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SOME TOPICS IN K-THEORY . .
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datiequetions:
ILet G be a group and & be a category of pairc cf G-cpoces
cnd  eguivariant homotopy classes of G-maps , then a cohomology
thepry defined ecn & is called a G-cquiveriant cohbmology.
For G a compact Lie group,equivariant K-theory (KG) provides
a well kncewn example of an equivariant cochomology,the propertics
of which are developed in the notes of Atiyah and Segal.There - -~
are several other examples c¢f equivariant cohomologics and a
collection of results on the general theory are to be found in
the Borel Seminar on Transformation Groups ( Ann.Maths.Studieé 1Tol6
Also G.E.Bredcn has developed the general theory of equivariant
cohomologies defined on C.W.complexes,for G a discrete group .
This thesis is in two parts,Part I consisting of a paper
submitted to.the University of Warwick for a Master's degree.
The purpose‘of Part I is to prove a'uniqueness' theorem far
equivariant cochomologies,satisfying extra axioms of continuity‘

end additivity,defined on the category of locally compact,second
countable G;spaces.
§1 contains the basic definiticns connected with G-spaces

and the axioms fdrAan equivariant cchomologysit will be noticed
vfhat the excisicn axiom is stronger than the usual one for |
classical cohomologies and,in fact,either will suffice fcr the
purposes of the procfs given here, | '

| 82 consists of several results on G-presheaves and cohomology -
spectral sequences which are used in obtaining the spectrai

sequence o . 3.This spectral sccuence is then emplcyed to



bicove bhe 'wndioucuncss theorem' wader cithor of Lve adaitivily
axicms ( ~hich are treated seperately in PartI 503%¢1 and %+2 ) .

2l centains an éxample of on equiverisnt cchomology porticularly
sulted to the category cof GANR's snd cdeals with a Tew of its
properties related to the results of 33 .

In Part II we examine several operations rings of various
functor associated with K

In §1 we define the functor KG and ccnstruct severul self-

operations of it.

In %2 a representing space ,BU(G),is constructed fer KG fer

the case of G finite .

In 293 and L4 we consider the ¢atégory of finite C.W.ccmplexes
acted upon dellularly by a finite group and IR introduce the
‘functors {Kg“} sObtained from K# by ring completion.Using
the 'uniqueness theorem' it is then shcwn Kg“ is a representable
cohomology theory on this category . | |

The operation rings ,0p(kg,kg ) end Op(k GrkG) sfor the
pepresentable functors ( denoted by small type ) are calculated
in §5 end the relatdng howmayphimi® induced by Ak, -+ kg 1s ..
shown to be an isomorphism . . ’

'In'86 we intréduce semi-groups (a) <;»K -and. determine the
operation rings OP(§G(@)’KG) explicitly in terms of the
operations construsted in - 84 sthis is done in order to compare
the rings Op(KG) for different finlte groups .Finally we
calculate On(KG) and show it is isomerphic to Op(kG),\hich
enables us to relate Op(Kg) with the operqtlon rings of &5.



Ior convenicnce the nccessary calculation cof the KG rings
of products o projective spaces has been relegated 4o a schort
appendix to Part II , '

Throughout the text acknowledgemengs are made in full to cther
guthors from whom some techniques have essentially been derived, ™~
and all proofs of previously published results,used in this

thesis,are omitted .

I would like to express my gratitude to Dr.L.Hodgkin fcr

~his help and encouragement in the preparationd this thesis.‘

- V.P.Snaith,
Maths,Institute, =
University of Warwick .
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PART I

- e e

81eFrelininanicge o «
Throughout this paper z wi}l denote a conpact Lie group.

Dt A G=snncg is a palr \X,o
| 1) X is a topological spaces

where

_‘2)‘ PiGxX » X 18 a continuous map
~ (8sx) -+ o(gex)m gex
' such that he(gex)=(hgex)’ h,gel XCXQ
and a -—39252352 AcX iu a cdbspace or X auch that
. glge=)1A » A, - gele |
2: Ir X,Y are G-spacea then & map :x -Y 18 & g_ﬂgp
(2315 xariagg g ap) 1if o |
g L _
| + Y 4 .
 alese) 1 poesd)
s comutat:lve for all gele S
2‘ For Z X the orhig containing X is‘.tho G-aubspace ‘ L
, {yd;ysg.x ror gone gea} K : BRI
Q:The orblt swnacg of (x.v) u the 1dent1rioation lpace

| X/~ m X/0 whore g.x:;- X, gedyxeXe
' We dcnote by nzx-ox/a the prodeetion.,‘

' | Ir I 48 the unis 1nterva1 and X a Gespace then m mu =
be the produot epaco with action s.(x.t)-(sox.t);gec.xex.tel. .
- uencc we can derino a G-homotopy on Xand Y as a G-map |
SR HIXxI » Y | o | |
) and o'btain e category.x.or G-spaoel and O-homotopy clnael j
or/mapa.’l'he oorrenponding category of pairs
. (G-space,closcd G-at;bépacb) o
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will be denoted by .
DtIf m i3 o subcategory of g such that if (X,A)en then
(XA)xIen then a G-equivariont cchomology theory on M is a set of

contravariant functoms from 1 to the catagory of aebelian groups =
«!hgl nez,togcther with & set of natural
transforrationa R
18(1,2) an(A)ahq(A.w) + ns*‘(x ol (x,A)en,
euch thatt-»  T
1) If A,B,AuBer; and both A and B ars closed G-subspaccs of
“AuB with J3(B,BAA) c (AUB.A) then h‘u‘(a) 1s en isomox'phiem
for ell neZo e R ‘ S
o e AsXy(XpA)en and 15(X9) @ (XeA)s ki(y9) © (X.v) then
-.-m(,(X.A) WG (x) -».nam % ’“‘(x A)-' e

[with 3 nhG(d).k ho(k)] 13 exact..

| gggg"gtrhua an eqntvariant cohomology theory is an. extension H

'or the familiar generaliaed cohomology theories correaponding -
L*tq_the.case G=1.Since the orbit 18 the 'building dlock'for & o
‘;G;apace end 1s homeomorphic to a coset space G/H for some cloaed
. subgroup H c:G thon there should be & cleas ot G-cohomologiea |
~ for which there is en enalogue of the classical dimenaion axton |
?,1nvolving !hE(G/u)] for HcG.This is mads more precise 1n 83 whcre f*
E‘under auitable restrictionn the rolc of ha(G/H) io shown to be
? that or a coerfioient nystem.
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22+ In this section we define the tools to be used in %3,namely
Goproshéavea,cesheavee,Cecn cohomology with coefficients in

a G=proshoaf and spectral sequencess

82+ The work ofthis scction is parnilel to the treatment of
sheaves to be found in [5] and omitted proofs end further
axanples are to be found there,

Qg;jgh,yor a1y Ges pace,X,the map MiX - x/b 1s both open end
cloced and 1if Acx/C is gompact then so is 11 1(A).

Ppooft(eea (8))e - .

Dt A G-presheaf of abelian groups on & c—space Xis e contravariant ,
»runctor.ra.from the category of open Gesubsets of X and 1nclulion o
meps to the category of abelian groupsjeuch that ro(@)=0.'x~

' Hence every inclusion of G-aubeeta.UdV open 1n x.inducea e
nomemorphisn ... ppytTglV) = Tg(m) |
oalled the reatriction mgp.auch that  “'f“{v ;

"uu‘ PG(U) end for Ucvay pw.pwnpm .
- Given e\ (V) ve write ylv for puv(y).
ggamglegt o e ‘ |
a) For any abelian group K tha conotant Gaprenhenr detined.by’
x(u)ux. U;év and x(o)ao. e i |
Pk for v%ﬂdv |
b) For eny G-cohomology dcfinedon x to
1) w)anl() qez.gfon
| 11) rq(o).%(u) | o
82_&2&3 Any G-preshenr on X, r gives a 1-preshenr (eimply.a
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presheaf) on X/G,I'ydefined by |

r(W=Tg(n~1(D)) Uex/a,
and siace 1f UcX 1a an open G;aubset n(u)cx/b is open the above
corresvondence 1s a.bijection.
D3 A naturel transformation p:ro - Pa between two Gepresheaves
will be called a homomorphisme

Now let T be & 0-preshcar on X and on!ul be a collection of

open Ge=cubsets of X,then a atible ®~family of Ig is an
indexed family ' lruefg(u)l Uch,such that
Yu'UhU1=TU1'UﬂU1 for al1 U,U'es,

VQL Pa on X is called a Ge-sheaf ir
a)Given a collection & of open G-aubsetl of X,with
VEUQQU jand given 1ero(v) such thnt yluao for all Ued
- then 1-0. ‘ |
b)aivcn ¢,V as in (a) and a compatiblc G-ramily lvul then |
there is an element TVCTG(V) such that
Vlu""u for ell Ued,

4(By (é) ¥, is uniques)

To each PG on X we now aasociate another G-preshear,a.which is
in fact a sheaf,called the completion of re.

Given a collection @ of open G-subsets of X let r°(¢) be the
'abelian group ef all compatible v-familieo.lr ¥ in anothep
“cdllection of open Gesubsets refining @ then thg oompatibilify
of 0 ensures that we have a welleerined map
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| Irulyep !Y?ﬂvﬂ }where 7\1I=YU|V for some UsVeSince
Iq 18 a functor this map is in fact a homomorphiem Iy(e) = Tgl¥)e
For any open Gesubset VicX as ¢ varies over open G-coverings of
w the[ro(v)] form a direct system end we define
s(w)aumlra(o)i- |
Ir Vo is an open G-subset of X then a G-eover.¢.or W defines
ey={VnUlUcp] @ G-cover of V which refines ¢ and hence
there is a homomorphism Tq(e) = Pq(qﬁ’and the difcct limit of
these homomorphisms 18 a homomorphism ra(w) - rG(v).
Hence rc is a G-preshear and we note that under the bi:ection |
G-presheaves on X to presheaves on X/G 1 Pg = T then PG “ Ty -
Now the map which assigns 7erG(V) the compatible |V]efamily
lrl.for eny open G-subset VcX,defines a homomorphism
4 atra - ro and we have
L2:4°41 Taon X 15 a G-sheaf 1ff ais an isomorphiem. |
Broofy (a) 1s satisfled iff o 18 mono and (b) 4ff o is epi.
! We now define Cech cohomology with coefficients in rG,written
> ﬁ(-,ra).and prove eome basic properties in the case whgn X is
a locally compact.seconq countable G-gpace.ﬁh
For rG on X,9 an open Gecovering of X and g»p0 define
cY(qg,ry) to ve the froe abelian group of functions X assigning
to orderedcq+1)-tnplea (Ub.U‘.?.;..U Jep an element |
(uo.....u )ero(UonUm...nU )o
Then we have a coboundary operation
8910%(p,ry) » 03 (e,ry) definea vy
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(0% (Vo yeuesUy g )= 825 (1) x(UoseaslypansU,q) 1Uoneeunt
thus 861*1,8%0 ana [Oq(w,ro)zbqlis a cochain complex with

q+4

cohoxology H (°0r0)°

Now let ¥ be a refinement of ¢ by open Gesubsets of X and

My - 9 be a function such ‘that VeA(V) for all Vey then there is
. a cochain map aic (¢.r0) -+ C (V.FG) defined by

(M%) (Vop e sV )orlAiVoy oo e IV I)Won...nvq and 1f
utw -+ ¢ is another such function then
lnq:cq(¢.r ) w cl- 1(v.ra)] defined by
(qu)(vbo--ovq,,)-§ (*1) x(klvbl.-oollvgl.ulvil.--.ul .11)|Vbn.07 1
1s a cochain homotopy between 2’ and.u_.
Hence we.have a welicdefiﬁed hémomorphiem
A*t1"(9,Tg) » B (¥,Tg)
and as ¢varies over open G-coverings of X {n (@.ra)]forms a
direct eystem of abelian groups..
Ve set H(X,Ty)m 1ym[B*(e,g)})s |
Remarks If Iy on X corresponds to I' on X/G then we have
- canonical identification n(x.ro) - n(x/o.r) which is natural in
X and Ty, -

*

' L2:4¢21There 18 a covarient functor from the category of short
exact sequences of G-presheaves on X to the category of exact
sequences of abelian groups which assigns to

. 1

the long ezact gequences
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oo = Tx,TY) = B (X,04) » 0%(x,r8) » BIM(x,18) + oo
Prooft For any open G-cover,p,we get a short exact sequence
0 » 0*(p,rd) = c*(eurg) » © (o.r )= 0
and hence a long exact sequence in H (q;,-) and the result I'ollowa
since 1im is en exact funotor. |

Now suppose (X.A) is @ G-palir and I‘o 13‘ a G-presheaf on X,

define  Tgs)(U) = § - TglU)y  Unide
K B -0 - UnA=g
ana My - | ro(v)  Undes

hence 0 - I‘((,x"” - Tg - PG(A)'-:" 0 18 exaot and we have
Core2:4+31For any G-subspace AcX and G-presheaf,lz,on X there
is a functorial long exact sequenco | ,
ves B Uxpairg) + BUX,TG) + BIA,Tg) -+ HO*! (x.m‘ ) = ees
where R(A.ro)-n(x.rc(”)
‘end’ u(x,a;ra)-n(x.réx“”)

Dy A G-preshear.l‘o,wiu be called ;oga;;x zero 1f 1‘0 is the zero
G-presheafjthat 1s 4ff given any open G-subset VcX and '(el‘a(V)
thon there is en open G-cover,9,of V such t.hat v|U=0 for all Ucp,
Alternatively. this is equivalent to the condiuon that if AcX 18
an orbit then 1_5‘mlr0(u)lgo as U varies over all the open

G-ncighbourhoods of Ae 4 .
Now 1f mro - r; is a homomorphism of G-presheavéa on X then
kergikerg = I'y and vookerasra‘ie':.’;: Cokerf are also homomorphisms of

Gepresheaves on X,
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Dy B:PG -~ ra 18 called a Jogal Aisomorphism of depreshcaves
if Kerp and Cokerf are locally zero.Hence by the previous remark

this 18 equivalent to thoe conditien that for AcX an orvit and
for U varylng over open G—neighbourhoods of A |
13m[0(0)}:1$mIPG(U)| - 1_;m1r (u)! is an isomorphisms
L2443 o.zra -+ I‘G is a local isomorphisme
P_x;qg_f_ Let yeRer(a)(V) then by definition 'rera(v) and there is ¢,
‘an onen G-cover of V such that leeO for all Uep,
Now if neCoker(a.)(V) then there is an open 0-cover,tp.of V
and a compatible g-family tryl v~h1ch repreaents Y1 3for each deo
ve |8 18 representea by, hU!U” and hence by compatibinty nlU €Ima

and CQRem. is looally zero. . . o
ng_;gur Tg is a locany zoero Gunreshcar on a paraoompact.hausdorrr
apaoo X (e.g.ir X is locally compact and second countable)then
H(X,PG)=Oo . , L o , o
Proof:By virtue of the bijeotion I’G on X~ I' on X/G and L2+4¢0
this rollowa from the oorrcsponding roault for presheaves given
4n [B)s . ' - | R
L2461 I p:ro - I'a is a local isomorphiam of. G-preahcaves on
a paracompaot.hausdorff space then B m(x.r ) 3 H(x.ro).
m Ve have short exaot sequencea of G-preeheavel
D»Kers-'ro»ImB-oo and
O»Imﬁ-ora-OCokerp-oo
thus by L2¢4°2 and L2¢4°5 B 18 tho composition or two
| 1somorphisms. u(x.r ) ™ ﬂcx'mﬂ) ” n“t”o’
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CopsZei+1t For X a paracompact G-space and @il = Iy
"~ L) ~
o*1H(x,Tq) 3 H(X,Tg)e

f2:28In this section we deflae a cohomology spectral sequence,
for brevity several proofs have been omittcd and theso are to be
round in [2],[3) ana [5]. .

Dt A bigraded differentisl abell g grgumgn,o) of bidegree

(r.i-r) 1s a fanily of abelian groups end homomorphisms
[z ;pPeQgPsQ | EP4TeAM=T) (5 ge7) puch that 6Pe9,eP*TrIMCH

The conomolomr of (E,0) 4a the bigraded abolian group 'H (E) in

which EY*Y(E)a Xer(oP*d .
; lbp-x',q-»r-i) -

Et For keZ an L, gohomoloay spectral nequence, 1s a sequence
{(Egd,)]  for rdk such that o

a) (Er.o ) 418 a bigraded differential abelian group of bidegree
(!‘.1"‘1’) and ‘ ‘

b) For rak there 18 an isomorphism H (E )nnr“ 02 bigraded
abelian groupse - |

in Ex gtpectral seguence homomorphism xtE - ¥ is a collection

of homomorphisms [xRrUEDrd o+ 1209 which commute with the

diffcrentials end such that xx,:n (EE) - I (P ) corresponds under -

the connecting homomorphisms in (v) to Xpeq® ‘
Let “K.q = Kez‘ oPoQ and B]p‘,q = Itnbl""k’q"k'1 c Z];"q then we

get bigraded groups zk.ak and 1dontiry1ng it ( ) with Ekﬂ
B %y
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Now lot Z(E, 4)?*? = Kor 6t  ana B(E,,, P19 In oﬁ-kd 0 Q4K
thus by the Noether isomorphism theorem there exist bigraded

subgroups ZK«H ’ Bk+1 such that Bk.c Bk+1 c z1£+1 c zk

and %ﬂ' . Ek and by induction we get a chain of
+2 ‘
subgroups of E,, 1 Bkch'”c“cBrc:uczrc..czkﬂczk

such that 'f;‘ »E, o8 bigraded groupsa

‘ r : - )
Ir zagz and BugB ~ then By= Nisa’nieradcd

group called the ;_m of tha apectral sequeniz; .

Dt An Ek spectral sequence is caid to mmg, 1f ror each (p,2)
there oxists r(p,q) $ & guch that for p » r(p.q) bf."l is trivial,
- {Thea Ef.:} ia 1somorphio' to a quotient of E2*? ana EP*2 48

aipest P9e 171 I o
the dire¢t linit of nf,(p.q) * Exlp,q)et ....)

By a gtrongly gonvgrgggs apeotral ssquence we shall mean & yair
({2} o2) vhers M is a filtered roup with filtration

(i) end !E'] 18 a spectral -equenca such that EX s %
as graded groupse | +
For a strongly convergent Ek apeotral gequence we write B, - |
and a homomorphism of such speotral seguonces is a pair

consisting of & spectral scquence homomorphism and a homomorphism "
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of filtered groups which induccs on the bigraded groups § }
a homomorphism corresponding to that between the limifs. D+
L2324t If x t E~» F is a hommorphism of Bk spectral sequences
which 13 en isomorphism for some r > k then x 18 an isomorphism
roz' all 8 > r.It E and ¥ converge then x mducea an 1aomor~phiam of the
umita.mrther 1: X ! (E.u) - (F,N) 13 a hcmomorphiam of strongly
convergent spectral sequencea then 1n addition % induces en -
isomorphism of the :filtero"d groups ¥ and N,
Prooft (seo [5])." o | i

Pollowing [2] we now outline in more dotail the particular |
apectral sequence uaed in §3. | | | |

8uppose w i3 a G-space and that we have a rinite.inoreasing :
chain of cloaed G-subsetn of W , o

9 n'V”" < Wo G sese © Wndl a Wn " Wo

1 ho 1a en equivariant cohomology defined on all paira (w2, %)
define .Sq_- gba(w) ~mdtorp_<n#;x | | |

Bglo) = g RT) . " |
The inclusions ip 1 (W) - (Won) 1‘“‘““ Bo(p) 5 .

thus if Fpﬁo = In | ‘53(1?) - 50 ' |
we havo a deoreasing filtration of the graded group Hq.

ﬁu - ,—456 Deeed ’p-“ﬁovn Ppnq Deee D I“BQ w0
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Now let Ry(p,q) = R hg(wq.wp) for q » p ‘tnon for r > 1 VV
22 = Im [ @1t Fylpyper) = Rylpepe) |
By = In [ @01 Tylp-retyp) + Hy(ppet) |}
( wiere 01 is 1nduced by 1ncluaion and @0 from the coboundary
of the triple (wPH uP wp-rﬂ) ) are graded abelian groups

such that Bf. c z"

. p ' A 1
DeﬁninB; Ef. - f_g (1 € » €-<=) ,.graded abelion groups

B . ’ . . ' ) .
r

with blgraded differentials and bigrading induced from tie
cohomolog;y. iong exact éequencéa.v}e obtain g“atrdngly ‘convergent
with Eg‘q = ng*q(wi’“.wp) -* 50 S | Fpﬂn ! . o
cdnsidcz- now the case when B and B! are two -trongly
ccnvergent spectral cequencea.witn aaaooiated filtered groupa.
‘ll end N, obtained from two cohomologies, bo and h% ¢ defined
on [t} 22 g th, + nl 1e a natural trensfornation then B
induces a homémorphism of tho ati'onsiv com".éx"gent' 'apeofrra‘l '
gequences ivhich 13’ B on the tiifered groupa.'B;}v 32;201.11"
B mducénvan 1somorphism kr ~ s:, for soms T » 4 then 1t
induces en isomorphism of the 1imits and also p;(v.v)c'ﬁa(tl?\)" ~ B;(W)

as filtered groups,
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§3s
In thic scetion we derive an h; spectral ssquence

sinilar to that ueed in [1] and apply it in conjunction
‘with a Mther oo!;omolow axiom to obtain a'uniquensss
thoorem?, B
DI X - Y & Genap is proper 4f for any c@aot
‘G-‘-aute'et AcY ) e X is compact.
,_1_1! For convenience throughbut the rost of this paper
we ahau deol only wvith (a)the full) category of locally
,com.paet.necond countable Gespacss m (b) the m’bcategory
of such spaceu and proper maplc |
m Reaall that such spacen am paracompact and a space x
is aaid to hava M_Mw_n_. Af each
open G-cover of X has a locally rinite rerinement in
which no point lies 1n mors thm n sote,

Lot ¢ = { U Joeg o @ countablo.locany rinite.openf o
G-cmrer of X whose clo#ure is also locany ﬁniteo

For o0& B let U w n U }j aoclosed G-subset of X o
acs.

Then ( ccs 0, »‘v ] defines a nimplicial complexn' .
How let X have rinita covering dimension,then N' my be |
assumed o by refining ¢ 4if necessary , to be finite
dimensional, - |
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Thus | NW | otho gcometrical :ealiaation_ of u' is
locally compact and sccond countable,’
Further we have functions s

¥3X » N, z(x)-'[alxeﬂa'l

and : vs | N, | - N, v(n) = | unique open aimplex
v v conta

Derine Vg = { (n.x) el R' l x X3 v(n) is a face of z(x) §
with @ acting triﬂany on l u'l_ "y ;a a closed G-subsct
or | ﬁ Ix Xe '
| We hava t.he G-ﬁap proaectiona |

Py H', - IN,I end ple' - x:in |
'particular 1’2 in proper. | N

Thia conatruotion 1s mmtorial in (X.ﬂ in the sense

that 12.‘ h n [ v lﬂd. isa aimnar Gccover of &

G-space'r:then rox' rnx - !' and 008 - !cuch

ﬂmﬁ f(ﬂ) < va(a;) there is nc-map lolxr ) w' - U e
SEETNRS (r.eo) end (r.e,.) 1 (X¥) + (YD) are
as abm than they 1nduco G-homotoplo maps W' » . wl and
ir f_: x - ! is px‘oper then 8o is tho homotopy. o
" Eroofs By tho th Jém in cochv‘tﬁeory different

qhoices of a refincment map are oontlgﬁouu and hence thore
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is a proper homotory K n I x1 = |N;" between the
induced imp;iola; maps corresponding to 6, and 64 ,Then
xs | Wy x I 1s tho required G-homotopys
If Y 15 a Gespace end i ¥, "a.eA a closed G-cover of Y
let Yo =Y, 0 Yy T3 =Y, Yop  end ey 1}
then olearly we havel L o
M' .L.L ( oY?; ) - ".(Yo'fi')}"vis In relative ;3';.'::' .
_nomeomorphiamo AT
mm let lxxl - In'l end |§P] = peskeleton of || then
we hava | INI a "o ::» INPI 3 eee D l1‘1| 3 luol .l‘urthcr
u'rlwtlxé ‘m | xex s dln z(x) »r ) then
"-x-x°::x1a....:ax:.:nu , ‘
is a ﬁ.nite filtration of X by oloaed G-su‘bsetl. |
Put w"-p,‘( 9] ) ena W, =g x ).
| R! An eguivariant cohomology ha is caned ng_g;_tm
it for all conectionu ( xa ’mA ot Gespaces on which it
16 dofincd nzatba(,u,x“) ;3 gna(xn) where
4, [ xp c .l xu |
u,:j_::t xr ha is an additiva equivariant cohomolog

thoory ‘dofined in cases (aj or (b) then the proper
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map Do ] W‘F « X induces an isomorphism 4n cohomology.
Eroofs p,3(W,W,) »+ (X,3,) 1s a relative homeomorphiem
(with inverse xa X =X, - ( z(x)ox) )o
. |
Also hy( “r'wrﬂ) . |
.
= hylu 1318,  {5Ix0,)
dim c3p dim o>+ ‘_’
(by definition of W, )
(v I5ix0, » v |3'>¢U1 )
ha ' m a=r

dinm g=r
(vy excision and definition of U‘ [see L34+2] )

o nLL s, . 1500))

(v W3ez)
“" X o,;h;('.a.,u ’ |a|x01) (by ndditiutv)
" L ngl 0ge®) )~ (ry o3 )
o omOLl (%,%) (o g@ugzvm )

. 1\;( o Xpay ) ‘ by L ,"1'2)
Hence by induction on sequences of {hg triples ‘(1“2.1‘,M .X‘.)
. v have ,p; ' b;(x,xr)' - b;(w.w”)' and :or larges »

lx:”‘.vawr‘.



17

Now aprlying the method of {2 to tho finito filtration

OSW-“ -¢‘

Wy = WD eee D WP 5 eee W
we obtaln a strongly convergent E1 spectral scquence
whose 1limit is the bigraded group essoclated with a |
fiaite filtration on © ‘hg(W) ~ o ng(x)

for which Eg.q is ths peth cohomclogy of the complex

(A) 1g(n0) -« n3*(ul 1) » sou + BFP(P,WP) o oues

But WP, wP=1)
w h¥P( y 150 v - |3Ix0
"o aino <p ! °’d1m¢n-1l Ix05 )

(vy definitian,ot,wp) |
o BROLLCELIEDe 0 )
.{by excision)

(8) = dilm‘pb&*"(lahlél)n U )

 (by dditivity)

 Now take an ordering of § and thus en orientation on

Ny and choose a sequence of facos of o .o# ‘the dimensions
showm, and such that the orieantation of o induced is
cohosrent with that on N*

(0) %] c 18s] € eeee & IBDI = |G| .

Then,since there is a propey deformation reirsction of
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lb'pl onto Io | - lo 1' the sequence of the triple

('0'o|°|r|°l"'°.‘”%u gives

n&"""‘( (13 ,‘|| 410y )
» ’hg*p"‘((lo Iy la | = Io ‘le Uy ) (by excision)

e B U1, 1k T, )

and hence by mduction »e have an 1dentification

o xS, >_ . Y
w37 W, w”"‘ ) wm a0, ) o

4ino = p

Now let hu(") be the G-prelhear on X defined by
YD (W - a0
then we have  RJ*P(WP,WP) W O (¥, BT )
tho oriented Cech cochains. L |

Now ‘the identification (D) dej:ends only on the
orientaticn of ¢ defined by the gequonce (C), |
‘thus for |ap| = 0 ' fage of d7F | = =

p+i
we have ths following diagram fe=
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RGP 5= nd*PUISLIGINT,) < (0, )
N e Vv
o | BIPCBIIEINT, ) 2 B T, )
. , x"
| Bg*PCCI31, 1= 151)x B I
h&’?ﬂ_("’p” o) | l/ 5 | :
~

PR ITN0,) — B3 T;)

| which commutes in ail but the‘bottom'right éeotangle,
; ﬁﬁich commuten or unti-écmmuten 88 0 is a cqherently o
non~cohoercntly oriented face of % ,ﬁénco (A) 48 ths
oricnted Cech cochain complex Q‘i#ohg(?)) by this end
L3+*1*41 wo have 'proved r |
z :lojo_l_gt There s a at;onsly convergent spcetral sequence
(529 w (E(v,n¥)) = ng(X)

which is funotorial in (X,9) .
s X ( I,¢) 16 a ddrectod cotvthix; Jelisgofinal in2
if civen aal thore 1o pel ouch that G <P . |
‘Hemee 1inI = 1inJ ; |

Now 1ot n; be on additive squivariant cohcmology defined

on categories (a) or (b) aend let X be a G-space of

finite covoring dimcnsion n eLet Cov (X) be the collecticn
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of open G-covorings of X and let Cov[X] be the
subcollection of coverings ¥ such that N, = Ry end
Qo | N, | = n. Hence Cov[X] 1s cofinal in Cov(x)
endysince 1im 4s an examct functor, taking direct limits
we obtein | |
I 3:1°5t There exists a strongly coavergent E, speotral
sequence,functorial in X,

(539) =« IRx, 801 - nmx .
Dt if b; is an equivariant cohomoiog theory defined
on categories (a) or (b) y AcXanorbit and UcXean
open Geneighbourhood of A then h; is called gontinuoug

1rforalt A  Un1' 34 B O) w YA
v

If we are in the full category (a) since X 18 regular
and open or closed Geneighbouvhoods are cofinal in the
G-noighbourhoods of A then this condit}on is equivalent

. . -‘
to I%mba(U) s n(A) o
We conclude this section with a 'uniqueness theorenm!

for continuous,additive equivariant cohomologies.

L
T %461 If for 11,2 Dh4(4) 44 an edditive,continuous

equivariant cohomology theory defined on githar the full

category of looally compact,seccad countable G-spacos
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or ths subcategory with ohly proper mnaps
s
end 1f o't "0(1) - h;(2) is a natural transformation

of cohomology theories such that
(1) Por all H c G,closed subgroup, a‘(o/n) is an

isozorphism
then a"(x) is an isomorphism for all spaces X in the category

of finite covering dimensiono
Eroofs
diagram of 1aomorphisme

umlna(,,ml, - el ng)(® ]

By (1) we have for any orbit A c X a commutative

14aia(0)
1m 1° ]{ | | |14 2*
| ()
W e W)

end hence for all ¢ a incuces o locel isomorphicm

betwecen the Gepresheaves hg(“(:) 3',;'(1 =.492) .

Thus by L 2¢¢¢( the apectral. sequence homomorphiam

induced by o’ 13 en isomorphism on the E, terma ofithe

strongly convergent spoctrsl sequences of T 3¢4°+6 and

- hoi:ce oy 220201 | a.(x) 13 an 1somorphicnm e
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2322 8 In §31 we gave simultancous proofs far
categories (a ) and (b) for continuous equivariaat
cohomologies under the additivity axiom
(M) ng(LLX) » g ng(x).
Hovever,by coneizering Cech gochains on locmlly finite
coverings that are ‘almost everywhere zero !, the methods
of §3°4 yleld the same recsults under the additivity

axipm |
(a2) hE(;;Lm ~ @ n(x) .

We also note that fom compact spaces we require no
additivity axionm 4in §3-1 o
Let (c¢) dcnote the full subcategory of compact Gespaces
and nz be a continuous equivariant cohomology defined
there.Then the one-point-compactification , *+' ,1s a
covarient functor from (b) to (c)eFor (X,A)a (b)

 ng(xhat) = f(xa)
defines a continuous equivariont cohomology on (b) which
1s,by T3+4+6 , the'unique'extension of h; on spaces of
finits covering dimension. | |
But 1f U 4w an open G-neighbourhood of '*' ,the point
at infinity , then |

M(X) = ha(xX}s) w 1_%m na(x*,0) .

Hence if X = 11 in (bv) thbn a 6ofinal systen of
ncighbourhoods of * 18 | X* = ﬁ xt ] . Thus
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figl X) = ng(x*,s)
" lém ng(x*,x* - pxt)
n 1%1!1 h;( p XI)
- ¢ % (%)
Conversely a continuous equivariant cohomology en (b)
defines one on (o)jthus we have that only ths cohomologies

defined on (b) by extension from (o) 4n this way
satisfy (A2)s An example of such en extended equivariant

cohomology is x;cp obtained from K; - (see [1] ) &
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She In this secction we give one further example of an
equivariant cohomology theory and some of its properties.
Dy If llc G is a closed subgroup and X a G-space,

Let (H) = | gig™ | g6 ] « this will be colled an
orbit typo Then 1f x € X end Gy = { ge0 | gex = x |

we soy that x @ X 1s of orbit type (G.) .
Define 8 Xy = f xeXx| xis of orbit type (H) |}

and X(H) = le( X(1) ) o |
Dt A Gemap £31 X - Y 1s isovarient if for all closed
subgroups Hec @ £ X(n) )c Y(H) .
Ds A G-pair (X,A) 1s & G=cofibration if given any G-space
Z, and G-maps o, £ and F , such tint

Ax0 (d - AxI
n <
.

£,
Xx0 c XxI

| ccmtea.then there exists a G-map HIXxI = % which
completss the commutative diagrame R |
Lieqed t (see (4] ) Ir G isa pompdbt Lie group and |
X B I/ G a Gespace then | o

(1) If O c X 1s open (closed or compact) then
oo-lg.xlgeﬁ,xeol is also .
(14) The topology of X/0 1s uniquely detcrmined by\
the fact that nx 1o cpen and oontinuoua
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Zysq:2t ( ocee [U4] )
If X and Y are Gespeces in (a)

Given fotX = Y en icovariant map and £8 X/G x I - Y/G
such that (1) For all closed subgroups H c G

( X(H) xX) c' Y(H)
(11’ | n!ofo = !'o.ﬂx

then thore oxists an isovariant homogopy f£4X x I - Y of
fo with induced map £ .

Liete3t I (X,A) s a g-patr in (a) witn X = %x(X) »

X = My(A) end U en, open Geneighbourhood of A ,

then if there exilnta 3!1&(0) xI = Ux: » (O
a strong defomation retraction of U onto X such that
for all closed subgroups Hc @ |
o( ﬂ(n) x1l) c ﬂ‘m
then thers exists N1 Xx® 4 X xIvulXx8,aretraction
vith ﬁ(x(m;«x) c (XuTulxo)y o

Prooft X,end hence by 444 ¥ ,is normal j thus there
exiats a function xi1X + I whichiszeroon X =@

endoneon X . H 18 deri.ned'au follows 1=

xMxl=0  (g,8) -+ (x0)
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052 €2 (x,8) = ( Flme2ulx)et)y 0 )
252z 4 (5,6) w  (FxW - x(0)]e2), 0 )

12 0<€ ¢t < 2.(1 = x(x))

(x58) = (G(xe1)pt = 2,04 = x(x)} )

Af 2.(1 « x(x)) < ¢t < 4
end 2R =L (x,4) o ((F(xe1)e8) o
fl fulfills the condition on orbit type since @ does
Lussslit (X,A) as in Lhe4+3 18 a Gecofidration palr .
Eroofit Ve construct an isovariant retraction H1XxI -« AxI U Xx0
By Theio2 H 1ifts to N with flo m 4y o If 2 = AxI U Xx0
then h = 1|2 covers the identity on Z ond for zeZ there is
g compact Geneighbourhood ( by Lysqe4 ),vwhich 1s also Hausdoree,
and 1s mapped bijectively onto itself by h 3 hence h s a
homeonorphism and h"iN s the required rotraction

Remagss
If U 4ie a Geneighbourhood of A such that Ux0 u AxI

is a GANR then there exists a neighbourhood V and an i
equivariont retraction o@iVxI = Vx0 U AxI end thus the
construction of I4*4*3 implies that 'ﬁ(x,A) is a G=cofibration.
Now if (X,A) 1s g Ge-cofibration pair in (a) 3 (esge an

orbit in a Gemonifold or e peir satisfying the conditions of
Lieqe3 ) and if ‘' is the covariant " disjoint,G-invarient
base polnt adding” functor then ’
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we have a coexact scquence of based G-maps
'(A‘.o‘) - (#o") - (X"'/A"',‘) - (ZA",‘) + (2x*,%) -+ .00
Hence for any G-space , L , in }(a) we have a Puppe
sequence of G-homotopy classes of maps - (as in [5] ,with
suspended Geaction on ZA* etos )
oo | 3n(x*o‘)ih*o']a - 3n(A*b")tI'*o']@ - [z (X*/At‘)ﬂ’olé
Detinet 13(XA) = 1 [ ZXY/AYy 0 )13t 0) g
the direoct 1imit of the suépensidn systcmjthen the
exactnees of the Puppe aequence implies 1=
Lisae6r | nd(x,a) } 1s an equivariant cohomology theory
on the subcategory of @G-cofidration pairs in (a) «
Remarkas (1) h; ~clearly satisfios (A1) ,

| (11) If we dofine a Geaction on the ‘loop Bpace,

| axt* , (g.w)(t) u gew(t) then there is

a natural bljection between [ IX,3¥ Jop ma [ xn02¥],,
hence hg is representable by the direct limit of n“zn“’(_h*)

Now clearly h(x)m hg*m( ox) | n> 0) .
Thuo consider [ 2(x%,);3%*2(1*,#}], o hG(L)
1o 1aomorphio to [ =®(x*,e) ;z“”(:.*.*)]a ® haup +Q( gBPLY)
‘For [f)el z”x*.xn"l’r."‘]a wo got .

f‘ ¢ ntPY( 3™MPL ) o 1GRHY(ETR) W ha*Q(X)
and hence Tt ( gt zn*Px.*] @ hi(L) - n3*%x) which
givea a map of direct systems,making no(x) into an hu(L)
modules
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We now consider the continuity of the functor (=p¥]y -

for convenience we onit ths suffix =

Let (X,A) be a G-pair ,8 = {U} be a family of open G-ncighbhds
of A end By = [U,Y] ,then roz' UcVwe have o iB, - By
definod by [£] - [£]U] .By definition the direct linit of

this system 13 a collection  { ¥y3By.® B ] of morphiems

in the category such that .

() By %

doyy B s commutative .
B Wy |
(11) Given a collection of morphisms [x;tBy; =+ X |} such
R
l“’VU > 3 1s _cqmmuﬁative then there exists
W

a unique xiB -« X esuch that XoVy o Xy for all U= ,

Thus - XptBy - [A,X] 3 [r] - [t’lA] defines
x¢B - [A,¥] which is ) '

(1) an epimorphism if given f£iA <+ Y there is Uc? end

£48U - Y such that [f1]A) = [£]

(2) a monomorphiem 1f given fy,fa1U ' ¥ such that [£3|A]a[felA)

then there exists VeB with ([£1|V] = [£2lV] &

Now (1) will be eatisfied for sll Y,f if there is a
G-retract AtUxI - Ux0 U AxI for some open G-noighbourﬁood
U of A But Af A is compact (e.g. an-orbit ) then
there exists a Geneighbourhood V € U and a G-nap
constructed from A « VxI « AxI U Uxi.whioh is the
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identity i AxI uVxl ond hcnce (2) w111 I 1d s8lec .Since theec
cenditicns are preserved by suspensicn ve get continulty for
1p[ 27, 379 ],

Alternatively ve csn impcse conditions on L to ensure ccoantinuity:
D: A G-spece,Y, 1is a G-absolute neiphbourhood retrrct ( GANR ) if
for any normel G-epace,X,end closed G-csubset,A, and f:A =Y there
exists an extensicn of £ to some G-map in a neighbourhood of A .

( For details of properties and existence cf GANR's see [h.] )

Suppcse L té be & GANR, then (1) end (2) are immediate amd since

the conditicns are preserved by suspension we have:-

lip{1ip [ 270, 27007 ],

UDA n
= lip { 14p [ 2%0*, 2007 ] )
n U

~ N+ ¢ N+Dr+
= 111;;n [ 27a%, 2™+ PL7 ] 4
= hi(A) for an orbit AcX .
Finally we have ( see [5] D290 proof )
L: If (X,A) is a pair of GANR's ( e.g. an orbit in a GANR )

then any equivarient cohomology theory is continuous sbout A .
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34. Preliminapriess The functor , Kq
Let @ be a compact Lile group 3 X , Y etc. compact Hausdorff

G=Spacess
D31.3 A G-vector-bundle ( G.v.b. ) over the G=-space X

conslsts of a complex vector bundle psE - X together with

a G-gpace structure on E such that
1) p 1is a G-map o
11) If geG g p~V(x) - 2 1(g.x) 18 a 1inear map .

D128 For two G.ved's , E end P , over X a G~homomorphism

E - P 1sa vectof bundle homemorphism which is also a Gemap,
Given a Geu¥sde , F » X , and a G-map £1 Y -+ X the

induced bundle, £F = Y, cean he given a unique G.Vebs

structure such that the diagram

commutes for all g @ G .

Hénce.in ths usual way,ths direct sum ,EQF , of two Geveb's
over X can be defined as a G.vVedeAlsO ‘i&l can be given an
obvious G.ved structure , thus forming the Grothendieck ring
of ismorphism classes of G.V.b.'s over X ylelds a contravariant
functor , Kg{ X )

Alternatively we can use finite Eomplexas of G.ved's over X

0+E By » coes +E 40
to define elements of Ky3(X) by assigning to such a complex
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the element z (-1)1E1 '(1zeven E,) - (420aa BEq ) 8

and under this realisation KG(X) is the ring of such complexes
under the equivalence relation ~»f G-lsomorphism and addition
oftelementary'! complexes of the form

0 - > ga P » 0 .

KG can be used to define a continuous equivariant cohcmology
theory by setting _

EN(X,A) = Ky mnn.xxen“'qunn ) » |
where K,(Y,B) 1s the ring formed from complexes of Geveb's
over Y which are acyclic over B .

[ For details of the properties of K see [2] ]

Di+3%t If A and B are two contravariant functors defined am
a category of G-spaccs such that B takes its values in the
category of rings then a natural transformation £tA - B will
be called an gperation

Op(A,B) will denote the ring of cperatiomns from A to B and

Op(B) the ring of self-cperations of B,

If E,F are G.v.Us over X let Hoxﬁ&,?) dencte ths vector
bundle of homomorphisms Letween E end F «Then Hom(E,F) beccmes
8 G.V.be by ths acticn - - A |

(gve )(0) = geag(e™ee)
where ecE .} »cX j g<0 ond g &lim (EpFp) o
Under this acticn the fixed points of Ham(E,?) are the
G-hmnomornhismi B - F ., |
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Let H bs another compaet Lie group, X a trivial H-space and
E -+ X aGxHvebe Let { V_ ] be a complecte set cf irreducible
complex representations of i and denote by Ix the GxHveDe
v,‘xx <+ X ,with trivial @ action on the fibres,
Then we have a GxH.v.beschcmemorpliism
§ Lo Hog(Y,e) =+ B
which,by Schur's lemma,is an isomorphism on the fibres,Hence this
48 an iscomorphism of G;H.v.o'n . |
THe "Gxl-1scomorphism factora to produce the followings
m__l_p If X 15 & Ox} apace with trivial H action then there is
a natural isomorphism . o
o Eg(X)6R(H) =+ K x(X)
where R(H) = xn(pt) 1s ths Grothendieck ring of ccmplex

repreaentations of H ¢

Ncw take ror H tis permutaticn group Bk end let B be a GeVebe
over x ,than @k’x = E@E@..@E (k timaa ) has an obvious |
structure es a Gxakv.b. over Xo 'l‘hua E = kE gives rise
to an oporation xo(x) - %“%(x) R |
Furthemore.given any e¢eHom( n(sk).z ) we can defins an
element T(p)eop( K5 ) by the "cmposition o S

Kq(Xx) - Kaxgk(x) o R(Bk)@(g(x) ¢;1 KQ(X) ..

¢ 5 Q(V*) = 4 for ths sign representation of By
= 0 otherwise

Cthen v T(¢){x). = A¥(x) o 3K (X) o
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Ir ‘P(vx) = 4 for V, the trivial one-dimensicnal

representation
= 0 otherwise ,
then T(p)(x) = o%(x) oIf G =41 AE and o* are the
usual k=th exterior power and symmetric power operations.
similarly [ as 4n [4] ] we can define endemorphisms of K,
which correspond to the Adams operations , ﬁk .
As in Ketheory tie | AE } make xa(x) into a A-ring (see [7])
and we can define operations |
{2 Xy(X) =+ Ey(x)
as the coefficient of t* 1n tle forzel power series
Yy ™ "\t/1-t » Where A, = gﬁm‘!k .
Hence,far example, if L 1s a G-1line bundle and 1 is the
‘trivial G-1line bundle . o
e 2] =1 ) = vy( [2]). l (1) 17
=4+ ([X)=1)t.
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st In thio sootion we consider the representability of Kg

in tho convoe whore @ is a finite group .

For any oampaot Lie group and a QG.vebe piE -+ X it is
proved in  [2] that there exists a finite dimensicnal
reprosantation,M,of G such that E over X is induced by a G-map
of X into a Qrassmannian of subspaces of M « G(M) = by
pulling back the cenonical G.vede over G(M) .

Hence 4f G is finite and M, is the atemdard |6|=dimensicnal
representaticn any Gevede of dimensicn n  can be induced by
a Q-nap into a On(ll.lxﬂ) - the Grassmannian of ne-planes
in By, .

Da*it Wo denote By rankiK, - Kq the hcmonorphisn obtained
frea the semi-rings homomorphism which assigns to & Geved E - X

(5'] @ K4(X) ,vhere B' is the trivial G.veds over X such
that Qink} = 4&imE  for all xeX |

2¢23 Hance rankx(X) 4s an idexpctent ring andmorphim of
K3(X) and we define Ra(x) = kerf{ranx(X)] .

Therelfore if X/Q is ccnnected xa(x) 8 lo(x) ©of% 3 &l
in general K (X) 3 Ry(X) o ¥ap(X/3,8) «Eence in onler to
represent the funotor K, it suffiees to rerresent K for
d=spazes X fcr which X/2 is cmactedf. |

et X Do such a Q=space,tien sny elemant cf RQ(X) cza bs
represeated in the form [§F] - nY, o uhere 2% i3 &n
ng=dinansicazl Geveds ovar X 223 g = |O] o
Alzo the czancalcal inclusicas of suns of o staniard
reprezantatioa and thalr sudsysces yields a O-mmolicrr-camztiziive
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dlcgram of Urassma.nians snd G-maps
ang(mma) - ong( (m+q )M
. !
G(n+1)g( (me1 iy )

e )

if n<nm ,

Nov let BU(G) be the direct limit of the 'cofinaml' system
of Grassmannlans _

coe b 'ong(anso) - °(n+1 )8(2(n+1 M) + eeee

Then if £1X - ong(mud) C RBU(G) 13 a G-mip such that

| £2(y%%) & EP8 ag G.vede's pywhere y™8 18 the
canonical G.veb, cvcr the Grassmannian, we assign fo the
G-homotopy class of £ the element ([Engi - a%,) @ Kb(x) N

As in [7] this sets up a bijection vetween

R,(x) end [ X,BU(0) s o
Egmgggt In fact the G-maps '
meo -+ 2mMG
((n.ynu.ym)s(za.z"u.z )1 =+ (yeeZaeTasZasesssiy)

1nduce a G=map of direct systems which gives an addition in
[-.BU(G)]G,with en 'inverse' given by the map which tekes an
‘n-plane to its ortnogonal complement with respect to a standard
G-invariant norm ( see [7] ) Hence we have, |
Lg;}s For a G-apaca X such that X/G is connected thcre is an
iscmorphism of abelian groups Ra(x) = [ x,8u(a) ],

end for general X , Ki(x) a [ x.zxnu(o) ) P
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-3t In this and tle following section G will be a finite group
acting cellularly on finite CW cgomplex .

D34t If xp 1s the p-th skeleton of X we have a filtration
on Kg(x) given by K;’p(x) = ker K;(x) - x;(xp_1) } .

. Remaxrks By the cellular approximation theorem this filtration
is naturgl when G={1 end then K(X) is a filtered ring .

L3238 If X 18 a finite CV complex on which G aets cellulaerly
then  a) K§ 5 (X) = Eg X)) o
b) K} g(X) = K} (X}  end
c) K&(X)@K&(X) 18 a finitely generated R(G)-module .
Eroofs Setting H(p,q) = § Kg(X 40X, 4) ( €a)

we obtain & strongly convergent spectral sequence
Bl e UL, ) - B
8ince the acticn is cellular ,
| Ef'd = KRYU UL 0/ux(a?,87) )
where the disjoint unicn is teken over the orbit types in
dimension p snd where the action an G/Hx(o?,87) 1s trivial an
the second factor .Thus Ef'q is a finite sum of terms of the
form K5+ a/1ix(o®,6P)) %&
5 ER*Y( oP,eP)

8 R(H)}RP*Y 8P )

0 ir q is oda ™
- A finitely generated R(G)~-module Aif q ia even,

Hence (c) follows by standard Mod O theory [ see [6] ]
end (a) anda (b) from the faot that Eﬁ'q w 0 4f qisocdd.
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Completiong ¢t Let M =M, oMy oMy o .. be a filtered

abelian group,this filltration on M defines a topologicgl group
structure on M using the subgroups Mn as basic nelghbourhoods
of 0OecM ,

D333 We denote by M" the completion of M with reaspect to
this topology 3 1.0 MN* = ;ép W, .

If M is an R(G)-module'let I(a) ‘be the prime ideal defined
by I(0) = ker{ rank(pt)srR(a) - R(&) } then
oMy = wI(@® o
.deﬂnes e filtraticn of the module M end M" 18 called the
| completibn of M with reepect to the I(G)-adio topology o

Thus M* is an R(O)“- module ’ end in particular this applies
to  Ma K (X) .
L3kt | x“( )’} 1s an equivariant cahomology theory cn the
category of finite CW complexes acted upon cellularly by G.

-~

Prooft We have only to verify the existence of a iong exact sequence!
for @ G-pair (X,A) +This follows from L3+2 since I(a)-adie
completion is an exact functér @ rinitely generated

R(G)-modules ( see [1] )




3Ye
et In tihls sectlcn we define varlous n=functors which allcw
us to deal with infinite C:i ccmplexcs acted upcn Ly a finite groupe
Dij*1s Defins kg (XY) = [ 2P(X/¥)yixsU(0) lg
KN (X,Y) = [ 2%(X/Y),2xBU ] end
(1K) 7H(X) = LLeK™H(X ) o

Let k* = klok! end simtlarly kg ,K3 and (1aK)e
Perarki(a) ka‘(k*) define echomolegies which extend K3 (K*) o
(b)It is proved in [5) that if X 1s a CV? complex with
H*(X) finitely generated (fege) a8 a ring the hcmomerphism
k*(X) 4r(;;mK)*(x) is an 1scmorphism,and also thst there exist
" two mepe(2xBU)x(ZxBU) - ZxEU which give the representabdble
functors [22-,ZxDU] a ring structure ccrresponding tc that in K®,

let E4 < By be the universal G=-principal bundleythen E; and
BG can be repréaentcd as C? ccmylexes with rinite sikeletons, '
where @ aots freely m Eg end By = Eg/0 ( sec [9])sAlso ne(By) 18
Lelo How 1€ X 48 a fintée C7 complex with & cellular acticn and
Xg =(Xx5;)/0 = Xx B, then X, 18 a C7 comyl_ex with finite ekeletons
andy,from the Serre a,éétral sequence cf tha flbraticn
| XXy B, H'(Xb) 18 fege Given 8 GeVebe o V o oOVer X we can
form VxE, overVXxEG and then Vg E, 18 a veotor bundle over Xy o

This gives rice to & homomorphism

K(X) = (m KX)o

Farthermore we have the filtraticn on ( 1im K)(X;) eiven by
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(1imk) (X5) = kerl (1imK)(Xy) = K(X, ) )}  making
1‘1_mK into a filtered ringywhich is complete with respect to
this topology ( ses [1] ) & |

But if yeK(}_“;_Ji).I(G) then a(y) € (13;mx)1(x0) = (limK)a(XQ) ’
by L32 , and thus a Ky(X)eI(8)?) e, (214mK), (X))
Hence o 1s continuous with respeot to tho I(G)-adic topology
on KG and the filtration topology an limK and we o‘btain a
natural homomorphiem ' -

| a*(X)1 Ky(X)" -o(limK)‘(XG) 8 (1imK)(X;) # K(X5)

We will need the resullt ‘that for G acting cellularly on a finite
CW complex ‘vﬁd.'tx) ‘18 an isomorphismjalthough this has been proved
more goneralfy by Segal in [2] we give a short proof sufficient
for our purposes as a corollary of the result for X = point . ‘
:r_g_g: For X a finite CW. complex with cellular action o,G(X) 1is
a topological isomorphisme | | ‘ '

* Ppooft By Atiyah's theorem aG(pt):n(o)“ - x(na) 18 an isomorphis%
for all finite groups G . a ' ‘

For Hc G we have a commutative dlagram
K,(a/1) agto/t) k(G/BftGEG)
1 - 4 e
where the vertical maps are iscmorphisms,the right cne being 1nduoec‘E
by a homotopy equivalence ( far ths left one ses [2] )
Furthermore the I(H)-adic tocpology on R{li) coincides with that
induced from the I(G)-adie topology on KQ(G/H).Thua all the
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homomorphisns are coantinucus and on complation we see that
aa(G/H) is an isomorphism,

Hence we have a natural transformation between the cohomology
theories K$%and k‘(-xGEG) which 18 en isomorphism on all G/H's
and 1n the proof of Partl T3+1+6 taking G-coverings of X which
are finite CW complexas ( cofinal in Cov[X] ) the result follows.
Corli+3s Under the ocnditicns of the theorem the topology induced
by ’u. from the filtration topology coincides with the I(G)-adic
topology on K, | '

Remarks As o4(X) commutes with the rank endomorphisms an Kg
and k we have og(X)s EG‘(x) 8 2(xy)

Representability of ga

Liielys ( see [10] pe6 )Let X,Y,2 be topological spaces such
that X 18 Hauédclrt( and llocally‘ compact and 2 48 Hausdorffe
Then ¥3lap(Z,Map(X,Y)) -+ Map(zxX,Y) ‘

y(£) = e°(fxi) _svhere e is the evaluaticn map,

is a homecmorphism o

Now let Z = BUEC = Map(E,,BU) with tho inverse limit topology
definea vy | B3¢ - put®m ] , Y=BU and X =By, o
Then ¥ sends G-maps to G-maps amd wedhave
v:uapa(num,uap(ne.n.nu)) - uapG(BuE“xEG.nrau)
' =
, .‘)!ap(BUE?xQEG'n.BU)
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since ¥ vrespects hamotopy classes we cbtuln a bijection
vetween [ BUC,BURB], ana [ uS%x E, B ]
Di:51 Define R3(X) = [ X,B0"* ],  ana

k3(X) = [ x,ZxBUF'“]G .
Since if X is a finite CW complex we have
( XxG G.BU] & 1ia{ XxqEg, n.Bu] (see [5] )
g x.BvE“]G

T4e2 implies that these functors are representablp extensions
Remarkt Since E; is contractidle to a polnt , eocE, ,with the
.inverse limit topology on BU? the 1nclusion BU = BU®® < BU°C
18 an ordinary hamotopy equivalence ,
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" RtOperationgs
Since ka is representable as a ring the Yoneda theorem
( see [7] ) implies that there are ring iscmorphisms
op( B3eks ) & k3(Bu°?)  ena
op{ Rgekg ) & x5(BU() ) .
Furthermore to determine Op(kG) [ respectively Op(kgiky ) }
1t suffices to know (A) in view of the splitting
op(kj) = Mep(z,2)e0p(RGekg)  emd
Op(kG.ka) X Map(2,2)e0p(Rgek3) o
'Similarly OP(KG) splits in this way § we now calculate the

(a)

first two of the operationm ringso
T4t If X 415 a finite dimensicnal CW complex and k’(Y) is
torsion free then

pt ke(X)ok*(Y) -+  k*(XxY)

a@bd + x(a)exa (b) x, projecticns ,
is an 1somorphism . .
Proofy Since k#(Y) 1s torsion free
[ xo(=deko(¥) 1 = @as(mon 2) X(=)OKS(Y)

18 a continuous cochomology itheory ,as is k#( =xY ) .Hence the

result follows from Partl T3¢1¢6,a8 p(pt) is an isomorphism .

Now if X is a Gespace and By - B; the universal
G-principal Lundle then ithe Gﬁprlncipal dbundle XxEO~* Xxo a
is clessified by the commutative diagram of f£ibre bundles

xxB'a 3- EG
i i

By = By
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and since EG is contractible we have a fihre bundle
X - xo - BO .
Fop the fibre bundle BUC o puB8, B
ring homomorphism  ©sk(BU) -+ k(BUPx E.) as follows j

- BG we define a

A map £1BU - ZxBU determines E‘IBUEG -» ZxBUEG eand hencs

f:BUEGxGEG - ZxBU j T(h,e] = fehle) = £(n(e))

( hesut? se6l; ) o
Furthermore 1if a$(ZxBU)x(ZxBU) - 2ZxBU 18 a map
a{T'xgJi[h,e]

= a(rxg)(h(e),h(e)) | ( A d1agonal map )

= ol £(n(e)),alnle)) §

= o ™:E)a([h,e])
and since k(=) 18 representable as a ring we have that 0 1s a
ringv homomorphism . _ o
Remarkt © also defines a homom;arphisfn for the restricted
bundle over BG n such that t.l_xe composition

k*(BU) - k‘(BUE xgE a, n) - k*(w"(b)) is an 1somorphiax§

 for ell beBg ,a p8ince x! (oU) =0, ﬁhere L spu=0 xoE a,n BG n
is the projection map of the bundle o
I5:2% For the bundle BU-»BUEGGGn - Banthere is en
iscmorpm:sm k"'(BG Jek*(BU) - k*(BU‘EGxGEG.n) given by
| | aebd - xn(a).e(b)
Brooft k‘(BU) 18 free and hence this is en iscmorphlsm over ang
open set Uc Bo n Over which the bu.ndlo 15 trivial.’rho result
now follows by a nayer-v:letoris argumen(. aince BG is gampact
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L5e3t If | v 1A, - An.qy } 18 an inverse system of abelien
groups and B 18 free abelian then

1) %1 ( 1imA, JoB - lci;m( A ©B ) is a monomorphism and

11) Given xel}_m(An@B) end an integer q there exists ye(lci_mAn)@B
such that x(y) and x are equal in A®B far all p<€ q .
Broofd)iie have a commutative diagram

(1imA JoB = 14n(A @B)

N e
An@B 1
v @1
An_“QB

Let {h ] be a free basis for B, a € A «Then if x(3<g 8,8h;) = 0

ofor some finite subset 8 c A and 8,€ lémAn » §cs 880, = 0 in
8.11 AnQB .
Now far ageA we define the asugmentation ea‘tn -+ 2 Yy
ea‘(ha,,) =1 3 ‘a,(ha.) = 0 otherwise
This Fields a commutative diagram

(1;mAn)@B 3 um(nnen)

foe,, \, J/ 13m(1®fu‘) |
Hence if x(&eﬂ‘aaeha) = 0 then a = 0ifor all oe8 .
1) Let x = Geg %®Ny 1o A @B thon define

q
Yy = &58 (umwea)(x)@h“ ®

Dje4s An inverse system of abelian groups ee= A~ %_1 Yy
1s said to satisfy ths MittageLeffler condition (M.L.) if for any

integer n there exists m(n) such that in|A, =+ A |= im!Am(n)" A
far a1l m » m(n) .
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It 1s shown in [1] that [ke(By )1 = [K*(B; )] = A satisfies
M.L. and that 1‘1_m is an exact functor on inverse systems having
MoLe S3B9¢  ya(BU) 1s free the inverse systens {ic+(BU)ok*(B, n)]
and lkt(BUEGxGEG.n)] satisfy M.L. end the first term in the ’
short exact sequencs of [8] ,

o R113’“1<'(BUE°xGEG’n) + ko(BURgEy) =+ Links(BU"R Ty, }+0
the derived runct_or,is zZero o

Now let A = 1(1‘._mk‘(B ) o k*(B, ) & R(G)~ have the topology
defined by the filtration A= kex-! k#(By) = k*(By ;4)
and B = k*(BU) have the mn%f‘ta topology =

digscrabre

D55t Define ASB = 1im A@B/ A@B ,the campleted tensor product

of A end B with respsct to these pologies .

Let A, .= l*:"'(BG ) enad lim(A‘pB) have the obvious topology,
with respect to which it 1is complete ,by L5°3 we have a
continucus monomorphism X$AQB = 1‘1_m(An@B) .

Clearly [AoB/ AB] satisfies M.L. ,gs does lAnaBl,theretore
we have a continuous monomorphism ' '

| x*3 MB = Un(A0B)

T5:68 x"1s a “topological isomorphism .
Proofs Define X = K'(B,) I(G)" end '8 = k"’(w) then from
the splitting A = ZoX , B # 208 1t suffices to prove that

. Z;ﬁ - .‘]ém(xnaﬁ) L
48 a topological iscmorphism +From (1) we know that X isa
gompact.Hausdorff group and‘since % has the indiscrete topology
so 18 X8B.Als0 lim(xncaﬁ) 18 compact,Hausdorff thus we have
a topological monomorphism of ons compact Hausdorff group into
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snother whose image 1s dense,hence this must be a howeomorphiom.

Cexge7t Op(KJpx3) & R(u)" S op(K,k) o

The homcmepphism h;ka - Ea !

For any finite Grassmannian ixong(mao) c BU(G) the canonical

Gevebe corresponds to the homotopy class of the ineclusion , thus
'rnKxEG gorresponds to the map

¢ ng(ml«la)xEG 13, nu(a) .
Now A sends Tng to 'rngxaEQ which corresponds to an
ordinary map Xt Gng(mma)xQEG‘ -  BU,but as ordinary vector
bundles x*(y"Ex,E;) & 7“8;(30 swhere & is the map
Gng(mna)xno -+ O ng(m“o)"ono «Thus we have a homotopy

commutative diagram of ordinary maps

BU(Q)xE, T BU(a)
=l I
BU(a)x,Eq x—o BU

where § 1s the adjoint of the G-map BU(0) » BU°? which
‘induces ths homamorphism of representable funotors K, = Kj o

Hence we have a dlagram of a fibre homotopy equivalence

w

between bundles® 2
BU(G)xE, 1 Busg,
) -l
BU(0)x B, A BUxBy
~ B(} <«

and as in T5¢6 and Oor5+*7 we have
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I5:81 (Kq» k3) & R(@)* & op(k,x) end there is a commutative
diagram of isomorphisms '

OP(EGoka)
l, (=ed)

R(a)" & op(K,k) ,
o —~ Op(%3kg)
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0: In this scetiwn G will Le a finite sroeup aeting on compact
Lau.dor{f spacese If VectG(X) denotes the additive seml=group
of GeVebe's over X we denote by EG(X) the 1mage in RG(X) of the
seml-ptopp homomorphism (4 - rank):VectG(X) - RG(X) oThis 1is
an 'intermediate' fungbbr between K and ﬁG in the sense thut we
'Jose' operations in passing from Cp(K,X) to Op(ﬁo.KG) oand 'lose’
5t411 more 1in Op(KjeKg) o

If I -+ X is an n-dimensicnal Gevebe we define the flag bundle
of E, F(E) , as followsi= let P be the principal bundle with
fibre GL(njC) associated with E,then F(E) is obtained from P
by dividing out by the acticn of the triangular matfices of aL(n;C)e
The sction of G on E gives a Gegpace structure to F(E) such that the
projection x3F(E) - X is a G-map.Furthermore =%*(E) over F(E)
i1s a sum of Geline-bundles and in [2] it 45 shown that
L6+4s There exists a natural homomorphism x,sKG(F(E)) - Ka(x)
.such that =x,%* = 1 ,llence =«* is a monomorphism .

Thus if f,geOp(KG) coincide on all K, classes of the form
( [sum of G=line-bundles] = [representation] ) then £=g; also
from 72 we know that a sum of G-linex~bundles can be induced,as
a pullback of a sum of canonical line bundles,by some G-map into
a product of proJective spaces ,CP(mMG).constructed from sums of
the standard representation o |
D62t For a repreeentation. ¥, of G define

R(UN(t) = ™ (c)ab(u)(e4)M™1 e r(a)t]

Notice that 1f M,N are representations of G R(MoN)(t) = R(M) (¢ IRENL)
Let R(t) = R(MG)(t) othen RGt) has no'constant! term far the
trivial rcpresentaticn 1 in M0 gives a differentasl which makes
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Lo complex

. 0/, 1 .
1420 = AT(Hg) = AT(G) o eees AB(,) - 0 ( g=la] )
acyclic
‘thus 1f ci denotes the i1-th clementary symmetric functiocn

oi(l{(tg),...,R(tk)) ( i<k ) is a symmetric polynomial 1in
I%(G)[tg,,..,tk] and we can write
oM (R(t)peesB(ty)) = Di(0'(taeety)yee,0(tayensty))

where pfé G.R(G)[s;....sk] and Pli{lsk-'-'o = P;;_1 3

DGe3tiic shall also denote by plic the element of Op('t'iG,KG) defined
by pﬁ(r'.---.vk) (fe ¥ seest1 ) and the weirht
cf a monomial pII: = (plt" )9%....(p11£1)°'1 is defined as

TGels OP(EG.KG) is isomorphic to the subring of the ring of formal

| 1, [t N
polynomials in the {y*}] which is J%m R(¢)y o--o’fnlpn , where

the completions | ]5 corresponds to the filtration on R(G)[Y!ooTn]
glven by the ideals 11 generated by | pxxx| w(I)> 11} .

Vie interpret and prove T6+4 in a series of lemmas o

L6538 If R 1s a commutative ring 4with 1 , und z,.z,...zkata.'....tk
arc indeterminates then any polynomiel £(zs%) € R{Zs%] of degree
m which is invarient under the diagonal action of § . can be
expressed a8 a polynomial in the 01(5) end 03(3) (1,3¢k ) »
Bx:gg_gl Assume the result for Sp with p<k and for Sk“vith deg(f)<m »
Then r(a..t)[z ) 2051 (2) 00007 (2500057 (1) )

vhere © (a) a © (&)l(z =0) and 03(3) = Od(ﬁ)l(tkgo) .

Hence every term 1n £(ZsL) - 8(0 (Z)reey0 -1(&)‘."01:-1(&))
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1o Jdivisivle by ok(g) or ok(g) or both and the rccgult follows
by induction on deg(f) .
Cor6+6t If R=R(Q) any invariant sum,in L6-5, of degrce n in %
can be expressed in a sum of moncmials of weight n in the 01(3) o
D573 Let Cﬂ CP(mMG)x...xCP(mMG) 0 n times ) ona
CP® = CPm"1x...»:Cl"m'1 o

n
Then vie have CPE c Cg end using a G-invariant base point

corresponding to the trivial one dimensicnal representaticn
we have a system cof Ge-spaces and maps for !C } end { CF l vhich
give inverse systems of KG rings
How KG(C?;) = ( R(G)[z1900092,] )1 ( see appendix )
"where I is the 1deel gencrated by [R(zi)m] ( 1=150e0yn )
and zieRG(C;n) 15 the class of ( [ canonical 1inoc ] =1 ) «
 Similarly KG(CPm) & ( R(G)[z19000p2,] /I where I in this case
18 generated by [zi } ( 1=1,0004n ) o
Furthermore the homomorphisms of the inverse system are
R+ Ra) t on om0 8a) s 50
R+ K(ET) 4 gy
similerly for CF, .
L6:8s Given xe5 (x) there exists an intef,ker N stch that Af w(I)>N
Dy (x) = 0eKy(X) o |
Drogfs There exists a 'apntting map' £iF » X such that
rmzﬁa(x) - QG(F) 18 a monomorphizm and f£2(x) = g*(zu...mn) fa
scme giF = cﬁ «8ince Yt(z‘-*“*zn) a n(1+z1t) wehave
vi(zn...mn) = oi(z;....,zxi) snd by definition of p" 11 w(I)>nn
the pl(zu..uzn) n 0 and ptr*(x) o g*(pI(zu...-rzn))'s 0 o



52,

rhls glves a meuning as operaticns to the elecments of the ring
in tie statement of TG4
Eroof of T6e<4t Consider the homomorphism

es0(35K) » 1imK (CD)

o(f) = 1im f(z;+...+zn) o
By rcmark 6¢4 this homomorphism is injecctive <Hence to complecte
the proof it suffices to identify the image of ¢ as that of ¢
restricted to the operations given in the statcment o
Now there ex;at G-maps Cg'* Cﬁ permuting the z,,hcnce o(r) is
symuetric in the zy and the inclusions CPh c Cf induce a
commutative diagram | |

0p(54Kg) 3 l%?fléP R(G)[210°°"zn]/iﬁlsé

RN A .
Unf1dn R(0)[z1se0002,) 12, 117 = B

where | ]sn means invariant under the action of 5, «As in [3]

we know that B 2 R(G)[[o]],the formal pover series ring in the

elementary symmetric functicn,hence A 1s the subring of formal

pover series in B which,arel;continuoue' with respect to’the

filtration on A o . ﬁﬁ |

Now in.R(G)[z;.....z ] Q(fm) -»@(fm'1) is a symmetric polyncmial

in 219eeey n.R(at),...,R(zn).in which every tcrm 1s of degree m

in et least one R(zi);putting R(zi) as t, in L6+5 ve see that
¢(f§) -'w(fﬂ‘1) = 8(01(5).o.o.0n(EL§)))'whcre every term in

g hos welght between m and mn in the oi(gigl) ollence the

result follows from 71(21+...+zn0 = oi(zg....,zn) .
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ilence 1f G=1 Op(K,K) = Op(k,K) =Z [[y]],the ring of fcrmal
porer series in them *'n and by 'lcsing' cperations as Gggts
bigger we mean that Op(’éG,KG) is smaller than R(G) [{y]], for
the following results shcw that there exist power series which
do not réspect the filtration ¢ A £ G £14

L6+91If fcr all representaticns of G A, (E) » XA )1 7?(1?.) =0
in R(G) then G = 4 ,
Proofs Teke E such that E@i4 = M, then the 'character' of 4_1(3)
is g =+det( gy -1 ) ( g€@) where g; is the endomorphism of
E givin by g oSince( gg = 1 ) 18 non-singular A_1(E) A0,
Cor6+10s For this rcpresentaticn of @ (1\_.1 (E) ’{éc'tg'{:(nﬁt)f;l.o .
162118 For GA1

1) 2 A 0 ( moa Rfe) ) &
14)For Be + Ba +...+sneEG(o;") (P PA o (FK) K(m g +ees) £ 0
it 13 <n .

Prooft) By Cor6:10 the relaticn in KG(O:) never reduces to 5= o
11) 1 (o 1(g)) A ( &k(a”ok ) ( moa R(sy) ) then putting
£, = 8 fcr all 4 implies that p5"(1) w0 ( moargs) ) where

P is a non-zero integer .8ince R(G) is torsion free this

-

contradicts (1) . W

Hencs 1f 641 , g(v!)® eB =4 .
Remarks Notice that if aeR(G) is a one-dimensicnal represcntetion
T¢® Mi/(4 -at) defines operaticns - [ £1]with the
preoperty that if [y‘ } are G-une'-bunalu
(3 (ry - a)) = yy=apeecirg = o) o
Hence for the semigroup EG( o)



5he
which is the image o 1 = agank tVect, - 30 ve have,as
in T6+4,
?(8g(ayeka) ¥ UnRrE)[£hherest™ )" e (@) [[r]]
Ppla)

where the pi(a)(t1,...x‘k) is defined by expressing R(t) in terms
of 8=t +4 « a and teking elementary symmetric functions
of thds polynomial , |

We cbserve that far a4 z(r““ ) i \a Op(t:‘»a(a),xa)

£ OD(ngxg) .

If G 1s an abelian group with irredécidle representaticns
04 gesep a.g',we know the cperaticns ringl associated with the
SG( ay) end cne might expect Op(E;,K;) to be the intersectton
of these ringsjhowever this intersection is not in gcneral
explicitly identifiable amd enother method fcr examining Op(KG)
18 required,The difficulty in calculating Op(R,,K;) explicitly
by considering its effect an cancnical elemcnts over products
of projective spaces arises frcm the existence of ncn-nilpotent
elements in KG which cannot 1ie in the imaege of a ¥ =power series
if the filtration e R(G) [y] 1s strictly by weights o

Now Kol G, (2nifg)) 1s a quotient ring log
r(a) [ 1‘(r-nua).....r"3(r-nuo)] where ¥ 48 the cancnionl
bundle .Alao,by §2,we know that ' '
| "op(RgeEq) 4 LmKg(o, (2ny))
£ - n £(F-niy)
1- a monomorphism oHence if we define a filtraticn on R(G) [vl]
A, = ker | p - p(Feniy) ]
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we see that
op(Ry0K;) & R(G) ["'k&) 8 Um Ky(o (‘nua)) .

However,this filtration cn R(G) {y] 1s not explicit encuch
to enable us to rclate Op(Ka)‘md. Op(ka),to do this v.e examine
the homomcerphism

mop(kdis) 3 ko(BU(G)) = 3gmKy(0, (2al5)) & Op(RgeKg)s
By a method similar to that in [ 8] ,we show that 4 is an
iscmorphism
Consider the space X = ya . (2niy)x [n~1,n] e BU(G)x[ 0, ),
which is G-hcmotopy equivalent to BU(G) .We also write X for
X with en additional disjoint,G-invariant bass point which is
considered to be tis baee point for X = ong(zxmg)]_]_(m) } end
Xx [n<,n] has base point (pt)x hei,n]
Now let ‘r1 - .Ll. x,_x t1,4]1

- .LI. xp‘ﬁ"a‘] 0' 

. 41 even f

Define Z = Yxm U (Y, o Yo)xI uYaxhl . then .

Y, v¥, € Z 18 a Gecofibraticn 3 hc;;we we have a coexact
sequence of based G-mapn '
Y, vY, © 2 47/Y, ¥, % 3(Y, “Ye’ - (mq)(xrz) + see
Furthermore we heve a G-homecmorphism
g8 X < Z defined by |
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( 21-2€<8<€ 21=3/2 )

U(xpy 4 08) = (Xpy_,928-2142,0)
(21=3/2€ s Q1)

Uxyy_y08) = (Xp 4 0201,2(8-2143/2))
(211 € 8 € 21=})

1(121'3) - (32102“21*1 o)
(21-1<8g¢21) |

Q(:Qil') = (321021;'_{‘-‘2(3*.21'4’)) .
Hence we cobtain an exact sequence ( for n>0 )

..-'ka (x)-»ngk (xm) V. gkt}“(xm) k"n*"(x) o eseses

where ker(v )- 1in KGn( (2kHG)) and nﬂ. |
ccker(y,) = | n‘:;_m K (O g(2k4)) ,the derived functor o
Thua we have the following exact seqguences i L
0 =+ Rlynm na““(ekg) - kG"(BU(c)) T lgm K5 0yg) 0
5 | R (n >3 ) |
0 - n‘wn xg'(ckg) - kG(BU(G)) & 1&“‘0( .
For n even we have R114gn x" (Gks) - 0 » 8lso we have
. & coammutative diagram o
xgtomole  ym Ks%w R’

| kg(BU(@)) if 14n KG(Gks)
where tha right vertical homomorphism is 1nduqed by the periodioity‘

isomorphism , honce W is en umorphiam -
Now by oonaidering the Gemap ):BU(G) - BUEG ot 85 we

have the following corollary e
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CorGe12t If G is = finit; group
(1) 1r reOp(KG) then £ 18 continuous with respect to the
I(G)=edlc topology 3 i.e. there exists f‘tzOp(ka) such that
M ow LA |

(11) There is a ecmrutative diagram of :ing hcmemorphisms

oolfgrg) @ RO ki

( %=) l l
op(ky,kxg) » R(6)*®z({[y]]
(=el) \ s

op(kgekg) .




M.

Appendix ¢ In this section we calculate the ring
KG( CP(E)x?2+exCP(E) ) fa E a finite dimensicnal

ccinplex representation of a compsct Lie group ¢ .

Firstly we recall from [2] that Af H c G is a closed subgroup
and Y 1s a compact,lausdorff G-space the H-map
| Y 2 He¥ © OxY
induces an isomorphism KG(GxHY)' 3 KH(Y) .
Now we have & G-map  WiGx Y = G/HxY , u(leg,¥]) = (e, ar)
( this 1s well defined since [g,y] = U[gh,h~'y] ) which 1s
a G-homeomorphism .Also 1if v:Gxﬁ!-* Y is v([g,y]) = gy then
ax, Y B o/txy |
N v SO is commutative .

2&:1: If Y is a compact Hausdorff Gespace and G a compact Lie
group such that
1) Ka(Y) is a torsion free R(G);module .

11) For all Hc @ 01R(Il)og (g yE3(Y) = EA(Y) 18 an
isomorphism of R(H)-modules ( where,if .y 18 the forgetful
homomorphism, © is the compositicn :

R(Ieg(q)k4(Y) 18¥  R(idep(qyka(y) -+ X§(Y) )
then far all G-spaces X having finite covering dimension

| K§(X)op(q)kg(¥) = K§(XxY) 1s @ ring isomorphisa o
Proofs Condition (11) states that there is a commutative

diagram of isomorphisus



A2,
Keq(a/1op (4 K& (v) - K8(Gx,¥)

R(H)®R(G)K5(Y) - xﬁ(Y)
and hence the result follows , applying PartIT3+46 to the
equivariant cohomologies Kg(-xY) and K&(-)@R(G)Ka(Y) .

Now far any compact Lie group G we know that
k3( cP(8) ) = R(e)[z)/[ R(E)(z) } ena
KG( OR(E) ) = 0 o
hence CP(E) satisfies the conditiocns of TA*q .
CopAs21 Ky( CP(E)xfeesxCP(E) ) & R(G)(za0e002,)/IR(EN(2 )} o
where z4+1 18 the class of the cancnical G~-lins bundle .
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IN X-THFEORY

Warwicik Unilversity,
Coveniry,

Enclard .



Tne eain of this nader is to reformulate the worx of
rassey , (6) , and Szanler , (9,10) , on higner order
cohomnology operations, in terns of veclor bundles in such
r o5 to mroduce geomebrically come higher order onerations
1n X-theory, which we will call Ilassey products .

ohe motlvation CJor this is the constructilos by Luie Hodlkin,
(4) , of o spectral scquence

Ey" = Tor w(xy ,z2) = K" (X). ( 4)

wlith wnose Gifferentials we require better acquaintance .

irTerentials are described funcilonally

_.{
03
P )
O
~
I.J
')
~_
o+
:-)‘.
o)
%)
o
fo¥
‘..J
._!
'._

and 1t seeus of pogsible'use to be zble to describe thenm
goometrically in order to return to the level of r presentations
ard vector bundles .

The K-theory liassey products are described in terms of
complexes of vector bundles . In the important case when

X = G/H , a homogencous space , KG(G/H) = R(H) and
the differentials are described entirely in terms of
representations and isomorphisms between them . In thls case
a geometric description seceus a definite advantage, as the
isomorphisns between two representatlons of a group are
well kmown . However, we do not attempt any more than a
description of the operatlons here o

§1 contains baslc preliminary facts about vector bundles .

In §2 we describe the join-constructlon on complexes of



2.

vecetor bundles, which produces a caronical coxplex of wvector

-

o]
o]
(o)
kY

anGles used in the foraetl the llassey products .

€3 contains the delinitlion of the Illassey proaucts operatitlions,

and thne derivation ¢ o fer of thelr properills o
In $4 we Cipress o Gescribe the Triple Product, waleh 1s

certain fomiliar properties whlch 1s chares with the Toda
bracket operation of (9) .

In §5 we cshow how llassey productis of matrices operaic 1ln

&

L)

lOTT(G)< £i(X) , 2) erd in 86 we apply the resulis o
§5 and (9,10) to the problen of describing the
Gifferenticls of ( A ) .87 contalns an example o a
ron-triviel triple product .

I would like to express ny gratitude to Dr.i.Hodgkin for
nany helpful e and encourazins discussions. Also I an much
indebted to the'révi swer ol the original forn of thic paper,

for helpful ouccevtiong, particularly that of using a

definition ,( §3 ), of the type used in (8) .
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o&lcal spaces will be sudgosea
Let G be a connact Lie groun, X a G-space arnd Y & closed

Delinition 1.1l: A comnlex of G-vector bundles, ( Z,6- ) ,

over the palr (i,Y) is a finite family of G-vestor bunctles
n n-1 e
¥, EY

gosoesey .

- 5 - ; N ~ i i
and honomorphisams ol G-vector burdles , di: o7 - E

(1=1,se0yn) , catisliylng the following properiies .

I T .
(11) 0 S EVY = EF LY — tvevs — E2/¥ — 0
} a, ay

is exact .

Definition 1.2: An elenentory complex over (X,Y) 1s one of

tho form 0 - 2 fg* P — 0 ~Tor soue

G-vector bundle, P., over X

Definition 1.%: Let E,F be complexes of G-vector bundles

over (X,Y) . A pornhisn fI: E—-»F is a family of
c-vector tundle homomorphisa , { L4t E1 —_ Fi} -4 Such
that ‘ o dFof - fodE °
Denote by LG(X,Y); +ne set of isomorphianm classes of complexes
of G-vector bundles over (X,Y) o

Definition l.4: Let E, , Ej be two complexes ol G-vector

bundles over (X,Y) . E, and E; are called homotopic



s Ly = D1, 1T vhers exists an object, T , of
LG( (£,¥)xI ) , ( I i3 the closed unit intervel ) ,
) FO N - — - f‘
such thav E; = FX, )= {if , (1=0,1) .

-

we define an equivelence relation on L (X,¥) Dy
. (e ’

B e~ Ik S kDS r o~ m
for soxe Fo,Fl vhich are sums of clenentary coiplcXes .

a1

The set of equivalence classes of Lg(X,Y)” thexn becones
a ring , KG(X,Y) , with the nmultiplication and addition
ipduced from the operctions of tensor product arnd direct

sun of ( praded ) complexes ( see (1) Ch.2 ; (3)p.139 ) .

Kan(X) is defined to be Kg(XxdP,Xxs™d) .

Lemma 1.5: Let En,....,E° be a fanily of G-vector buzdles

over X . Let Sq» tqe Ei/I — El'l/Y be G-vector

bundlc homomorphisms cuch that the sequences

t’n r"‘ tl
0 = En/y —2 E.-J'/Y > eo0ssess ——p }:‘:O/Y - 0
(sn) : ‘(31)

are exacﬁ. Then the followiny propertles are true .

(1) «( Ei/Y,‘si ) can be extended to a complex of G-vector
bundles-over (X,Y) and any two extenslions are
homotopic rel.(¥) . |

(1) If the complexes - EY/Y, sy ) amd ( EY/Y, ty) ave
homotopic, via a honotopy throurh exact complexes , then
the ( 5y ) extends to an exact differential if and
only 1f ( ty ) does .

Proof: (1) 13 2,6.1% of (1) and (1i) followz by the’methods
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are tonological

3 is defined as the guotient of
$(na + - . - Ter
1§ (p’ Ul,q, v2) ¢ V7 -+ 402 - l} < a.}\IAQ,}CI .
under the vquivelence relation , v
‘ ‘
(P’O,er) ~ (2 )O’Q:l) » (o 1,q,0) ~ (p,l,q',O)
where. ( 2,p'¢P ;5 wa'eQ) o

The join of P ard

T S A A [ W
T ’ ‘ ety L

""Léﬁ”zsrh-bevuhe oriented- r—simplex .

Y
suz 3Uo.>e we bo.ve co_:) e,ce, o.q.

n ; ¢ 4 st

G—vector bundlec, (A,dA)

(.1;(13) vove% (J{ Y) .
Let ( Gy ) , (t&£I) , be a homotopy of aif:
on the family oi G-vector bundles  AX AY , ( Bx
cxact over Yx AT ( Yz p® ) » such that

B, = dy x AT , (G = dagx O° ) .
cormlex of

Definition 2.1: The Join

and

errentliels

( &AX, HJO ) and ( B’ G'.t' )

is the comnlex over (X,M)x( AT « 5° ) which is defined in

th e Tollowing nanner.

(i) The undel’yiz-;, o2ily of G-vector bundles is
' r s
( 20B8)x( 8% « B )
( here we write AD3 for the fenily of G-vector burc

a*( 9B ) over X , vaere d: X — XxX 1s the diago

nol mad ) e



sntiol ol the comnlex over the point

( 22l St e I 5 2qe ato Zr ¢ A"
s Jiven by H{iriy,T) & CG{x,%5,2n0) .
waiz join complon i: Geroted by (A, g da{ 3, &) or
ierely DY e & 17 o confucsion regulus .
feoercr @he join complex 1s well defined, cince 3, (G
1o inlescundent of Z1 s ( Z )
Deliriilon 2.2: fupsose Hy and G are the homotconles

.!A -

orf Girflferenticls of couplexes ol CG-vector bundles in

Selinition 2.1 . We Gefine the Join homoton’ of H an

demoted Y v He G ) , W be the Tollowinz compiex ol
G~vector bundles over (LYV)xE AT o a5 )xI .

(1) The underlyin, Temily of G-vector bundles is that of
( rao3)x( AT e pA® )% .
(i1) The Gifferentlal over the polnt
(i;tlazl:to:zg§j) » ( JeI)

is piven by E(x j.ul,zl) @ G(x; j.uz,z2) o

Thig 1s a homotopy of differentials fron
r S
(¢, @ a)x( AT w ) , (3=0)
to A(H » G) , (3 =1) , which is exact over

renf - r 3 -
}.a»( & W A ) - .



ey~ o« 3 2 a7 = 5
susnnoce (Ai,di) , ((£=1,2,3) , are couplexes ol G-vector
bundles over (X,Y) ard H; . are homotoplies on
y v -
, ry ’
A - 2 -
Sy DA ,» ( £=21,2,3 ) )

n
©
<
)
@)
]
ct
[o3
(0]
'..,
Q
]
[
O
-t
}.}-
:_)
(
o]
g
'
[}
)
C
)
o]}
v

as in Definitions 2.1,2.

are wrue .

i,t 1
Hy » Ho, is exact il e + € % 1.
Alco gj(Hla Hy) 1o cact Tor J ? 2 - (e1 = es) .
K] vh_ v - T hib 4 - T
(11) H(Hp = 1“12) we H:‘j = Hl* E(HQ_" BEVE Hl« Ho w Hy e

(111) H( ;r;(}:l.;:«:g); ) = H(Hyw B(lpe ) v

oroofs (1) H(x3tq,23) © G(x3tp,20) 1S exact il

15 . Yence (1) follows since

Yy & Jot,y < 1~ e implies J <2 - (¢ + 92) .

(11) Over the polint (x;tl,zl,tg,zg,t ,z3) poth aifferentlials
are Hl(x,tl,zl)@ H2(X,t2,22)® HB(X,'EB,ZB)
(111) Over the point (x;tl,zl,tz,zz,tB,ZB;j) both
differentials are
Ho (%, 50y 221) © E{%,5.05,25) © Héx,j.tB,ZB)

1
-

1 (

I Hl,t’°"°’Hn,t y are a seb of homotopies of
difrerentials on complexes of G-vector bundles,

. r )
A.i}:A i ? ( 1"1,...,1’1) ’



25 in Pronocition 2.3 , tais is called an eXact set of

:iil\'l eeesee s i Hir ’ ( 1 s il< i2< coe <ir< n ) s

are cxaclt comp>rleXel .

Reroric 2.4: A sufficient conuitlon for ( H;L,t""’ Hp,t )
to be an exact set 1s that there exlst e, 5 ((L=1l,ee0sn )

4

3

for Hy g gos In Provosition 2.3 with each o5 2 n/{n + 1)
for sonc mBY N .
§ 3:'assey Products.

Ve are row in a position L0 ive an inductive definition

of come higher order oaerﬂtiong in K-theory .
Let  (Llyeeess¢¥l) = A~ Dbe the standard oriented s-simplex

oo

and let F (l,...,r-l) ,(r+l,,..,s+l)

.‘f‘
(l,oo.,r"l,-»‘i’l,..o,u'fl) -..—} AS
be the ca mm.c'n invlusion map - e o

Definition 3.1: |

Let ( Ap, d,. ) De couplexes ol G-vector bundles over
x x ( D°r,s8rl)

- .
representing elemenetc 2, & KG rx) ,(Llsrsn)

o : -1
Put (L9, , = qulr r g%r™" ) and

-1 amd lgis )snm

n

wnere @k

Mow lev 1 ¢ 1< j¢gn o



Sanncse there exis 5 homotonies ,  H; j 0 of Glfrerentlals
=3
} L [ ‘e L .
> Ahe co:x).s.e\ wviose L*n:.c:__; g Tenily of G-veclor bundles
e [ o -i-1
is ulﬁc.t 'Of‘ L }xi @""-o‘oo-o"@ ’Aj X AJ ?
R R P P R M S X an
( cvc- (‘J"’)i 3*{ A y ', ‘and thot these homotoples
LNV, um, Ffollowing properiies ..
r n o {7 P! ” —i—l
(i) 3 J‘ (P’Q)i = '».CJ = \A-i@ oooooo dj X (:‘ij °
H] 3 J : )

(21) If k= J-1i<nl, X \(P,Q)i’Jx f,fc/m’a,l_‘; is ’exact o

1,
~ ~ o moaen
(111) Hi,lei,ij = Hj gy , where Iy y 1s delincd

for k=j-1<r-1 Dby requlring that 1t saticfy the

Tollowing Drooe"“’ie.’ o

=1 ‘ . o n e
(O‘) }‘i J\( -.i jv /\ "I) = diO ooooOij& l.(..i. .

- f e . -~ ]:ik‘-"l - 2 ; kg
(O') I .-)l . }Ii,Jo(lXLl Xl) (.l.i . I'.A - ,J ’
}C—l ~r -— ?v g L]
J.(lXFlc Jsl) - ﬁi,.j"lo CJ N ®
(¢) IT k»2 and ier<
-.’*1—""1 - ~.

tnen | E. _la, .x {1}  is exact , by (311) and Proposition 2.3
S Ml,n'l,n

and so can be extended o ¢ jve a differential. a and
o ’ l,n ?

_ - - ' n-2 3

a complex ‘Al,n = ( AlO ceee @A X QA O‘l,n)

The ssey nroduct <ayjsecerdn? » 15 defined to be the
set of elezents of KC"“l"mZ"‘"'m -n&Q(X)

that can be represented by complexes, Ay oo in this mamner o
?



[ -
Ve cail ‘\ .A..:,‘,Lr. );- lﬂ::.i.,ooo,n H Hi j 9 l$i<3<‘n}
?

o cefinin svsten of complexes and homotoples for A a ‘

e B o e ( l’n, l,n).
lance {( ApaCon Y L, 5 iz & defining system for any

©
complex over (P,Q)4 whica oxtends (A, 4 i Q R
1,n’ L,n’ “L,n

arnd hence the homolody » Hl n ? ant -
. : i kA
FAL] - & ) ) ~
the ( nhomotopy class ol the complex : arc

( 1 WORY a8 ) Jisys ( Al,n,al,n ) arec
unzabl uoa¢lj delined .
T

Proof: By iniuction on k s j-1 we may ascume that the

(ad
hozotoples, Hy j and Hy j ( j-i < n-1) , which satlsly

the corditions of Defirition 3.1 are well defined .

We have to verify that for 1lgr;<rpen the two definitions ,
«iven oy Do‘iniuion 3.1 (1 ii) , of

%y 12,

'a'ree .

(l’ooo’rl"l I‘l*l,..,l‘g-l ..‘?24-1, 9&17.—)--1 (> I:l X An-2

Concider the differentials over
‘ Ll nX(l,ooo,rl"l) b4 (.C'l-bl,..,l"2-l) L3 (r2*l,..o’n\7l) X I o“
IT ri%l, rl+l IR n-1 , the two homotoples of

differentials are given by | 5(&( Hl’rla.Hrl+1,ré)“ Hr2+l,n )

1r

AT ) v =
nnicn are equ@l by Pronoui vion 2 3

'Simiiarly, It oy % 1, 1l+l= rs X n-1 , the two homotoples



E( H % H
ECH) o % Fppgny) @% o
and for ry=1, rg-.:nl

& Hy i 1D d
19 2,h=1 @ Gy

-

A1 these ngnotonics restrict to - . d @D eeees GG, oOVer

e

“-bil L] n x\‘ An;g X‘ I o' -

(a) TFor £wo
"~
H

) ol x 11

cbmple}:es ’ (.f*-.l,dl) and (A2,d2)

]
is homotopic, throush exact complexes , to 10“2 i G Qp,2
Hence (ai,a2> is just the element 81e85 £ K'éml'm2 (%)
(b) If {(‘A-r’dr) ’ r=l"°',n; Hl j ’ lSJ- <j } iS a

defining C‘J'ute..l for a complex , ( A, n’dl n) s then
{( Alq,dl_‘) 3 I‘:: ml’ooo,uz ; Hi j ? ml i <J m2 }

sten for a complex
y plex, ( “ml:mz’aml’m2 )
This conplex represcnts the liassey product, <aul,...,m,am 7.

le a defininy =

For thls my , my , Definition 3.1(11)} implies that the

conplex



12.
( '15"‘:‘ 3 ’d ) E ("‘u-“ h
D TE1,mp’ By ,npt T HLaH2

sn be ewvtended to an exact complex . Hence Ior Coqseeeyay?

to be defined 1t 1s necescarly that

Fowever, thls conditioﬁ is nbt fficlent for the higner
ssey nroduct to be ucxlned unless n=3 .

(¢) Cordition (i1) of Definltion 3.1 enSures that the

join-cozplexes specliylng l 2,10 are exact

The homotopies, H; 3  (Ll¢1 <j n) , are constructed

(.._'

ircuctively by lterating the join-homotopy construction
and by extending the homotoples thus obtained . Hence 1t
suffices, for the constructlon of Hy pn o that
’
{Hi,J , §-1<nl} |
be an exact set of homotonies , ( e.&. satisfyingy the

condition of Rerari 2. L tfor a sufflclently large integer n ) e

Definition 3.1(1il) requires that for a fixed 1, J Hi,j
should be exact for " longer " when involved in a '
for A, than when involved 1in
Y Il+l .
. Nevertheless, by a sultable change

defining systeu

construciing A
O v o J.l,n

f paraneter , we may assune that the Hi,j are the same .

o]

The change of parazeter in the homotoples Hjy j can be
effected without eltering the homotopy classes of the lower

order Mossey products already consiructed .



"y 3::..6 ( 3" ,C:'] ) -~ ( "i.-' -+ R 3 dl <~ d )
&n&l ( Bj‘_,Oi } - ( ‘ﬁhi";i ) [} 2.‘5 (n' .

Cl,j = Hl,j * ( (dRXI)"““ Hg’j') » (3% 3)
o = H o v (&®&xI)
and G = E othervise .

1,4 i,
Thus Gl 3 15 o homotony ol differentlals on the complex
?

whose uncerlyin_ denily of G-vector bundles is that of

, ' -2
( ‘J‘l*R)®£&2®000.ooooo O.A.j X Aj 3

1
(1) {(Br,g_r) , rel,cee,n; Gi,.i , lsic<] sn'i is a
defining systeﬁ Sor a complex Bl,n’g‘l,n Y .
(11) ( 21 n’—l can be chosen in the form
( “l n’dl al) T ( exact comzplex ) .

Dronf: (T) Ve muut verify the conditions of Delinition 3.1 .
(1) For J 7/3 ’
DN <
Gl,j l(- ?Lv)l’jy {OE
= H  K2ey gx fol + EC (4D Hy, g) L(B,Q)g 4% {o}

- Cll®oooo-®0. + dR®.'..° @dj

J
- (dl'ﬁ‘ )@ 2 .'0.'°®&j

B l@oooooo OUJ °



Sieovly Gl,k‘\3’Q\1,: 01 = (¢, + c)o G, .
1i) Sirce L, lc oam ennev airfferenvial ,
Gl,.\(P,Q)l,Jx tj—l/t+°,lj
: Hl,j {2, l,j:‘r L-—l/n-.ﬁ,l] 4 ( exact complex ) .
(1il) 3Sluce
hd S .- | T - - j_ -
;_;( ( "'H‘V I) ‘&s}-2’J ) \\ *-l,.]“ A xI )
s a ® G~ @ DL, X =241
LI 2 o 6000 (o-j A s’ -
Defintition Z.A(iii)(z2) is true .
(D) I 3> 2,
C 1x7d-2 x1) = G4, O H, ., + GO
p, gt LT 1@ %)yt ¥,y
A
Alco
~ S
e (Lup<"- 2L
1,3° i-1 .
= My s Q4 4 g((deI)dzHQ’j) (1 ng_“ 21
= H. . - . (G xT) % 1.
= Hy g1 DGy + ;(V(um ..)q....g, l)@o.J
( by Propositlon 2.3(1il))
= C . (s
(e) I ,?,,3 ond l.‘l";ff.,J..;

that

with

il (1 c"J 2.1y
m, ¥ ir-c-l J Y+ K }-{-((aRxD#H&r)* H1“+l,j )
( by Proposition 2.3(111) )

E((AgxI) » Hp p)

can be chosen as the sum ol

Tpel »d .)

Hi,n + it is cleer

(8y, o1, ) (41,0081, 0)

the exact co._blex whose 4irt f‘eren‘oi 1 is zlven oy



the ernd of Tihig Joln-noloiuedy .
TelTin "1 Lion e e celinh sraven 3 1 s G. ? o
e.inlvion o he i 5,508 2 PRes M PR oL
ror 1,09
PN, .2 . 5 ~ A - IR W .. < - ] 3
Prososition 2.4 1o callcd the delining system odtolne Trom
12

{( LG ) 3 ;’Jz Droedding  ( R,d, ) in the

«a

se 2GGition of exact noloA s of
C—-‘-'f_ep; ,sg;f;fa,a‘ff‘io,:r\.s 'i.n tqe 1—u'l "c‘oor‘dimte .
s ;‘ub‘:osﬁ".-:e* have o defining/eystea 2( ApsGy ) 3 Ii,j g ’
Sor an exact cozplex ( ‘a'l,n’dl; n ')‘ then we Xmow
t:]:;.t IR 0. < Glseves 3'1; ? "

e have the following converse .

Leme 3,0: Suppose O sﬁ.l,...,u y < -C(..) .

Then there exlst complexes , ( Br’—r ), representliny

: * (), (T =le.,n)

andi honotonies of diflerentlals H lsi<jen
; L ?
cucii that By Q.. s X is o definins systen for an
ot , Drzy i, j
exac .

I it ea ke A e T 3
vziodo couplex , Bl,n’g-l,n) .

Prsof: Lot {( Apsdp ) ji be a defining system ror

( Al’n’dl’n) .
represcnts zero in Ké(x) then there exlsts

- .
- 4]

- ” b -
12 (4,0 )
an exact complex , ( R,4p ) , of G-renrescntations such that

( ‘A“l,n’dl,n) - ( R:C‘-R )

is homotonic , over (P,Q)l n 2 to an exact complex .
. b4
Let ( F,dyp ) De the elenentary complex

'l =21 = 0, (11is the one-dinensional

=07 Id.



,} be the delining systen obtalned

-
- P ! '~. hot

et 4 Z.,¢ ) 3 2103

fron g( L8 ) 3 91,33 by successilvely adding

.
et

( R,dy ) in the Jirs t coordinate and ( F,do ) 1n the i-th

te ’ ( i: h,ooo,n) ]

A3 in TPronosition 3.4 s { Bl n,gl n ) can be taken to be of
? - .
the Torm Al,n’dl,n Y o+ (R,AR) o ((F dq)\n'l

+ ( an exacl complex ) .
Since (R’dx 1s exact there is a homotopy, through exact
| d%:fOPanl”l° , Trom (R, R)c;((? ))n’ - to
,(u,QR) ' (,E,fE”) ,, There ( E’dE ) 1s exact .
| ohue there is & hbudtopy,fbel;"ﬁl n fron ( Bl‘n’gl n )

.

to an exact cémplékféﬁL‘bJ Lcamu l 5 f Bl n’&l n)l Ql n

‘can Do ‘extorded to -an exact complex o

Renaris 3,7:

Lemso 3.6 serves to illuminate the inductive constructlon

contalined in De;lnluio 3.1 .« The inductive step is as
TolloVs o

4uu3“096 we have elemnents ar € K‘ér(x) , T 5 Llyy00es
and delin¢ng systens {( pJ)s T 2lyeeyn-1 ; Hi,j }

E s “ "= X . t
i( .AI‘,O.I' )’ r o= 2”"’n‘ ’ H_i,j}

for comnlexes ( Al,npl’al,nﬁl y and A2,n’a2,n Y .

17 these coumnlexes represent zero in KG(X) we mey assuue
ot bl o xact and that ! satis?
that they are exact a tha Hl,nfl and H 2,n iy

Definition %,1(11) . If Hy g can be chosen equal to H'i,j



Let an ¢ KB?T(X) , T T Lyeee,nt o

defined and. f'(al,...,an? < <f‘(al),...,f'(an)7 .

)

17 : K'(X)-—vKé{Y) 15 an isomorphism the above inclusion
of liassey products 1s an equalliiy

Proof: The Tirst part 1s a sinple consegquence of the fact

thet 2%, ( taking irduced burdles ) , preserves direct suns,
tensor nrodu cts, exact complexes, Joins and join-homotopies .

I , in addition , £* 1g an icomorphisn the indeterminacies

of botn cldes arc the saie .

§4:The Trizle Product.

oals can be constructed in the following way .
Let (Al,dl) ,'(A2,d2;’ and (AB’dB) be complexes
resresenting a3 » &9 and 23 , homogeneous elenents in
(%) .
I7 ai.az = 0 we may suppose , ( c.f. Leaid 3,6 ) that

there 1s a homotony , Xy (%) ( as in Definition 3.1 Y
. 9 < >

such that Hl,2(o) = 4,0 a5
and 1 s act e
and . hl’z(l) 1s exact

Similerly L& 2p.a5 = O ~there exists Hp 3 .



Then (4 =04 3 Yy iz a couplex over
(?,Q)l 3 = (L,El)lg3 X (I,i) which extends
1, @ 4, @ d3 on I 5 X I s
d; OHp 5(2) on L 5 X el
and Hl,g(l) © 4y on Ll,3 x {13 .

Thic is a direst, vector burndle analogue of the Toda bracket
construction . Tho triple product enjoys all the faniliar

of .Lod.w brackets , we list a few without proof .

Y3
6]

'J
@]
L
|.J-
o
o)

mme proofs are analogues of those in (9) §4 ) o
Lot 2oy € K2L(X) , 1 =21,2,3,4 .

G
Pronosition 4.1: IT al.aé = 0 = 8peds then

<al,a2,e~,5> i5 defined and ls a well-deflned elexent of
. - . ./ S ) A
*\"G_(X)/( uvlof:c_(‘{) + I\G‘(X) .“3 ) .

Tronocition 4,2 IT 8y ey = 0 = 0‘2“?“3 = aB.a4
- .

then al°<3'2’°~3’347 + <al,a2,a3>.a4 <z
in e (X) /( al.Ké(K).a4 )

Dronpsition 4.3: IT aje.az * 0 = ajea3 ¢ azedy then

<&l + a2,a3,a47 = (a.,aj,‘a.47 + <a2,a3,a47
(

1n KXY/ ap o & C(x{) + ae.nG(X) + K;(X).aq_ Yyt

There are similar lineariiy properties in the other

vqriab}es,,,



Dronoaition &4 If dpedy = 0 = 8o 8y then
. - _
2y Capyag,8y v = < 8y e2p,85,8, 7

= <"l)ﬂl°m2 <a2’a °a-3a4>

2

- M+ (mns -+ Lz < mh”l)
(-l) - ( < 2 - <32,533&4031> s
2odule suitable indeterminocies
b < - = . g - ., - ) ‘ .
& 5: Inscey Producis andi  Tor. (Z.(N,2)Y) .
R{G) ‘—=a
- s .-12-4 . y o
Letv  ane Xg “(X) sy T =1l,...,0 ' Dbe elenents
suszh that <o,l,...,un) lec defined and contains zero .
Taere exisgts an acyclic complex , ( A n’dl n) » and a
deflning eysten {( A4, ) s Hi,,j s Ll¢id <an} y Ior

Lev  a € Ka“‘ml(}:) be another elenent .

Delinition 5.1:

Supposg Bv’-@'r ) is.a complex representing I l,.’.,‘ml,‘

’ - SO Ty € A
‘and that " §("3,,8

‘

UG, , lsi<ignel 3

? J
ls,o definins. gysten Tor o connlex ( B a
o * ".V'PJ ¢“ eri A e ' ( l,n#l’"l,n*l )

ol

1$i¢)¢nel  is called a definine

oG, DY {( A,‘,,,d‘r,) s H ,'léi<j$n} it

the Tollowing ic true .
{( Br,gr ) Gi 5 s TE1 < sn} is a deflning systen
ovtalned fron {( Ay, )

adding exact complexes of G-

l,g,oooooo’n ‘ b4



1

b Ad

Qe L.

acsey nroducts ovtained Trom these restiricted

RS B S BN R 2 - 2 dan =
Aellaing eryotens will ce called reciricted logssey Drolticis

is dellned i7 ajea, = 0 = a2°a3 and is a well-defined
cleaent of Ke(0) /0 15X eag ) .
1

5.3: Let &yseeesdy be natrices oY homogenecous

t

- S el M ER) o+ - N
elcaents oi AG(A) sucn that all matrix products ,

ai..........aj 3 l.‘i‘jSl‘l s

are deiincd and are azaeln matrices of homogeneous elements .

an - ¢+ t ] . . o I - .
Then Derinition 3.1 can be formally applled to define

‘products ;i < oy,eee,8y 2 o These are subsets of the
natrices ol homorencols elements in Ké(x) o
s

R SR . e

tricted llassey products ol natrices ,(al,..,an 108

Supnosc we have a complex

Z ¢ C. o= C v =  seeeess & G < C_ (1)
c o I.O -1 I‘l -l Tn-1 n

in which the {C_iz are free R(G)-nocdules , ( e.fs a iree

resolution or part ¢ a free resolution of Z , the intejers ,

as an R(G)-20Cule )

W

O

Chooslng o basis for each C_; as a frec R{ @) -nodule

e

)

can re»xresent 'fi as a nirix , ai , of elements
R(G) = Kl(poimt)

S -:

n
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1.3
i
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Q
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ct
t
O
3
[
0
'.J-
s
[0}
d
.’3
oy
&
ct
(o]
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jay
(e
(¢
W
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}.h
o
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I Hynothesis 5.4 13 true we can dellne a systen of

restricted Ilassey products as ociated with (I) in the

Let . X.Dbe.a )y -G-space 45, . X; & C K.(X a

| C 1 -1 Fry e
homojehéols elenentc v Then Xy 1s represenic. . 2 column
vector of homogencous elLenenvs KG(X) , ( with respect

1o the basls derining U
e have (ai_l,;g Y defined and representlng
) <
by X € K02
( i-l@ 1)( ”’i) C-i+l OR(G)I{G( Z)
2= = column vector of homogeneous elexrents .
(0, ol )(xi) = 0 , we have delfined
<ay sy l,>:17
interpreted as colunn vccto;s or as an eleaent of

C-i+2 P( ) G_ ) /( im( -" 2‘ 1 ) ) o
Sinilarly wc can give meaning to the restricted lassey
producis <e‘p"""e‘i—l’2zi> , (o0sp<isn)



on C.D KX satisfyins the followiny projderties .
g \:) .
i It x; ¢ C D KJ 1
(1) i -1 .‘.(G)' G(X) then
dl(:-:i = ( fl-lel ) (}Ci) . -
(11) dr(xi) is defined if and only if
QD(X;‘L) ’ (D= l,eeoyr=1)
15 defined zrd contalns zero , and then
alxy) © Cio ©_ xRNy o
(1) -i-r R(G)lG (
(i) I xy = ( £301 )(yy) " then dr(xi) is

defined and contalns zero &

L™
[
(4

LN

inlgh cleprly, s

b (LAY Ve

ET R

(‘fﬁ_r

ron¥: e aerine
4 DI 2 .

Gl

19 l“)(’dr(xi)v) = 0 ( mod. zero ) o

27 = K8p_paeeeesdy 10X 7

O, (29 f,i O.J (i) e
have to ;how that 4, (%) 1s defined 1T
4. (x4) are defined and contaln zero .
i-r¢5¢1 ; G ,L¢sk<msi§

Sunnose {( -ts’a Y

is 2 defining systen (
(!

k,m
ol natrices of complexes and homotopies )

Tor a, . an exact matrix over (P,Q) ’
Aior 1081 p,1 ) ? ( i-r,1
o noirix of spaces .
1 derining systen for an element of r+l(x ) is glven
o3 Tollows .
Adloin to the Gefining systen the complex ( Ay .. 399 3 Y

, and the homotonles

F



23

Hy SR s ier-l < < i
Cileral,] ( J )

3

- R P e crad oA Py . * TTA At
Swmom the resitricited delining systex for an acycllc llassery

N~ Ty " _
LICUEUCY <ai-\,,_lyno~n,s’-i_' v °
PO ] K3 Arerrs
- . s P Fa ¥ B - N e s G H ') {rere,
Then I S can be chocen to Zuliill Deii“LL*aAp,.Tgr\,¥“ﬁ
, i-r-1,1 ST

- <ai-r’...’a:‘-"l,l{i> .
2o show (iv) W syove that for any representative of

0 = ai-p-l.4.(xy) Koy pyseres®i1? oF3 q3) .

{7
<
J
A
0]
Q
~
Py
.'5
5
-
a7
e
~-e
.G
¥y
-
B
[PV
[
w
©
(o]
®
’_.
l—
B
o]
C
(&)
<
w0
ct
£

5?=s
Sor : i ) Adjoln to this the complex
£ 0X ( iy l’f_—}.i_f’i / . LJO 2

i o znG the howmotoples

( b P :Sl __Ia_l )

1. ( i-r-1L < J <1)

“l"h"l’.j ,
oz in (i1) .

‘ 3 "~ ( Y ‘l - T 4 g
7ie collestlon of complexes ana hozotoplies 1s v &

-
: Tel . s
Lyl AR, (4T 2 (el d) )
N i b
- , )

o - te - - . Lma i nats ﬂ.l‘
fnis commlex , ( E,da ) » Lis exact over 2ll the »nrinslne
Tnl D o

. » -« 1n EYaIuE: a1 a
Joacs exzest (i-r=2,40.,1) where tho comxplex is
¢ ’d
ﬁ__\-l. <C.J_ v o e @ ,..-..i>
b e 2 o :;.
:’.:’l“ (l—-l"‘_—,..o,i"l) wacre .LJU i8 <&‘—‘,‘_1 g e ogci_l_ \«l .



- e e e Yty e S -
CONIESCHVE & 100 LoDy o o

. N [
o e
':l.—_}‘—“ .(D-‘:fj;iﬂ,}:o e ’;'—:.". > "." -;, (:’i—l"‘—:'_’ « o0 :":L—-L>.:\:.:.
Sh an oonoed conuicd L WRLTA NDOVES (%)
Chonilerr 5,G6: Let (I) be nart of a free resolution of

7 as an R{G)-module Jor which IHypothesis .-

There exist operators, d. ( r2 2 ) , such thav the
i 4
Tolloving ls true .

(1) If x¢ Lob;f()’)J( 2,5%(X) ) , then a.(x) 1is
defined if and only 1if dg(x),...,dr_l(A are
Gelflned and contaln zero .

(11) In this case

s e ho DT, J-THl .
8§ 8: The Xunneith Tor Snents
: The Xuaneth Foraula Snectral Sequense
2 ._ .‘. -,'.
(3 B3 = Torno( AR ) > TR, (see (8) )

e recall how this speciral sejuence is constructed .

~qt,

et G De & comnact,connected Lie group whose Iirs
rouotony croup is torslon iree .

Delirnition G.l: A Pasic G-siace , X , 1s one such that

(1i) For all coupact G-gpaces , Y , the product



() o v\:\:,g;( v — (>::<1f)
TG
Lo an lcoilordnicn .
Saliritine 5.02: 4 recretris pesolution  of Y is a
ccaucnce ol tasecd,compoct  Ge-spoces ahd nolns
(1) Y=y, 7 Z, T Y I L Ty Yo T oeeeee
0 o S Jp =
( Y* ic the disjoint urion of Y and & poiz;t Y,
saticelfying the followlng properilcs .
(1) 24 is a bosic G-space .
(1) i, 1o the cofibre of 1. (r20) .
(111) Tav) e TZ) o« Taz) o eeene
is o Iree resolution of Ké(Y*) as an R(G)-mocdule .

"he spectral sequenze (A)  1s produced ag Tollows . Let (I)

be o ~eomciric resolutlion for Y = G , then the following

H(n,q)-systea ( see (&) §83,4 )' cives the gpectral sequence .
w8 . ’)-0'3. T « ’
H8(-p,-q) = ERTOYR( SPTURTA Y ,q)s KAy, )

(-1& q<€ps= ) .
n ~nta+l A
HY-p,q) = Ag ( Sp+l(x+ AYO) , Xta Y_‘p-&-l )

“lsp s ;1< qgs=) .

e

E(p

~ - o

g = - = -‘]A ‘w -

H e, Q) ];:,_} H( P,q) s

P

vhnere the restriction oud coboundary morphisns are induced
~ N o - 1 S ¥ '
~nanm the cxact sequenses of the maps X*a 2Yy = X AYy

5
[N
oY
(
o
@
,,_
]
O
i
C
9
[}
e
L.
'3
Yo
G
(¢}
(e}
o
13}
(el
L
o
«Q
ct
e
(@]
3
.



Vo q o ’ 3 - g - . - ]
Sustose we have o scouenze ol based G-naps

A :
R -55: ."\‘.l :':3’7 .:‘:.2 > essveve - An ?

)

in ( (l0) 86 cequence of higher order funcilonal
onerations are Gefined , Gemoted by <al,...,an? .

Thes e defined as tae cbstructlon cocycles o the
evtension of & rullhomotopy of anmand , £ carried by
2 carrier , {( L) , on 4 = (l,....,l:l-l) .

The carrier is defined as follows .

R ) n-2
Iz s :(il’*l#l’."jl’ig’iQ-"l"..,i@,’iq+l’..‘,jq) < A

1:( S) = ::QPG‘( Ail-l’AJl*l) Koeee .XK&PG.( Aiq"l’AJq*l) )

ard if 1 < 8 , a(t,s): (%) —>  is)

is {lven by the obvious compositions and compositlons with
the {1
The nan , £ , carrled by ( 11,m ) 4is defined by

J.'.(S) - ( ajl*l.ajl...ail;..'...; a.Jq_'_l.....aiq) .

0 defincd , (al,...,an> is a subset of ZiaoG( sh=

L)e:inltion 6.—': .bx ~—D ..A,,l ) csceees -2 A iS Called
o] &1 n

enlit 17 there exists a conmutative dlagran of maps

o’“.o — A.l — a"L2 — R EEEX] -—) An_l .—> JA;._l
- 71
02\3 / ) \.> 7‘ \y /\
2 B3 Bp-1
sucin that b2.a 3 b3.02; secesese} B.0C o are rullhomotoplic .
1 n -



:.‘r — > o000 v -2 Z
15 nart of a geoueitric resolutlon of G Dby G-spaces .

Jox thie seguence

"7 -———> . D — ‘ o S - {7y
o T Bl Ryttt T L
.wﬁﬂfo,,,.,fn‘lz . is delined and convalns zero , since the
sequense -is- sp1it - ¢ {(10) Theorex 6.3 ) .
‘Also Ve have a complex of Tree R({G)-nmodules
S Ll 4 -
-x.c( ) 6:70 -..C’( Z“) < ceeocoese i\.G_( Zn) (IIJ.) .

-

ried by ( ¥,m ) , assoclated

with (II) 1is a fenl
. J=i-2 — 2
B, 2 ; > Hang(2i,2y)

e
O
I'{a)
[
N
C
mn
s
~

(A2 (541,.000,5-0)
satlsfying the followling properties .
J-1-2

«{{:«: (i) Hi’J(}:’O) = _f,j_l. ooooogi ] ( X € A
(11) If J-1 21,

1 XL ) = Hi+i,j‘f

ey

s
.
—~
!
T Cse
t
[
[}
o
¥
s
1]
H
[ Y
[
o]
l,...'-
-
Ce
1
[

17 j-17?2 , 1<r<

3 =2 _ . v
.( ?&l ) - Hr’joHi’r [

Ve row consider the ilassey products assoclated with (III)

Hi j induces a homotopy ol aifferentials , &lso deroted.
2
B on the complex whose underlylng family of



T
i) e
. . . . . -1-2
vector buniles 1s Ere D vewedils 7 X Aj .
s j-1
- . < o~ -1-2 -
Ll .(O) RIS Q‘O oto:oooc-' b X ‘{33 = au
Ly - g .
%, (1) 1s an exact compleX . Furthertore , under tils
badt A7)
correshonGente T L.Hy . can be nade to induce &
! -~y
Join-homzotody .
vense the mllhomotony of T , carried by . ( ILn )

ivee rigse Lo a delflning systen ( which can be arranred

to sabtisfy Definition 3.1(ii) ) Lor an exact complex
i

T:;eor‘@:ﬁ 6. 'E . If G+ -2 ZO -0 Z'} - eoeses —2 Zn j.S
nert ol a geometric resolution of G then the complex
Sa ~ . . v
;CG_( Zo) «— Xq Z;) =  esesess < D‘G( Zn)

of free R(G)-modules catlsiles Hypothesls 5.4 .

17e turn mow to the differentials in the spectral sequence (a) .

Ls an ;l-sgoctral cequence (&) nay be wrlitten as
-11,8 ~= . L
..Ll - —QG‘( Z"l N 4".+ ) = K ( L) .
-17—0 & . . 3
An elcaent Xy & I can thus be resresentcd
oo o based C-mer s Xai Zga xt = 3U (&)
YT * ” q - Y
( vaeve B‘O(G) is o classifying space 1or iAo () ( see (23
- - | {{ (3)p.134)
Concider the coguence of vased G-nops
-y \r"’ ~ -"" wr —
AR ,,—’>‘L‘ N i — ..'-oooo-.-——‘)z Al{ — .QU G‘
© Tan L 1 1 CXg C},( ) °
Fron ( (10) €6 ) we kmo¥ that the daifferentlals -2 Xy



25
oo resrecsonted by resitrizted Cnonier-producis ,
~ S - v Y
\J- N l,....., ¢ .'_.,:--/
.z.-l ~4L

serrier  ( l,m ) coming fron nroducsts <" AL, cuu,2 N 17
s U - . -
are gwecilfied - vhich corresnonds to the notlon of

restricted llassey mioducts )} .
37 o siniler Giscussion to ihat nrecealny Wuco ren G0l
ve cee thab <::ja lyoeeasfy 14 _,517 is contained in
€ Ciyenayiie 733 2 intersreted as scts of matrices .
J? r-i-lo=l ?

However Tor the double and triple products the indeterminacles
theoe oneratlons are the saae .

The indeterainacy for <3j’°""’ai-l’zi> accunulates in

the follovwing two ways

(a)

’.n

sonn the different ways ol consiruclting

aj,...,ai_l,gi) Troa an exact complex

‘ .

representing <aj*l’°"’ai~l’zi7 ’

ard (b) froa the dilfcrent exact representatives of

<aj*l,oolo,ai_l,§i> .

Iz terac of <f34~l,...,fi_l/\l,517 , (a) corre;ponﬁs
~oetly to varying the mimj=ls  cocycle by changing
wallhonotonies in the top dinmension , and (b) to altering

-

<he nullhonotopies in lower dimenslons o

L

Rears 6.5 Tnis exact correspondence is duc to the fact




(equivalence cizzzes OF (rullhomotopics of
nomotopies of @ifrcrentisls <77  maps induelng these
ferentizlc ) complexes ) .

- KR . [ - 2 S PP T [ PP -
Thr nons into & fenerad £nace Ve heve only thot a nullRomovopy

mrenren .63 Let G Dbe a compact,comnested Lie (roud whese
?irst homotony group iz torsion iree .

mhnere exists a free resolutlon of 2 by R(G)-modules ,

Z G CO i—:; C._l G o008 & C_n<— cecoe ( CG‘ )
setlsfying the Tollowing rpoperties .
y is a complex satlsliying Hypothesls 54 o

1) The diflcrenvlels 1n the Xunneth foraula spectral
cequenze (A) are ziven'by a systen of restricted
nrod ‘ ( Cg )
(111) If G =T, , & torus , then ( C, ) =ay be

ip
taren ac the Koszul resolution ( see (5) p.205 ) &

:— ]
)
n
&)
[0]
<
3
H
O
p
s
(9]
ct
[ 4}
(]
[ O]
[ &}
O
(@]
|—J¢
£
ct
(o)
fen
-
-~
e
<
o

roof: In view of the precedlng discusslon we have only to
show (iii) .
Is G = Sl , it is well-kzrown that
(sh* = (A - pP/st =)

cives the Koszul resolution on applylng hsl(_) .

4
{

'J
Q

Slg....tsl , { » facvors ), the general Koszul

-

an De realised geometrically Dy mnultiplying'

3
O
O
H
c‘*'
}J-
[e)
s
[¢]
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. N ) o . -
(22) » times by the nrocoss given in (&y ¢5 ) .
o~ .. e v =Y Loan . - S R

& 7:in ewminle OF o YOT=LIVIAL ratrix Magsey Droduet .

el B

= o e 21T Santys3 AT . - 2 3 a7
7o mroducs a non-iriviol JOSSey Drotultu it sulfices W

- a2 M <% o5 -, S e ) - -
"y ~t Y sy e g . N s T
riad C4 vl NRGCu Lodianlg

.

Levw G = T2 , & torus o Ve nroduce a specvral sequence

B57 e Tor™t (2K (1)) = KX (&)

1n which the only dirfcrenticl , 62 , is mon-trivial .

tow (A) can be prodauced using @ geometric resolutlon
s} L) 5 ~ - C::'
for X, { ¥4,2y3 » end epplying X () to

2
see (4)§5 ) , or eguivalenily dF

Purincrrmore, il (A) collepses then (Mo Q , Q € rationals)
collenses » 3ut M )o@ is isomorphic , via Chern
choraster , to HY(_;Q) ~ vhere HY ig singulor

sohomolosy comnleted with respect to the frading filiration

Annlying H%(_;Q) to i} nroGuces a spectral

{ vhere < 1s com letion with respect to the seco nd sradlng

7%7, wigradced smectral sequence ) .



Iz e ig the cime homomorjsalsen in (B)  the composite
oW e oy e YN ey s ~ D R,
( i (---'30.'_-.!.27‘-'41 R s .’q\\’, ) é_> LLd - :T:’: ( O) (C)
= oS
15 the comdletlon of the honomorpnlen
€ /o -r - PRFR -~ - -
pY -"»--1 .‘_‘4:0,\:;) [ ) h H (J\,Q,)
.'.2 el Lol Ao ¥ an WIS )
.- s R
irduced by the diagren of »rincipal Tibrations
s .
Ll r3
4 2N
i — ZI1p
{ !
i v
K= ;;,-1’2 — 3T2 .
mhus 1t suffices to Tind a nrincipal filbratio
m — ) — = -r ™
Ty X KT Xz, ET,
=D
. D) -+ Y, T’“ N L¥e) A} q‘ .0
cuch that E( .T,L,) S Q —>  H(X;Q)
H*(BI,3Q)
(=
is ot o monomorpnlen .

v Y= 82\[82 v £° ard £,5:0 e'ﬁé(y) be the
- 02

houmotony clasces of the three camonlcal inclusions ol o) .
et t a'TA(!) renresent the Whitehead product , [f,[g,h]l o
put L. o= YU. O

In (7) 1t is chown thot there exist indecon nnosadle

sients X aXpa¥y € H< (;.._Lz) and 3

a v & H2(%m32)

q

uen that the sinsular cohowrolory Hassey product
[ o

$xp,Xp,iz?7 2y % 0 X *( X3 2) /(X H N (Xp3Z) * EH(%p32) « % ),



>z

S
. , - ol =
et D, X, T X{z,2) = B3} represent  Xgo ( 1=1,3).
T -
LT v
X — 21‘2
- ' |
P -4
~r - wm
dn n—— [P
= L xl= w2
17>
he the Giagron of the induced- ..2—”).(‘.1.1"Ci’)~...l burdle .
) . . ”» - ' L0
In (7) it is shown thatl 0= p™y) e K (X2)

Foverery ,H,'(X“;Q ®‘ ' Q = H (.xm,O)
R H*(2T75;Q)

§ 3o E (X3 Q) # H (X3 Q) o353

ard thus the edpe homozorphlen canmobt beo a moronorphism .

1
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$n:Introcduction.

EN

- Homogeneous spaces of Lie groups form an imnortant class
of spaces,wnlch occur Ifrecuently in algebraic tozololy .
The in¢uler conomolo““ of honmogeneous spaces oi coupact
Lie groups has been investigated at length by .A.Borel,

JSeum and J.P.iey , ( 7,8,18,19 ). In ( 7,19 ) the main

Y

to0l used 1s the Ellenberg~loore.spectral sequence :

-z Tor” e ( kH*(EH;k) ) » EY(G/H;D) . (1)
- (BG‘,zf)

t=3

N

' mHeVK;+heory analogue of thils 1s the Kunneth formula

spc ctral sequence of ( le ) e

"In; (. 22) we gave a Gescription of the differentlals of
{tII ) « In (19 ), ( I) is proved to collapse,which in
particular implies that ( II ) collepses modulo torsion «

As yet we have ro collapsing theorem for' (II ) in gereral .
- In this paper: we use. a generalisatlon of a sneeural sequence
of 1. Fothenberg ard N.E. Steenrod, ( 20 ), ( an R-S spectral
- sequence ) to investigate the K-theory of homogeneous spaces
o Lie groups and other acsociated spaceg « This paper "rose
frou. the;e stence. of an R-S spedtral eequenee converving

to (C/H‘;, and an ab emﬁt ( Theorem 2 3 ) to identi:y
tnls with en alseoraic SPGCLPal sequence which conversed to

Tor ( z,,R(n) ) o
| C) .

-

e§1 i1s given over.to eegeb”aic preliminaries . In §l 1,§1.2

we recall.the derived funcuors Tor and Cotor and in. §l 3



l.

-

to the geometrival situations

relate these derived functore
in wnich vwe are interested.

In 1.4 we give an sl ebralc spectral sequence ,
{Es(/\,‘ >, 4.

associated with a hormomorphism , T:i A - A , 0 lTiitered
21 bros ond derlve suflicient nropercties to characterise
1t undz> certain conditions . . .

Ir. §2 e Gescribe the R-S spectral sequence for a space, X,
with an :i~actlon « Vaen r: H -G 1s a homomorphism of
conpact Lie groups the 1-S spectral segquence for G
S corverses to Kﬁ( G )" and we derive a small resulit , (Theoren2.?

-

to the spectral sequence,

)

@

hen thils 1s lcozmorpiic
B R(GY, r, RGE)N )Y .

§ we investizate the K-theory of conjugate bundles,P,
czoctizted with Lie groups - these are the basic epaces
urct Ln the constructlon of ( II ) . Using an R-S spéctral
sequence we pive a siznle calculation of Kﬁ( Pe Y™, ( the

I(H)-adlc completion of the nmaln theorem of ( 12 ) ) .

Iin §4& we apply an R-S spectiral sequenée to prove that, Ior

&n inclusion , r , of compact,connected Lie groups

for > ( 2z, RH) ) = O for ( ramcG - rantH < 1) &

In §5 we use Theorez2.3 to compute the algebra, K¥( so(=m) ).

conputation could equally well have been made using ( II )

2
oS
o]

1 we include this exazple in this form merely to ezxphasise
ezistenze of an alternative technique . The advantages

? +hie R-S spectral sequence for these computations are
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§1: Tor and Cotor:

v T’g;’ou;hgat this sectilon o ¢ rafed alpebra,cozliedra  eve. will

mean (ra ;;c. Oj Zs unlc:u otherwise stated. The ring, Iz o will

be the integers (z), the rationzl field (Q) or a finlte Tleld
(Zp,paprime).’

gl.l. TO” ;

Lev~ /\ be a i‘initelj L,enc“a‘.ca,L_,ra.ciecl auamenuccz kX-a2lzedre
Cand’ .}A , ( Al ) be finitely cenerated right ( left ) A- modules;
then w s have Tor ( 1,11 ) , the derived functor of ( @\_)

( see ( 7,10,16 } ) .‘ Torl{ ( M) is a 2ZxZ, Dbigraded xz-module,
with“ :';Tdfp/\"( N, )‘é: 0° (p>0) . If Nps Al are k-algebras
then- Tor‘:{'( N, M ) inherlits the structure of a ZxZ, - bigraded
lc—éi@efdra“ﬁ; ( éeer”("'T;iO 16 ) )

I R R S ST e T -l
If A‘ k[fl""’fr';“l' l ",ooo, S S ] H G(Fi)';
elmy)t 1
( e: /\ — 15. oy the au._,mentation)

erd de&( P1s = J') = 0 (md2) uhen we have the cc..nonical

Toczul free resolution of k as a A-module ( 7,10 & 16 p205 )

given by the zz-c,r“aea complex ¢

A /\Q—' ( V(Pl) :":V(Fr) V("‘l-l),..,V("‘ -1) ) » 4 )3

'lm X

(Ces &)
E( v(fl) ,...) 1s the exterilor algebra over Xk on t,ene ators
1n . C.i. of e'en internd. degree and 4 1s the derivation

elven by .4l l"QV(Fi)) =py 5 4 ( 1®v(~3-1) (=3 -1

L amd c..Cor-I\ —r k.

Let . I(A )= ;cer( ‘e )., then we have a filtration on E N

~ given Df LNy e "'\7-( (A ) )m ~and the o'omole**'on . N, L

with ”Mpect to this filtratlon is deflned by ( see (1) )

- e



o~ R IER
it = <.¢..z..‘x
poss

( L/34)

12 we rezerdé Xk as 2 1.t A-nzodule there is an leomorsinicn

Tor

which 1s an algebra isorordhisa if N 1s a i

§1.2:Cot tor,” To.ls derived

- :3‘* .

v

furztor is perhaps

- ~

A c—conlrenra, AN, 1s o Tirnii:ly generated,

sec ( 1,10 ) )

]
ct
o
3
o
u
ey
P
[0)
@]
H
©
.

wiih homoasorphlszs V:iAN = /\@/\ , n: & = A ard
augmentation , e:A — & such that v
( e@l).v = 1, = ( loe ).V , eava YV 1is

vo.d..uuative and ascsociative .

A riiht /\-comoaule, H(A)' , 45 a k-module with a horomorphlisnu

\'/‘- 94 '..;>: ol\ such that ( Lw®e )N =

Siuila“ly we de;ine lp t A-conodudes, (A)N Py

The cotenso r “Wmuot oi‘

iy M)

e UI\I‘ T ker( thal - leVy: HeN

A comoaule of the fora

( CoA, l«@V )

ig czlled an extended rirht A-

externded comodule is called an injective A-

‘Tor an extended comodule

SRR _lC®VN : CoN:. -

an iecomorphisn - J: CoON.

by 1l ey ( see (11) )

c

Cotor 3™ ( 1,1 ) iis«the Gerived funotor of

frox injective resolution

I

N is

— HeADN) .

, ( C a free xz-module ),

cor*oaule and & summand of an

comodule

, i= C®OAN, wve have a hozomorphnlsn

COANDN = ®ON

which induces

..—> b3/ DAI\ ..y with inverse induced -

(_ xjA )obuained

Joi )N relative to the

W 0% “(/\) , (/\

proper class of gnlit chort exnct secuences of k-modules ((11)

’
P



ard 1t is a 2ZxZ, bigreded z-modude,with Cotor%ftﬂ,N): o ( »20 )

If M, N are li-alg;eb;:.s Cctor:‘\'( iI,11 ) inherits the
structure of a ZxZ, bilgraded algebra ( see (11) ) .
I7 A=E( Viseee,vy ) ( deg( vy) £ 1 (moa 2 )

'—'l,oo,n)

‘__J'

v{ vy ) = Vi@l o+ 1OV s el vy )= 0,
is the Hopf algebra ( ces (12) ) given by the exterior k-algebra
on"'arinitive generators ( vy : 1= 1,..,n ) then we have the

T

cator*“”l Koszul injective co~resolution of k &1 a A-comodude

(“se‘e (18) ) ¢iven by &

(Dy,a) = ( x] rj,...,xu,@z\ ya ),

bideg( wy ) = (1,1) , bidex( z) = (0,aex( z) ) ( zeA);
v\ ‘1:\"—*A= Do ', | ds D — D sel @ coaevivation ard

& lovy) = oL, Y w.®l Y= 0 , ( Jelyeen,n) o
ﬁéiqce' if (/\ v) = ( E{ ¥ ) ,v) 1s as above cotor“i{*(-i:,lc

is a ﬁoljnomial al(,eora Lene”atca by | x:J bideg( Wy Y=( 1,1 ) )

prstuact A )

| Sl."v: Invthis*section we collect together gone ex ramples of

craced allebras,coalgebra s,co nodules ete. whilch naturally arise

¢

,in;cozmection with cornpact Lie g;réups.

Let G,H be compact Lie croups and X, (Y ), }be_'co;.wpact richt,
(-lelt ), G-s:;aces.Let - ii’E_( 33 ) be Zo-L raded, equivariant,
counlox :{-theor:f;rx-iith coei‘ficie;;ts in Xk, ( hence KE( ;Q) = I\:’g( Y®ou
erd ol -;Zp‘) is;definsd as in (X7) ) . |
‘ 'P‘ut' 2(Gs3k) = I:'f(.pt‘; %}, then KG( %c;:: ) ,’and Kg(Y;I:) ar'e‘ﬂ
‘R(’G;fz)-::oaales , ( see (4) ). | | o |

In partlcular, 14. H iz a subcroup of G we have an lgomorihnisn



I:( e/ ) % R(Z;x) . ( see (&) ) .
Farthiomors, L0 I( G5 ) = ker( R{G;k) -» k ) we have
e filtrvotion on KE X3 ) ol an isoworphilen ,( see (&) ¥,
N )T o' 5K X 2R

ans fron § 1.1 Torh15?i)( HR),o ) = Toc;?Ef“ ( R(H x,,s e
Yo, ii‘ X¥ Gyz ) is -Tlat then the actlon nap, XxG — X ,

niuces a COuhlt plication K%( Xik) — KXk )i Gx),
zzicu huac, T X3 ) into a right ;ﬁ “( Gy )—co;:oc;a.le° Ia

D tiuul 1f 1r:uH ~ G 1s 2 homororphlsn of compact Lle _roups
the astion mep ¢ (B,o) —> w(hyez  ( hed, ged )

sces % Tk ) into o left ™ H3;k )-comodule ani we obialn
‘2122 olbrauoa alrear COVO%K;Q,* e ,( X B3k ) ) .

e are intnreaued in o“e case when G is a compact,connected

.’x:

’n'v

Lie _roup such that K*( 3ic ), as a Hopf alpebra , is an

exterior “l eora, B v ,...,v on primitive generators;
Rt $iq FA § A ‘

e recall that if k= Q this iu alxays true, and 12 k=Z

v iD/‘“ﬂu 1f ‘ﬂi(G) 10 torsion free.

11

'r.-,r:('l"‘nr 7,-'* ;1: ):z "AC( VI,QOO,V ) th.en R(G’ 1\. = au»[ol,.oo; ‘_‘ll

Vo Mre relateu by & homonorphism

B RGET — B eE) see (13,14) ),

“which factars,as,u HOTONOTP hism

=

o ‘(C’»?) / (e -~)“) £ )

nose imaple 15 the set o2 primitive c)enezra.to:r-., of X* ek )



-Let A Dbs o Zg-tl‘-a{;ed Z-alieodra with a decreasing,couplete

. e - - an .a Kl Y b
‘ard Heusdoril flliratlon, ( 7 » { n20 ) LJLet G‘r’A be
the aczzocliated, ZxZ, bigreded odject ( see (1) ) then

n,w SN.KAT ) el =+ D) .y
Gr*?"A s (7 =/ e vl, ) » ( n, a positive integer,

I yed , ve say that F_ hre wel; ht »n,( w(y)=n ), if

= -.""‘n Ny < "-. — =
yeA and  0lyleFRSYR/ @ 1=+n s (Tdep(y) 2 nwe( mod 2)

‘ard ‘{1 derotes the equivalence class of ¥y ) ; ard iT

¥ =2 v(pr)eeev(pn) is e moromisl in Ez( v(g) ) ve say that

Cx oo waichto oo, (w(m =)

Tow supnose that w3 A =klle,, e 1 — A, (deglpy)= 0)

is houo-o:’ shlsna ol graded,liltered algebras - with the I{A)-adic
& &

filtrztion on the power series clgebra - then tne complex

¢, a) 5‘-",( ADEL v(Py)seeesvipn) ) 5 4D

where o 1is the derivetion defined by: deg( v(gy)) T 1
Cana N c:( c.@l y=' o0 , (aca); 4 lOV(Pi)) rip)ol ,

i 6 ui;feronti,.l,gradeo. al,;eora fil tered by the A-;iltration .

aub«

w:themore the comult*nlication V E( V(F-) ) = B (V(F-) JOL (V(F
sm‘l b; Y v((i) ) = v(pi)a-’a 1+loviey) 5 (1=1,000,1 )
, ir.auce., a ho‘-ouomhisn ofkai;fez"ential Tiltered,graded algebras,
N ;.Af:;v:(c g ) (C®D(v({a)),fvg®l‘) .
‘mu,s ve hv.ve ,‘ ( see (10 16) ) ' ‘ ‘

tives rise to a stron@.y convergent spectral

Lendgx fo it ‘( ¢, a)
seguence ol x2.2 bigruded ‘algebras and right Ek.( v(p) ) co“.oc.ulc.,

{}:‘P (/\I‘,A) ; _s}“» ’ (37/1)



Ve
guch thnt
v RO . e
(1) o = H{ e ) ( ez, ez ).
2
. X1, LS, Xeswl .
(13y 4. B — ET7 is a cerivation .
. Pl P ~
NS - . -
(L11y . ;'-;,S' } => H( C,g ) = Tot’l’or/\( Ay ), (el f. 8101
& ~ 3 . a
( Yecrs we use ToitTor A( A,z ) to distingulsh the Zo-graded
o Y - ©®
nozolery o ( C,d ) from the birraded aliebra, ‘1‘01"/{( A,k ) ) .

We retulre a charactericsation of the spectral Sequence ,
[;’«3 (A,r,A )} s &5 an Ea-spectr-a.l seguence, Ior. this purpose
we rezall 1ts construction in terms of the followin, exact

couple, ( see (10) )
@H‘(' FIH.LC Y 4 | ~ CEH-;( e )
N | )
. nel,
,_ o @ut( F/Fte)
In terns of I,-representatives the differential, 4_ , cn =1,
1s (ivea by : g0 1) = [j.(iS‘l)"l.S(x)_}

vicre (] derotes the relevant equivalcnce class )

is tnc nr‘ojection and ,j(z) Xel) then

500 = Lam) e m oy L
o T s D, .
he.»u.\e,’ Iy o ['w(v) YooY ] £ &g sy ( Yea, xcs‘{(.v({i))‘
then d(ZV @y ) £ I}*SC cend [ Q(Z.X@E )] is a

representation for gs((chby_]) .

L—

-nnc/nn#lc 'E H“‘( Fnc/Fn*lC ) = Grn’ 4@ (V(F) )

)



T veeY LN D b ) : cigld
Lol 2 Z (A, o, L) s ( 52 1) , catislies the
5 A

Zollowving pronperiice.,

=f 4 ?'. -~ ,,%?..r Y - -— . ’

- (—) :l - b ‘\ oa o .4"': \.”(Fl) gee0 ’V(Fm) ) o

r 2 s »~ . ‘.-, Al - - - ~ - -~ o ~ .. b
D(LL) I% iz & ZuT. DLcrolad snectral sequence of alpebras

and rizht =.{ v(ﬁ_} Y~ comodules, vhose diflerentials

! e
P(111)(2) If zeZ™* has an T,-redresentaiive, = = Lyoll,
g 1

1]

(y e™a ), thea 2z is a permancnt cycle .
ay - “n - X . ’ 2
(b) 'IT zeZ " hos an Ij-representative, C 12-2 L 710v(eg)]
(ypera, 1=2,..,2 ) such that

1alld 3 4
P pes

Q(Z O"(f;_) ) 2L yi.v(p)®l €

' - w . WS,
then 4,(z) = \.Zyi.:(.‘-i)o 1] ¢ 5 .
2(iv) IT ‘2;,3_':?"4 has an Ij-representative,(f A v] ,
. e w(y): 2
Crefa; veB(vle)) ),
then dq(z) has en Zj-representative, L T~ r'ox
o . wivl)y 1 :

e

‘ mrmcmcre; 17 the homomorohisms

S (VQ")) CoEdv(p)) E(v(e))

are (ep_ig , (.s 2 1), then P(1)-(iv) characterise the
E;-spectreal sequence co pretely o

Trmofls 'P(J‘.)f(i’ii) are‘oo,viou‘s fron the preceding discussion.
P(iv) follows Tro: the fact that G: C=C beduces the |

wel htis of"z::bm'::ials«in (v(f) by one .

Iowu .,unoose the hono: rorphisns » Fg , are eplc .

E o “"r))’ ={2eE ¢ V(2): 20l € 5 © Blvie))

.:.aa hence s DY 1nduct.ionyon s , if z £ E; and V(z)s z@®1



then z={yo®l} , (ye i) .

)

Let , Go ) 5 (82 1) , be a second spectral

-~
L,

—~

[42]

geouence of biraded algedras and rigzht E. (V(p)) comodules.

- A

Supnose we ore piven an leon rohisn o algebras and comodules,

Pt B T

with resnect to valch (.

1

’ | ) Suvis ieu :‘.:‘i-)"‘(IV) o

S

Suppose ¢ - induces icomorphlsa as far as.

Sbs Eg = 5 ’
we can view this as two Gifferentlals, &, and d  , on &g
= bt %]

‘saticlying i (iv) and we can speak unaabiguosly of
o

I -representatives ,etc .

_

"’e‘hfve to show d_ = dg
) &

The beha viou” of d with resnect to w(v) 5, (X ¢ E (V(o)) ),

, -
inplies that . - gg’ is auc.ltivelv generated by elenenvs,

xcax]

"

Z., .
a V(‘f) R W(v):

'an.a we ~>:c'oc>eed by imuc»ion on m, for each n
1r oz e I ,f" 9(111) implies dg(zy )= d.(zy ) for

';(m-o or'l)

3y *»(11) ,’ vie h (6©1)(z) = Vedg(z)
) an. j (g1 Yoz (zy) = V.gs(zm) .

: S L . n,s : y
Towever, < (z,) = < 2 v z®le ESOEME)
Ty M Ymt T gsqem & m T s :c_‘(\

" where. ; _aq__f-‘Z zq@ _,;'1_'qw and w(v,Zl g = B-a

CHemse  ( dgo1 )% () - S (691 (2 + Aglmol
| | R Z (221)(2q) - ds(m)@l ’
by ,‘:f.n‘du'c‘tidn G |



Renarizy Lema l.4.2 has anclogues for Eg -speciral segfuences,
- 0

( "s52 1 ) ¢ If we have 2 second spectral sequence,
( Eg d5) » (82 s55)
of vigraded alpebras and right E;;(v(‘o__))-comodules
torether with an isomorphlsn

clbsoz L "7- Bz

—

ad’e}

ol glrebras a m comoaulcs we can use this isomorphiisa o

cive o ncaninu to P(1)-(iv) opplied to E , dg ) .

Corollary 1.4,3: “Suppose the honomorphisns of Lemma 1.4.2 ,

FS:A E - :_Es_‘_l Q k ( S 2 L ) ?
g <vqo>> | E (v(e))
e e‘)ic o

Tf p':A\ — A 1S a second homomorphism of Tiltered,graded [
:-:-alg:ebras such that - r(py) - r'(Py) ¢ r(I(M);FlA , (1=21,.,n)
hen {Es(/\; >, 4),850 2 {gs(/\, rt, A ),gé} , (s2 1) .
2roof: Clearly both snectrral sequences satisfy P(1),(11i),(1iv)
-a.na D(11}1)(a) . Supnose r(py) - r'(py) = Z yij.r(p,) R
(1=1,..,m) end (¥ €FA)

Taen if z -{Z yn@)v((n)];ﬁ‘l:’ (A,r',A) we have
Cze 0 o vled - Ey Taevny®@viey )
anJ. 1'(z) he.s a represent ative ,[Z yn,r((on) ® 1] . i

’.';;e call” ;’.:‘,,‘(v(g_)) the exterior Honf alsebra on primitive

renerators  in IM)/(I(A) )2 'y (cefe §1.3 ) §




la.

Supnoce A = [Ly-,,...,y di, ( Ceg(yy) 20, 1=1,..,n
Let E.A_(x_'(;fl),...,"»f\:fn) ) = E;c(v(;g)) be the

ex «.emor' Font c.l{_;ebra. on prinitive generators in

(8 /( 1) )% .

Suppose vwe have a homonorshism of Craded,filteréd algecoras,

vith the I(A)-adic filiration on A ,

rs A - A, -
Let  »(py) = p[. B, (o7 ( modulo I(A)2 )
J:l ij j

( lc-,'_J 3 i=1,...,m ) o
Then we can de‘ine o homomorphism of Hopf algedbras, { also
. deroted by r ) , r: E;{(v(g_)) - EK(V(I))' by
2 . N :
I‘(V(fi)) & Jz:llnijnvf(yj) ’ ( i= l,...,!l ) .

This makes E (V((c)) into a left E. (v(v))- conddule
B;,r Corollary 1.14.3 ,.\men the homomor'phisms ’ Fs s are epic ,

\-:eﬁayfefme ["“(/\,I':A)sés} as .

{,‘us( E, (V(g’.)) y T, () ) L 4] L (s21)
..z.thOUu a.’:lbiJ.IitJ .‘

Tenag 1.4.4: There is an lsomorphlsa of 2xZ, bigraded algebras

and ri,;,ht E. (V(‘o)) -comodules

2300 E(v() T (VD) T Cotor Y ((k, E(v(g)) ) .
orop - sy S
I rrom%l 2 ve J‘aw that Cotor ** ( & E (V(F_)) )

E(v(1))

is glven bj the }“o.noloLy ol the oic,radeo. algebra and

»

co”oaule, G (A)@E (V(())) El‘ s under the

o.in erential



3.

a': crioz (v(p) o cx™ AR (V(2)) @E (v(g))
al
Gl‘ml’*“‘-‘pz‘c(v(@%)o e c;:_ " SE(V(Z)@E (vie))
( vhere @ 1is descrivzl in il.2 ) .
Hernse a'( yol ) = 0 ( ye Ge™ s ) amd i7
rlpy) = %‘. *jye7y ( nmod I(A).2 ) » (Hpyeik )
. (v(‘,i)) = ( loeol ).d( ?kije\r(y‘j)ol + lolov(p;) )
e zj: klj.yJCD 1 ; g

thus &' = 4y

§ 2: The¢ Rothenber, = ‘Stecenrod sHectral seduences.

’Ti;:fou;hopx‘t this cection let» H be a compact Lie group such
tnat  XY( H;k ) is a Ilat k-nodule .We briefly recall the
comtructiof; o“f‘f‘.he spectral sequence of (20) .

yckire o to be a Ifree,right H-space flltered by closed

subspaces: ( pt)=Dyge Ey € Dy <« E S sesee y(with the

¥, H-invariant subspaces ) such that
(1) == UE, , with the topology of the union .

contractible in Em-l o

[y
[ & T

(;i) Ee,ch n, En
(_iii).;v-ﬂcn n , the actilon nap \\Jn: B XH - En restricts
"co a relgt.ivg homeomornhicn . |
?”n‘(’,Dn’En-l)XH, —= (EpEyy) s
- ( n.=0 ,;’\;50 ! homeombrphism H > % ) .
| , (i’v)_ Lo h n, the:'e ex 1sts Upy: Dy — I (I, unit interval )
 ara | h,: IxD, ~ Dy, .



reprecenting IZ._- a5 & n2i_nbourhoeod deformaticn retract
e -y 1 - < S v
in 3,, { L.c. E._y <€ L, is a colibration ( see (20,21 IL&4.:
, suzin that the unliue o3, v, and h1 , Gellined by the
2 2y
Jollovwin, co.oiut VE QLo Yoo are Conuinuous.
. xH == L 1¥D\xE -— D xH
% -3 n bl n
1 C’ X
¢ . o ! e
winn 4
nv $ YUy S84 i Pa
T, o I pel - Z,
by u_ 3 i
gn , Iy
< EA bt ] T~y JTy 3 - - . '
Setting BH o= I/, 3, = I8, with projectlon DiEH = Ei,
20 ( DLE, 4 ) - (34,37 ) 15 o relative houeozorphisn.
e amoalexs O e n el I B0 NS
—~— v~_/...__)-L ».u: W "’.w. .;{7 o \.,..43,».) % .L (J.Al,.ao,-a.) " e s 0 ( C )
. Lo R AR o . < o
Lo anoeract sequerceof ri_nt IT( Hi;k )-comodules, by {(il) .

- B

Dariheraores, z-:ith the ri kv actlon

o 911’311-1) biesbiest - D,,3, 1)
{ z,h,hy ) -> ( z,heby ) ( =ze D, b,hge H)
the 1:.01.".01*;1115“3 ‘ |
,,N,." ; Ve o S AT e e = - - ,k
B Dn"“x*-l"” o £ -“-;-'-) £ X ((Dn:En_l)}'I?;"‘-) ;5‘;4{ *‘.(An’.gn—l;::}

s '- . . i . <« R - :
resresent ‘C'(En,z‘n_l;l:} s an extended,right X (H;k)-comodule .

for the Illror realilsation of =H , ( see (20) ) , the

L3

complex, ( C ) , is the cobar resolution of Xk &5 a comodule

over ""(I.,.c)
ow let 7 be = conpae‘t,left H-space; define

Yy = mMX, Xggoo= EggX

L

ft‘:ien the uction ‘:.ao LiVCo ‘2 relative homeomorphisa,

?—n‘(-in,ﬂﬂ_l) My - ("‘n"t‘n-l) : (2,h,X) w (¢n(z,h),h.:<)
| (z ¢Dy, ,heH , xeX) .



s
—Je
AN ~7 0 o+ . vy ey o e ¥ b
e call the soectral cequence obdiained by anpliying K (_3k) to
s e oL - . / . . . - -]
the ZLllercd cpace v X, q Y, the Pothenbery-Steenrod snectral
si g+ -

. 4, ) . 1 - - 2 . PR K. - me -
se.uenze Jor Y . It is rc-Aily verified, ( c.f. (20) ), that

P e S

T‘cidh] ( S 4 2

is & ¢ t-orbLj colvevbvhu, 2x22 bigraie& speclral sequence 0%

al_ebras sush that : L
E 1 g ¥ - Dy e e . : i ‘*r 5" -
~{1) By = Cotor | - (5LE%(X0) ) = ZM{Xask) = 20T
A (a5<D) - -
- Wﬁ+°?d'S+L 1e a derivation .

e 3 -
(iii) f?yvr{ﬁ —9xé <is'a homonorphlesa of comoact Lie groups,
| (G}k}  ;3 k—flat, then the mu plicaticn
in G irduces & richt Z*(G;k)-comodule structure on
FufiherA' f iﬁé”romo‘b‘éhism, r, is an inclusion
;9 = ElNGn) = KNG/

Re1nrins If”“X = bt.‘, wo have the spectral sequence of (20),

xi

L§ “Cotor Z . \( k) . RE;R)T ,
- et £ A ‘.’Ogl
and 1f  X%(H;u) ic an etterio" algebra, Cotor '; ( k%) -
Lo "‘; ’ . . H'*—-

idmieneratcd in even total cey rec,herce the ,pectral Sequence

colizpces.ileo AL ~H . is a finite cyelic group 1t is well rown

Gotor™ ™. ( z,x"). 1is fenerated 1n videgrees (2r,0), -

we nave a filt”ation on uhe %-algebra, R(H;x), such that
(H;m" "".—. Cotor"‘ ( ‘c,,:, . '
PR ,K (Hjy i) R

ase when ‘H.o-1is ;a\;lnite aoelian group is importan



ed Lle group, ('n’l('&) ot
iree ) , there is a finite coverin,

nyly-connected,conpacy,

o
O
{1
O
I3
O
'L.
(
|3
3
(o]
1)
-
U
4
w
'-u

connseted Lie froup such that  er( ) is centrzl, ( see (13,14)),

o

re»xresenting G eas Go/( wer(aw) ) 3 ( c.f. IZxample &5 ) .

Let r+ H - ¢ be a honozofphism of coxpa et Lie groupns

sush that (G,“)r = v(f) ) 3 R(G; k)= ki[fl;...,em)T ,
( vhero v(ri) =(b(¢i) ; 1= L,...,m and (l,; R(G;l:)"-»Kl(G;k) is’
as in €1.3,(13) & (14) )

Aleo csuppose elther:(i) 'K*(H;Z:) 3 E}c( v(yl),...,v(yn) )

or (11) The Rothenberg-Steemrod speciral sequerce Ior a »oint
as an H-spoce collepses and K¥(G;k) is a trivial
left X*(iH;i)-conocule.

-

In these two cases we have ( wvhere r demotes the ‘r'ertr-ic uion)

BTCRGRT, RGN = Cotor T (6K (69 ) .
Th(brerﬂ"?.?‘: | 11;_3 Lz-nothemc-b—stecnroo. spectral seguence
3 (X, EMGsk) ) lig(G;L -~

a' - -~ N Ul -~ %
E5( R(G3xY ,r,R(H;;c) )= Eg%=Cotor *
< - X™(H; %)

o]

svat_i"sfies ‘P((i)'-(:iii) : cefe §1l.4 ) .

Froof: By L2.1 wve nave only to show P(11i)(a)&(b) showever,
1 rel sequence for X 1s a nmodule

over that for a point ( coinciding in the linit with the module

*m’cmwe‘”from : R(Hﬂ?)“ - Fu(X;x)” ), hence P(i1i)(a) follows
1:00::1 t‘me collansino o; the soevtral sequence for a point.

Tor ~P(il:!.)(b) ‘we firat consider the aifferentials on



*
«~ 3,’!‘3 »
- -w ) \ — - .
L O \r(‘ﬁ;} £ 3;:( V({?‘j ) = Ly 5 ( i"laeoog» J .
Wo have o coculative alo roals
.
o« (3 .
Lo Tl e - ~a h¥al ~ ~ - IR )
. .:o ) ;u;'s) Q‘T ‘:v(éu; .h) - _L{C;.x}
. S D5
3 X A
¢ ae . ey ~ ik - {::n
Sa (C;--} . \" \‘,4- v RS
™S 5, "~ . - A~
“ ‘:(fqvc‘S oy T ST {OsR) = (s
N ’ .
o : 3
WA T
R = -~ > 4
Qo (C ,,Czy ﬂ,-o) pq:;;'“ % (&)algb 5-»)
2
s Vi
Ot = 2 o B I
2 L) STl PN 9k
- v L,b"-u’ 14 :3’ ’ i)js u-..’“’.a’ \)
~
P (3,_192,) %65 %)
) P _l :
viiere 4., ( whes delincd ) lo repreccntsd by Jo{{LYY TTd%
P~ ) P R S Y
it P & I(G;—x} o L izlieessnn) o waen

o ‘*(f (5((5_) = (_-{)'.'l 5,(py)  ard heace

‘ | S.(S)’ pplps) =  prer(ps) < s s S
( c+1) ’pncn dml(}.c) V(e s Geflacd and

te oo Coseribed in P(.‘Lii} () .

Ib'x.,:', 120z e 3 (Gii,il’aii,n;l;‘:’:) is such thab

27 ¢ A;’ - f..;" nas en I, -bh}Ir(,;(.l' ative , tij Iy @v(pj)]

( oy Sa@n)” ), s erauent shaller to that used in

dorivin, the nul tl*ﬂ 10 ativo pro :crtlcs 04. tno socciral LCUense,
( cele (":))§lG ) - Lho'.:s that S(z) e ‘?(Gzz'Gﬂ piit) is in

1l pe P Bn,x.) — :f’(c‘i,c,: ;%)) arnd thal there oﬂsts &

£

L3

rc:z—;sentatljv‘o ol G.{z) 5 ( g as in P(li;)(b) ) ’c.n is



184
i;:a»ve ol .Zj: l‘fj'r((’j) under the hormomorphls
3.pa: KO(B4,B. . 3k ) — X G G sk )
L 2 N+ S—-1 ’ H n+s? H,n+s l’
Thesren 2,%: Suppose that the hozozorphisnms
Pyt El R(G;ﬁ) v, RN a
. \ \
V,

P9

T ELV(R)
Bl RES o 2y BT )

are eplc for ( s

e

r -
Ex(v(g))““ |
>1)« SR
If the cpectral seque*ce, ( Es,4, ) , of Theorem 2.2 satlsfles
etther (1) E(ivf e, (elfs S ) .
Cer o (1) E ,.(822) sdse
| elements

generated as an algebra by
vith Bl—representativcs of the fornm
X rIOX ( y ¢ FH
Xf(v)( 2 - 1 ’

R(H; %)
Then {Es,d 'ﬁ {

( R(G:*{) srs R(H k)" )’ d -i
Prooi: Ile ham only: to 'shou

H

¥ ¢ E(v(e))

(11) .
Supnose tnat tne i*o..or'phi.....,"

(s2 2
Ex T Ey extends as far as
=~ : tar Q@ ~ hs»
E. ¥ &, ; wo consider ¢, and dg on &
~ "'3 ’ . -~ 0 ) -s
3y inductlon on n , Theoren 2.2 ard the differentlal
clpoebra structure oi ,~_E_:sr ~we need ornly consider elenenis
- vzgr.—.» -.;:z;@z,] | e
w(v)
‘Oon such ele..ents wo huv.e

_ s(“z) -
Duu u”liu lu

¢l

| s ( c.fs proof Lemma 1. 4 2 )
,,<z2> (ml}

x' aFn*~R(H-‘-) ) s,
imvossible becc.use of the beha.viour of ‘che
ren‘cials \%i‘th re"oeyt ‘to the tota.l Lrading .

;he hynothegi., thu.t tne I‘

ar'e e'aic , althoudx

) -

).



i9

garficlent for,our applications o Theoren 2.3 , seens Tar

tﬂqq qtgﬁon,;,’ . Jowever, one can rot readlly find exanples ol

enoeddincg , T: H=-G , wilch do modb satisfy it . This

hypothesls implies,, ( for .k=Zor Q) that .

LBy = B, @ TUv(easeesvipl) oo s (ele{py))z 85 12 10.,a)
axd Ta: gs( §3)= 0. . Hence ﬁnwup case  dg = & 17 and
only if there do rot e:f.*_st elemeﬂua z ¢ B~  such that

% aD(Z) EJ@ l] ( ye RE;RT ) .

Givont; ’Lhe Fs are enic 3; ‘tnese 'br nsgres ssive clements ,‘

it

4 ( the tern aefivcg fron’ (8 §2O - ) , z. a’_BS can

be. locg.‘ced by me ns-of the tdems operations , dﬂp ’

( see | ((2)13.135 ,(4.5):9139 and. (17) ') + These operate
(. unstu.bly ) in both. "'“eb%aic and peometric spectral’ oeq_uences

r::l

or- %, = Z.oT, -Q ef foctively swenuthen the ‘'wealk!

: {.)
Bl

252 Lrudin‘, to a Zx2 5re.c;in;; 2 : _’
lote that the, Fsz‘,’,epic , (sz1) , implies that
Tor” (, R(K;%),% ) /o o X = Toro'® (R(E;R),k) .

R(G, . To r -~ (k,k v  R(G;x)

§ 3: The K-thoory'of conjupate bundles .

xIn ?hiP scction ve e_.*oloy ohe Pothenoerg— teenrod kspectral
seq uer. © to cc.lcula.te the (. comnletec. ) K—-theory of‘ |

éq 1 ate _/ouv«dles a"sociated to G-crincipa.l bundles. The . '

IJ‘

ortwnce o;“cnege <“>aces is unat they provide, toge«her' \

e
-J

;"” B

un _Gras'"nannia e the neceosax‘y e*cg::mles of ’oagic' G—.,paces

sed 1n tne construction of the Kunneth ¢o:mula. .,pectrv,l

& g



20,
sequence ( see ( 14 6§3) ) .
The result proved here 1s the I(H)-adic completion of the
nain theorem of (12) , ( postponed from (1l4) ) . However
this result suffices to construct , as in (14) , the

Runneth formula spectral sequence , since

X = ,
ToR()(K()Z) ()(hg(x) )

‘( see §1 ;‘ (1) §3 and (0) ) .
Throue;hout this éeotioh " G will be a compact,connected Lie group
such that ";J.(G) | is torsipn free , ( c.fe §1.3 )

The map i1 exa - @
P &8 ) = .66t » ('€ G )
defines a left aotions of G ( the group ) on G (—the space ) -

the conjuration action ;s we write G, for G with this

actlion . ’
Suppose H 1is a second compact Lie group + Let

v: P '— P/G
be a principal G-bundle with a left H-actlon such that

7T 1s an H-mmp The assoclated conjurate bundle to ., W 1s i

G, —> P, = Px Gé -T—‘_.l P/G ,
[PoG-l “(P) ’ ( pe P s 6¢G ) o -l is an H-map .

EJ(ample: Let E be an H-vector bundle over B , with

mund field k (-TR c or {4 ) . Suppose E 1s provided
. with an H-inva.riant metric of the appropriate type , |

( poaitive definite k—conjugate linear form ) , and so we '

can reduoe ‘the group to G 0O(n), U(n) or Sp(n) .



21,

t

Let P(E) bo the assoclatod prineipal G-bundle., thus

BB, v TN, Ee) y ((xe€B ),

the space of loometrio i-linear naps l:n —> Ey .
‘Let Aut(E) bo ihe bundlo of isomeiric aubtomorphlous of E,
.whose fibre et x e B ‘13 I( LE, '}y with He-cctlon -
(hef)() = hig( u™ _) s

Thon 8 P(E)x 0o = AWY(E) - .

7 uxgv ) = wrumt , (e I(xRn) 3 ve I(ELED) ),
definos an.H-'ioonorphism of bundilos , ( soe (12) ) '
“For G=U(x) this is the 'baalo!’ 'H-8p2co roquircd in (14) .

Tov let V bo a obxﬁpiex \vooto'r‘bpc.co with o loft C-actlon ,
( a ropreuéntation of G ) o Ve ’hc::o tvo G-vostor bundles.
ovq‘i‘}.ydxc Y | L
(i’ Gxdxvu with astion 53(51,“52,v) z (cl.c;"l.cp_.c"l.c.v)
(11) GxvxG with actlon c.(cl.v, L,,Q (cl’.’c;'l,v,.g\a) .
Tho vostor bundle 1somorphisms ,
1: GxGxV.»-v'va:'G ' , (L =21,2 ),
1( 510 ov) ( 91092070551-52’1) |
ol Cpatp¥) = ( CpgiWitiety )

commute with the G-aotlon and honco 1nluco veetor bundlo

1sonorphicmo - -i‘ (GxG)x V - Cx (VXG) = v:a ’ ( 4:21,2)
of vector bundloa over G .

It r: H - G 15 & homomorphism 02 oonpact Lie croups
vo can endov these vootor bundles wlth the fo..louin, H-aotions .

=i (u. L)" |
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Hx( (GxG) x.V ) — . (GxG) x,V
( h,0e,8,v]) — [r(h)ig,r(h).g,v])  and
HxvxG -— vxG
(h,v,6) +» ( r(h).v, r(h).s.r(b”L) ) .

Then we have the followling commutative dlagrams of H-maps

(GxG)xGV -:: . VIG‘Q
1 .
T\ Vel 5 o
, _( 1= 1,2 )f ard W( [&,6,v] ) = csl'-‘sa'l .

 Define  D(V) : D(V, <) € K‘l(cfc) " to be the
~ differonce element , ( see (4) §2.8 ) ,
- q( (GxG)x ’ (Gx(})x : (-(2)'1 (o<l) ) .
Slnce the squarmof the universal differonce elements in
k"1(U) , (U 1o the infinite unitary group ) , are zero
T it foilowé that the image of D(V)2 in K}';(Gc)“ = K*(E{XHGO)

L]

is zerp 'o': ‘

Lemma 3,1t Let V be a baslc irreducible representation

of G If Wi EKy(G)) —» K°(0) 1s the 'i‘or‘_,etml'

homomorphism then 0 »xy¢( DV)) e K"l(G) o

Proof: Let GwG = GXGxI/(~) be the joinof G with

. itself , ( ~ 18 the equlvalence relation defined by
(51.52.l)~(51.5,'2.1)  and (£1,82:0) ~ (&1 52.0) ) o

’ We ha.ve a principal G-bundle

£ G-‘ G —» s(@ , unreduced suspension )

f([slsg.t]) EG]_GQ t}.(teI)
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v ;-i 5(6) - awvlex & x1(6)

is ron-zero , ( see (3) Lemma 3 ; dimV is the trivial bundle

‘such that [ GeGx

of the same dimension as V)

ow <3 » (=,) , induce isomorphisms of vector bundles

{(G.G)x vl [,t)cS(G) such that t=1 ( t«0 )} and dinv,
guch that & ( D(V) )1I= x ¢ K (G) .

Theorem 3.,2¢ Let r: H-»G be a homomorphism of conpact

Lie groups and py » (1 £ 13...3n%rank G ) , be the
‘baaic 1rreduoible representations'of G . Then the algebra

homomorphism M 3 YseesD(py) ) — KI;(G(,)A

R(H) ~( D(rl

ip an isomorphism .
Proof: We have K};(Gc)” = 'K'(IE.HXHC—C) and a strongly
convergent spectral sequence '

n" ) ) Y
E ' = k%0 G ) = Ey(G) ;
cH n’ cH,n—l ¢ ’

( nlnce K*(1) may mt be torsion free we do rot treab this
as an E2-spectral aequence startinc, at Cotor ) .
owever, since K (G) 1s torslon free we have

K((}c ,G ) % K(E{n,m l)cé)xi(G)
Hyn Hn—l .

and thle composite
~-Kl;((}°)A - B2 o Eg_” ¥ x*(a)
i3 the for(f,eti‘ul‘homomorphism .
By Lemma 3.1 , Eg_" consists of permanent cycles and 1T
o

F** = R(H)™' 1 the spectral sequence obtained

from filtering - BH , r\ ‘induces a map of spectral sequences
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{77 ® Bl ¢ Detheees vDlen)) )] — [E°] , (ss1)

vhich is an El-lsomorphism .

]

low let w: P -+ P/G Ve a principal G-bundle with an

~ H-action . For V, a representation of G , we have an

elenent , DP(V) c Kﬁl(Pc) » defined by PxGD(V) and a

natural homomorphism of algebras . .’
Pp:t E, { Bleg)seeasDolen) ) — En(Ey .
P TR (p/0r Be)seeeoDplea) HTe

‘Theoren 3.,3: If P/G 1s locally H-contractible and

of finlte coverlng dimenslon , ( see (4)¢$3 ; (14)§2 ) ,
( 1.0 P/G 18 in the caterory (ZhH of (14) ) ,
then /“\P is an isomorphism .

vzmo ¢ The funcédrs (DQol),..,D(pn) ) and

II( )7
K.H( ( )" give two presheaves on the H-invariant

closed aets of P/G. « We have two }stroncly convergent
spectral soquences , ( see (4)83 ; (21) PartI §3 ) ’

CES"s H(P/a; E, (D(p) ) » E ( D(e))
2 A £ /o
p;‘ Bp/aig( v ))") = Ki(P)" .

”P 1nduc‘e_a fie N} :LhOmorphism of spectral sequences, hence we
_must show that r\ is an isomorphism of the stalks of the
presheaves . ‘
For an orbit, H/H' , in ‘P/G tﬁe action map
HxG = HxGx(point) — -w-1(H/H')
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induces a homeomorphism , Hx G - (H/H') , for

some homomorphlsm , r: H'-» G -

Hence, by the naturality of M , we have a commutative

diagranm > -
£ (ote)) 5 reY(mme ~
T R LN
% o | | = .
G L
A
' K1 (Go)

{and, by Lemma 3.2 , M 18 an isomorphism on the stalks .

§ 4: In this section we apply the spectral sequence of §2

to obtain some information about ‘Toz?}{(G)(R(H) ,2) and

about the forgetful homomorphism |
o R(H) 2 K0/ — KO(c/H) , ( see (5)§5 ) &

Theorem 4,1: Let r: H=»C be an inclusion of compact,

connect'od Lie groups such that the followlng propertles
a.fe true. | | | |

(1) | ‘ra..n.k‘ H = rank G |

(11) K°(H). ) ( K‘(G) ) , &s the exterlor Hopf algebra

on prlmitive e,ener#torn in I(HY/( (w2 ,
@/ H@M? L, (eafi§l3)

i‘hen (a) > . 15 eplo & |

| (b) R(H)™ ‘is a free R(G) -module N
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Proof: Consider the Rothenberg-Steenrod spemstral sequence

for the G-space, X = G/H ’

rs.J

ES" = Cotor;{'.(G)( Z,K*(G/H) ) = K* (EGx,G/H) 3 K°(BH) = R(Hf" .

From ( (5) ’Theorem 3.6 ) ve krow that ki(e/H) = 0
" and that EK°(G/H) 18 a free abelian g£roup .«
Since K°*(G/H) 1s generated in even dimensions and .

K*(G) 1in odd dimensions the t.:omultiplicat:ion ,

Vs EP(a/) - KO(6/H) ® EH(E)

is given by WV (x) .s' x®1 , ( x¢ K°(G/H) ) ;
(either by considering the dual multiplication or by
embéddlng the K-Q;roups in rational,singular cohomology ,
iria. }Chern charaotei' ( see (2)k p.193 ; (5) §2.5 ; (15) Ch.18 )
and using hohololgy-cor}omoloc;y duality ) o

Hence Es>" s Cotor;{':(G)( Z,2 ) ® K°(G/H) 1is generated

in even total degree and the spectiral sequence collapses
Thus the composite

”~

o R(H)™ —» E2° - Eg'° & K°(G/H) :

-

is epic , which proves (a) since K°(G/H) 4is complete

Lot . XpydeesX be a base for X°(G/H) and choose

; _ q
elements in R(H)™ , YpreeesTg such that

-g

‘uﬁ( Ty ) = vxij ( i1=1,...,4 ) o
Define M2 R(&)wlz,eidyz] — R(E)
q - . q |
by ni L .8,®32 ) = L B0 8 )eyy

( ag e R(G) 3 {zl,;".'.‘.zq} ‘18 the free ablian group on the z; )'f
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We have a complete,Hausdorff filtration on R(H)™ , given
by the collapsed spectral sequence , such that the R(G)"=- module
homomorphism , M, 1s contimuous with respect to this and
the I(G)-adie filtration on R(G)“@izl,.‘.‘.,zq} v
Furthermore ,” Gr(j): 6r( R(G)")elzy, .,z = Gr( R(H))
is an ilsomorphism , hence so is M .

Theorem 4.2t ~ Let r: H — G Dbe an inclusion of compact,

connected Lie groups such that K*(G) and K"(H) are
exterior Hopf algebras , as in Theorem 4.1 &
Then  Tor ** (R(H) , 2) = 0  if

R(G) 4

i1 »> ( rank @ - rank H )
Proof: Let T , ( T, ),be a maximal torus for H, ( G) ,

such that T 1s inoluded in T, .

Since R(H)™ - R(T)™ 1is a split momomorphism of R(H\ -
modules, by Theorem 4,1 , it is also split as an R(G)"-module .
homomorphlsn |

Thus Tor;%a')‘( R(TY", 2 ) = O 4implies that

Tor-i";( R(H", 2) = 0 .
~ R(G)

Since R(T;)" 1s free over R(G™ an elementary change of
"rings theorem , ( see (7)§2.4 3 (10)p.116 ; (16) ) , implles

-1'-

| Tor'R(G)'“( R(TY®, 2) % .Ter;i';;)'.( R(T)" R(Tl)‘oR(G),;z )

However, the inclusion ‘T —» T; splits as a direct productx

ard hence 'R(T)’“ ‘as an R(Tl)“ -module has homological
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dimension equal to ( rank Ty = rank T )= ( rank G - rank H) .
Finally we have the isomorphism , ( see §1 ) ,

- Tor R(H) , = ’ o
R()( (H) , 2) TOI‘R()(R(Hr Z)

Remark? Slnce there exist o even differentiala 1n the
Kunneth formula epectral sequence

E2 . TorR(G)( R(H) , z) = K"(G/H)

Theorem 4,2 implies that this spectral sequence collapses
1f (rank G - rank H) €2 &
In particular, if rank G = rank H , the homomorphlsm e
induces an isomorphism
R(H) @R( 0 = K°(e/H) Sy
Also, If ( rant G ~ rankcH ) ¢ 2 the homomorphism
- KY(6/H) T Eg(6) — K(6) T EK%(¢/T) ,
"( T a maximal torus in H ) , 1s a monomorphism . This
is to be expected in view of the general result that
K(X) . — @ Ep(X) '

. : . ¥
is a split moromorphism for all compact H-spaces, X ,( see (6)§4) .

€5: K*(so(n)),

In this sectlion we make an elementary application of .

Theorem 2.3 in order to calculate the Za-e;raded algebra,
K*(so(n)) %
Recall that we have an exact sequence

1l —> 2, — sSpin(m) — SO0(m) =-» 1 ’
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( e¢.f. Remark ( Lemma 2.1 )) , which represents SO(i)
as Spin(m)/z, |
T?xe representation ringcs of 22 and Spin(m) are
as follows, ( see (9)p.54 ; (15)p.187 )
R(Z5) = z{x1/( x2+2x=0) , ( vhere x e y-1 , and

Y 1s the camonlcal irreducible representation of Zs ) )

R(spin( 2nsl ))» Z[f’l""”f’n-l’ Azml]

R(spin( 2n)) = Zlpysceesppoas 85,6, 1
where the generators are in the kernel of the augmentation

The homomorphism r: R(Spin(m)) -» R(Zz) is given by

r(r 1 ) s o) ’ ( for all 1 ) »
(B ) r 2x
r(ag) = T(87 ) = 2L

Now K°(Spin(m)) 1s an exterior Hopf algebra , and since
Spin(m) 1s connected the comultiplication

< :k°(spin(m)) - K.(Z2)Q) K'(Spin(m)) is W(z) » 1® 2 ,‘
Hence, for the Rothenberg-Steenrod spectral sequence of

Spin(m) , the isomorphisms oxisti

gg..( R(Spin(m)f. r, R(Zp_)") " Eé.. T G;"(R(zg)ﬁ)eEk(V((’l)o") .
The algebrals spectral sequence, {_‘_E_:;"}, satlsfles the '
hypotheses of Theorem 2.3, in fact it has only one ron-trivial
differential and thereafter E." 1s generated by elements
which are permanent cycles, by properties P(iii)(a) and (b)

Hence the geometric spectral sequence has only one ron-trivial

differential and in terms of representatives in
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Gr’ ( R(Zz)ﬂ) [ 7a) EZ(V(‘DI) .;ooo)
a system of generators for the algebra , X*(s0(m)) , is given

by ol R(Z) = 2(s0(m)) )® R(Z) @2

and (&) ms 2nels

Coviep)ssenivlpnay) 5 (203 )iv(Dypg) in KTH(50(2ne))

" (b) m = 2n: '
CvlpD) eeeen¥lpap) 8 VIDE) - V(DG
( 2ex).v(87)  in K-l(so(gn)) :
We mow consider the algebra structure of K“(so(m)) , for
this we need the following lemma «
.Lemma 5.,1: Let J: K"l(so(m)) - K’l(Spin(m))
be the homomorphism induced by thé covering map .
There exist elements, 2z ¢ K -(50(m)) , such that
J(zaml) = 2(b,q) i

| Nzg) o« 2v(ng,)
and 0 = X.z ¢ Kl(so(m)) . .
Proofs Let m=*=2m+l , Xxel = y - and let V Dbe the
2n-d1mensional,representaﬁion of Spin(2nel)- which restricts
to 2%y , ( see (9)p.54 ; (15)p.187 )
We construct an element of K'Z':(Spin(zml)) in a similar
way to that used in, § 3 ¢
Let  Spin(2nel)xspin(2n+l) have a  Z,xSpin(2nel) - actlon
L)

.

( hys )olopey) = ( hgee gy

( heZy; &6 ,62 € Spin(2mel) )
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We have two isomorphisms of Zz-veotor bundles over

Spin(2n+l)xSpin(2n+l)/Spin(2n+l) s Spin(2n+l) ,

©¢;: Spin(2nel)xSpin(2nsl)x V - Spin(2n+1)x2%
Spin(2nel)

=(5: Spin(2n+1)xSpin(2n+l)x V = sSpin(2nel)x2® ,
‘ ‘ Spin(2ne+l)

( cefs$3 ; 2P 18 the trivial representation of this dimension ).
Since y2 -1l , a8 a Zo-representatlon wo obtaln two
1‘aomorphisms

~$] s> ¢ (SpinxSpin Xspiv Yo (ley) — Spin x 2%(1ey ) &
| n

Thls produces a difference element , 2z, , which 1s
represented as a Z,-automorphism , F , ( see (4)§2.8)
of the product bundle

- Spin(2n+l)xV(1+y) . , »

If we write Vl for | V®l , and Vo for Vey , F 18
glven by F( 871075 ) = ( §18Vor8Vy )

( vie Vv, , 11,2 ; g Spin(2n+l) , here ( 8_) 1s
the multiplication on 2B give by the Spin-representation o )=v
The change of factors 1s necessitated by the requirement that

F be an isomorphism of Z,-vector bundles .

If we forget the 'Z'av-a.ction then it is clear that the difference
element represéntéd by F: Spin{2n+l)x2V —» Spin(2n+l) x2V
18, ( up to slgn ) , twlce the olement constructed in §3 <
Now consider the Z,-vector bundle automorphism

Fol of Spin(eml)x( v, o+ V2 oYy |
which ?epresents | .y'.‘zzml [ K;:(Spin(2n;1) ’ undér the

.
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ldentificatlon of Za-vootor spaces
(Vy ‘ Valo ¥ C V1 + Vo (Vlova) > (VoeVy) ’
F®l is Juat F again ¢
Hemoe we have 7'“2:»-1 « 25,7  amd XeZpp 50 ¥

i

.‘smua.rly vao can comtmot Z3a and.‘ Z3n <

From ( (14) §3 ) , ve Luov that any differoico olezont

4in K;l(Spin(n)) % Kiz(Spin(m))" can be induced from
an elanont in the Kza-thoory of a sultable conjuva.te bundle
ovor a point .beme these differonse cleacats sqQuare 'oo Zoro
S8inse, from the speootral soquonso there oé.n bo w0 other
'rola.tidns -than the ono given in Lamna S5ed WO havq Provoed 8

Long 5,31 There exiat lsomorphismo of Z,-pradoed algobras

K"(50(2ms1)) = E : (vieg) sees¥(Pne1) 1250.1)
’ R )® ~ -
S et T

(7((’1).--.'7(6 282k, )
g R(spta2a))® ( if} £0)
. » : n )

" 150 Torﬂ(spin(m))(_ R(Z) » 2) % x"(so(m)) ) ¢

| conaider the restriotion homomorphinms
4t K (.,o(m)) - K (SO(m-l))
It 1s olear that 12:»1(“2:»1) . 2.2.2n 2 (24x) V(6% -5 )

in

.and Lonlz3)) * Zapa ¢

Also we oan choose the fi such that , ( see (15);;.187 ) »
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Lop,1( viey) ) = vle) s ((1sl,ee.,n-2)
Lapeal Ylen1d) = 0
ard 1, ( v(py) ) = V(e » (1=1l,..0-2 ) .
Hence the ring of operations from complex to real K-theory

;%p E*(s0(m))

~ o
is equal to Z\l xll@Ez( v(rl) ’ooo’v(fp) "") L ? the
completed tensor product of a power series ring on x and
an exterior algebra on iv(cl),...,v((p),..:} , where the
filtrations are with respect to weights in x and the v(py)
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