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Stabilised finite element methods for a bending moment formulation
of the Reissner-Mindlin plate model *

GABRIEL R. BARRENECHEA! TOMAS P. BARRIOS! and ANDREAS WACHTELS

Abstract

This work presents new stabilised finite element methods for a bending moments formulation
of the Reissner-Mindlin plate model. The introduction of the bending moment as an extra un-
known leads to a new weak formulation, where the symmetry of this variable is imposed strongly
in the space. This weak problem is proved to be well-posed, and stabilised Galerkin schemes for
its discretisation are presented and analysed. The finite element methods are such that the bend-
ing moment tensor is sought in a finite element space constituted of piecewise linear continuos
and symmetric tensors. Optimal error estimates are proved, and these findings are illustrated by
representative numerical experiments.

Mathematics Subject Classifications (1991):

Key words: Reissner-Mindlin plate; stabilised finite element method; symmetric formulation; sym-
metric tensor.

1 Introduction

The Reissner-Mindlin equations are widely used by engineers to describe the behaviour of an elastic
plate loaded by a transverse force. In this model the shear deformations are taken into account.
Then, the theory is applicable to both thin and moderately thick plates, for which the normal to the
mid-surface remains straight but not necessarily perpendicular to the mid-surface.

One particularity of these equations is that the thickness of the plate appears explicitly in the
partial differential equations. Then, if these equations are discretised using standard piecewise poly-
nomial spaces, numerical locking appears. With the aim of avoiding this locking (i.e., in order to
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design finite element methods whose error estimates are independent of the thickness of the plate) a
considerable amount of work has been produced over the last couple of decades. Most of these works
have been carried out using a mixed finite element approach, see, e.g., [2], [12], [19], [1], and [14] for
an overview, and the references therein. All these references deal with a second order equation for the
rotations, while the remaining variables were determined by first-order partial differential equations.
As an alternative, recently there has been an interest in developing finite element methods based on a
rewriting of the equations as a first order system introducing the bending moment tensor as an extra
unknown. For example, in [3] the problem is posed in terms of six variables lying in L? and H(div)
spaces, and then the discrete system is hybridised. In [4], the bending moment has been introduced
as an auxiliary unknown, the symmetry of this tensor has been imposed using a Lagrange multiplier
and the discretisation has been carried out with the aid of PEERS elements.

All of the approaches quoted above need the introduction of inf-sup stable pairs of elements for
which the symmetry of the stress tensor is not easily imposed. This is, in fact, the motivation for
introducing a Lagrange multiplier in [4], and for the introduction of the anti-symmetric gradient as
an extra unknown in [3]. This symmetry is easier to impose if the variables are sought in spaces of
complete polynomials (rather than Raviart-Thomas like spaces). These spaces are not, in general,
inf-sup stable, especially for the lowest order, and then some stabilisation is needed. Unlike the inf-
sup stable framework, the number of stabilised finite element methods for the bending plate problem
using standard nodal elements is, up to our knowledge, low. For example, in [17] the original weak
formulation is enhanced with least-squares type terms and the analysis performed for high order
polynomials. In [22] a simpler variant of this method, allowing the lowest polynomial order, is proposed
and analysed. In [8] an interpolation of the test functions into the lowest order Raviart-Thomas space
is used within the least-squares term, thus making this method only usable for first order elements.
A recent stabilised alternative, using the same unknowns, has been developed in [18]. Finally, we
mention the work [21] where a refined analysis of a family of stabilised methods and a multi grid
algorithm are proposed. It is worth mentioning that none of these references deal with the system of
first order equations, and then the bending moment tensor needs to be computed as the symmetric
part of the gradient of the displacement vector multiplied by the appropriate physical constants.

The aim of this work is then to propose a stabilised formulation for the Reissner-Mindlin problem
written as a system of four first order differential equations, having the bending moment tensor as an
extra unknown. The main interest is to discretise the bending moment tensor using a finite element
space of symmetric complete polynomials of first order. This leads to an inf-sup deficiency that is
compensated for by designing appropriate stabilising terms. Our interest in this work is to alter the
Galerkin formulation as little as possible, and then this inf-sup deficiency has to be characterised
precisely before proposing the method.

The rest of this manuscript is organised as follows. The remaining of this introduction states the
main notations and the problem of interest. In Section 2 the continuous problem is analysed, and
its well-posedness is proved. Section 3 starts by analysing the inf-sup deficiency of the lowest order
pair of finite element spaces. This information is used to propose a stabilised finite element method,
whose stability is proved and optimal error estimates are obtained. Section 4 extends these findings
to the case in which the finite element spaces used are all of equal order. Finally, in Section 5 some
numerical results illustrating our findings are presented.



1.1 Notations and the problem of interest

Given 7 := (75), ¢ = (j) € R?*2 we write, as usual, 7% := (15i), tr(T) = 711 + T2 and
T ( = Zij:l Tij Gij. We will use standard notation for Sobolev spaces. In particular, (-,-)p
stands for the L?(D) inner product, || - ||,p and |- |, p denote the norm and seminorm in H"(D),

respectively, where H°(D) = L?(D), and no distinction is made for vector or tensor-valued functions.
For v = (v1,v2) and T = (7;;) we define the following differential operators

diV('U) = 8a;v1 + 8yU2 s diV(T) = |: 8:v7'11 + ayng :|

OxTo1 + OyTo2
and, for D C R? we define the function spaces
H(div, D) := {v € L*(D)? : div(v) € L*(D)},
H(div, D) := {r € L*(D)***: div(7) € L*(D)*},
equipped with their usual norms
1ollgiv.p = I0lIE.p + ldiv(w)[§ o and  [17]3y p = 175 p + Idiv()I[ p -

Finally, if the boundary of D is denoted by 0D, (-, -)sp stands for the duality pairing between H —3 (0D)
and Hz(0D).

The physical domain (the plate) is the cylindrical domain € x (—%, %), where 2 C R? is an open
polygonal domain, and 0 < t < diam(§2). Then, given a source term g € L?(f2), the Reissner-Mindlin
model seeks for rotations 8 = (1, 82) of the fybres initially normal to the plate’s midsurface, the
scaled shear stress v = (71,72) and the transversal displacement w, such that

—div(C(e(®) — v =0 in ©,
—div(y)=¢ in €, (1)
vy—-#(Vo—-B8)=0 in Q,
w=0,8=0 on 09,

where k := Ek/2(1 + v) is the shear modulus, E the Young modulus, v the Poisson ratio, and k a
correction factor usually taken as 5/6 for clamped plates. Just to simplify the presentation we will
suppose that % < 1. As standard for isotropic materials, (3) := %(Vﬁ + (VB)*) denotes the strain
tensor and C is the tensor of bending moduli, characterised by

E
Ct = 712(1 —7 ((1 — V)T + l/tr(T)I> VT € L2(Q)2X2, (2)
where I is the identity matrix in R?*2. Its inverse is given by
_ 12(1 —v?) 1 v
Clr = - tr(m)I VT € L3(Q)**2. 3
r= B (o) wero )

We use C' or ¢, with or without subscripts, to denote generic constants, independent of the discretisa-
tion parameters and the thickness of the plate, which may take different values at different occurrences.
Finally, every physical constant, with the exception of ¢, will be treated as a fixed constant.



2 The dual mixed formulation

Following the idea recently proposed in [4], we introduce the bending moment o := C(e(3)) in 2 as
an additional unknown. Then, the first equation in (1) becomes
Clo—e(B)=0 in Q, (4)
—div(e) —y=0 in Q. (5)
To present the new mixed formulation, the following function space will be useful
H = {Tc Hdiv,Q) : 7' =17in Q}. (6)

Since o = o* in Q, then ¢ € H. Next, multiplying (4) by 7 € H and (5) by v € L?(Q)? and
integrating by parts one arrives at

/QC_IO'IT-F/Q,B-CHV(T):O Vre H, (7)
/Qdiv(a')-'v—i—/g’y-'v—() Vo e L*(Q)2 (8)

In addition, multiplying the second equation of (1) by test functions ¢ € H{ () and integrating by
parts gives

_/V.Vq:—/gq VqEHol(Q). (9)
Q Q

Finally, testing the third equation of (1) by test functions z € L?(2)? leads to

—/(Vw—ﬁ)-z+t2/'7-z=0 ¥z e L Q)% (10)
Q K Ja

Then, equations (7)-(10) can be gathered in the following weak formulation for (1): Find (o, 3,w,"y)
X = H x L*(Q)? x H}(Q) x L*(Q)? such that

A((o,B,w,v), (T,v,q,2)) = —/ng V(r,v,q,2) € X, (11)

where the bilinear form A4 : X x X — R is given by

A((e, B,w,v), (T,v,q,2)) = /QC_lo' ST+ /QB ~div(T) + /Qdiv(o') ‘v (12)

S R TR RRA Ry P

Remark 2.1 In the recent work [11] a different weak formulation was introduced for the same vari-
ables introduced above. The bilinear forms involved in that weak formulation are different, which
induces a radically different choice of norms from the one presented in this work. In particular, the
norms from [11] include the plate thickness t and some dual norms, while our aim is to analyse the
stability and convergence of approximations to (11) using the natural norms for the function spaces
involved.



2.1 Well posedeness

With the aim to establish the existence and uniqueness of the solution of the Problem (11), we recall
the weak formulation for (1) introduced in [4]: Find ((o,7),(8,r,w)) € H x Q such that

/QC_IO'I’T+i/Q"Y'g'f‘/gﬂ‘(diV('T)“r‘§)+/QT(7'12_7-21)+/QWdiV(£):0) (13)

/Qn‘(diV(U)Jr’Y)Jr/QS(Uw—021)+/9VdiV(’Y)——/ng,

for all ((,€),(n,s,v)) € HxQ, where H := H(div; Q)x H(div,Q) and Q := L?(Q)2x L?(Q) x L(Q).
In [4] this last problem is proved to be well-posed, and the following regularity result stated: If 2 is
a convex polygon, there exists a constant C > 0, independent of t, such that

1.0 +t|dive|

lwlizo + [1Bllz,0 + [IVllaiv.e + Ve + o Lo+ [Irlle < Cllgllo.o- (14)

In [4], Theorem 2.2, the well-posedness of (13) was stated assuming that € is a convex polygonal
domain. Now, a careful reading of the proof of the results leading to Theorem 2.2 in [4] shows that
the convexity assumption is not needed and then one can state that (13) is well-posed for general open
polygonal plates. This fact will be used below since the following result states that every solution of
(13) also solves (11).

Lemma 2.2 Let ((0,7),(8,7,w)) € H x Q be the unique solution of (13). Then, (o,B,w,vy) € X
and solves (11).

Proof. Testing the second equation of (13) with (0,s,0) € @ gives ¢ = o* in Q, ie.,, 0 € H.
Furthermore, using (0,&) € H as test function in the first equation of (13) gives

/Q<i7+5> '€+/deiV(£)=0 V¢ € H(div,Q). (15)

This implies that in the distributional sense Vw = %'y + B € L*(Q)?, and then w € H'(Q). Hence,
after integrating by parts in (15), it follows that (£ - v,w)sn = 0 on 052, for all £ € H(div,2). The
surjectivity of the normal trace implies w = 0 on 9 and thus w € H}(Q?). Therefore, (o, B, w,v) € X.
To prove that (o, 3,w,~) solves (11), first one notes that the first equation in (13) with (7,0),
T € H, as test function is (7). Also, using (0, &) as test function, integration by parts, and the density
of H(div,Q) in L?(Q)? leads to equation (10). Next, using integration by parts one can see that (9)
is nothing but the second equation in (13) tested against (0,0,v) where v € HZ(Q). Finally, (8) is
recovered by restricting the second equation of (13) to test functions of the form (n,0,0). O
The uniqueness of solution of (11) will be established directly in the following lemma.

Lemma 2.3 Let (&,8,&,5) € X be such that
A((&,B,(I),ﬁ/), (1,v,¢,2)) =0 V(r,v,q,2) € X.

Then, (6, 8,&,%) = (0,0,0,0).



Proof. From (3) it follows that

/C T T > (1E >||T||OQ VreH, (16)
which gives
12(1
A(@.B.27).6. B -5.9) = 2D a1+ D, (1)

and then & = 0 and 4 = 0. Next, let 7 := ¢(u), where u € H(Q)? is the unique solution of

div(e(u))=8 inQ , u=0 ondQ. (18)
Then, 7 € H and . B
A((0,8,®,0),(7,0,0,0)) = ||Bll5 o =0, (19)
which gives B = 0. Finally,
A((0,0,&,0),(0,0,0,-V@)) = | Va|§o =0, (20)
which shows that @ = 0. O

The previous findings can be summarised in the following theorem.

Theorem 2.4 There exists a unique (o, B,w,~y) € X solution of (11). In addition, if Q is convez, it
satisfies (14).

From a discrete point of view, the bilinear form A associated to (11) is not elliptic in the whole
space, and then care must be paid to the choice of the finite element spaces used to discretise this
problem . As was mentioned in the introduction, the most commonly used spaces to present a stable
discrete method are of Raviart-Thomas, or PEERS, type. This led naturally to the introduction of the
extra variable r to impose this symmetry weakly. Our aim in this work is to take an alternative route,
and then approximate o in the space of piecewise linear continuos and symmetric tensors. Then, if w is
also discretised using piecewise linear continuous elements and B and -y are discretised using piecewise
constants, some stabilisation must be used in order to obtain a well-posed problem. A desirable
property of such a method is to add to the formulation as few extra terms as possible, in the spirit of
the minimal stabilisation approach proposed in [9]. Like that, the discrete solution may be expected
to inherit at least some of the properties of the continuous one. Another desirable property for a finite
element method for this problem is a stability result, and hopefully error estimates, independent of
the thickness of the plate. In the next section we will introduce a stabilised method satisfying these
restrictions.

3 The stabilised Galerkin scheme

Let {7 }n>0 be a regular family of triangulations of Q. Given a triangle T' € T, we denote by hr its
diameter and define the mesh size h := max{ hp : T € T, }. An interior edge of T, is the (nonempty)



interior of T N AT’, where T and T” are two adjacent elements of 7;,. Similarly, a boundary edge of
Tr is the interior of 9T N 912, if it is nonempty. We denote by &; the set of all interior edges of Ty,
and by £ the set of all edges of the triangulation, including the boundary. The boundary edges are
denoted by & = £\ &. Further, for each e € &, h. represents its length. For every edge e € &£, we
choose one unit normal vector n, to e, pointing towards the exterior of  if e C 9€2. Also, for e € £
and T € Tp, we introduce the neighbourhoods

we=U{T €T, : TNe#0} , wr=U{T"e€T, :T'NT #0}.

In addition, let v be a vector-valued function, smooth inside each element T' € T;,. We denote by vr .
the restriction of v to e and define the jump of v across it by:

[v] = vre — v ife €&y,
T vre ifeecé&,.

Let e € £ and T € w.. We recall the following local trace inequality: there exists C' > 0, independent
of h, such that

_1 1
lglloe < C(he *llallor +hlahr) Vg€ HY(T). (21)
Let the following piecewise polynomial spaces

Xh,l = {Uh € Co(ﬁ) : Uh‘T S ]P)l(T) , VT € E},
Xh70 = {Uh S LQ(Q) : ’Uh’T S ]P’()(T) , VT € 771},

where given an integer £ > 0 and a subset D of R?, P;(D) denotes the space of polynomials in two
variables defined in D of total degree at most £. Then, we define the following finite element spaces

H}?I:{ThEX’?iQZTh:TZ in Q}, 22
HY = H) .= X},,
HY == Xp1 N HY(Q),

Vhi=HY x HP x HY

(22)
(23)
(24)
(25)

and
Xh = yh X H;Z (26)

In what follows, we recall appropriate interpolation operators. Let I, € L(H(2), Xp, 1)NL(HE (L), Xp1N
H}(£2)) be the Scott-Zhang interpolation operator. This interpolator satisfies the following properties
(cf. [13]): for0<m <land1<n <2,

v = Inv||m,r < C R 0] n wr Vv € H"(wr), (27)

n—m—%
H'U - IhUHm,e < Che 2 |v‘n,we Yu € Hn(we) y (28)



where C' > 0 is independent of h. The orthogonal projection IIj, 4 : L3(Q) — Xne, £ =0,1, defined
by

/(v — Hh’g(v))wh =0 Vwp € Xnye,
Q

will be useful later on as well. This projection satisfies the approximation properties (cf. [13]): for
0<j<k</l+1,and all v e Hk(Q), the following holds

lo =T e(v)j0 < CR v

{Z hel[[v = h0(v)]

ecf

kO (29)

1 1
2 2
3,6} <ChlvlLa {Z he!U—Hh,l(v)Hae} < Ch¥|llkg.  (30)

ecf

Finally, we mention that in the case of vector (or tensor)-valued functions these operators are taken
component-wise.

3.1 The inf-sup deficiency and the stabilised method

In the next result we paraphrase the results in [5] and state the inf-sup deficiency of our choice of
finite element spaces. This result will lead to the definition of the stabilised finite element scheme.

Lemma 3.1 For every vy, € X}QLO, there exists Ty, € Hf such that

||7-h||1,Q < Csupth 0,2

and

.o 1
[ v on = Sllonla — cins 3 hellfonl .
ecf

where the positive constants Csyy, and ci,y are independent of vy, Tp, h, and, in particular, t.

Proof. Let v, € X,QLO. Let © C R? be an open, bounded, polygonal, and convex domain such that
Q C Q. Let u € H'(Q)? be the unique solution of the problem

—div(e(u)) =9, in © , wu=0 on 9,

where ¥, stands for the extension of vj, by zero to Q\ Q. Since 2 is convex, it follows that u € H?(Q)2.
Defining 7 := —&(u)|q € H'(2)2*? it follows that 7 = 7* in Q and it satisfies

17l < cllvnllogo, (31)

where ¢ > 0 depends only on €. Next, let 7 := I,(7) € HY be the Scott-Zhang interpolate of 7.
Then, (27) gives
ITrllLe < CliTlhie < Csupllvnllog - (32)



Moreover, using the Cauchy-Schwarz’s and Young’s inequalities, integration by parts, (28), (31), and
the mesh regularity, one obtains

th||§,Q=/th'diV(7~')Z/th'diV(f'—f'h)*-/th'diV(f'h)
=Y ol (7 - #a)ne + /Q wp - div(#p)

ecE Ve

< S lwnllloc 7 — 7lloe + / vn - div(7n)
Q

ec&

1/2 1/2
SC{ZheH[[vh]]H?),e} {leﬂ\iwe} +/th-diV(+h)

ecé eef

1 . o~
< iy 3 hellloall e + gl + | on-diviEn).
ecf

which, together with (32), completes the proof. d
The previous result suggests the following stabilised finite element scheme associated to the vari-
ational formulation (11): Find (o, By, whn,vp) € A such that

An((Ohs BryWhs Y1), (Ths Vh, Gy 21)) = —/ 9qn YV (Th,Vh,qn, 2n) € X, (33)
0

where the bilinear form Ay : Ay x A — R is defined by

An(( s Brs@hs Y0)s (Ths Vs Ghs 20)) = A0k, Br s Vi) (Ths Ohs ans 210)) = Y he /ﬂﬁh]] [on] -

ec& ¢
(34)
3.2 Stability analysis
In order to perform the analysis, the bilinear form Ay is rewritten as follows:
Ah((o-ha /Bhv Wh FYh)a (Thv Uh; 4h, Zh)) = ah((ahv Bha wh)a (Tha Vh, qh))
2
+ b(<Th7 Vp, qh): ’yh) + b((Uh,,Bh,CUh), Zh) + E /(; ’Yh *Zh (35)
where ap, : Yo x V), = Rand b: Y, x H] — R are given by
an((on, Br,wn); (Ths Vhs qn)) 3:/chﬂh CTh+ /Q:Bh ~div(Tp)
+ [ aivion) o= ke (18,1 Fonl. (36)
Q ec& €
b((Th, Vhs qn), 2n) = — / zn - (Van —vp). (37)
Q



The first step towards the stability result is an inf-sup condition for b. The appropriate norms on
H 5 and ), for this inf-sup condition are given now:

[onllho = lwnlda + > Relllvalllg, . (38)
ecf
(T hsvns a7 = ITalld 0 + loallio + IVanlG o (39)

for all (7p,vp,qn) € V. The following result states the inf-sup condition for b.

Lemma 3.2 There exists g > 0, independent of h, such that

b
sup ((Th,’vh,Qh),Zh) > dOthHO,Qv (40)

(Th,vh,qh)eyh\{o} H(Th’vh’qh)Hl

for all zp, € H,? Moreover, the discrete kernel of the bilinear form b may be characterised as follows

Vi ={(Th, v, an) € Vo 0 b((Th,vn,an), zn) =0V 2z, € Hy'}
:{(Th, Vp, qh) S yh LU = th in Q} . (41)

Proof. First, using the local trace result (21) and the mesh regularity it follows that

lonllho = loallde+ D hellloalli§e < Clloallsa (42)
ecf

for all vy, € Hﬁ, where C' > 0 does not depend on h. Then, for all z; € HZ

b vp - 2
sup ((Thuvhaqh)7zh) > sup fﬂ h h

(Th,vn,qn) EYR\{0} | (Ths vn, an) |1 v eHP\{0} C |lvnlloe

= ao [|znlloq (43)

which proves (40) with &g := C~!. The proof of the characterisation for V, follows by noting that,
for all (7, vh,qn) € Vh, Vg, —vp, € H. O
The next result states a uniform inf-sup condition for ay,.

Lemma 3.3 There exists &y > 0, independent of h, such that for all (€, @, un) € V1, the following

holds

sp  @llEw P i) (T d)) 5 5y, o )l (4
(Th,vh,qn)EV R \{0} | (Th, Ok, an) |1

Proof. Let (&, ¢y, tn) € Vi, From (16) and the definition of aj, it follows that

(€ oo 18), Eo—on ) = e B o+ S e ]

ec&

Ge (45)

10



Furthermore, in order to control the L?(2) norm of ¢, € H B choosing its corresponding 7, € H 4
from Lemma 3.1, using the Cauchy-Schwarz’s and Young’s inequalities and the continuity of C~! (see

(3)), gives

ah((éhacpha,uh)a (%hvovo)) = /Qc_lgh CTh T+ /S;Soh : div(%h)

1 12(1 4 3v) -
> §||‘Ph||3,ﬂ — Cinf Z he”[[‘Ph]]Hg,e - T\\ﬁhHO,Q”Th”O,Q
ec&
1 6(1+ 3v) oF
> §||‘Ph||3,9 — Cinf Z he”[[‘Ph]]Hg,e T B {5||€h \(2)@ + %Hﬂoh 3,9 ) (46)
ec&
2
where 0 > 0, and Cyyp, ciny > 0 are the constants from Lemma 3.1. The choice 6 = % yields

144(1 + 3v)?C2,
jo2 Plenlida. (A7)

- 1
an((&ns P 1) (71,0,0)) = lipnlide = cing Y helllenlllfe —
ec&

Then, (45) and (47) suggest to define
(Th, Vhsqn) == (&4 + coTh, =P, —Hn) (48)
where ¢g > 0 is a positive constant to be chosen. This choice clearly satisfies

1(Ths vns an) It < (1 + Coupco) (€ s in) 11 - (49)
In addition, using (45) and (47) one gets

12(1 —v)  coldd(l +3v)°Ce,, 2

an((&n, @n, 1n)s (Ths UV, qn)) = < —

€0
t7 lenllg.a+ (1= cociny) Z helllnlll5e -

ecf
Hence, choosing
_ 6(1—v)E 1
o= { 144(1 + 30)2C2,, " 4ciny } ’
and using that ¢;, = Vuyp, one obtains
an((&n. @nsin), (Thsvn,an)) > C ([1€4l15.0 + lenllio) = Cll(€n, enr 1) I3 (50)

VDVhere C > 0 is independent of h. Therefore, (44) is a consequence of (50) and (49), with a; = m
To study the well-posedness of (33), the space A}, is equipped with the following mesh-dependent
norm

(T8, vn, ans 20)lI7 = 17w, vn, an) I + 20ll6 0 (51)

for all (7p,vp, qn, 2n) € Xp. The following result states a uniform inf-sup condition for Ay,.
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Theorem 3.4 There exist & > 0, independent of h and t, such that for all (&, ¢y, tn, ¥y,) € Xp the
following holds

sup Ah((&h?‘Ph)Mh?¢h>7(Thvvh7Qh7zh))

2 &H(ghuwhhuhmwh)”h' (52)
(T2 )€\ {0} (7 h Vs Gs Z1) ||

Consequently, there exists a unique (op, By, wn, ) € X solution of the problem (33). Moreover, this
solution satisfies

1
1o, B, wn, ¥n)lIn < Zllgll-10- (53)

Finally, if (o,B,w,v), solution of (11) is such that B € H}(Q)?, then the following Galerkin
orthogonality holds

Ay((0 —on, B —Bp,w—wh,Y — Y1), (Th, Y, qn, 2n)) =0 Y (Th,Vh,qn, 2n) € Xh . (54)

Proof. The proof of (52) is reminiscent of the one from [6], Lemma B.1. Indeed, let (&}, ¥4, ttn, ¥p) €
Xp. First, from Lemmas 3.2 and 3.3, using [16], or [13], Proposition 2.36, there exists (7, vn, qn, 21) €
X}, such that

ah((éha Ph» ﬂh)) (Th> Vh, Qh)) + b((éha Ph» ﬂh)? zh) + b((Th7 Vh, Qh)a 'wh)
> Y 1(€ns @y s YR I(T R, Ry ans 20) (11 (55)

for some 4 > 0, independent of A and t.
In addition, from the proof of Lemma 3.3 (cf. (48),(49) and (50)) there exists 7, € HY such that

an((§ns P in)s (Thy =Pr, =) 2 €€y Prs ) 11| (Ths —pns —pan)l[1 = 0. (56)

Now, if one supposes that

. £ ¥’
ah((£h7 Ph; /Lh)? (Th7 —%h> _#h)) + ;HwhH(QLQ = Z ||(£ha Phs Hhs ’lnbh)H}% )

then,

2
An((Ens Pns s V1)s (Thy =Phs — 1, V1)) = an((Epy Phs i0)s (Thy —Pps —Hn)) + %’Wh”gﬂ

> "(£h7¢haﬂha¢h)”%7

3

and the result follows using that |[# 0.0 < Co||€xll0.q and & = min{1,C;*} %2 (independent of h and
t). On the other hand, if one supposes that
5

4 ”(Eha Phs Hh, d’h)”i )

. t2
ah((£h7 Phs /‘h)a (Tha —Ph> _#h)) + Endjh”g@ <

12



then the Cauchy-Schwarz inequality, (56), and % < 1 give for any (7p,vn, qn, 21) € Xp

2 12
[ |
K Q K

~2 5
.
< |5 Wen o vl onan 20l

2 1
2 t

2 % tQ 2 2
,;thHO,Q < ;‘|¢h”0,§2‘|zh"0,§2

A

This implies that, for (74, vr, qn, 21) € &) satisfying (55), there holds

An((&ps Py i, Y1), (Thy Vs Gy 21)) 2 N(Eny Pro s ORI (Ths 1y Gy 20) |1

o
- |:4 H(&}mSoh,7,uh7’¢)h)H]21,H(Th7’Uhaqh7zh)”%] )

which proves (52) with & = ~, again independent of h and ¢. This proves the inf-sup condition (52)
and the well-posedness of (33). The stability result (53) is a direct consequence of (52). Finally, (54)
follows by noting that if 3 € H}(Q)?, then [B] = 0 a.e. over all the edges e € . O

3.3 Error analysis

We begin by introducing some notation. Let (o, B,w,~) € X and (o, B, wh,vYp) € X, be the unique
solutions of (11) and (33), respectively. Hereafter, the individual error between o and o}, is denoted
by €% := o — o}, and the errors e®, e¥ and e are defined in an analogous way. The next result states
a first error estimate for this method.

Theorem 3.5 Let us suppose that the solution of (11) satisfies (o, B,w,v) € H?(2)?*2 x H}(2)? x
H?(Q) x H'(Q)2. Then, there exists C > 0, independent of h and t, such that

(e, e, )l + tle7 o < Ch (lof20 + [BlLe + w2 + tlvig) - (57)

Proof. The error is split into discrete and interpolation errors as follows
(eo" eﬂa ewv e‘}’) = (G’ - Ih( ) /6 Hh 0( )>w - Ih(w)v'-y - Hh,O(ﬂY))
+ (In(0) = o, 1 0(B) — B, In(w) — wh, Mpo(y) — 1)
= (770-7 77'67 nwv /’77) + (eh 9 ega ehv e;{) .

First, (27)-(30), and the mesh regularity give

10”72, 0+t oo < Ch (lolle +18l1e + lwllze + tlvlle) - (58)

To bound the discrete error one starts noticing that Theorem 3.4 guarantees the existence of (74, vy, qn, 21) €
Xy, such that ||(7h, vn, qn, 21)||n = 1 and

o ”(ega eﬁa ec;;’ e‘]z)Hh < Ah((eg7 ega 8‘;{, 62), (Tha Uh, 4h, Zh)) . (59)

13



Next, using the consistency of the method (cf. (54)) one obtains

a ||(eg7egue%’eZ)Hh < Ah((EZ,E'}?,GL[i, 6;{), (Th»’Uh,Qh,Zh))
_Ah ’l’] 77'8;77 »N ) (Th,Uh,C]h,Zh))

/C :Th+/ﬂnﬁ~div(7-h)+/gvh div(n Zh /[[17 [vr]

ec&

2
—/nv'(VQh—vh)—/(Vﬂw—nﬁ)'Zh+ n' - zp.
Q Q K Jq

Now, since IIj, g is the orthogonal projection with respect to the L?(€2) inner product it follows that

t2
/ﬂﬁ'diV(Th)20,/777'(V(Jh—vh)20,/"75'Zh=0,and /n”zhzo- (60)
Q Q Q K Ja

The remaining terms are bounded one by one. The main tools are integration by parts, the mesh
regularity, and the approximation properties (27)-(30):

[etne (61)

Q

/ vy -div(n?) < Chllo|2a, (62)
Q

1

1
2

> e (1] [or < € {Zheuuvhﬂuae} <ChlBla.  (63)

ec& TeTh ec&
/ V?]w *Zh < ChHwHQ@ . (64)
Q
The proof then follows from the triangle inequality and (58). O

There are two terms missing from estimate (57), namely, the error in the divergence of o and the
error in the L2-norm of ~ (i.e., without the parameter ¢ in front of it). The next result states an error
estimate for a combination of these two terms.

Corollary 3.6 Under the hypothesis of Theorem 3.5, there exists a constant C' > 0, independent of
h and t, such that

Idiv(e”) + €e[loe < Ch (lofl20 + 1Bl + lwlze + tlvle) - (65)

Proof. Using the definition of method (33) it follows that

[ @ivien) ) v = 3o (1801 [onl.

ecé
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for all v, € H ,? . Then, taking vy, = div(ep) + v, € H 5 and using the Cauchy-Schwarz inequality
and (42) one gets
Idiv(os) +vulld0 < C D helllBalll5.e (66)
ec&
Then, using that div(e) + v = 0 in Q, [B] = 0 a.e. over all the edges e € £, the local trace result
(21), and (57) it follows that

Idiv(e”) + e[ < Ch (lloll2o + I8l + lwlze + tvlie) . (67)

and the proof is finished. O

Some comments on the last results are in order. The most important is that, even if the constants
in the estimate are independent of t, the error estimate itself is not fully robust. This is due to the
possible t-dependency of the norms on the right-hand-side of (57). More precisely, the norm |o |20
is, apriori, dependent on ¢ (the rest of the terms appearing in the right-hand-side of (57) and (65) can
be bounded by ||g|/o,n for a convex plate thanks to (14)). The main reason for this is the lack of an
interpolation operator onto H ,? that preseves the divergence. The existence of such an operator is a
fundamental hypothesis in the analyses presented in [4],[3], and [11], and then the analyses of those
references doesn’t seem to be applicable to the present approach. The same comments are valid for
the analysis presented in the next section. Nevertheless, it is worth mentioning that the numerical
results indicate a robustness of the errors with respect to the value of .

4 A Method using linear continuous elements in all variables

In this section we extend the ideas and results of the previous section to propose a method using the
following choice of finite element spaces

HY = {Th €EXP2ir, =75 in Q} : (68)
HY = H) = X}, (69)
HY = X1 N HY(Q), (70)
and
Xpy = HY x H? x HY x HY . (71)

Now, the analogous of Lemma 3.1 reads as follows: for every vy € X ,QL 1, there exists 7, € HY such
that

[7nll1.0 < Csupllvnlloq (72)
and
.. 1
[ divin) on = Slonlia = cing § 3 Wrlltonlr + 3 hellonl o (73)
Q
TeT e€sy

where the positive constants Cy,;, and c¢;, s are independent of vy, h, and, in particular, ¢.
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Then, with the aim of curing this inf-sup deficiency and obtaining estimates as those from Theorem
3.5, we propose the following method: Find (op, B, wh, 7)) € &h1 such that

Ap1((0h: Br,why Y1), (Th, Vhy Qh, 21)) = —/ gqan  Y(Th,Vn,qn, 2n) € Xn1, (74)
Q
where the bilinear form Ay, ; : X1 x &1 — R is defined by

Ah,l((ahaﬁhawhaﬂyh) (Thavthhazh)) = A((ahaﬁhvwhvvh) (Th,’l]h,(]h,Zh))

= Yt [ B et = e [ Bueon— Y ke [[ownlivnnl. (75)

TET;, T ec&y e€ly

Remark 4.1 Let, for every node x; of Ty, n; be the number of triangles having x; as a node. Then,
for a piecewise smooth function v, one defines its Oswald quasi-interpolate as follows (cf. [20])

1
mpu(x;) = — Z v|r(z;) -
v T:x; €T

Using this mapping, one can follow the same steps as in [10], Theorem 2.2, to prove that there exists
a constant ¢ > 0, independent of h, such that

> helllPnnnlllge = el Van = wi(Vun) 3.0 = elIVin = Wi (Vin) 0 - (76)

eelr

As it will become clear in the proof of stability below, this fact explains the need to add the term
containing the jumps of wy to the formulation.

To perform the analysis, let V), :== Hf x H, ,’? x Hp’; the bilinear form b is once again given by (37)
while the bilinear form aj, : Vi, x V), — R is given by

an((oh, Brwn), (Th, U, an)) /C oh: Th—i-/ﬂh div(7y) /le(O’h) vy,

=Y [ e seton) = S b [ Buevn= Y ke [Ionnlional. (77)

TETh e€sy e€ly

The following norms will be the ones used in the analysis:

lonllhs == llonlldo+ D Wzllen)lr+ D helvnle
TeT, ec&y,

1(Thy vhy qn) |3 =
(T Vns @i 20117 = 11 (T vns an) 13 + 112060 - (78)

Then, the analogous of Lemmas 3.2 and 3.3 from the previous section read as follows.
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Lemma 4.2 There exists g > 0, independent of h such that

sup b((Th,'Uh,Qh),Zh)

> aollznllog, (79)
(Th,vh,qn) €Y \{0} ||(Th,’l)h,Qh)H2

for all z;, € HY. Moreover, the discrete kernel of the bilinear form b is given by

Vi ={(Th,Vh,qn) € Yn v =111 (Vagy) in Q}

In addition, there exists &y > 0, independent of h, such that for all (&, @y, n) € V), the following
holds

Sup ah((ghasoha.uh)v(Th7vh7Qh))

Zdl E’Souuh 2. 80
(Th,On,an) EV R \{O} ||(7'ha’vhth)||2 H( o Th )H ( )

Proof. The proof of the inf-sup condition (79) is similar to the proof of (40). The only difference
now being that the analogous to (42) uses a local inverse inequality. The characterisation of V, is an
immediate consequence of the definition of ITj ;. Finally, to prove (80), let (€5, %, ptn) € V. Then,
as in the proof of Lemma 3.3, there exists 7, € H such that

%L,l + Z he”[[anﬂh]m%,e

eclr

an((&ns Py i), (Fro =@ —in)) = ¢ | €150 + llen

17830 + llenlin + Y helllPamnlllee |
e€Er

where ¢ > 0 does not depend on (&;,, ¢y, ) or h. Finally, since ¢;, = I} 1(Vy), then using (76) one
obtains

1 1
lenllis+ D hell[Onpnllfe > 5”9%”;21,1 + iHHh,l(vﬂh)Hg,Q + eI Vun = T (Vi) 60
eclr

1 . 1
> sllenlha +min{ 5.} IVl

and the proof follows. O

As a consequence of these inf-sup conditions, and following the same steps as in the proof of
Theorem 3.4, one can prove the following result stating the stability of the method with constants
independent of the plate thickness t.

Theorem 4.3 There exist & > 0, independent of h and t, such that for all (&, e, tth, ¥y) € Xn 1,

sup An1((&ns Pns ths ®r)s (Thy Vhy Ghy 21))
(ThyVh,qn,2h)EXL,1\{0} (71> Vhs Gns Z1) |«

> &l[(&Eps Pps tns Yp)l5 - (81)
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Consequently, there ezists a unique (op, By, wh,Yy) € Xn.1, solution of the problem (75).
In addition, if (o, 8,w,~) is the solution of (11) is such that B € H}(Q)? and w € H*(Q), then
the following holds

Ah,l((o-_Uhaﬁ_ﬂhaw_whvfy_vh) (Thavhthazh Z h’T / E(’Uh), (82)
TeT, T
for all (Th,vn, qn, 21n) € X1
Finally, we state the main convergence result of this section.

Theorem 4.4 Let us suppose that the solution of (11) satisfies (o,8,w,v) € H*(Q)**? x (H*(Q) N
HS(Q))2 x H?(Q) x HY(Q)2. Then, there exists C > 0, independent of h and t, such that

) )’ (83)
Q) - (84)
Proof. As before, the error is split into interpolation and discrete errors. For this case, all variables

are interpolated using their respective Scott-Zhang interpolates. Using (27) and (28) the interpolation
error satisfies

H(ea7eﬁ’€w7e'y>H* < Ch‘(

HdiV(O’) — Hh71(div<0'h))H[)79 S Ch (‘

l(n”, 7?0 7). < Ch (] Q) (85)

To bound the discrete error, from Theorem 4.3 there exists (T, vy, qn, 21) € X1 satisfying || (Th, vh, qn, 21) ||« =

1 and &||(ef, ef, e, e )|l < Apq1((ef, ef, ¢, €)), (Th, Vn, qn, z1)). Then, using (82) and the definition

of the bilinear form Ay, 1, one gets

all(ef e en el < Al n? 0 m"), (Th v an, 20)) — hT/ : €(vp)

TeTh

:/c1n°:7h+/nﬁ-div(th/vh-diV(n")—/U”(V%—”h)
Q ) Q @

—/Q(Vn“’— Zh+/ “’Zh—Zhg/ ) - €(vn)

TeTh
= > he [ [0nn*][0nan] — h7 (vn) -
EEZ;I / 11 [Onan T; 2 / e(wy,

Again, each term is bounded separately. The main ingredients are the Cauchy-Schwarz’s inequality,
an inverse inequality, bounds (27)-(28), and the local trace result (21):

JoC7'n% : 7 < Chllo|ia, Jon? - div(ry) < Ch||Bl20 .

Jovn - div(n®) < Chllo||2a, f nY - (Van —vi) < Chllv|1,0,
Jo(Vn = 1P) -z, < Ch] ) i = Jom? - zn < CthHva,

Sorer, W Jrem?) s e(on) < ChlBlia.  Srep W Jre(B) : e(zn) < ChlBllia.

> ece; he [10n1°1[0nan] < Chllwl2.a,
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and (83) follows using the triangle inequality. Estimate (84) is proved as in Corollary 3.6. In fact, for
every vy, € H 5 (74) yields

[ @ivien) ) v = 300k [ e@)setwn)+ b [ B-on.

TET, T e€&y

and then it is enough to consider vy, = IIj, ;1 (div(oy)) + ), € Hf and proceed as in the proof of
Corollary 3.6. O

5 Numerical experiments

In this section we report some numerical experiments which confirm the theoretical results provided
in this work. The methods presented in the previous sections have been implemented using a code
written in FEniCS. Some comments on the computational cost are in order. In the case of method (33),
using a combination of piecewise linears and piecewise constants, method (33) leads to a linear system
of, asymptotically, 12 times the number of vertices of the triangulation 7. This is computationally
competitive with the previously existing alternatives [3] and [4]. This economy of unknowns is even
more noticeable when the method (74) is used. In this latter case, the number of unknowns is
asymptotically equal to 8 times the number of vertices.

5.1 A problem with an analytical solution

We first report the numerical results on the same experiment from [4]. Similar numerical results have
been obtained for other test cases as well, but we prefer to restrict our presentation to this represen-
tative benchmark. We have considered an isotropic and homogeneous plate Q = (0,1)? clamped on
the whole boundary for which the analytical solution is explicitly known. We choose the load g as

g(z,y) = 12y(y — 1)(52° — 5z + 1) (24 (y — 1) + @(z — 1)(5y> — 5y + 1))

E
12(1 — 12)
+123(z — 1)(5y% — 5y + 1) (22%(x — 1)2 + y(y — 1)(52% — 5z + 1))] .

With this load, the exact solution of the plate problem is given by

wly) = 5ot = %P0 - )
__w
5(1 —v)
5 ( vy — 1%~ (2w - 1) ) |
vz —1)°y (y — 1)*(2y = 1)

The material constants have been chosen: F = 1,v = 0.3 and the shear correction factor has been
taken as k = 5/6.

[yg(l —y)’w(z — 1)(52® =5z + 1) + 2°(x — 1)°y(y — 1)(5y° — 5y + 1) |,
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We start presenting the results obtained with method (33), using a combination of piecewise linear
and piecewise constant interpolations. The method was implemented and the errors were computed
using the sequence of meshes from Figure 1. We have computed the following quantities:

er:=[le7llaive  e2:= [[€®llno, es = 1e“la . ea:= [0 (86)

These quantities are larger than the norm in which the error estimates (57) and (65) are stated, but we
have chosen to plot them since they, in particular, imply the validation of the convergence estimates
in the last sections. Calculations using ¢t = 0.01 were performed, and the results are depicted in Figure
2, where we observe that all quantities converge to zero as predicted by the theory. Moreover, in
Figure 3 we plot the different contour plots of different variables in the finest mesh of the sequence.
Finally, our aim is to study the robustness of the error in the || - ||,-norm, defined by (51). For this, we
computed this norm of the error for the same sequence of meshes and values of ¢ ranging from ¢ = 0.1
to t = 1075, The results are depicted in Figure 4 where a very robust behaviour of the error can be
observed, showing almost t-independent values.

We then repeat the same experiment using method (74), using piecewise linear interpolations for
all variables. For the same sequence of meshes from Figure 1 we computed the || - ||,-norm of the error,
where the norm is defined in (78). In Figure 5 we depict the behaviour of this error as h tends to 0
and for different values of . We observe that this norm tends to zero as predicted by the theory, and
moreover it presents a very robust behaviour with respect to the value of ¢, showing results which, as
in the errors for method (33), are virtually ¢-independent.

Figure 1: Sequence of uniform meshes on square plate.

Finally, to assess the presence, or lack of, locking in our method, we have repeated the experience
carried out in the recent work [15], Section 5.3. For this, we have fixed a mesh from the sequence
displayed in Figure 1, containing approximately 500 elements, solved the problem on it for different
values of ¢, and have measured the maximum discrete displacement and compared it to the maximum
exact displacement (measured in all of the nodes of the mesh). The results are provided in Table 1,
where we can observe that both methods show a robust behaviour with respect to t.

5.2 Assessing the lack of locking: a uniformily loaded plate

In this section we repeat the numerical experiment from [11], Section 6.1. For this, we consider the
square plate Q = (=5,5)2, E = 10920, v = 0.3,k = 5/6, impose homogeneous Dirichlet boundary
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Figure 2: Convergence of the components of the energy-norm for thickness ¢t = 1072, for the P /Py
method (33).

Table 1: Example 1: max |wp|/ max |w| for different thicknesses ¢, on a fixed mesh.

Method \t 0.1 102 10* 10* 10° 1076
P /Py method (33) 0.9405 0.9209 0.9206 0.9206 0.9206 0.9206
Py /Py method (74) 0.8910 0.8872 0.8871 0.8871 0.8871 0.8871

conditions on the whole boundary for both 3 and w, and impose the uniform loading g = 1 in 2. We
have solved this problem using the present approach and the non-conforming method from [2], which
is known to be a locking-free finite element method. We have fixed a mesh of the same type as those
from Figure 1, containing 12 divisions in each direction, and have solved the problem using the present
methods (33) and (74), and the method from [2], on the same mesh. In Table 2 we report the scaled
displacement in the centre of the plate, i.e., 10- ﬁ -wp (0, 0), for all methods. For comparison we
have also included the results provided in [11]. The results show a very good agreement, and as well a
good agreement with the exact scaled value reported in [11] which is 10- ﬁ -w(0,0) = 126.5. In
particular, they show a robust bahavior with respect to the plate thickness t. Also, for this problem
the tensor o is diagonal (due to the symmetry of the problem), and then we have reported the scaled
values for —100 - 6114(0,0) for the same different thickness, and compare them to the values reported
in [11]. The results are reported in Table 3. Again, a good agreement can be observed, and also a
good agreement with the exact scaled value reported in [11] which is —100 - 611(0,0) = 231.

21



Figure 3: Approximations on finest mesh (128 x 128) for ¢ = 0.01, of transversal displacement wy, (top
left), bending moment 11, (top right), bending moment o9, (bottom left) and og9;, (bottom right).
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