(x') =1/f(x) if n is odd.
Now, consider the probability measure on symmetric matrices with posi-
tive entries defined by

V¢ (dw) = Zg, v ¢ (dw), (5.10)

where
o =2%0 1(“t+¢>]_[r(a, + O[] @ +a)p.
i<j

From Corollary 5.3, we obtain:

Corollary 5.6 The Laplace transform of the law of the polymer partition
function t,, under vy ¢ is given for r > 0 by

_ d
/e—rtnnﬁa’g(dw):4|_n/2J§Za_é /(R | fx)se ™7 or q/n(x)l_[ xz
>0)" i

Remark (A formal computation) In the following, we formally rewrite the
above formula as a multiple contour integral which we expect to be valid,
at least in some suitably regularized sense. Let € > 0 and set a/ = o; + €.

1
It follows from Corollary 3.6 (or 3.8) that the function e 2w« W7 (x) is in
Ly((R-0)", [T/ dxi/xi). Moreover, by Corollary 3.6, for A € (R",

d
/ e zw (x)w"(x)| | AN H1CY +0‘1+€>| |F(a,+k +6).
(R>0)”

ij
(5.11)

Thus, by the Plancherel theorem, for any g € L>((R~0)", ]_[?:1 dxi/x;) we
can write
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dx;
gx)e T v (x)
/(‘R>O)" 1_[

- / §()\,)2Zi()hi+01i+€) 1_[ I (o; + )‘j + €)s,(L)dA. (5.12)
(R” .
L]

Suppose n is even. By Corollary 5.5, if » > 0 and 9iA; > O for each i,

n
dx;
() e M (x)
/(R>0)" / * U Xi

=X Xt]_[ru + O[]+ ).

l<_]

By (2.3) it follows that, for € > 0 and A € (R",

/ f(x)ge—rxl (l_[ )‘I’”A(x) l_[ Xm
(R-0)"

= T +f>]‘[m +;+e)]‘[m +hj+20).  (5.13)

i<j

Formally, combining (5.11), (5.13) and (5.12) yields the following integral
formula for the Laplace transform of the law of the polymer partition function
tnn under the probability measure Vg, ¢

/ e """ D¢ (dw)

— > i(hite) )
_ Ty Fi+i+e Y
_/ln(2) U I+ 0) ll:[F(a,+kJ+6)

Xl—[F()»i-i-)»j-i-ZE)

rartay ™ W) (5.14)

i<j

or, equivalently,

/ e Vg ¢ (dw)

P\ "M T+ 0) r, +A)
:/(5> Hr(a +;)HF( “ithi )Hr( o tay P
(5.15)
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where the integration is along vertical lines with 9iA; > O for each i. If n
is odd, we similarly formally obtain, this time using Theorem 7.4 instead of
Corollary 5.5 because in this case f(x')¢ = f(x)~¢ and ¢ > 0,

/ e Itnn Vo, (dw)

P\ E e Oy <Z+A)
-/(5) reTo +;)Hr( I rgapy @
(5.16)

where the integration is along vertical lines with 9iA; > O for each i. It seems
reasonable to expect the integral formulas (5.15) and (5.16) to be valid, at
least in some suitably regularized sense.

6 Geometric RSK for triangular arrays and paths below a hard wall

In this section we introduce a birational, geometric RSK type mapping 7,2
that maps triangular arrays X, = (x;;, 1 < j <i < n) to triangular arrays
T = (tj,1 < j <i <n), both with positive real entries. The motivation
comes from the symmetric polymer of Sect. 5, with a (de)pinning parame-
ter ¢ that tends to infinity. This will become clear later on in Proposition 6.4
(see also the remarks at the end of the section). Notions like the type and
the shape can be defined also for this mapping. We prove that it satisfies a
version of the fundamental identity (Theorem 3.2) and preserves volume in
logarithmic variables. Moreover, we can relate the shape to partition func-
tions of nonintersecting paths below a “hard wall”, that is, paths restricted to

(@, j:Jj<i}
For n = 2 the mapping is defined by
T (x21) = X21. (6.1)
For n > 3 we define inductively
T2 (Xn-1) )
TA(X,) =Ry =127 : 6.2
n ( }’l) n (.Xn] . x”’n_l ( )

with X, 1 = (x;5,1<j<i<n-—1)and
A A
Ry =p o opp” (6.3)

where

,ojA’”:,o;’ forj=1,...,n—2, and
R N A N (6.4)
N 1 N
'On 1= b2 1 ©° obn—l,n—Z ° bn,n—l orﬂ,n—l’
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and p;? is defined in (3.4). To complete the definition of TnA we define the

. Avn A . _ . .
mappings bj’j_1 and r;*, | on a triangular array X, = (xjj, 1 < j <i <n).

A

This is done as follows. The mapping r,", _, replaces x, ,—1 by 1/xpn—1.

Observing the conventions x;o = x,+1,,—1 = 1, make these definitions:

e Fork=0,1,2,..., L%J -1, bnA_"ék’n_Zk_l replaces X, 2k n—2ki—1 With
Xn—2k+1,n—2k—1Xn—2k,n—2k—2
’ _Xn . .
Xn—2k,n—2k—1 = . (6.5)
Xn—2k,n—2k—1
_ n—1 A,n . . . .
e Fork=1,2,..., %51, b, 51 1., 1s the identity mapping.

We present explicitly the cases n = 3, 4 to clarify the definitions. For n = 3,

A
X T (x X
A (! :pZA,3op1A,3 5 (x21) :pzA,3oplA,3 21
X31 X32 X31 X32 X31 X32

_pA,3 X21 _( x2
2 X21X31 X32 X21X31 X21X31X32

Forn =4,
R X21
T, | x31x32
X41 X42 X43

X21
A4 A4 A4 T3A
=pP3 OpPp ©°pP X31  X32

X41 X4 X43

X21

A4 A4 A4

=p3 0Py, op X21X31 X21X31X32
X41 X42 X43

X21
_ A4 A4
=pP3 OO X21X31  X21X31X32
X21X31X41  X42  X43

X21
— A4 xixzxa
=pP3 XaHal X21X31X32
X21X31X41 X21X31X42(X32 + X41) X43

X32X41
X32+X41

— X21X32X41

= T X21X31X
X30+xal 21X31X32

X21X31X41 X21X31X42(X32 + X41) X21X31X42X43(X32 + X41)
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For a triangular array X = (x;;, 1 < j <i <n) define

1 +
A X)) = — 4 Y ML T

X Xij
21 j<i—1 ij

with the convention that x;o = x;; =0 fori =1, ..., n. Here is the analogue
of Theorem 3.2 for triangular arrays.

Theorem 6.1 Let W, = (w;j, 1 < j <i <n) with w;; € R.¢. Then the out-
put array T, = TnA(W) satisfies

1

EMT,) = — (6.6)
<J<i=<n
Proof We will show that
n—1
EAT) =ML (W) + D —
j=1 "

To this end, let 70 = T2 | (W,_1) and T* = p" 0 --- 0 o™ (T2 | (Wy—1))

fork=1,2,...,n— 1. For a triangular array X define
(k)
1 Xi—1,j +Xi j—1
le
j= k+1

where summation Zl@ is over all indices (7, j) such that 1 < j <i <n, but
(i, j)# (n,k+1),...,(n,n — 1). The boundary conventions x;o = x;; =0
are still in force. We will show that

EA,n,k(Tk) _ gA,n,k—l(Tk—l) fork=1,2,...,n—1,

and this will conclude the proof. Notice that for k = 1,2, ..., n — 2 this fact
is already included in the proof of Theorem 3.2, since pl.A’" = p!' fori <
n—2. To checkthecasek=n—1,let X =T" 2 and X' = ,onA;’f(X) =71,
Since p, 'I alters only the elements x; ;_1,i =2,...,n, and leaves the rest
unchanged,

_ 1 ll]+x 1
=t
2,1 j<i ij
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_ 2 Xi—1,j +Xi j—1
i
j<i—1 Y

1 X/ n—1 X x! X
2,1 ji—2 ji—1 =2
+ 5 +—+Z( 4 )+ n2(6.7)
Yo X S \Xi o Xitli-d Xn,n—1
where in the summation ) | we set appearances of terms x; j_1,i =2,...,n,
equal to zero. Consider the three parts of line (6.7).

First

/
L oo 1
Xo1 X31 X21 X31

because either 7 is odd and x5, = x21, or n is even and x5, = x31/x21. The
middle terms satisfy

/
Xii—2 Xii—1 _xi,i—2+ Xii—1

/ ’
Xii—1  Xitli—-1  Xii—-1  Xitli-1

either by virtue of (6.5) if i = n — 2k, or because xlf,l.fl =x;;—1 when i =
n — 2k 4 1. Finally,

1
xn,an _ 1

; =
Xnn—1 Xn,n—1

by (6.5) and the definition of ”;ﬁnq' Making these substitutions on line (6.7)
converts E47=1(X") into £2"~2(X) and completes the proof. O

The following theorem states the volume preserving property of the map
T 2. 1t follows from the volume preservation of the individual steps in (6.4).

Theorem 6.2 Let W = (w;j,1 < j<i<n)e (R=0)""=V/2 45 above, and
consider the mapping W +— TnA(W) = (t;jj,1 < j <i < n). In logarithmic
variables
(logw;j, 1 <j<i<n)r (logt;j,1 <j<i=<n)

has Jacobian equal to +1.

Consider a triangular array W = (w;j, 1 < j <i <n) and the output pat-
tern P2 = T,2(W) = (tjj,1 < j <i <n). The shape of the pattern P2 is
defined as

shP? =shT,2(W) = (1. tn—1n—2. - -, 121).
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Fig. 2 A pair N

(2 N
(71, m2) € I1g™". We haye )
used matrix representation, N

as opposed to Cartesian
coordinates. On the upper
left the paths begin at (2, 1)
and (3, 2). On the lower
right the paths end at (8, 7)
and (7, 6). The diagonal
(dashed line) runs from
(1,1) to (8,8)

Our next goal is to relate the shape to ratios of partition functions. Let H,Er)
be the collection of r-tuples of non-intersecting nearest-neighbor lattice paths
my, ..., that start at positions (2, 1), (3,2), ..., (r + 1, r), end at positions
n,n—1),n—1,n—-2),...,(n —r +1,n —r), and stay strictly below the
diagonal in the matrix picture, i.e. never leave the set {(7, j) : 1 < j <i <n}.
See Fig. 2. Naturally 1 <r <n/2. Denote the partition sums by

v= ) [T wi (6.8)

(7‘[1,...,7‘[,)617,5” (i,j)emU---Um,

The definition includes the case of a path consisting of a single point, which
happens when 7 is even and r = n/2.

The next theorem states that the odd coordinates of the shape vector sh P2
are given by ratios of partition functions.

Theorem 6.3 Consider a triangular array W = (w;j,1 < j <i <n) €
(R-0)*=D/2 the output pattern PA = TnA(W) =(tijj,1 < j<i<n)and
the partition functions z,,r = 1,2, ..., |n/2] as defined in (6.8). Then
=15 tn—2.n—35 « - o s tn—2[n/2)+2,n—2n/2]+1)
= (21,22/21s -+ -» 2n/2) /2 n/2)~1)-

The proof of this theorem will be presented after Proposition 6.4 below.
Define an operator A, acting on n x n matrices W by

W;ij > EW;j, I #J,
2 .
Wn—2in—2i B> 26“Ww, o 4o i=0,1,...,[n/2] -1,
1 .
Wp—2i+1,n—2i+1 M 3Wn—2i+1n—2i+1, =1,2,...,[n/2] —1,

and wi| — %wn, if n 1s even, while w;| — swyy, if n 1s odd.
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Let WnA = (wﬁ’", 1 < j <i <n) be a given triangular array. Let W, be

e A,n

the symmetric n X n matrix with wfi =¢for 1 <i<n and w?, = w;

ij ij
for 1 < j <i < n. Finally, denote by T.0(W) = (w;;", 1 <i,j <n) a
symmetric n X n output matrix whose lower triangular part (1;, 1 < j <
i < n) agrees with the output array TnA(WnA), while the diagonal elements

(tii)i=1,...n are determined by

In—2k,n—2k = th—2k—1,n—2k—1 =Iy—2kn—2k—1 fork=0,1,... and
e (6.9)
tir=1 ifnisodd.

Proposition 6.4 Let T™" be the geometric RSK mapping on n X n matrices
with positive entries, defined in (3.3), and WS, A5, T.?, WnA as above. Then,
as e \( 0,

T (WE) = AL o TO(WS) + S8 (6.10)

where S; is an n x n matrix of lower order terms, specifically

(Srsl)ijzo(‘?)’ i #J,
(S pogim i =0(€).  i=0,1... (n/2] 1,
(SE)nistmgipr =0, =12, [n/2] =1, 6.11)

(Ss) _ o(g), nisodd,
/11 o(l), niseven.

Proof From (5.3) we have this recursion:

Rn,n—l (Tn_l’n_l(W;_1)> '
Tn’n(Wr‘:):p::o(pZ_lo---op?) § Wpt --. Wnon—1
Wip oo Wopn—1 €

(6.12)
Symmetry of W? makes 7" (W) also symmetric. Since p;, alters only diag-
onal elements, the matrix must be symmetric just before the last application
of py;. The mappings p;_, o--- o p{ alter only entries strictly below the diag-
onal. Consequently we can skip the steps o, o--- o p} if we simply take the
upper triangular part of the matrix just before and extend it to a symmetric
matrix. We insert one extra transposition and then keep the lower triangular
instead of the upper triangular part. In other words, let

Tn—l,n—l (er—l)

/ n,n—1
W' =R"
Wyl -.. Wpn—1

) (an n x (n — 1) matrix)
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and define the symmetric matrix W = {wij, 1 <1,j <n}by w;; = wl/.j for

1<j<iAn(@m—1)and w,, =¢. Then T""(W}) = p,’f(VT/). In particular, the
part of 7" (W) strictly below the diagonal is already present in W'.

We prove (6.10) by induction on n. Case n = 2 begins with W2A = (w21),
from which

1
Aé‘ T<> WA — §w21 8w21 — T2,2 & w21 — T2,2 WS .
2° %2 ( 2 ) swy  28%wo w2r & ( 2)

Assume that
T W) = AL o T (W) + Si_ ).

Abbreviate T° = (1f;, 1 <i, j<n—1)= T~ 1n=l(We ) so that the induc-
tion assumption reads:

—1 . .
tszswfj’" +o(e), [#],

2. o,n—1 .
tr?—Qi—],n_Qi_l =2e¢ w, n21 1,n—2i— 1+0( )’ i=0,1,...,
1 o,n—1 .
ta—in—2i = Ewn—nZi,n—Zi +o(l), i=1,...,

. [ewi" o), if (n—1)is odd,

n=
1wl o(1), if (n — 1) is even.

We now perform the mapping

" 1,n— I(Ws 1))

W/=,0;L1 o...o,o;’(wn1 o we

inductively. Assume that we have applied the transformations
Pi_jo---opl, k<n—1,

and this has resulted in output entries

wi;=ew" +o(e), l<j<k—@m—i),n—k+1l<is<n,

where w " denotes the entries of the matrix TO(WA) (recall that the lower

trlangular part of T,f(WnA) is identical to TnA(WnA)). This is readily checked
when k£ — 1 = 1. We will show that this is also true after the transformation
oy - To this end, using the relations (3.6) and (3.5), we have that

on o.n—1
Wt = Wk (W), g1 + 101 1) = ewnic (w7} +w," ) +o(e)
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—swnk + o(e),
w _ n+l—]k ]tn J.k—j+1 wn —Jj.k— J—l+n —j—Lk—j
n—jk—j — ts ' '+t ' '
—j.k—j n+1—j,k—j n—j,k—j+1

(e J+0(8)) (wy " iy o))
_.+o(e)

o,n—1
n—j—1,k—j

o,n—1
g(wn—i-l —Jj.k— ]+wn J.k— j+1)+0(8)

e(w" 4tw ) +o(e)

n—j.k—j

on o.n—1 on o.n—1

Wyt jk—j Wnljk—j+1 Wnljk—j—1 T Walj 15—
=& 0(8)
o,n—1 on + <>n71
Wn—jk—j Wbl —jk—j T Waljk—jt1
—swn jk ]—I-o(s)

and this verifies the proposition for the above entries. The next step is to
conﬁrmthatwn - l—swn i | To(e) for j=0,...,n—2.To this
end, assume that we have performed the transformations p); _, o ---o p{ and

then we operate with p)' . First for j =0,

w/ —1= Wn,n— 1( nn 2+t—ln 1)

= Wn,n— 1(‘c"wnn 2+282 any: 1+0(8))
= E&Wn,n— 1wnn 2+0(8)
=ew,_| +o(e).
For j >0
w;l—j,n—j—lzw;l+l{3njlt;_j’n_j w;l jn—j— 2+t8 jfln 171.
In—jin—j-1 W1t Tl jnej

To develop this further we distinguish between odd and even j. For even j,

/ (Swn-l-l—Jn —j— 1+0(8)) (% tjnjr} ]+0(1))

w

n—jn—j—1= o,n—1
EW, i +o(e)
on 2 <>n 1 2
Xswn n—j— _pto(e)+ 27w, 1nj | Ho(e?)
gwn-i-l —jn—j—1 +0(8) + 2wn j.n—j 0(1)
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wo" wo"
_ n+l—jn—j—1 “n—jn—j—2
=¢ P + o(e)
n—jn—j—1
o,n
=Eew,” iy + o(¢e)

where the last step came from (6.5). In the odd case

o,n—1
/ (ewy !, im_jo1 T o) Q2ew’” e j+0(82))
n—jin—j-1= omn—1
EW, i + o(e)

o,n o,n—1

Ew, _ Jjin—j— 2+0(8)+ wn j—l,n—j—l+0(1)

swy\ iy o) + 262w+ o(e?)

w

X

on—1 o,n—1
n—jn—j “n—j—1ln—j—1
o,n—1

n—jn—j—1

w
=¢

+ o(¢e)
w

— "] |+ o(e) =sw’

n—jn—j— j—1 +0(8)'

n— J n—j
The second last equality follows from the fact that T’ 1( l) satisfies (6.9)

with n replaced by n — 1. The last equality cornes from the definition of
An

b,” jn—j—1 8 the identity mapping (see the bullet below (6.5)). In the case

(n—j,n—j—1)=(2,1) we need to distinguish between the case n is even
or odd. In the even case we have

/ £
W — g€ w3115
21 — 11 ¢ / £
1y (w3y +1,)

o,n—1
=(8w<l>in71+0(8)) (8w31 +0(8))(2w22 +o(1))

(ewon + o(e))(ews;" +o(e) + 3 wgzn_l +o(1))
o.n—1 Oin _ §1n _ o,n
=cwy; ] +o(e)=c¢ o +o(e) =ew,; +o(e),
Wy Wy

where the second to last equality follows from (6.9), since (n — 1) is odd and
therefore wfin_l = 1. The case that » is odd follows similarly.

To complete the construction of 7" (W?), extend W’ to the symmet-
ric matrix W as explained above and define W = pn(W) By computa-
tions similar to the ones above and by symmetry, the diagonal elements
(Wii=1,...n satisfy wy o, o = 282w2f2k,n—2k—1 and wy oy, oy =
%waZk’n_Zk_l for k =0, 1,.... The proof is then complete. Il

.....
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Proof of Theorem 6.3 Consider a symmetric, n X n, matrix, W, with diag-
onal weights, w;; =¢, i =1,2,...,n. Let v, denote the partition sum intro-
duced in (3.10) with k =m =n:

v= Y [T wi (6.13)

(1, o) Em U

The key observation is the following. For 1 <k < |n/2],

k
Vo = (H wiiwni+1,ni+1>z,% +V(2k+1) (6.14)

i=1

and

k
Vok—1 = (1_[ wiiwn—i+l,n—i+l>2Zk—le +VQ@k+1) (6.15)

i=1

where zo = 1, z, is defined by (6.8), and the unspecific notation V (£) rep-
resents any sum of products of weights where each term contains at least £
diagonal weights w;;.

To see the origin of (6.14)—(6.15), consider first vy, the sum of products
[ 1, jyen wij overall paths 7 from (1, 1) to (n, n). Those products that contain
only weights wijw,, from the diagonal correspond to paths that stay either
strictly above or strictly below the diagonal, except at points (1, 1) and (n, n).
By the symmetry of the weights this gives two copies of z;. Similarly for vy,
pairs (1, mp) that intersect the diagonal only at {(1, 1), (n,n)} correspond
to pairs such that m> connects (1,2) to (n — 1,n) above the diagonal and
my connects (2,1) to (n,n — 1) below the diagonal. Weights of paths are
multiplied, and so symmetry gives z%. The higher cases work the same way.

For the symmetric weight matrix the shape vector x = (x1, ..., x,) is given
by

Vi

for2 <i <n. (6.16)

XI=VI,  Xi=2Zpi=
Vi—1
Here we recalled that the shape vector is the bottom row z,,. of the P pattern,
see (2.8), and combined (3.10) with (4.3).
Since w;; = ¢, (6.14)—(6.16) combine to give the following asymptotics for
k=1,2,...,|n/2] as e\ 0:

x) = vy =26%z; +0(82),

2% .2 2%
. U2k ez +o(e™) 1 zg +o(1)

% = = = - :
k-1 &K 2z 1zi +o(e2k) 274
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vakr1 2602717001 4 0(82KFD) 5 Thtl )
X2k+1 = = =2¢ + 0(8 )

vk 2k 22 + 0(e2k) N Tk
The proof can be now completed by comparing to (6.10) and using (6.9). [

For a triangular array X = (x;;, 1 < j <i<n) € (R>0)”(”*1)/2 we define

its type, T = (tj’.’)of j<n—1 = type X, as the vector with entries
Dy (X
rj'-l(X) — A
Dn,j—l(X)
where

D,o(X)=1 and

Dyj(X) = xpjXp—1,j—1""Xn—j+1,1, Jj=12,....,n—1
Proposition 6.5 Let W), = (w;j, 1 < j <i <n) with w;; € R.o. We have
"(TAWy) = ]_[wje ]_[ wgj, l<j<n—1. (6.17)
t=1 k=j+1

Proof Let us first notice that if X = (x;;, 1 < j <i <n) is a triangular array
and X' = pj "(X), then

/ /

X -+ X . .

n n—j+1,1 Xn—1, Xn—j,1 .

- - = Xy ! L j<n—1. (6.18)
x . -..x . x _l '_1.--x 7 11

n,j—1 n—j+2,1 n—Lj n—j+1,

To check this we notice that ij’” = ,0;.’ =hjorj,where h; and r; are defined
in (3.6) via the Bender-Knuth transformations. Let us recall that

, Xi41,jXi, j+1 Xi, j—1 +Xi—1,j
(bij (X))lj =X = > (6.19)
Xij Xit+1,j +Xi,j+1

with the same convention as in (3.5). Multiplying the various relations (6.19)
for (i, j)=(n, j),...,(n— j + 1, 1) leads to (6.18). Iterating this leads to

T,? (TnA(W”)) = Wy, j j (TA 1(Wn 1))
=wy o wjga T (T (W) (6.20)
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Denoting by wlf] the elements of T'; +1(W]+1) by u)TJ the elements of
TjA (W) and using the transformations in (6.5) we obtain that

/ /
e J+L.j 21
(7‘+1(vv)+4)) / /
T w oW
jH1,j—1 31
Lj/2]-1 %

T =0 j2€,j—2€—1
=Wj+1,j L(j 1/2]-1

]261]2112

Using Theorem 6.3 we have that

Li/21-1

l_[ wj —20,j-20—1= 1_[ Wke-

1<l<k<j

The definition below (6.5) implies that

T —_TA . . ;
Wi _gp_y,j—ae—2 = Ti—1(Wj—1)(j—D-2¢,(i—1)—2¢-1

for £ = ., L(j —1)/2] — 1 and using again Theorem 6.3 we obtain
LG—D/2]-1 .
1_[ Wi o1, j—20-2= l_[ Wke-
£=0 1<l<k<j-—1

Combining the last three relations gives

/+1
o (T (W) =wjis || wje,
1<t<j

and this completes the proof. O

By combining Theorems 6.1 and 6.2 and Proposition 6.5 we identify
the probability distribution of the shape vector of the triangular array un-
der inverse gamma weights. The mapping that gives the shape vector is
o2 (Rog)"=D/2 5 (Rog)"~! defined by

oA (W) =shT,X(W) = (lhn—1, ta—1.n—2. - .. 12.1). (6.21)
Consider the probability measure
d _ Z,] —o—aj 1 dwlj
o) =2" [T w™ Vexp(= > —) J] —

1<j<i<n l<j<i<n Y7 1<j<i<n Y

(6.22)
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on the space of triangular arrays (w;;, 1 < j <i <n) € (R-0)"*=1/2 where
a=(ay,...,0,), o +oa; >0 and the normalization is

Zoy = 1_[ F(Oli-i-aj).

1<j<i<n

Corollary 6.6 For the Ay-distributed triangular array of weights, the distri-
bution of the shape vector is given by

oo (6™)(dn)

125t —1

_ _ th—20—1,n—20—2\""
= 1_[ I'(o; +aj) 1( £ f%J_ln . >

1<j<i<n =0 In—20n-20-1

1
—H1wn—1
Xe 21WITN(t) 1_[

0<i<n-2

dtn—i,n—i—l
In—in—i—1
where o' = (a1, ..., 0—1).

Proof LetT = (;j, 1 < j<i<n)= TnA(W). We convert the density (6.22)
into #;; variables. By Proposition 6.5,

[Tw," ™ = 1_[ (ﬁ wie - 1_[ wk,,-) o ﬁ(f? ) (E ww‘) -

j<i j=1 \t=1 k=j+1 j=1

From the proof of Proposition 6.5 (after relation (6.20)),

ln/2]-1
[] ta2enoe1= [] wiy and
£=0 I<j<i<n
L(n—=1)/2]~1
l—[ In—20-1,n-20-2 = l—[ Wij.
=0 I<j<i<n—I

Combine these with Theorem 6.1 to obtain
—Qi—aj 1
[Twy" e -2 =
L — W;j
] <1l ] <l

L5t -1

o n—1

_ ( =0 h—20—1,n—2¢0-2 " l—[(_[,?)—otj e_SA(T)

51 / '
=0 In—20n-20-1 j=1
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By the volume preserving property of the W +— T map (Theorem 6.2),

1 Ln_glj_lt 20—-1n—20-2\""

- = n—20—1,n—20—

)‘aO(TA) (dt):< . [)ﬂj—l )
=0 tn—20n-20-1

n—1

% H(Tjr;)*aj oD 1_[ dﬂ

t. .
j=1 j<i Y

The result then follows by integrating over the variables (7;;,1 < j <i — 1,
1 <i < n) and the definition of the Whittaker function. O

As a further corollary we record the distribution of the vector (z1, z2/z1,
.-+ 2(n/2)/Zn/2)—1) of ratios of partition functions z, defined by (6.8). The
result comes by combining Corollary 6.6 with Theorem 6.3.

Corollary 6.7 Let the array of weights (w;j, 1 < j <i < n) have distribution
Aa Of (6.22), and as before o = («y, ..., a,) = (¢, ay). Then the distribution
of the vector (21,22/21, .-, 2|n/2)/Zn/2)—1)» With the partition functions z,
defined in (6.8), is given as follows in terms of the integral of a bounded Borel
function @:

f¢(ZI»ZZ/Z1a---»ZLn/ZJ/ZLn/2J—1))La(dw)

= 1 r(ai+aj)—1/ [ Ynciomizt

R )L%J In—in—i—1
1<j<i<n >0 0<i<n—2: )
- - ieven

X (p(tn,n—l» In—2,n—3s .- tn—2|_%]+2,n—2|_%]+1)

125t -1

k=0 In—2k—tn-2-2\"" L,
x (n/21-1 12— e ¥, ()
Roq)2-1\[L2
k

—0 In—2kn—2k—1

dty—in—i—
» l—[ n—i,n—i 1‘ (6.23)

h—in—i—1

I<i<n-2:
iodd

The results above are related to those of symmetric weight matrices in
several ways.

(i) Replace n with n — 1 in Corollary 5.3 and consider a symmetric
(n — 1) x (n — 1) weight matrix with distribution (5.10), and set { = «,,.
Let o1 =t,—-1,,—1 be the polymer partition function of the symmetric matrix,
or equivalently, the front element of its shape vector. Then a comparison of
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(6.23) and (5.9) reveals that the distribution of the partition function z; is
identical to the distribution of 2¢,_1 ,_1.

(ii) Corollary 6.6 can be obtained as the { — oo limit of Corollary 5.3.
Using the recursive structure (2.1) of Whittaker functions, namely ¥ =

On=1w" =1 one can show that
n o

oo ' =40 (crA)_l as ¢ — 09,

where “=" denotes weak convergence of probability measures. Under the
measure Vy,; the diagonal element w;; of the symmetric input matrix has
probability distribution

u—i=¢ =1/ gy
piilduy)=————-— onO<u<oo,
20+ My +¢) u

and hence its reciprocal w;; lis twice a gamma variable with parameter «; + ¢ .
Consequently w;; — 1/2 almost everywhere as { — oo. Thus w;; decays
as (1/2)¢~'. This corresponds to the appearance, in our proof, of triangular
arrays with diagonal elements ¢ — 0.

(iii) From a physical point of view, the limit ¢ — oo, or equivalently ¢ —
0, introduces a depinning effect on the polymer, which is responsible for the
appearance of the hard wall phenomenon.

7 Whittaker integral identities

In this section, we recall three integral identities for Whittaker functions
which were proved in the papers [43, 44], and explain how they are equiv-
alent to (and in fact generalized by) those which have appeared naturally in
the context of the present paper (Corollaries 3.5, 3.7 and 5.5). We first note
that the functions W, ,(y) introduced in Sect. 2 are denoted by W, 2,(y) in
the papers [43, 44]. The following identity was conjectured by Bump [15] and
proved by Stade [43, Theorem 1.1].

Theorem 7.1 (Stade) Fors € C,a,beC" with) ;a; =) ;b =0,

n—1

s —j(n—j dy

/ Wi.a D)Wy 6 () | |(7Tyj)21. (zyj J( j)) J

Rx)! izl v
=F(HS)_1 | |F(s+aj+bk). (7.1)

Jj.k
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This integral is associated, via the Rankin-Selberg method, with Archimed-
ean L-factors of automorphic L-functions on GL(n, R) x GL(n,R). Using
(2.5), it is straightforward to see that this is equivalent to:

Theorem 7.2 (Stade) Suppose r > 0 and A, v € C". Then

n
d . n
[ e w150 = St [T+, 2
(Roo)" i=1 " ij
Indeed, if we let

aj:kj—(l/n)ZAi, bj:vj—(l/n)Zvi

and s = (1/n) )_;(A; + v;) then, using (2.5) and (2.3), (7.1) becomes

n—1
i dy;
(ns) W, oW, xS 2 [ 2L =T ro +2p),
(]R>0)n—1 j=1 y] ij
where wy; = /Xy jy1/x,—j for j =1,...,n—1.Itis important to note here
that we are regarding ¥, (x)¥", (x)x; """ as a function of yi, ..., y,—1. Now,
writing
oo dx
I'(ns) = / xte™™M &

0 X1
we can absorb this into the integral, changing variables from y1, ..., y,—1, x1
to x1, ..., Xx,, to obtain

n
d .
[ w15 =TT ro ).
(R>0)n Xi ij

i=1

The identity (7.2) follows, using (2.2).
The second identity is a formula for the Mellin transform

Nu.p,a(s) =f Wiats oo, Yo DOWu16(1, -0, Yu—2)
(]R>0)r171

n—1
s (n —j(n—j—1/2\dY;
% l—l(nyj)zjs(zyjj(n J /))_J’
j=1 Yi

forseC,n>3andaeC", beC' ! with) ;a; = >_jbj =0. This inte-
gral is associated with Archimedean L-factors of automorphic L-functions
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on GL(n — 1,R) x GL(n,R). The following identity was conjectured by
Bump [15] and proved by Stade [44, Theorem 3.4].

Theorem 7.3 (Stade)

Nuba(s) =[] +ai+b)).
i

Now, for A, € C" and r > 0,

-1 A
WX X)) = PR L X1, T,

3T

Using this, and the relations (2.5) and (2.4), it is straightforward to see that
Theorem 7.3 is equivalent to:

Theorem 7.4 (Stade) Letr >0, A € C"! and v € C". Then
n—1 dx: .
/ v ow o [ = =r = OO ] +4)). (1.3)
(R>p)! ' i=1 Ai ij

The third identity is a formula for the Mellin transform

n—1
iy dyi
Mn,a(s)=/ Wn,a(y)l_[(ﬂyj)zsj(zyj jon=p/ )—],
(R>O)n_1 j=1 y]
for particular values of s = (s1,...,s,—1) lying on a two-dimensional sub-

space of C"~!. This integral is associated with an Archimedean L-factor of
an exterior square automorphic L-function on GL(n, R). The following iden-
tity was conjectured by Bump and Friedberg [16] and proved by Stade [44,
Theorem 3.3].

Theorem 7.5 Stade Let 51,50 € C and a € C" with ), a; = 0. Suppose
that, for 2 < j <n — 1, s; = €(j)s1 + (j — €(j))s2/2, where €(j) =1
if j is odd and O otherwise. Set s, = €e(n)s; + (n — €(n))s2/2. Then for
s:(sla"'vsl’lfl)’

T (s)Mua(s) =[] TGs1+a) [[ 52+ ai +ap). (7.4)

i i<j

In terms of the W', this is equivalent to the following identity, which is
straightforward to verify using (2.5) and (2.2) as above.
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Theorem 7.6 (Stade) Supposer > 0,1 € C" andy € C. Then

/(]R ) f(x/)ye_rxl l]/fk(x) l_[ d%i
>0

X
i=1 7!

=cn(ry)r~ =M ] r s + ) [[ D i +2p).

i<j
where x{ = 1/x,_i41, f(x) = ixl.(fl)l and
1 ifnis even,
Cl’l(s’ V) = — f .
sV ifnisodd.

Note that f(x") = f(x) if nis even and f(x") = 1/f(x) if n is odd.

8 Tropicalization, last passage percolation and random matrices

The geometric RSK correspondence is a geometric lifting of the (Berenstein-
Kirillov extension of the) RSK correspondence. Going the other way, let
xfj = ¢%ii/€ where Y = (vij) €e R"™™ and € > 0. Let X¢ = (xfj) and T¢ =
(tfj) = T(X€). Then the mapping U : R"*" — R"*" defined by U(Y) =
(uij) where u;; = lim. ¢ €log tfj is the extension of the RSK mapping to
matrices with real entries introduced by Berenstein and Kirillov [10]. We
identify the output U (Y) with a pair of patterns as before, but now the en-
tries are allowed to take real values. In this context, we define a real pattern
of height / and shape x € R" as an array of real numbers

1
22 21

I'hn ni
with bottom row rj,. = x. The range of indices is
Lin,h)={G,j):1<i<h, 1<j<iAn}.

Fix a real pattern R as above. Set so =1 and, for 1 <i <h, s; = Z’jA:'ll rij

and ¢; = s; — si—1. We shall refer to ¢ as the type of R and write ¢ =
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type(R). Denote by >h(x) the set of real patterns with shape x and height
h. We say that a real pattern R is a (generalized) Gelfand-Tsetlin pattern
if r,, > 0 and it satisfies the interlacing property r;y1 j+1 < rij < rit1,j
for all (i, j) € L(n, h) with i < h, with the conventions r;t1 ,4+1 = 0 for
i =n,...,h—1.Denote the set of generalized Gelfand-Tsetlin patterns with
height # and shape x € R", by GT"(x). This is a Euclidean polytope of di-
mension d =n(n —1)/2+ (h —n+ 1)n. Denote the corresponding Euclidean
measure by d R. The analogue of the Whittaker functions in this setting are
the functions Jy (x) defined, for A € C" and x € R’ by

J(x) = f e M PRIgR,
GTh(x)

Note that, from (2.11), we have

eli—r}})édwenk; 1 (eX/é) = Ji(x).

If h = n then Jy (x) = det(e **i)/A(L) where A(X) = I1
for example, [39]).

The analogue of Theorem 3.2 in this setting is the following. This result
can be inferred directly from results of [ 10] (see Property 8 after the statement
of Theorem 1.1) or seen as a consequence of Theorem 3.2. We identify the
output U (Y) with a pair of real patterns (R, S) of respective heights m and n,
and common shape (U, - .., Up—p+1n—p+1), Where p=n Am.

(Ai — Aj) (see,

i>]

Corollary 8.1 The outpur U(Y) = (R, S) is a pair of generalized Gelfand-
Tsetlin patterns if, and only if, all of the entries of Y are non-negative.

We note that the corresponding statement for matrices with integer entries
follows as a particular case. If Y has non-negative integer entries then the
pair of generalized Gelfand-Tsetlin patterns obtained can be interpreted in
the usual way as the pair of semistandard tableaux obtained via the RSK
correspondence.

The Berenstein-Kirillov [10] definition of U in terms of lattice paths is
given as follows. For 1 <k <mand 1 <r <n Ak,

Un—r+1k—r+1 T+ Un—1k—1+ Unk = max " E Yij
r
GLses ) EIT, 4 (i, ) ey Un--Uny

8.1
where Hrgrlz denotes the set of r-tuples of non-intersecting directed nearest-
neighbor lattice paths 1, ..., 7, starting at positions (1, 1), (1,2), ..., (1,r)
and ending at positions (n,k —r +1),...,(n,k—1), (n, k) (see Fig. 1). This
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determines the entries of R. The entries of S are given by similar formulae
using U (Y") = (S, R). In particular,

= MaX D yij. (8.2)

(1
ﬂEanm (i,j)en

where 17,51,31 is the set of directed nearest-neighbor lattice paths in Z? from
(1,1) to (n, m). This formula provides a connection to last passage directed
percolation which we will discuss shortly. The formula (8.1) is the analogue
of Greene’s theorem in this setting (see, for example, [23, §3.1]).

The local move description of Sect. 3 carries over to the tropical setting,
as follows. For convenience and clarity we adopt the same notation as in the
geometric setting. For each 2 <i <n and 2 < j < m define a mapping /;;
which takes as input a matrix ¥ = (y;;) € R"*™ and replaces the submatrix

()’il,jl yil,j)
Vi, j—1 Yij

of Y by its image under the map

a b bAc—a b
(c d)}_)( c d+bVC>’ (8.3)

and leaves the other elements unchanged. For2 <i <nand 2 < j <m, define
li1 to be the mapping that replaces the element y;| by y; 1,1 + y;1 and [;; to
be the mapping that replaces the element y;; by y1, ;1 + y1;. As before we
define /1 to be the identity map. For 1 <i <nand 1 < j <m, set

J
TT; Il,'jo---oll'l,

and, for1 <i <n,

Then the Berenstein-Kirillov map is given by
U=R,o0---0oRy. (8.4)

Now observe that each /;; is invertible. Indeed, the inverse of the map (8.3) is

given by
a b bAc—a b
<c d)H ( c d—b\/c)’ (8.5)
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and the boundary moves /1, /;; are clearly invertible. It follows that the map
U is invertible. Moreover, U preserves the Lebesgue measure on R"*"”, The
Jacobians of the /;; are clearly almost everywhere equal to 4=1. Combining
this with Corollary 8.1 we conclude that the restriction of U to R is vol-
ume preserving with respect to the Euclidean measure, injective and its image
is given by the Euclidean set of pairs of generalized Gelfand-Tsetlin patterns
with respective heights m and n, having the same shape in

C(p)z{xeRfr: xlz---pr}.

Finally, we recall the following straightforward fact. If we define row and
columnsums r; = ) y;j and ¢; = ), yij, then type(S) = r and type(R) = c.
Note that this implies, for A € C™ and v € C”,

D i rpyi =Y viri+ Y Aje;. (8.6)
ij i j

The analogue of the Cauchy-Littlewood identity in this setting (cf. Corol-
lary 3.5) is thus given as follows.

Proposition 8.2 Suppose .. € C" and v € C", where n > m and R(A; +v;) >
Oforalli and j. Then

/C(m) L@ L) [ Jdxi =] Jor+a)7" (8.7)

i=1 ij

This basic structure has been exploited in the papers [4, 13, 21, 22, 33] to
study last passage percolation models with exponential weights, as we shall
now explain. We note that the development in those papers is via a discrete
approximation and as such differs from the present framework, but the main
ideas are the same. Let a € R" and b € R™ such that a; + b; > 0 for all i
and j. Consider the measure on input matrices (y;;) € R, defined by

vap(dy) =] e~ @t dy,;.
i
From the above, it follows that the push-forward of v, ; under the map U is
given by
Va,b © v-! (du) = e~ aype($)=b-type(R) Hduij.
ij

Now, the variable u,,, defined by (8.2) has the interpretation as a last passage
time in the percolation model on the lattice with weights given by the y;;.
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Choosing these weights at random so that they are independent and exponen-
tially distributed with respective parameters a; + b; corresponds to choosing
the input matrix (y;;) according to the probability measure

Pab(dy) = [ (@ +bj)vas(dy).
ij

From the above, under this probability measure, the law of the random vari-
able uy,, is the same, assuming n > m, as the first marginal of the probability
measure on C™ defined by

tap(dx) = (@i + b Ja () Jp (o) | [ dxi.
ij i=1

In other words, for bounded continuous f,
[ Fmias@n = [ fomsx)
Rrj:(m Ccm)

The probability measures (i, 5 are non-central Laguerre (or complex Wishart)
ensembles and the integrals (8.7) are the corresponding Selberg-type inte-
grals [4, 13, 21, 22, 33].

Similarly, in the symmetric case, one arrives at the interpolating ensembles
of Baik and Rains [2, 4]. These are probability measures on R, defined for
a eRY and ¢ e Ry by

n
Mo (dx) = J(eu + o) Ju ) [ J(oti + )V i,
i<j i=1
‘We note that, in the notation of Sect. 5, as ¢ — 0,
Vea;er © o ! (dex/e) = Mo (dX),

where “="" denotes weak convergence of probability measures. In this setting
(see [4]) if the input matrix (y;;) € R’ixn is symmetric and chosen according
to the probability measure

[T +apeCremiay; [ +o)e @iy,

i<j i
then the last passage time u,,, is distributed as the first marginal of 114 .
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