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Subgaussian concentration and rates of convergence
in directed polymers
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Abstract
We consider directed random polymers in (d+1) dimensions with nearly gamma i.i.d.

disorder. We study the partition function Zy ., and establish exponential concentra-

tion of log Zn,, about its mean on the subgaussian scale /N/log N . This is used
to show that E[log Zx,. ] differs from N times the free energy by an amount which is

also subgaussian (i.e. o(v/N)), specifically O( % loglog N).
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1 Introduction.

We consider a symmetric simple random walk on Z¢, d > 1. We denote the paths of
the walk by (x,),>1 and its distribution (started from 0) by P. Let (wy o )nen zeze be a
collection of i.i.d. mean-zero random variables with distribution » and denote their joint
distribution by P. We think of (wn «)nen ez @s a random potential with the random
walk moving inside this potential. This interaction gives rise to the directed polymer in
a random environment and can be formalised by the introduction of the following Gibbs
measure on paths of length N:

eP SN Wnen dp,

1
dun ., =
KN, ZN,oJ

where § > 0 is the inverse temperature. The normalisation

N
exp (62%,%)1 (1.1)
n=1

Inw=F

is the partition function.
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Subgaussian concentration and rates of convergence

A central question for such polymers is how the fluctuations of the path are influ-
enced by the presence of the disorder. Loosely speaking, consider the two exponents &
and x given by

Enullzn|?] ~ N*¥, Var(log Zy,,) ~ N?X,

It is believed that y < 1/2 for all 5 > 0 and all d (see [18].) It is expected and partially
confirmed for some related models ([20], [9]) that the two exponents y, £ are related via

y=2¢— 1. (1.2)

So there is reason for interest in the fluctuations of log Zn , and in particular in es-
tablishing that these fluctuations are subgaussian, that is, o(N'/?), as compared to the
gaussian scale N/2. It is the o(+) aspect that has not previously been proved: in [22]
it is proved that in the point-to-point case (that is, with paths (z,),>1 restricted to end
at a specific site at distance N from the origin) one has variance which is O(N) when
the disorder has finite variance, and an exponential bound for |log Zy ., — Elog Zy .| on
scale N'/2 when the disorder has an exponential moment.

The zero-temperature case of the polymer model is effectively last passage percola-
tion. More complete results exist in this case in dimension 141, for specific distributions
[15]. There, based on exact computations related to combinatorics and random matrix
theory, not only the scaling exponent x (= 1/3) for the directed last passage time was
obtained, but also its limiting distribution after centering and scaling. The first step
towards an extension of this type of result in the case of directed polymers in dimen-
sion 1 + 1 for particular disorder (the so called log-gamma disorder) was achieved in
[21], where nl/3 variance bounds were established. A closed formula for the Laplace
transform of the partition function of the log-gamma polymer was obtained in [13].
Based on this, the Tracy-Widom GUE scaling limit of the centered and rescaled log-
partition function was obtained in [6]. The best known result for undirected point-
to-point last passage percolation is in [8], stating that for v € Z? d > 2, one has
Var(maxy.0—v ) _,e, wz) < Clv|/log|v|, when the disorder w is Bernoulli. Some results
on sublinear variance estimates for directed last passage percolation in 1 + 1 dimen-
sions with gaussian disorder were obtained in [10], but the type of estimates there
does not extend to higher dimensions, or to directed polymers at positive temperature.
The assumption of gaussian disorder is also strongly used there. In [14] estimates of
the variance of directed last passage percolation are obtained via a coupling method,
which appears difficult to extend to the case of polymers. In [7] exponential concentra-
tion estimates on the scale (|v|/log|v|)'/? were obtained for first passage percolation,
for a large class of disorders.

The extension of these results to directed polymers is not straightforward. This can
be seen, for example, from the fact that subgaussian fluctuations for a point-to-point
directed polymer can naturally fail. Such failure occurs, for example, if one restricts
the end point of a (1+ 1)-dimensional directed polymer to be (N, N). Then (1.1) reduces
to a sum of i.i.d. variables whose fluctuations are therefore gaussian.

The first result of the present paper is to obtain exponential concentration estimates
on the scale (N/log N)'/2. Specifically, for nearly gamma disorder distributions (see
Definition 2.1, a modification of the definition in [7]) we prove the following; here and
throughout the paper we use K; to denote constants which depend only on 8 and v.

Theorem 1.1. Suppose the disorder distribution v is nearly gamma with [ e*Blely(dw) <
oo. Then there exist Ky, K1 such that

N
P (|log Zn. — Elog Zn | >ty — | < Koe K1Y,
’ ’ log N
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Subgaussian concentration and rates of convergence

forall N > 2 andt > 0.

The nearly gamma condition ensures that v has some exponential moment (see
Lemma 2.2), so for small g the exponential moment hypothesis in Theorem 1.1 is re-
dundant. The proof follows the rough outline of [7], and uses some results from there,
which we summarize in Section 2.

We use Theorem 1.1, in combination with coarse graining techniques motivated by
[5], to provide subgaussian estimates of the rate of convergence of N 'Elog Z N, to the
free energy. Here the free energy of the polymer (also called the pressure) is defined
as

N—o00

1
p(f) = lim NlogZNyw P —a.s. (1.3)

The existence of the free energy is obtained by standard subadditivity arguments and
concentration results [11], which furthermore guarantee that

1

p(B) = Jim Elog Z, (1.4)
1

= “TFlog Zxn . 15

Slzlva 0g ZN, (1.5)

Specifically, our second main result is as follows.

Theorem 1.2. Under the same assumptions as in Theorem 1.1, there exists K, such
that for all N > 3,

loglog N

Np(B) > Elog Zn .. > Np(B) — KaN'/?

Controlling the speed of convergence of the mean is useful when one considers
deviations of N~!log Zy , from its limit p(3) instead of from its mean, analogously to
[9].

Regarding the organization of the paper, in Section 2 we review certain concen-
tration inequalities and related results, mostly from [7], and give an extension of the
definition from [7] of a nearly gamma distribution so as to allow non-positive variables.
In Section 3 we provide the proof of Theorem 1.1. In Section 4 we provide the proof of
Theorem 1.2. Finally, in Section 5 we provide the proof of a technical lemma used in
Section 4.

2 Preliminary Results on Concentration and Nearly Gamma Dis-
tributions.

Let us first define the class of nearly gamma distributions. This class, introduced in
[7]is quite wide and in particular it includes the cases of Gamma and normal variables.
The definition given in [7] required that the support does not include negative values.
Here we will extend this definition in order to accommodate such values as well.

Definition 2.1. Let v be a probability measure on R, absolutely continuous with respect
to the Lebesque measure, with density h and cumulative distribution function H. Let
also ® be the cumulative distribution function of the standard normal. v is said to be
nearly gamma (with parameters A, B) if

(i) The support I of v is an interval.

(ii) h(-) is continuous on I.
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Subgaussian concentration and rates of convergence

(iii) For every y € I we have

b(y) = W < /B + Ay, 2.1)

where A, B are nonnegative constants.

The motivation for this definition (see [7]) is that H ~! o ® maps a gaussian variable to
one with distribution v, and ¢ (y) is the derivative of this map, evaluated at the inverse
image of y. With the bound on % in (iii), the log Sobolev inequality satisfied by a gaus-
sian distribution with respect to the differentiation operator translates into a useful log
Sobolev inequality satisfied by the distribution v with respect to the operator 1 (y)d/dy.

It was established in [7] that a distribution is nearly gamma if (i), (ii) of Definition
2.1 are valid, and (iii) is replaced by

(iv) if I = [v_,vy] with |v4| < oo, then

h(z)

‘JZ — Vi|ai ’

remains bounded away from zero and infinity for x ~ vy, for some aL > —1.
(v) If vy = 400 then

[ n(t)dt
h(x)

remains bounded away from zero and infinity, as * — +oco. The analogous state-
ment is valid if v_ = —o0.

The nearly gamma property ensures the existence of an exponential moment, as
follows.

Lemma 2.2. Suppose the distribution v is nearly gamma with parameters A, B. Then
[ e v(dz) < oo forall t < 2/A.

Proof. LetT = H~'o®, so that T'(¢) has distribution v for standard normal &; then (2.1)
is equivalent to

T'(z) < \/B+ A|T(x)| forallz € R.
Considering T'(x) > 0 and T'(z) < 0 separately, it follows readily from this that

A
% (B+ AT (x)])] < 3 for all z with T'(x) # 0,

so for some constant C' we have /(B + A|T(z)|) < C + Alz|/2, or

C?*-B
A

and the lemma follows. O

T()] <

A
+ Clz| + Z:vQ,

For w € RZ""" and (m,y) € Z*! we define o(™¥ € RZ"""\{(m)} by the relation
w = (@™ w,, ). In other words, ©(™¥) is w with the coordinate w(™¥) removed. Given
a function F on RZ""" and a configuration w, the average sensitivity of F' to changes in
the (m,y) coordinate is given by

Y () = / |[F@ G y) = F(w)| dP(@py).

EJP 18 (2013), paper 5. ejp.ejpecp.org
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We define

Y (w) == Z Y9 (w),

(m,y)e{l,....N}xzd

PN = sup E [(Y(mvy))Q],
(m,y)e{l,....N}xZd

on =/E(Y}).

We use the same notation (a mild abuse) when F' depends on only a subset of the
coordinates.

We are now ready to state the theorem of Benaim and Rossignol [7], specialized to
the operator 1(s)d/ds applied to functions e2 ¥ @m.v:)

Theorem 2.3. Let F € L2(v{1--N}xZ") and let py, o be as above. Suppose that there
exists K > epyon such that

2
> E (zp(wm,y)aae%> 1 < K60°E [] (2.2)
(m,y)e{l,...,N}xZd Wm.y
1
for all || < NI where
K
I(K) = 1 7
08 S yonlog - K

Then for every t > 0 we have that

w(IF ~BIF)| > t/I(K)) <8¢,

Observe that if K is of order N, then a bound on pyoy of order N® with o < 1 is
sufficient to ensure that [(K) is of order N/log N. In particular it is sufficient to have
oy of order N and py of order N~7 with 7 > 0, which is what we will use below.

3 Concentration for the Directed Polymer.

In this section we will establish the first main result of the paper, which is Theorem
1.1. We assume throughout that the distribution v of the disorder is nearly gamma
with parameters A, B. We finally denote P = vZ""". We write wu(f) for the integral of a
function f with respect to a measure p.

Let (n,7) € IN x Z?. We denote the partition function of the directed polymer of
length N in the shifted environment wy, . ,+. by

200 = F [eﬁ S w++} : (3.1)

(n,z)

and let y)y ;" be the corresponding Gibbs measure. For / C IN x 7¢ we define

T 1 n,xr
Ffv,w = Z logZJ(\,’;J).
| | (n,z)erl

Define the set of paths from the origin

FN = {{(i,l‘i)}iSN L Xog = 0, |$Z — 3;‘1;1‘1 =1 for all i};
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we write vy = {(i,2;): i =0,..., N} for a generic or random polymer path in I'y. Let
M w = m,y s .
N =max Y fwmy| (3.2)
(m,y)evn

and let ./\/15\7;5) denote the same quantity for the shifted disorder, analogously to (3.1).

Proposition 3.1. There exists 6y(3,v) such that for all || < 6y and |I| < (2d)V, the
function Ff\,’w satisfies the following Poincaré type inequality:

0 ol 2
(@Z;(wm,y)awe?Fva)

m,y

> E

(m,y)ENxZ4d

< Capt?N E {eeffv,w] ,

where C 4 p is a constant depending on the nearly gamma parameters A, B.

Proof. By the definition of nearly gamma we have that

E (w( ) 047 )2
wm,, —e2 N,w
Y 0w,y
0 oF! 2 0 ol 2
< 24 Nw ——e2 " Nw . .
<BE <3wm,ye ) + AE | |wp, ] (&um,ye (3.3)

Regarding the first term on the right side of (3.3), we have

OFy., B

n,r

KN w (Lim—n,y—z)en)
(n,x)el

Owm,y B 1]

and

(m,y)ENXZ2
T 2
S GIDY (”M) o7,
(m,y)ENxZ4 Owm,y
i 2
1 1 n,x ol
= 19252 Z ]E m MN,w(l(m—n,y—x)eny) e@FN,w
(m,y)eNx7Z4 (n,x)el
! 232 1 n,r oF L
< 19 B Z I m MN,w(l(mfn,yfx)e'yN) e Nw (34)
(m,y)ENXZd (n,z)el

- ieQ,BQN E [eaffw} :

where the last equality is achieved by performing first the summation over (m,y) and
using that the range of the path consists of NV sites after the starting site. Regarding
the second term on the right side of (3.3), we define M{V,w = maX(p,z)cl M%Lj) for a set

I C N x Z*. We then have —fMY; , < Ffvyw < My, so following similar steps as in

EJP 18 (2013), paper 5. ejp.ejpecp.org
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(3.4) we have

2

(m,y)ENXZ2

IA

]. ]. n,r 971
19252 Z r Z N (Wm,y L n—ny—a)eqn ) €770
(m,y)eNxXZ4 (n,x)erl

< 392321[5{/\/{{\[ GFNW}

< 39232 (bN]E [ 9Fw} {./\/lfv’weme{V«w;va,w > bN} ) (3.5)

where b a constant to be specified. We would like to show that the second term on the
right side of (3.5) is smaller that the first one. First, in the case that 6§ > 0, since the
disorder has mean zero, bounding Z (n, ,) below by the contribution from any one path
and then applying Jensen'’s 1nequa11ty to the expectation IE[-] we obtain

E {eoffw] > 0N log(2d) (3.6)
while in the case that 6 < 0, applying Jensen'’s inequality to the average over I gives
E {effv,w} <E[Zyy] = SOV,

with A\(5) the log-moment generating function of w, and hence, taking the § < 0 power
and then applying Jensen’s inequality to E[],

E [eﬁfmw} > ONAB) (3.7)
Moreover, for b > 0 we have
E [ M eV Ml , > 0N |

= bNel/PNP(MY > bN) +N/ (1 +10|BuN)el?!P NP (MY, > uN)du. (3.8)

Denoting by J(-) the large deviation rate function related to |w| we have that (3.8) is
bounded by

BN (2d) |1]e(918b-T )N +N(2d)N|I|/ (14 |0|BuN)el9Bu-T N g, (3.9

b
Let 0 < L < limy_y00 J(2)/x (which exists since J(z)/x is nondecreasing for z > E|w|)
and choose b large enough so J(b)/b > L. Then provided |6| is small enough (depending

on 3,v) and b is large enough (depending on v), (3.9)is bounded above by

bN(Qd)2N6(\9|ﬁ7L)bN +N(2d)2N/ (1+ |9‘ﬁuN)6(|9\B7L)uNdu
b

< BN(2d)2N e 5N 4 N(20)2Y / (1+ 10|BuN)e= 5" dy
b
< o~ LbN/4
< E {eeFfv w}
where the last inequality uses (3.6) and (3.7). This combined with (3.5) and (3.4) com-
pletes the proof. O
EJP 18 (2013), paper 5. ejp.ejpecp.org
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The averaging over sets I used in the preceding proof is related to the auxiliary
randomness used in the main proof in [8].
Define the point-to-point partition function

N
oxp (ﬁzwn,mQ 1]
n=1

and let pn ., . be the corresponding Gibbs measure. With I fixed, we define

ZNyw(Z) =F

WJ(\;Z:?/) = / )Ff\/,(&)(m'y)v‘bm,y) 7?5\[’“}‘ d]P((:}my),

L{(2) = / 108 Zu om0, (2) — 108 Ziv.o(2)| AP (@),
Whew= > WYY, Lyu(x):= Y L),

(m,y)eNxZ4 (m,y)eNxZ4

m, -1 -1 -~
W](V,w?g: = / (FN,(&)("“W,(I)m,y) - FN,w)idIP(wm’yL

LY, (2) = / (108 Zn (om0 0, (2) 108 Zns(2)) | PGy
and

Whws = 3 WYL Lywez(x)= > LY (2).
(m,y)ENxZ4 (m,y)ENxZ4

We finally define

rN = sup E [(WJ(\,TZy))2}, n(z) == sup \/E [(L%Ey)(z))z},
(m,y)eENx 7 (m,y)ENxZ4

oy = ]E[(WNM)Q}, in(z) == E[(LN,w(z))ﬂ,

m,y) \ 2 o m,Q 2
r]j\[, = sup E [(Wz(vai) }, r]j\[,(z) = sup \/]E [(Lngy)i(z)) }
(m,y)ENXZ4 (m,y)ENXZ4

and

55 = /E [(WN’WJE)Q}7 §5(2) == \/E [(LN,w,i(Z>)2}-

It is clear that 7, < r} +ry and s, < s} + sy
We make use of two choices of the set I of sites: let 0 < o < 1/2 and

I$ = {(n,x) e N x Z%: n = £N?, |z|o < N}.

Proposition 3.2. For o < 1/2 and I = I}, there exists K3 such that the following
estimates hold true: 1
+ e
ry < WK& Ty (2) < K,

53 < K3N,  §5(2) < K3N.

EJP 18 (2013), paper 5. ejp.ejpecp.org
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Proof. We first consider 73 and s. Observe that

=I5 oL 1 (n,z) (n,z)
(F]\?:(&)(”"’y)y(:}m,y) - I\zw)i - ‘Tﬂ Z (10g ZN (w(m y) D, ) log ZN,UJ )

(n,x)EIg 4

1 n,xr n,x
< S (log 2y o) — o8 Z45) 4 (3.10)
+ (n,z)elg

The difference on the right side can be written as

log Z\™:2) ., —log Z(" 2 = log

Nv(w("hy)’wm)y)

F B Tty wntiota; o (@m-,yfwm,y) Lota,_pn=y
Z(”vm)
N

,w

= log u%‘;jf) (eﬁ(wm,y—wm,y)hﬂm_ny)

= log (1 + iy ( (s Loren oy 1)) (3.11)

S 10g (1 + e,B (&m,yfwm,y)ﬂg\?’j) (1m+zm_ﬂ_y)>
< oG (1, ),
S0
W) :/(Fi iy~ ) AP(@my)
,w,+ N,(OmY) (G o) ;w + >
1 (n.z) B(&my—wm.y) Jp(
< Tar PN (Lot n=y) P\ ) dP (@ y ). (3.12)
|I+| (n,x)els W,y ZWm,y
To bound 7};, we use (3.12) to get:
m 1 n,r » — ~
E |:(W](V u;yj')2:| S ]E Z Mg\/’w) (lw"!‘a:?nfn:y) / eﬁ(wynwy MWl’y) d]P(wmﬂl)
- 47 1/2
1 (n.z)
<E W Z NNL;c (1x+mm_n:y)
+ (n,x)e[i
471/2
1/2
<E 7] Z (Lotan n=y) e3(M(—4P)+4X(8))
| ¢ (n,z)elg
_ 1/2
- T Z N (Latam n=y) e3 (A(=48)+4X(8)) (3.13)
i Iy (n,x)eIe

< |Ia1|1/2e§<x(—4ﬁ>+4x<ﬁ>>,
+

where in the equality we used the homogeneity of the environment and in the last
inequality we used the fact that the directed path has at most one contact point with

EJP 18 (2013), paper 5. ejp.ejpecp.org
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the set /¢ and, therefore, Z(n,w)eli lotz,,_n=y < 1. Hence

1

+ 1(A(—48)+4X(8))
< |I$|1/464 .

The estimate on s} follows along the same lines. Specifically, using (3.12), we have that

2
I |:(WN,UJ,+)2:| = Z Wz(vmwy}r

(m,y)ENXZ4

<E Z | 7 Z 'u(n »L) Lota, = y)/ eﬁ(&)m,yfwm,y) dIP(@m,y)

(m,y)ENxZ gl (n,z)els D,y >Wim,y
_ -
< 2O Z ‘ al Z M(" :c) Iﬂm_n:y) o—Bwm.y
(m,y)EINx ! (n2) eI
- E
< eQ/\(B)]E i (TL JU) (1 )67ﬁw1n,y
- ‘IO‘| NNw THTm—n=Y
(el (m,y)E]Nde
1 —
eQA(ﬂ)E ‘Ia| Z Mg\rflf}) (1w+a:m7n:y) Z ,Uzg\?j) (1I+1m7n:y) e 2Bwm,y
o (nz)erg \(m.y) e]Nde (m,y)ENXZ4

2>\(ﬁ) |Ia Z Z E [Ng\?i;) (1$+I1n7n:y> e—Qﬂwm‘y]

(n,z)€I$ (m,y)eNXZ?

SN | o] Z Z I [“5\75’) (1I+w7n7n:y>i| E [6_25wm'y] (3.14)
H (me)ere (my)eNxzd

— N2 A=28)+2X(8)
where in the equalities we used the fact that

STV (lotan umy) = N, (3.15)
(m,y)eENXZ4

and in the last inequality we used the easily verified fact that u(n /) (1x+mm7n:y) and
e Pwmy are negatively correlated. It follows from (3.14) that
s; < Nez(M=28)+2X(8))

We now need to show how these estimates extend to ry,sy. Using (3.10) and the
second equality in (3.11),

—I¢ —I¢
i Ty
(FN,(LZJ("’L’y),GJm,y) FN,w)_

1 n,r Doy —Wim e
m Z 10g u( ) (66( Y ,y)l + mfn=y) l‘bm,y<wm,y~ (316)
+ (n,:z:)e["‘

By Jensen’s inequality this is bounded by

1 o .
W Z /‘g\]’w) (1z+mm,n:y> B(wm,y - wm,y)ld)myy<wm,y~ (317)
+ (n,z)elg
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It follows that

1

B2 <B | g (

Z Hg\?,f) (1$+mm,n:y> / B(W'm,y — &me) d]P((:}m,y)
@

<w
n,m)EIi m.y m.y

From this we can proceed analogously to (3.13) and obtain

B

[E

1/4

ry < (Elwn, )] + Ellwm,y[]*)

To bound sy we first observe that

/ (@ — D) AP (@) < (@)1 + El(wo0) ) (3.18)
Oy LW,y

Using (3.10), (3.15), (3.18) and the three equalities in (3.11), it follows that

2
E[(Wnw,-) =E Soowgy
(m,y)ENXZ2
- 2
1 n,xr
<E > T I (Lotan—nmy) B(@my)+ + El(wo0)-])
(m,y)ENXZ2 + (n,x)GIi

1 n,xr
< 2N Elwoo)- )+ 2B | | o D0 MDY
+ o
(n,z)elg

< 28°N*(E[(wo,0)-])* 4+ 26°E [(Mnw)?], (3.19)
where My, is from (3.2). A similar computation to the one following (3.5) shows that
for L,b as chosen after (3.9), with b sufficiently large (depending on v),

B(Mxo) S ON? 4 [P ((M)? > 1) i

< (bN)2+N2/ P (Mnyw > N\y) dy
b2

< (bN)? +N2(2d)N/ e NIWD) gy
b2

< (bN)? + N?(2d)N / ~NLVT gy

b2
g (bN)2 +N2€_LbN/2
< (M* +1)N2 (3.20)
With (3.19) this shows that
S;[ < K3N

Turning to 73 (z) and 4% (), as in (3.11) we have

108 Z (6:0m0) 30, (2) =108 Z.(2) < vz (Lip=y) € (Bms=oms) (3.21)
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and then as in (3.13),

e (o] <e| (/]

2
66 (@m,yfwm’y) dIP(CDm,y)>

m,'yz‘*’m,y
< e/\(—25)+2>\(ﬁ)’ (3.22)
so also
(2) < A(—28)+2A(8) (3.23)

Further, analogously to (3.14) but with /¢ replaced by a single point, we obtain

55(2)*=E |:(LN,w,+(Z))2:|

<SNePP N B v, (Le,=y)| B [e7279m]
(m,y)ENXZ4
— N2 AM=20)+2X0(8) (3.24)

Next, analogously to (3.16) and (3.17),

(log ZN7(@(m,y)7gbmyy)(Z) - log ZN,w (Z)) _ S BNN,w,z (lxm:y) (wm,y - Cvm,y)lcf)m,?j<wm73/

(3.25)
SO
E[(L{0 ()] < 28°B (2, ,) (3.26)
and hence
iy (2) < 2BE(wf )2
To deal with §j\,(z), observe that by (3.18) and (3.25), similarly to (3.19),
Inw-()S D Bunws (Lon=y) (@my)+ +El(wo0)-])
(m,y)ENXZ2
< BMpw + BNE[(wo,0) ] (3.27)

Therefore 5y (z)? is bounded by the right side of (3.19), which with (3.20) shows 5y(z) <
K3N. O

Proposition 3.2 shows that log[N/(rysy log(N/rnsy))] is of order log N. We can

apply Proposition 3.1 and Theorem 2.3, the latter with py = ry,on = sy, F = fﬁw
and K a multiple of N, to yield part (i) of the next proposition. Part (ii) follows similarly,
using 7y (z) and §x(z) in place of ry and sy, and F'(w) = log Zn ., (2).

Proposition 3.3. (i) There exist K4 and Ny = Ny(8,v) such that
> t«/é(N)) < geKat

fort > 0 and N > Ny, where {(N) = N/log N.
(ii) There exists K5 and N1 = N1(8,v) such that

15

— >
P (|F¥. - EFY.,

P (|log Znw(z) —Elog Zn ., (2)| > tm) < 8e 5t (3.28)
forall N > Ny,t > 1 and all z € Z* with |z|; < N.

We can now prove the first main theorem.
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Proof of Theorem 1.1. We start by obtaining an a.s. upper and lower bound on log Zn,.
Loosely, for the lower bound we consider a point (| N“|,z) € I{ and we force the poly-
mer started at (0, 0) to pass through that point; the energy accumulated by the first part
of the polymer, i.e. ZZU:V;J w; z,, is then bounded below by the minimum energy that the
polymer could accumulate during its first | N*| steps. More precisely, we define

MK};D = max{|wn z|: 11 <n < ng, 2] < N},

and then bound below by the minimum possible energy:

Letting
MY, = N log(ad) + N (MEY, 4 MY
we then get that

log Zn log E |’ S (vey 41 Wi,

Y

Xiyey = | +10g P(X|ya) = o) = BN MY,

N @)

V

log Z\! - M. (3.29)

Averaging (3.29) over z € I yields
log Znw > Fry —Mf,. (3.30)

In a related fashion we can obtain an upper bound on log Z . In this case we start the
polymer from a location (—|N?%|,z) € I* and we force it to pass through (0, 0). Letting

My, == N*log(2d) + AN (M0 + My V'), (3.31)
we then have analogously to (3.29) that
log Zy SN ) > log Zyw — My, (3.32)
so that, averaging over 7%,
log Znw < Fyo+My,. (3.33)

Using the fact that Fi{w and ff\;w have the same distribution, and Elog Zy ., = ]Eff\,*’w =

]Eff\,%w we obtain from (3.30) and (3.33) that

P (\1og Znw — Blog Zy.o| > t\/é(N)) (3.34)

<P (Fy, —EFy, + My, >t/IN)) + P (Fy, - EFy,, - Mf,, < —t\/I(N))

—J ] 1 T _ o 1
<P (Ffv—w ~EFy,, > Qt\/ﬁ(N)) +P (nyw ~EFy, < —2t\/€(N)>
1 1
+P (szr,w > 2u/£(N)> +P (MN,w > 2t«ﬁ(N))
=P (|Fﬁw - ]EFﬁJ > ;t\/é(N)) +P (MJ% > ;m/@(N)) +P <MN,w > ;wam) :
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For N > Ny(8,v), Proposition 3.3(i) guarantees that the first term on the right side
in (3.34) is bounded by 8e~Hat/2  The second and the third terms are similar so we
consider only the second one. If £ > 1, then for some Kj, for large N,

1 t .| N
P (M;Vﬁw > 2t\/€(N)) < KgNitop <|w0,o| > @N logN>

t N3—@
K. N1to _ ]E{ qu
0 P ( 8\/logN> ¢

IN

- t N3«
= P 16 ViogN |~
Putting the estimates together we get from (3.34) that for some K7,
P (\mg Znw — Blog Zy | > t\/ﬁ(N)) < 10e~ K7 (3.35)

for all N large (say N > No(8,v) > No(B,v)) and ¢t > 1. For t < 1, (3.35) is trivially true
if we take K7 small enough. This completes the proof for N > N,.

For 2 < N < N, an essentially trivial proof suffices. Fix any (nonrandom) path
(Yn)n<n and let Ty = 25:1 Wh,y,, SO that Zy,, > (2d)"NePTV, Let Ky = Nalog2d +
MaxN < N, ElOg ZN,wr Kg = minN<N2 ElOg ZN,w and KlO = IMaAXN< N, EZN’UJ. Then for
some Kll; K12,

N
P (10g ZN,W — ]Elog ZN#,J < —t 1]\7> < P(ﬂTN < Kg — t) < K1167K12t
og

and by Markov’s inequality,

N
P (log ZNw — ElogZn. >t 1gN> <P(Zn > ) < Kige Kot
(0]

The theorem now follows for these N > 2. O

4 Subgaussian rates of convergence

In this section we prove Theorem 1.2. We start with the simple observation that
Elog Zn .. is superadditive:

Elog Znimw > Elog Zn ., + Elog Zy ., 4.1)
which by standard superadditivity results implies that the limit in (1.4) exists, with
1 1
]\}Enoo NIE)logZN,w = S%p NElog ZNw- 4.2)

Let 14! be the even sublattice of Z*1:
L = {(n,x) € Z9 :n + 21 + - + x4 is even}.
Let Hy = {(N,z) : x € Z4} N L+ and for [ < m and (I, ), (m,y) € L¢*! define
Zm—1,((l,z)(m,y)) = E 4 [eﬁ nsiprWnen g — g

Recall the notation (3.1) for a polymer in a shifted disorder.

The following lemma will be used throughout. Its proof follows the same lines as
([5], Lemma 2.2(i)) and analogously to that one it is a consequence of Theorem 1.1 for
part (i), and Proposition 3.3(ii) for part (ii).
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Lemma 4.1. Let v be nearly gamma. There exists K13 as follows. Let ny., > 1 and let
0<s1 <t <sag<ta<---< 5. <t witht; —s; < npay forall j <r. Foreachj <r let
(sj,y;) € Hy; and (t;,z;) € Hy;, and let

G =108 Ze, -, w((s5,2)(ty5)), xg = log 20757

Then for a > 0, we have the following.

1)
- 108 Mmax \
P z; |Xj - EXj‘ >2a | < ortt exp | —Ki3a (nmax> , 4.3)
]:
(ii)
P - E 2 | <2t Kza 4.4
ZKj_ Gl>2a] < expl——;5 | (4.4)
j=1 Nmax
(iii)
- 108 Tinax \ 7
P 2(@« —Exj)s >2a | <27 lexp | —Kiza (nmax> , (4.5)
]:

Note (iii) follows from (i), since ¢; < x;. We do not have a bound like (4.5), with
factor (log nmax)l/ 2, for the lower tail of the ¢;’s, but for our purposes such a bound is
only needed for the upper tail, as (4.4) suffices for lower tails.

We continue with a result which is like Theorem 1.2 but weaker (not subgaussian)
and much simpler. Define the set of paths from the origin

FN = {{(Z7Iz)}z§N L Xo = O, |Iz — xi—l‘l =1 for all Z}

For a specified block length n, and for N = kn, the simple skeleton of a path in 'y is
{(jn,zjn) : 0 < j < k}. Let Cs denote the class of all possible simple skeletons of paths
from (0,0) to (kn,0) and note that

ICs| < (2n)7*. (4.6)

For a skeleton S (of any type, including simple and types to be introduced below), we
write I' v (S) for the set of all paths in I'y which pass through all points of S. For a set
A of paths of length N we set

ZnwlA) = B (#ZEein )

and we write Zy ., (S) for Zy ,(T'n(S)).
Lemma 4.2. Suppose v is nearly gamma. Then there exists K1, such that
Elog Zn., > p(8)n — Kiun'/?logn  for alln > 2. 4.7)

Proof. It is sufficient to prove the inequality in (4.7) for sufficiently large n. Fix n and
consider paths of length N = kn. For each § = {(jn,z;») : 0 < j < k} € C; we have

k
Elog Zy .. (S) = Y _Elog Zn. <((j — Dn,2-1)n), (1, xjn)) <kElogZ,.,.  (4.8)
j=1
By Lemma 4.1(ii) (note K3 is defined there),

P ( 10g Zn . (S) — Elog Zn ,(S) > 16dK 3 kn/? log n> < Qktlg8dklogn (4.9)
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so by (4.6),

P ( log Zn w(S) — Elog Zn.,(S) > 16dK 3 kn'/? log n for some S € cs) < e tdklogn,
(4.10)

Combining (4.6),(4.8) and (4.10) we see that with probability at least 1 — e~ 4@ 1og" we
have

IOg an,w - IOg <Z ZN,W(S)>

SecC,
< dklog(2n) + kElog Z,, ., + 16dK 3'kn'/?log n. (4.11)

But by (1.3), also with probability approaching 1 as £ — oo (with n fixed), we have
log Zin,w > knp(B) — k (4.12)
which with (4.11) shows that
Elog Z,., > np(8) — 1 — dlog(2n) — 16dK 5 n'/? log n.
O

The proof of Theorem 1.2 follows the general outline of the preceding proof. But to
obtain that (stronger) theorem, we need to sometimes use Lemma 4.1(i),(iii) in place of
(i), and use a coarse-graining approximation effectively to reduce the size of (4.6), so
that we avoid the logn in the exponent on the right side of (4.10), and can effectively
use log logn instead.

For (n,z) € L4*! let

s(n,z) = np(B) — Blog Zn (@),  so(n) = np(8) — Blog Zn.

so s(n,z) > 0 by (4.2). s(n,z) may be viewed as a measure of the inefficiency created
when a path makes an increment of (n, x). As in the proof of Lemma 4.2, we consider a
polymer of length N = kn for some block length n to be specified and £ > 1. In general
we take n sufficiently large, and then take k large, depending on n; we tacitly take n to
be even, throughout. In addition to (4.1) we have the relation

Znimw(@+Y) 2 Znw(@)Z08(y)  forallz,y,z € Z? and all n,m > 1,

which implies that s(-, -) is subadditive. Subadditivity of s, follows from (4.1).
Let

5/2

p(m) = loglogm 6(m) = (logm)®?, and ¢(m) = |(logm)?]. (4.13)

- Kiz(logm)t/?’

For our designated block length n, for € Z% with (n,z) € IL¢, we say the transverse
increment x is inadequate if s(n,z) > n'/?0(n), and adequate otherwise. Note the de-
pendence on n is suppressed in this terminology. For general values of m, we say (m, x)
is efficient is s(m,z) < 4n'/?p(n), and inefficient otherwise; again there is a depen-
dence on n. For m = n, efficiency is obviously a stronger condition than adequateness.
In fact, to prove Theorem 1.2 it is sufficient to show that for large n, there exists x for
which (n, z) is efficient.
Let
hn, = max{|z|« : x is adequate}.
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(Note we have not established any monotonicity for s(n, ), so some sites = with |z|,, <
h, may be inadequate.) We wish to coarse-grain on scale u,, = 2|h,/2¢(n)|. A coarse-
grained (or CG) point is a point of form (jn,;vjn) with j > 0 and z;, € un,Z®. A coarse-
grained (or CG) skeleton is a simple skeleton {(jn,z;,) : 0 < j < k} consisting entirely
of CG points. By a CG path we mean a path from (0,0) to (kn,0) for which the simple
skeleton is a CG skeleton.

Remark 4.3. A rough strategy for the proof of Theorem 1.2 is as follows; what we
actually do is based on this but requires certain modifications. It is enough to show that
for some K5, for large n, s(n,z) < Kisn'/?p(n) for some xz. Suppose to the contrary
s(n,z) > K15n1/2p(n) for all x; this means that for every simple skeleton S we have

E1og Zin o (S) < knp(8) — kK150 ?p(n).

The first step is to use this and Lemma 4.1 to show that, if we take n then k large, with
high probability
. 1 N
108 Znw(S) < knp(B) — ikK15n1/2p(n) for every CG skeleton S;

this makes use of the fact that the number of CG skeletons is much smaller than
the number of simple skeletons. The next step is to show that with high probability,
every simple skeleton S can be approximated by a CG skeleton S without changing
log Zin,(S) too much, and therefore

1
10g Zkn.w(S) < knp(B) — ilml/sz,o(n) for every simple skeleton S.

The final step is to sum Zy, .,(S) over simple skeletons S (of which there are at most
(2n)?) to obtain

1
log Zin,w < dklog2n + knp(8) — anl/QKlg)p(n).

Dividing by kn and letting k — oo gives a limit which contradicts (1.3); this shows
efficient values x must exist.

We continue with the proof of Theorem 1.2. Let
Hy ={xeZ: (N,z) € Hy,|z|y < N};

when N is clear from the context we refer to points = € Hy as accessible sites. Clearly
|Hx| < (2N)°.

Lemma 4.4. (i) There exists K¢ such that for alln > 2, s(n,0) < Kign'/?logn.
(ii) There exists K7 such that for n large (depending on () and even, if |z|; <
K17n'/?0(n) then z is adequate.

Proof. We first prove (i). It suffices to consider n large. Let m = n/2. It follows from
Proposition 3.3(ii) that

P (\log Zmw(x) — Blog Zp, ()] > 2dK5 'm'/? logm for some z € ﬁm)
< (2m)d672dlogm

< (4.14)

N =
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It follows from (4.14), Theorem 1.1 and Lemma 4.2 that with probability at least 1/4,
for some accessible site x we have

exp (E 108 Zym (@) + 2d K5 *m!/? log m) > Zm ()

@m)d exp (E log Zp o — m1/2)

> exp (p(f})m — 2K 14m/? log m) . (4.15)
and therefore we have the deterministic statement
Elog Zm () > p(B)m — Kigm'/?logm. (4.16)
Then by symmetry and subadditivity,
5(n,0) < s(m,z) + s(m,—x) < 2K15n'/? log n. 4.17)

Turning to (ii), let J = 2|Ky9n'/?0(n)|, with K to be specified. Analogously to
(4.14) and using Proposition 3.3(ii), we have that, for large n,

P (|log Zn—2jw(—z) —Elog Z,,_25,(—2x)| > 2ngln1/2 logn for some x € fIJ)

(2J)d86—2d10gn
1

< (4.18)

Similarly, also for large n,

AN

P (log Zyw((n—2J,2),(n— J,0)) > 2p(B)J for some z € H'J)
<P (log Z1.0((n—2J,3), (n — J,0)) — Elog Z,,,((n — 2J,2), (n — J,0)) > p(B).J for some z € I?IJ)

< 2J)d8€*K5:D(B)J1/2

—~

(4.19)

A
o

Then analogously to (4.15), since

Zn—J,w(O) = Z Zn—QJ,w(x)ZJ,w((n - 2‘]’ SU), (TL - J7 0))5
zcH;
by (4.17)—A(4.19), Proposition 3.3(ii) and Lemma 4.2, with probability at least 1/4, for
some xz € H; we have
exp (IE log Z,,—2.u(x) + 2dK5_1n1/2 log n)
Z Zn72J,w(x)

> Zn-27u(®)Z50((n —2J,2), (n — J,0))e PP/

—Zn,Jw(O)e’%(B)J

|H,|
1
> Elog Z,— o (0) — 2dK: 'n'?logn — 2p(B)J
> (777 O (Blog Zn-ss(0) = 2K 0! logn — 20(3)7)
> exp (p(ﬂ)n - 5p(B)K19n1/29(n)) , (4.20)
EJP 18 (2013), paper 5. ejp.ejpecp.org

Page 18/28


http://dx.doi.org/10.1214/EJP.v18-2005
http://ejp.ejpecp.org/

Subgaussian concentration and rates of convergence

and therefore
Elog Z,_a7.(x) > p(8)n — 6p(8)K19n*/20(n). (4.21)

If |yl < J, then |y — 2|1 < 2J, so there is a path {(i, ;) }n—27<i<n from (n — 2J,2)
o (n,y). Therefore using (4.21), bounding Zs,,,((n — 2J,), (n,y)) below by the term
corresponding to this single path we obtain

ElOg Zn,w (y) Z E log Zn72J,w (.CL‘) + Elog Z2J,w ((n - 2‘]’ .I'), (’I’L7 y))
> Blog Zy_27w(x) — 2Jlog2d + BE > wig,
1=n—2J+1
=Elog Z,—2j,(x) —2Jlog2d

> p(B)n — K19 (6p(8) + 4log 2d)n'/26(n). (4.22)
Taking K19 = (6p(3) + 4log 2d) !, this shows that y is adequate whenever |y|; < J. O

Observe that for a simple skeleton & = {(jn,z;»),j < k}, we have a sum over blocks:

k
log Zn w(S) = Zlog Ly o <((J —1)n,z_1)n), (jn, ;an)> (4.23)
j=1

The rough strategy outlined in Remark 4.3 involves approximating Zy ., (S) by Zn ,(S),
where S is a CG skeleton which approximates the simple skeleton S; equivalently, we
want to replace x(;_1),,%jn in (4.23) by CG points. This may be problematic for some
values of j and some paths in I'y(S), however, for three reasons. First, if we do not
restrict the possible increments to satisfy |z;, — x(j,l)n|oo < h,, there will be too many
CG skeletons to sum over. Second, even when increments satisfy this inequality, there
are difficulties if increments are inadequate. Third, paths which veer to far off course
transversally within a block present problems in the approximation by a CG path. Our
methods for dealing with these difficulties principally involve two things: we do the CG
approximation only for “nice” blocks, and rather than just CG skeletons, we allow more
general sums of the form

l
Z log ZTj_Tj—17w((Tj_17 yj)7 (Tj? Zj))’
j=1

which need not have y; = z;_;. We turn now to the details.

In approximating (4.23) we want to in effect only change paths within a distance
n1 < 6dn/p(n) (to be specified) of each hyperplane Hj,. To this end, given a site
w = (jn £ n1,Yjntn,) € Hjntn,, let zj, be the site in u,Z<¢ closest to y;,1y, in ¢* norm
(breaking ties by some arbitrary rule), and let 7, (w) = (jn, z;,), which may be viewed
as the projection into Hj, of the CG approximation to w within the hyperplane Hj,,, .
Given a path v = {(¢,2;),7 < kn} from (0,0) to (kn,0), define points

ej = (n+n1,Tjnin, ), 0<j<k—1,

fj:(jn_nlijnfnl)a 1§]§k

We say a sidestep occurs in block j in v if either

‘x(jfl)nJrnl - x(jfl)n|oo > hn or |xjn - xjnfn1|oo > hn
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e Ein = En(y) ={1<j <k:xj, —x3_1), is inadequate},
Eside = Eside(7) ={1<j<k:j¢¢&;, and a sidestep occurs in block j},
E = EinUEside
and let

6;-_1 = W(j—l)n(ejq)y fjl = an(fj)» JEE.

Blocks with indices in £ are called bad blocks, and £ is called the bad set. Define the
tuples

(djfhejflvfj?dj) lfj € ga
T - 4.24
T =70) {(eg_hf;) ifj¢ €, @20

define the CG-approximate skeleton of v to be
Sca(v) ={T;:1<j <k}
and define the CG-approximate bad (respectively good) skeleton of v to be
SEEM) ={Tj:je&l  SE(={T;:j¢ €N

Note Ein(7), Eside (), SE(~) and SL5%(~) are all functions of Sce(y). We refer to the
bad set € also as the index set of S%%(y). Let Coq (respectively C24) denote the class of
all possible CG-approximate skeletons (respectively bad skeletons) of paths of length kn
starting at (0,0). For B C {1,...,k} let Cce(B) denote the class of all CG-approximate
skeletons in Cc with bad set B and analogously, let C%¢(B) denote the class of all
possible CG-approximate bad skeletons in Cbad with index set B. Then for b < k define

CEA(b) = Up. pj=b CEE(B).

The partition function corresponding to a CG-approximate skeleton S¢¢ is

ZNw SCG Hanw j 17f ) Han,w(djflaejfl)Zn72n1,w(ej717fj)an,w(fjadj)
JEE JEE
(4.25)

So that we may consider these two products separately, we denote the first as Z Nw (Sg%’d)
and the second as Zy ., (S%4).

For a CG-approximate skeleton in Cog(B), and for j ¢ B, ife_; = (n(j—1),w),d;j_1 =
(n(j —1),2), fj = (nj,y) and d; = (nj, z), we always have

u U
\w—m\ooéhmr?”, Iz—ylooéthr?".

It follows readily that if 71,...,7;-1 are specified and j ¢ B, then there are at most
(4h,u;t 4+ 3)2¢ < (5¢(n))?? possible values of T;; if j € B there are at most (2n)%. It
follows that the number of CG-approximate skeletons satisfies

[Co(B)| < (5p(n))* 1D (2n) 1P, (4.26)

Note that the factor ¢(n) in place of n in (4.26) represents the entropy reduction result-
ing from the use of CG paths. Summing (4.26) over B we obtain

ICoc| < 2%(2n)%F. (4.27)
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For B = {j1 <--- <jig/} C{1,...,k}, setting jo = 0 we have

(4.28)

16n4k>d|B|

cea) < ] [(2<ji—ji_1>n)d<2n>3d}s< a

1<i<|B|

so for each b < k, using (’;) < (ke/b)®,

4 db 2 2db
ol < (5) (50) < (55) 4.29)

We also use the non-coarse-grained analogs of the 7, given by

Vi =V;(v) = (dj-1,€j-1, fj,dj), j <k, (4.30)
and define the augmented skeleton of + to be

We write C,,4 for the class of all possible augemented skeletons of paths from (0, 0) to
(kn,0). Note that Egige(7), Ein(y) and Sci(7y) are functions of S,.4(7); we denote by F
the “coarse-graining map” such that

Sca(7) = F (Saug(7)) -

We can write

ZN7w - Z Z ZN,w(Saug)y

Scc€Ccac Saug€F 1 (Sca)

and define
Ine=Y, [F X Sco)lZnw(Sca)-

Scc€Cca

Now for a given choice of ¢;_; there are at most (2n1)¢ possible choices of e;_; and
then at most (2n;)¢ for d;_;, and similarly for f}, fi,dj, so for all Scq,

[F~Y(Sca)| < (2n1)" . (4.31)
The following will be proved in the next section.

Lemma 4.5. For n sufficiently large, there exists an even integer ny < 6dn/p(n) such
that for all p € H,,, we have

Elog Zy, w(m0(p),p) = p(B)n1 — 20dn'/p(n).

This lemma is central to the following, which bounds the difference between parti-
tion functions for a skeleton and for its CG approximation.

Lemma 4.6. There exists Koy such that under the conditions of Theorem 1.1, for n
sufficiently large,

P <log 7N w(Saug) — 108 Zx o (F(Saug)) = 80dkn/?p(n) for some S, € Caug)

< engok(logn)(loglogn)‘ (4.32)
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Proof. We have
P (log ZN o (Saug) — 108 Zn (F(Saug)) > 80dkn'/2p(n) for some S,y € C,wg)

< Z Z P <log ZN.w(Saug) — 10g Zn 0 (Sca) > 8Odkn1/2p(n)) . (4.33)
Scc€Ccc Saug€EF~1(Sca)

Fix Sce € Cog and Sy € F71(Scg). We can write S,,y as {V;,j < k} with V; as in
(4.30). Then using Lemma 4.2,

logZN,w (Saug) - IOg ZN,L/J (SCG)

<> { 108 Zny wo(dj—1,€j-1) =108 Zn, w(€j_1.€j-1))
j¢B

+ (10g an,w(fjadj) - 10g Zﬂ1,w(fj7fj{)):|

< Z {(log Zny wldj—1,ej_1) —Elog Zy, w(dj—1,ej-1))

Jj¢B
(1Og Zn ] laej—l) - Elogznhw(e;—l’ej—l))
+ (10an1 w(f]a ) EIOanhw(fj’dj))
(1Oan1w fjvf) ElOanhw(fjaf]/‘))}
+ [219 — Elog Zn (6;—,17(?]*,1) — Elog Zn1,w(fj7fj/‘)] : (4.34)
j¢B

By Lemma 4.5, the last sum is bounded by 40dkn'/?p(n). Hence letting 7' denote the
first sum on the right side of (4.34), we have by (4.34) and Lemma 4.1(ii):

P (1og Zxo(Saug) — 108 Zy w(Sce) > 80dkn"/ 2p(n))

<P (T > 4Odkn1/2p(n))

1/2
< 22kl exp <—20K13dkp(n) (n) )
i

< ekagl(logn)(loglogn)' (4.35)
Combining (4.33) and (4.35) with (4.27) and (4.31) we obtain that for large n,

P (log ZN ,w(Saug) — log ZNM (F(Saug)) > 80d/€n1/2p(n) for some S, € Caug)
< (2n)9dke—kK21(log n)(loglogn)

< ekagl(logn)(loglogn)/Q' (4.36)

O

It is worth noting that in (4.36) we do not make use of the entropy reduction con-
tained in (4.26). Nonetheless we are able to obtain a good bound because we apply
Lemma 4.1(ii) with n,,.,, = ni instead of n,,4, = n.

Let b, = L’(Cli‘;g;‘;gg/m. We deal separately with CG-approximate skeletons according
to whether the number of bad blocks exceeds b,,;. Let

Coq = Unipi<b,.Coa(B), Clg = Up:p|>b,,Coc(B).
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The next lemma shows that bad blocks have a large cost, in the sense of reducing
the mean of the log partition function—compare the n'/26(n) factor in (4.37) to the
n'/2logn factor in (4.7).

Lemma 4.7. For n sufficiently large, for all 1 < b < k and 8% € Cbad(b),
- 1
Elog Zn ., (S&4) < p(B)bn — §bn1/29(n). (4.37)

Proof. Fix B C {1,...,k} with |B| = b, fix S%¢ € C%4(B), let &y, Esiae be the corre-
sponding sets of indices of bad blocks, and let {7},]‘ € B} be as in (4.24). Then

ElogZn . (S
= [Blog Zn, w(dj—1,¢j-1) + Blog Zy_on, w(ej—1, f;) + Elog Zn, w(f;,d;)]-
jEB
(4.38)
FOI‘j S gin we have
ElogZy, w(dj—1,€j-1) + Elog Zn_on, w(ej-1, f;) + Elog Zn, w(f;,d;)
< Blog Zn.(dj_1,d;)
< p(B)n —n'?0(n). (4:39)

For j € Esige, write e;_1 — d;j_1 as (n1,z), S0 |x|s > hy, and therefore z is inadequate. If
the sidestep occurs from (j — 1)n to (j — 1)n + n1, then by superadditivity and Lemma
4.4(1),

Elog Zy, w(dj-1,ej-1) = Elog Zy, ,((0,0), (n1, z))
< E10g Z,u((0,0), (n,)) = Blog Zy—p, w((n1,2), (. 2))
< p(B)n —n'/26(n) — (p(8)(n —n1) = Kign'/* logn)

<p(B)ni — %n“zﬂ(n), (4.40)

and therefore

ElOanhw(dj_l, ej_l) + IE lOg Zn—2n1,w(€j—17 f_]) —+ Elog an ,w(fj7 dj)

1
< p(B)n — inl/ze(n). (4.41)
Combining (4.38), (4.39) and (4.41) we obtain
Elog Zy ., (S&4) < p(B)bn — %bnma(n). (4.42)
O

It follows by additivity that
Elog Zn . (Sca) < kElog Zy, . (4.43)

for all CG skeletons S¢. Rather than considering deviations of log 7z N.w(Sca) above
its mean, it will be advantageous to consider deviations above the right side of (4.43).
The next two lemmas show that it is unlikely for this deviation to be very large for any
CG skeleton. We will use the fact that for each Scg € Cog with bad set B, we have by
Lemmas 4.2 and 4.7

-~ 1 1
|B|Elog Z, ., — Elog Zn ., (S%4) > §|B|n1/29(n) — K14|B|n'/?logn > Z|B|n1/29(n).
(4.44)

EJP 18 (2013), paper 5. ejp.ejpecp.org
Page 23/28


http://dx.doi.org/10.1214/EJP.v18-2005
http://ejp.ejpecp.org/

Subgaussian concentration and rates of convergence

Lemma 4.8. Under the conditions of Theorem 1.1, if n and then k are chosen suffi-
ciently large,

P(log Zn.w(Sca) — kElog Z,, ., > 80dknt/?p(n) for some Scq € ch)
< o~ 16K13dkp(n) (4.45)
Proof. From (4.26) we see that
ICogl < 2 (5ep(n))2d (2n)4dbar < (10dkloglogn, (4.46)

Combining this with Lemma 4.1(ii), (iii) (with n,,,, = n) and (4.27), (4.29), we obtain

]P(log Zn.w(Scq) — kElog Z,,.., > 80dkn'/?p(n) for some Spq € CEG>

o

nk
<) P ( log Zn o (S24) — bElog Z,,.., > 40dkn*/?p(n) for some S%d ¢ cbcag(b))
b

I
=

+ IP(log Znw(SESY) — (k — | B))Elog Z,, ., > 40dkn*/?p(n) for some Scq € C5G>

o

nk

IN

IP(log 7N o(SE2) — Elog Z ., (S&4) > 40dkn'/?p(n) for some Sk € Cgag(b))
b

Il
=

+[Cog|2MH exp (—ZOKlgdk:p(n)(log n)1/2)

bk
<3 |Chu(b)] 2 e 20Ksdko(n) |G [oh 200k loglogn

b=1
brk 2 2db
32n7k —20K13dk -
< 13dkp(n) 9dk log logn. 4.47
S bz_; ( b ) e +e ( )

Note that the event in the third line of (4.47) is well-defined because SgoGOd is a function
of S¢. For each b < b, we have

2
log 32k Jog 31k . _ 3loglogn (4.48)
32n%k  — 3202k — 2 1/2 :
32n%k gk 32n2(logn)t/
S0 )
32n°k _ 3dkloglogn
2db1 < = 3K13dk . 4.49
%5 = logn)i2 13dkp(n) (4.49)
With (4.47) this shows that for k sufficiently large (depending on n),
]P(log Zn.w(Sca) — kElog Z, ., > 80dkn'/?p(n) for some Sc¢ € CEG)
< bnk€717Kl3dkp(n) + 679dkloglogn
< 6—16K13dkp(n). (450)
O

We continue with a similar but simpler result for C}.
Lemma 4.9. Under the conditions of Theorem 1.2, for n sufficiently large and N = kn,
P(log Znw(Sce) — kElog Z,, ., > 0 for some Sce € ch> < ¢~ Krak(logn)(loglogn)/16,
(4.51)
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Proof. In contrast to (4.26), it is straightforward that
IChal < (2n)*dk. (4.52)
Using (4.44) we obtain that for Sc¢ € Cog(B) with |B| > by,

kElog Zy ., — Elog Zn . (Sce)
= |IBIE1og Zy., — Elog Z(SES)| + |(k — |BI)E10g Zn,., — Blog Zu (S8

> Lhun'0(n). (4.53)

Combining this with Lemma 4.1(ii) (with n,,., = n) and (4.52), we obtain

]P(log ZN)W (Sce) — kElog Z,,., > 0 for some Scg € C;a)

Z > 1
< P(log Znw(Sca) —Elog Zn o (Sca) > ibnknuze(n) for some Seg CéG>
< (CE |23+ e Kisbusd() 5

< elegk(logn)(log10gn)/16. (4.54)

O

We can now complete the proof of Theorem 1.2. If we take n and then k large, with
probability greater than 1/2, none of the events given in Lemmas 4.6, 4.8 and 4.9 occur,
and we then have for all Squgy € Caug:

108 ZN o (Saug) < kElog Z,, ., + 160dkn'/?p(n). (4.55)

Then since [Coug| < (2n)3%, summing over S,., € Cauy shows that, still with probability
greater than 1/2,

log Zyn,w < kElog Z,, ., + 16Odk‘n1/2p(n) + 3dklog(2n) < kElog Z,, ., + 161dkn1/2p(n).
(4.56)
By (1.3), for fixed n, for sufficiently large k£ we have, again with probability greater than
1/2:

1 1
o log Zkn.w > p(B8) — —. (4.57)
n n

Thus with positive probability, both (4.56) and (4.57) hold, and hence
EElog Zy ., 4+ 161dkn/?p(n) > knp(B) — k,

which implies
Elog Z,., > np(8) — 162dn*/?p(n).

5 Proof of Lemma 4.5

We begin with some definitions. A path ((I,z;), (+1,%141), ..., ({+m,z14m)) is clean
if every increment (t—s, z; —xs) with | < s < t <l+m is efficient. Let «* be an adequate
site with first coordinate =7 = |2*| = h,. Given a path v = {(m,z,,)} from (0,0) to
(n,z*), let

7 =7;(y) = min{m : ()1 = jun}, 1<j<o(n).
The climbing skeleton of v is S.(v) = {(7j,7-,) : 1 < j < ¢(n)}. A climbing segment of
7 is a segment of v from (7;_1,z,,_,) to (75, 2,,) for some j. A climbing segment is short
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if 7; — 71 < 2n/p(n), and long otherwise. (Note n/p(n) is the average length of the
climbing segments in v.) Since the total length of v is n, there can be at most ¢(n)/2
long climbing segments in v, so there are at least ¢(n)/2 short ones. Let

Js(v) = {j < ¢(n) : the jth climbing segment of v is short},
Ji(v) ={j < ¢(n) : the jth climbing segment of v is long},

DY) = (jen o (7i-1,75)) N LPZ(Z)J z

If no short climbing segment of v is clean, we say v is soiled. For soiled v, for each
J € Js(v) there exist aj(7y) < B;(7) in [rj_1, 7;] for which the increment of y from (a;, 4, )
to (B, xﬂj) is inefficient. (If a;, 8; are not unique we make a choice by some arbitrary
rule.) We can reorder the values {7;,j < ¢(n)} U{a;,B; : j € Ts(v)} U Ji(7) into a single
sequence {o;,1 < j < N(v)} with p(n) < N(v) < 4¢(n), such that at least ¢(n)/2 of the
increments (0; — 01,25, — Z5,_,),J < N(7), are inefficient. The augmented climbing
skeleton of v is then the sequence Su.i(v) = {(0j,25,) : 1 < j < N(v)}. The set of all
augmented climbing skeletons of soiled paths from (0, 0) to (n,z*) is denoted C,;.

Lemma 5.1. Provided n is large, there exists a path from (0,0) to (n,z*) containing a
short climbing segment which is clean.

Note that Lemma 5.1 is a purely deterministic statement, since the property of being
clean does not involve the configuration w.

Translating the segment obtained in Lemma 5.1 to begin at the origin, we obtain a
path o* from (0, 0) to some site (m*, y*), with the following properties:

2
m* < 7”, Y7 = u, and«a”is clean. (5.1)

By definition, every increment of a* is efficient. The proof of ([5], Lemma 2.3) then
applies unchanged: for n; = 2d(m* + 1), given p € ﬁnl with mo(p) = 0, one can find
4d + 1 segments of a* (or reflections of such segments through coordinate hyperplanes,
which are necessarily also efficient) such that the sum of the increments made by these
segments is p. By subadditivity this shows that s(p) < (4d + 1)n'/?p(n), proving Lemma
4.5.

Proof of Lemma 5.1. Let D* denote the set of all soiled paths from (0,0) to (n,z*). We
will show that P(Z, ., (D*) < Z,.(z*)) > 0, which shows that unsoiled paths exist,
proving the lemma.

Since z* is adequate, it follows from Proposition 3.3(ii) that

IP(log Znw(x®) > p(B)n — 2n1/20(n)> > % (5.2)

On the other hand, for paths in D*, fixing S,o1 = {(0j,%5,) : 1 < j < r} € Cau, since
there are at least (n)/2 inefficient increments (0; — 01,25, — 25,_,), We have

E10g Zn w(Sact) < p(B)n — 2n'2p(n)p(n). (5.3)
Hence by Lemma 4.1(ii) (with nyax = 6dn/e(n)),
P (108 Zno (Sact) = p(B)n = n*/2(n)p(n)

<P (log Zn,w(Sact) — Elog Zp, o, (Saet) > nl/Qcp(n)p(n))

K (n) 1/2
< 94p(n)+1 B3 12 ¥
< exp( 5 1 en)p(n) { oo

< ¢~ (logn)*(loglogn) 64/ (5.4)
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Since 36(n) < ¢(n)p(n) and
|Cact| < (2n)*ATDE(M), (5.5)

it follows from (5.4) that, in contrast to (5.2),
P (1og Znw(D*) > p(B)n — 2n1/29(n))
<P <log |Cact| + o max log Z, 0 (Sact) > p(B)n — 2n1/29(n)>
acl€Cacl

<P (1og Znw(Sact) = p(B)n — 3n1/29(n) for some S, € Cacl)
< ‘Cacl ‘e—(log n)*(loglog n)/6dl/2

< ef(logn)4(loglogn)/12d1/2' (5.6)

It follows from (5.2) and (5.6) that P(Z, ,(D*) < Z, . (z*)) > 0, as desired. O

Remark 5.2. The exponents on logm in the definition (4.13) of §(m) and p(m) are not
the only ones that can be used. The proof of Lemma 4.6 requires (ignoring constants)
©(n) > (logn)®, Lemma 4.9 requires 6(n) > (logn)>/? and Lemma 5.1 requires ¢(n) >
6(n)(logn)'/2.
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