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SOME REMARKS ON DEGENERATE HYPOELLIPTIC
ORNSTEIN-UHLENBECK OPERATORS

M. OTTOBRE, G.A. PAVLIOTIS & K. PRAVDA-STAROV

ABSTRACT. We study degenerate hypoelliptic Ornstein-Uhlenbeck operators in L? spaces
with respect to invariant measures. The purpose of this article is to show how recent
results on general quadratic operators apply to the study of degenerate hypoelliptic
Ornstein-Uhlenbeck operators. We first show that some known results about the spectral
and subelliptic properties of Ornstein-Uhlenbeck operators may be directly recovered
from the general analysis of quadratic operators with zero singular spaces. We also
provide new resolvent estimates for hypoelliptic Ornstein-Uhlenbeck operators. We show
in particular that the spectrum of these non-selfadjoint operators may be very unstable
under small perturbations and that their resolvents can blow-up in norm far away from
their spectra. Furthermore, we establish sharp resolvent estimates in specific regions of
the resolvent set which enable us to prove exponential return to equilibrium.

1. INTRODUCTION

1.1. Ornstein-Uhlenbeck operators. We study Ornstein-Uhlenbeck operators

1 - 2 - 1 2 n
(1.1) P = 5 Z qi,jé?xi,xj + Z bi,jxjﬁxi = iTl“(va) + (B:::,VI>, x e R",

,j=1 ,j=1

where Q = (¢ij)1<i,j<n and B = (b; j)1<i j<n are real n x n-matrices, with @ symmetric
positive semi-definite. In the following, we denote (A, B) and |A|? the scalar operators

(1.2) (A,B) =Y A;B;, |AP=(AA)=) A3,
j=1 j=1

when A = (Ay,..,4,) and B = (Bjy,..., By) are vector-valued operators. Notice that
(A, B) # (B, A) in general, since e.g., (V,, Bx) = (Bz, V) + Tr(B).

We consider degenerate hypoelliptic Ornstein-Uhlenbeck operators for which the sym-
metric matrix () is not positive definite, but only positive semi-definite. In the recent
years, these degenerate operators have been studied extensively, e.g. [2, 5, 6, 15, 16, 17].
We recall from these works that the assumption of hypoellipticity is characterized by the
following equivalent assertions:

(1) The Ornstein-Uhlenbeck operator P is hypoelliptic.
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(7i) The symmetric positive semi-definite matrices

t
(1.3) Qt—/ eSBQeSBTds,
0

with BT the transpose matrix of B, are nonsingular for some (equivalently, for all)
t>0,ie det@; > 0.

(7i7) The Kalman rank condition holds:

(1.4) Rank[B|Q%] =n,
where
1 1 1 1L
[BlQz] = [Q%,BQz,...,B" Q2]
is the n x n? matrix obtained by writing consecutively the columns of the matrices
. 1 1

B’Qz, with Q2 the symmetric positive semi-definite matrix given by the square
root of Q.

(7v) Hoérmander’s condition holds:

Ve € R", Rank L£(X7, X, ..., Xy, Y0)(x) = n,

with

n
Yo=(Bx,Vy), Xi=) 0;j0s, i=1..n
7j=1

When the Ornstein-Uhlenbeck operator is hypoelliptic, i.e. when one (equivalently, all) of
the above conditions holds, the associated Markov semigroup (7'(t)):>0 has the following
explicit representation

1
(1.5) (T(t)f)(z) = W@—a/n

This formula is due to Kolmogorov [13]. On the other hand, the existence of an invariant
measure j for the Markov semigroup (7'(t))¢>0, i.e., a probability measure on R" verifying

V=09 € R, [ (TON@Aa) = [ fa)dua),
where Cy(R™) stands for the space of continuous and bounded functions on R", is known
to be equivalent [3, Sec. 11.2.3] to the following localization of the spectrum of B,
(1.6) o(B) cC_={ze€C:Rez<0}.

When this condition holds, the invariant measure is unique and is given by du(z) = p(x)dzx,
where the density with respect to the Lebesgue measure is

e*%@;ly’wf(etBa: —y)dy, t>0.

1 1 —1
].7 €T = n 67§<Q00 x7$>7
(1.7) o) = T
with
+o0 T
(1.8) QOO:/ e*BQeB ds.
0

The spectral and subelliptic properties of hypoelliptic Ornstein-Uhlenbeck operators have
been studied in detail recently [2, 6, 17]. We recall in particular that the spectrum of these
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operators in L, = LP(R", du) spaces with respect to invariant measures for 1 < p < +o0,
has been explicitly described by Metafune, Pallara and Priola [17]. Furthermore, the work
by Farkas and Lunardi [6] provides optimal embeddings for the domains of hypoelliptic
Ornstein-Uhlenbeck operators on Li spaces with respect to invariant measures, whereas
global LP = LP(R™, dx) estimates of the elliptic directions were established by Bramanti,
Cupini, Lanconelli and Priola [2] for 1 < p < 400, see below the estimates (2.14).

The purpose of this article is to show how recent results on general quadratic operators
allow us to provide a unified approach for studying these problems. We first show that
some of the results mentioned above for Ornstein-Uhlenbeck operators may be completely
or partially recovered from the general analysis of quadratic operators developed in the
works [8, 19, 21, 22], see Propositions 2.1, 2.2 and 2.3 in the next section. We also
study the spectral stability of these operators under small perturbations. These operators
are in general non-normal. It is for instance always the case when these hypoelliptic
operators are degenerate, i.e., when the symmetric matrix @ is not positive definite. When
an operator is non-normal, it is well-known that its resolvent can blow-up in norm in
unbounded regions of the resolvent set very far away for the spectrum [24, 25]. As recalled
in the following, this type of phenomena is linked to the very strong instability of the
spectrum of the operator under small perturbations. In the present work, we show that
such phenomena occur for all no n-normal hypoelliptic Ornstein-Uhlenbeck operators on
Li spaces with respect to invariant measures (Theorems 2.4 and 2.5). On the other hand,
we show that the hypoellipticity of Ornstein-Uhlenbeck operators still allows us to establish
sharp resolvent estimates in specific regions of the resolvent set, whose geometry directly
depends on the loss of derivatives with respect to the elliptic case in global subelliptic
estimates satisfied by these operators (Theorem 2.6). These resolvent estimates are then
very useful to control and get sharp bounds for the associated semigroups which allow to
establish results of exponential return to equilibrium (Theorem 2.7). Related results for
degenerate hypoelliptic Fokker-Planck operators are then given in Propositions 2.8 and
2.9, and Corollary 2.10.

1.2. Setting of the analysis. Let P be the Ornstein-Uhlenbeck operator defined in (1.1).
When P is hypoelliptic and admits an invariant measure, we may associate to the operator
P acting on LZ = L2(R™,dpu), the quadratic operator .Z acting on L? = L?(R", dx),

_ 1
(1.9) Lu=—/pP((\/p) 'u) — iTr(B)u.
We notice that the localization of the spectrum (1.6) implies that
Tr(B) <0,

since B € M,(R). Recalling the notation (1.2), a direct computation (see (3.7) in Sec-
tion 3.1) shows that

(110) 2= L@}V, + Qi Qle — ((30@x + B)r.V.)

L1 o1 Sl
= 310D, + 51Q7 Qe —i( (500! + B), Da ),
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with D, = i~!'V,, where Q. is the symmetric positive definite matrix (1.8). The operator
% may be considered as a pseudodifferential operator

(111)  Zu= @ Doule) = g [ (TR utupayde,

defined by the Weyl quantization of the quadratic symbol
1 1 1, 1 (L n
(L12) (@& = SQPP + L@ Qe —i( (3OO + B)x.€). (@) € R

This explicit computation is performed in (3.13) (Section 3.2) by noticing that the Weyl
quantization of the quadratic symbol z*¢7, with (o, ) € N**, |a+f] = 2, is the differential
operator

anﬁ + Dga:“
> .

Notice that the real part of the symbol Re ¢ > 0 is a non-negative quadratic form since
Q, Qx and B € M,(R). We know from [11] (p. 425) that the maximal closed realization
of the operator .Z, i.e., the operator on L? with domain

(1.14) D(Z)={ucl?®: Lucl?},

coincides with the graph closure of its restriction to the Schwartz space
Z . SR") - L (R").

Classically, to any quadratic form defined on the phase space

Ry xR —=C, n>1,

(1.13) (a°¢”)" = Op® (27¢7) =

is associated a matrix F' € My, (C) called its Hamilton map, or its fundamental matrix,
which is defined as the unique matrix satisfying the identity

(1.15) V(z,8) e R Y(y,n) e R*",  q((z,€); (y,n) = o((x,€), Fy,n)),

with ¢(+;-) the polarized form associated to the quadratic form ¢, where o stands for the
standard symplectic form

(1.16) o((2,8), (y,m) = (& 9) — (w.m) = > &y — zmy,
j=1

with = (21, ..., 2n), ¥y = (W1, ey Un)s € = (&1, &), 1 = (1, ..., M) € C™. We check in
(3.16) (Section 3.2) that the Hamilton map of the quadratic form (1.12) is given by

_ [ —5(Q0x +2B) 2Q }
(1.17) F = |: _% &}QQ&} %(QQ&}-FQB)T :
In [8], the notion of singular space was introduced by pointing out the existence of

a particular vector subspace of the phase space, which is intrinsically associated to a
quadratic symbol ¢(z, ) and defined as the following finite intersection of kernels

2n—1
(1.18) S = ( (M Ker[Re F(Im F)J’]) nR?",

j=0
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where Re F' and Im F stand respectively for the real and imaginary parts of the Hamilton
map I associated to the quadratic symbol g,

1 — 1 —
1

The works [8, 19, 22] show that this particular vector subspace of the phase space plays
a basic role in the understanding of the properties of the quadratic operator ¢"“(x, D,).
According to (1.17) and (1.18), the singular space of the quadratic form (1.12) reads as

(1.19) S ={(2,6) e R™:V0 < j < 2n—1, QQ(QQ5 +2B)z =0,
QQLQ +2B )¢ =0},

since @ and Qo are symmetric matrices. The key point in this article is to prove in (3.22)
(Section 3.3) that this singular space is actually equal to zero

(1.20) S = {o}.

A complete proof of this key property of hypoelliptic Ornstein-Ulhenbeck operators with
invariant measures is given in Section 3.

For now, the next section shows how the recent results [8, 19, 22] about general quadratic
operators with zero singular spaces apply to the study of degenerate hypoelliptic Ornstein-
Uhlenbeck operators or degenerate hypoelliptic Fokker-Planck operators, and how they
relate to the previous works on this subject [1, 2, 6, 17].

2. STATEMENT OF MAIN RESULTS

2.1. Smoothing effect. The first proposition shows that the semigroup associated to a
hypoelliptic Ornstein-Uhlenbeck operator with an invariant measure satisfies smoothing
and decay properties:

Proposition 2.1. Let
1
P= 5TJF(QVU,%‘/,) +(Bx,Vg), z€R",

be a hypoelliptic Ornstein- Uhlenbeck operator, which admits the invariant measure du(x) =
p(x)dz. Then, the global solution to the Cauchy problem

(2.1)

satisfies the following property
V> 0,Ya, B e N, z29Pu(t) = 2205 (e vy) € L2.

Proof. By using the fact that the quadratic operator

# = q"(r,D0) = LIQED.P + {1Q3Q — i (30 + B)r. D),



6 M. OTTOBRE, G.A. PAVLIOTIS & K. PRAVDA-STAROV

has a Weyl symbol with a zero singular space S = {0} and a non-negative real part
Re ¢ > 0, we can deduce from [8] (Theorem 1.2.1) that the evolution equation associated
to the accretive operator &,

ou+ ZLu =0,
uli—o = ug € L*(R",dz),

is smoothing in the Schwartz space . (R™) for any positive time ¢ > 0, i.e.,
(2.2) VE>0, u(t)=e " uye SR,

where (e7*%);>¢ denotes the contraction semigroup generated by . It follows from (1.9)
that the solution to the evolution equation (2.1) is given by

(23)  vlt) = ePug = () e L TETEN( fug) = =SB /)1 (),
for all ¢ > 0. By using from (1.7) that

L= Loz 1
VA0u, ((VP) 1) = e 10200, (3@ 20y < (0, + 2(Qxla): )u,

where (Q3!z); denotes the i*" coordinate, since the matrix Q! is symmetric, we notice
that for all « = (aq, ..., ) € N*, 8= (B1,...,8n) € N* £ >0,

1 B
20u(t) = e F ) (/)0 (0, + 5(Qg;a;)l) (B
We deduce from (2.2) that for all ¢ > 0,

@ <8a,1 + 1(nglavh)ﬂl...(8% " Lot

S(@)) " e (o).

. S @) e (o) € I
since /pvg € L?, because vy € L/Qr This implies that
Vt >0,Vo, B € N",  2®9Juv(t) € L.
This ends the proof of Proposition 2.1. O

2.2. Spectrum of hypoelliptic Ornstein-Ulhenbeck operators. Let
1
P= 5Tr(cgvﬁ) + (Bz,V,), x¢cR"

be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(x) =
p(x)dz. The Markov semigroup (T'(t))>0 defined in (1.5) extends to a strongly continuous
semigroup of positive contractions in Lj, = L"(R™, du), for every 1 < r < 400. We denote
(Pr, Dy) the generator of (T'(t))i>0 in the Lj, space.

The result by Metafune, Pallara and Priola [17] (Theorem 3.1) shows that for all 1 <
r < 400, the spectrum of the generator P, is discrete and is composed of eigenvalues with
finite algebraic multiplicities given by

(2.4) o(P,) = { 3 Mok e N},
Aeo(B)

where N stands for the set of non-negative integers. When r = 1, the spectrum of the
generator P in the LL space is the closed left half-plane

o(P1) ={z € C:Rez<0}.
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Furthermore, each complex number z with a negative real part Rez < 0 is an eigenvalue [17]
(Theorem 5.1).

The following proposition shows that we can recover from [8] (Theorem 1.2.2) the de-
scription of the spectrum of hypoelliptic Ornstein-Ulhenbeck operators on Li spaces with
respect to invariant measures:

Proposition 2.2. Let
1
P = 5T]f(Qvgi) +(Bz,V,), z€R",

be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(zx) =
p(x)dz. Then, the spectrum of the operator P : Li — Li equipped with the domain

_ 2., 2
(2.5) D(P)={u€ L, : PueL,},
s only composed of eigenvalues with finite algebraic multiplicities given by

U(P):{ 3 AkA:kAeN}.

A€o (B)

Proof. Starting again from the fact that the quadratic operator
1, 1 1 S /1 _
& = ¢"(2,D,) = FIQP D, + £1Q3 Qe —i( (50! + B)x. ..

has a Weyl symbol with a zero singular space S = {0} and a non-negative real part
Re ¢ > 0, we deduce from [8] (Theorem 1.2.2) that the spectrum of the operator . acting
on L? = L?(R", dz) equipped with the domain (1.14) is only composed of eigenvalues with
finite algebraic multiplicities given by

(2.6) o (L) = { 3 (ra 2k (—iN) ey € N},

Neo(F)

—iAeCy
with C; = {z € C: Re z > 0}, where F' denotes the Hamilton map (1.17) of the Weyl
symbol ¢, and where r) stands for the dimension of the space of generalized eigenvectors
of Fin C?" associated to the eigenvalue \. By using that the mappings

T:L;, —L? e
u = /pu’ T T

are isometric, it follows from (1.9) and (2.6) that the spectrum of the operator P acting
on Li = L?(R", du) equipped with the domain (2.5) is only composed of eigenvalues with
finite algebraic multiplicities exactly given by

(2.7) o(P)={ - %Tr(B) £ 30 (aH2k)6A) ky €N}
A€o (F)
—iAeCy

We notice from (1.6) and Corollary 3.5 that

(2.8) {)\EU(F):—MG((LJz{:l:%u:,uEa(B), j:pE(L}Z{f%,uIMGU(B)},
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since o(B) C C_. Furthermore, we also deduce from (1.6) and Corollary 3.5 that r) the
dimension of the space of generalized eigenvectors of F' in C?" associated to the eigenvalue
A = —5pu, with p € o(B), is exactly equal to 7, the dimension of the space of generalized
eigenvectors of B in C" associated to the eigenvalue p, since

) 1
7(~38)na(58) =0
because o(B) C C_. It follows from (2.7) and (2.8) that

a(P):{—%Tr(B)—i—% 3 (fu+2k#)g:k#eN}:{ 3 ukﬂzk“eN},

neo(B) peo(B)
since
> pi, = Tr(B).
pea(B)
This ends the proof of Proposition 2.2. O

As noticed in [17], it is interesting to underline that the spectrum of the hypoelliptic
Ornstein-Ulhenbeck operator

1
P = §Tr(QVi) + (Bz,V,), z€R"

only depends on the spectrum of B the matrix appearing in the transport part, and not
on the diffusion matrix Q. We remark, however, that the function space Li on which acts
the operator P depends on Q).

2.3. Global hypoelliptic estimates. In the work [2], Bramanti, Cupini, Lanconelli and
Priola established global LP(R™, dz) estimates for the elliptic directions of hypoelliptic
Ornstein-Uhlenbeck operators for every 1 < p < +oc.

More specifically, let

1
P= 5Tr(cgvfc) +(Bz,V,), z€R"

be a hypoelliptic Ornstein-Uhlenbeck operator, which does not necessarily admit an in-
variant measure. We define (Vj)x>o the vector subspaces

(2.9) Vi = (Ran(Q?) + Ran(BQ?) + ... + Ran(B*Q?)) NR" C R*, k >0,

where the notation Ran denotes the range. Since the Ornstein-Uhlenbeck operator P is
hypoelliptic, the Kalman rank condition holds

Rank[Q2, BQ?,...,B" Q2] = n.

We can therefore consider the smallest integer 0 < kg < n — 1 satisfying

(2.10) Rank[Q2, BQ?, ..., B*Qz2] = n,
and we notice from (2.9) and (2.10) that
(2.11) VoCViC..C Vi =R™

The work by Lanconelli and Polidoro [15] shows that a fan orthonormal basis
(2.12) B=(e1,....en), Vi = Span{e; : 1 < j <dim V;}, 0<k <k,
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for the subspaces Vj, ..., Vj,, may be chosen so that the Ornstein-Uhlenbeck operator in
these new coordinates can be written as

po n
(2.13) P = Z &@j@%hxi + Z Ci ;%0
i,j=1 i,j=1

with 1 < pg < n, where A = (@ ;)1<ij<p, € Mp,(R) is symmetric positive definite and
C = (¢ij)i<i j<n has the block structure

Cy o - x %
C= 0 Cy . % x | eM,(R),
0 -~ 0 Ck =*

where C} is a p; X pj—1 block with rank p; for all j =1, ..., kg satisfying
Po=p1=p2 2> .. 2 Pry > 1,
where
po =dim Vy, p; =dim V; —dim V;_1, 1<i<ko.
Bramanti, Cupini, Lanconelli and Priola established in [2] the following global L estimates

Po
(2.14) V1 < p < +00,3C), > 0,Vu € C5°(R"), Z H&%i’gjjuﬂm < Cp(|1Pullrr + ||u| re),
ij=1
where || - ||zr denotes the LP(R", dx) norm.

On the other hand, Farkas and Lunardi provided in [6] sharp embeddings for the domains
of hypoelliptic Ornstein-Uhlenbeck operators with invariant measures acting on Li spaces,
in some anisotropic Sobolev spaces. In order to recall the results of [6], we consider the
sets of indices

(2.15) ILy={jeN:1<j<dimVp}, I;={jeN:dimVy_;+1<j<dim V;},
for 1 < k < kg, providing the partition
IoUlhyu....Uly, = {1, ey n}
The 1-dimensional Hermite polynomials are defined by
(=)™ 22 d" _o2
e2 e 2,
Vn! dz

By using the fact that the symmetric matrix Qo is positive definite, we can introduce an
orthogonal matrix U, fixed once for all, such that UQ.U~! = diag[\1, ..., \,] is diagonal.
We define for any multi-index 8 = (1, ..., Bn) € N,

(UT 'a);

H :nh ]7 Rnu
5(z) jl;[lﬁj( Vs ) z €

hin(z) = n>0, rekR.
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where 7 denotes the invertible matrix representing the change of basis from the canonical
basis of R"™ to the basis B defined in (2.12). As eigenfunctions of the selfadjoint non-positive
Ornstein-Uhlenbeck operator

1 1

with |8] = 81 + ...+ Bn, these polynomials constitute an orthonormal basis of Li. For any

s > 0, the Sobolev space H*(R", du) is defined as the domain of the operator (/1 — A)*,
i.e., the set of Li functions satisfying

s B
@17 gy = VT A uldy = 3 (14 Y, )2 < 400,

BeNn

For sg, s1, ..., Sk, > 0, the anisotropic Sobolev space H*%%»%0o (R", dp) is defined as the
space of Li functions satisfying

ko
B\
2 sosseeony gy = D0 9 (14 D0 2 ) 1wy Ha) g I

BEN™ k=0 jely,

where the sets of indices (Ij)o<k<k, are defined in (2.15). The result of [6] (Theorem 8)
shows that the domain of the infinitesimal generator of the Ornstein-Ulhenbeck semigroup
(T'(t))¢>0 satisfies the following embedding into the anisotropic Sobolev space

2 2 2 2
(2.18) D(P) C H>35 21 (R", dy) C H o1 (R", dp).

The following proposition shows that we can recover the weaker embedding of the
domain into the isotropic Sobolev space

2
D(P) C H%¥ (R",dp),

from the global L? subelliptic estimates established for general accretive quadratic oper-
ators with zero singular spaces in [22] (Theorem 1.2.1). This indicates that the general
result of [22] manages to capture the exact loss of derivatives with respect to the elliptic

case
2 Akg

= >
2kg+1  2ko+1
even if it misses to provide stronger estimates in the less degenerate frequency directions.

0=2—

Proposition 2.3. Let
1
P= 5T]f(cgvf,;) +(Bz,V.), z€R™
be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(x) =

p(x)dx. Then, there exists a positive constant C > 0 such that

e D), ol e < COPYL + Ioilzg)

where ko denotes the smallest integer 0 < kg < n — 1 satisfying

Rank[QE,BQE, cee BkOQE] =n
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_2 _

with || - ”Lﬁ the norm in the L?>(R™, du) space, where the Sobolev space H?%+1 (R™, dp) is
defined in (2.17).

Proof. By using that
e, (1O e — (0, + 5 Qo) Ju,

where (Q3!'z); denotes the i*" coordinate, since the matrix Q! is symmetric, we obtain
from (1.7) and (2.16) that

(219) - VpA((Vp)'u) = ;e 1Qxta.2) (qu 2, Z% ) (eh@tay

1,j=1
1 — 1 1 1 &
~ 2 ;lqz,3(8x1+2(62 ))<6x]+2( ')”Jri;xj(a%J“ ))
with Qo = (q~i7j)1§i7j§n. By using that
Z Gi 50z, (Qx2);) = Tr(QuQs) =

3,j=1
it follows that

VA= (V7)) = 1Q&D.Put O alPu+ (1~ 2)u.

We deduce from (2.16) that the family (Hg,/p)genn is a Hilbert basis of the L*(R™) space
composed by the eigenvalues of the harmonic oscillator

220)  AHsp) = (G1QEDP + 510 el sy = (1D 4+ 1) v
It follows from (2.17) that for all s > 0,
(221) [olBequn gy = NOVT— D0l = 3 (14 20 0, 1)
BENn
= 3 (14 ) 1 ot = [ (1 = 5) (i,

BeNn

where the fractional power of the harmonic oscillator is defined by functional calculus. It
follows from (2.21) that for any s > 0,

(2.22) ol s @ awy ~ 1V A)* (V/po)| 2

Starting anew from the fact that the quadratic operator

# = q"(r,D0) = LIQED.P + {1Q3Q —i( (30 + B)r. D),
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has a Weyl symbol with a zero singular space S = {0} and a non-negative real part
Re ¢ > 0, we can apply the result of [22] (Theorem 1.2.1) to show that there exists a
positive constant C' > 0 such that

(223)  VueD(L), [0p”({(z,€) 0 )ul,, < C(|Lull 2 + [lull2),

where the domain D(.%) is defined in (1.14) and where ky denotes the smallest integer
0 < ko < 2n — 1 satisfying

ko
( m Ker[Re F(Im F)JD NR?* = {0},
j=0
with F' the Hamilton map of the quadratic operator .. We notice from (3.23) and (3.24)
that this integer kg corresponds exactly to the smallest integer 0 < kg < n — 1 satisfying

1 1 ko AL
Rank[Q2, BQz,...,B"Qz] =n.
We easily check the equivalence of the norms

(220)  [[Op” ({(z, )T )ul ., ~ JOp* ({ (VD)1 Q2 (V2) 1 QEE) )T Yu| .-

As noticed in [7] (Proposition A.4), see also the discussion in [19] (pp. 4021-4022), the
following equivalences of norms hold

(225)  [Op ({((2v2)1QR e, (V2)TLQRE) ) Tt Yu| ., ~ [|(VIE) T u
and
(2.26) 10D ({(, €))7 Y 12 ~ [[{(, D)) FoF w2,

2
where the harmonic oscillator 7 is defined in (2.20) and where the operator ((x, D)) 2*o+!
is defined by the functional calculus of the operator

((@,D4))* = 1+ | Dy + |z,
By taking v = (/p)"'u € L, with u € L?, we deduce from (1.9), (2.5), (2.22), (2.23),

(2.24) and (2.25) that there exists a positive constant Cy > 0 such that for all v € D(P),

o]

1
e gy = CoURZulze + Tullz2) < CollPellz + Co(1+ 5 T(B) ) ol .

This ends the proof of Proposition 2.3. O

2.4. Spectral instabilities and resolvent estimates. Let
1
(2.27) P = §Tr(QVg2€) + (Bz,Vy), ze€R",

be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(x) =
p(x)dx. Recalling that B € M,(R) and thus Tr(B) € R, we notice from (1.9) and (1.10)
that the operator P is selfadjoint on Lz if and only if the operator . is selfadjoint on L2,
that is, when

1
5@0_0162 + BT =o0.
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When this condition does not hold, the operator is non-selfadjoint. In this case, it is well-
known that the resolvent of such an operator may take very large values in norm far away
from its spectrum and that the spectrum may be very unstable under small perturbations.
These two features are highly related. Indeed, studying the level lines of the norm of the
resolvent of an operator provides substantial information about its spectral stability. We
recall from [23] that when A is a closed unbounded linear operator with a dense domain
on a complex Hilbert space H, its e-pseudospectrum

o) ={zeC: (A-221}, >0,

with the convention that ||(4 — z)~!|| = +oo for any point z € o(A), can be defined in an
equivalent way in term of the spectrum of perturbations of the operator
o.(A) = U o(A+ B),

BeL(H), ||Bllzmy<e

where L(H ) stands for the set of bounded linear operators on H. There exists an extensive
literature on the notion of pseudospectrum. We refer the reader to [24, 25] and the
references therein for a detailed account of this topic.

The study of pseudospectrum is non-trivial only for non-selfadjoint operators, or more
precisely for non-normal operators. Indeed, the classical formula
1 1
(2:29) v o(A), I(A=7 = ooy

implies that the resolvent of a normal operator
(2.29) Vz g o(A)VCEa(AY), (A-2)HA = == (A-2)7},

cannot blow up far away from its spectrum [12] (Chap. V, Sect. 3.8, formula (3.31)). It
ensures the stability of the spectrum under small perturbations

(2.30) 0:(A) ={z € C: dist(z,0(A)) <e}.

However, the formula (2.28) does not hold anymore for non-normal operators and the
resolvent of such operators may become very large in norm far away from the spectrum.
It implies that the spectra of these operators may become very unstable under small
perturbations.

Consider now again the hypoelliptic Ornstein-Uhlenbeck operator (2.27). We observe
from (1.9) that the operator P commutes with its Lz—adjoint P,

(2.31) Yu € S (R™), [P, P*](y/p ‘u)=0,

when acting on \/ﬁfly (R™), if and only if the operator .# commutes with its L2-
adjoint Z*,

(2.32) Vue S(RY), [L, L u=0,

when acting on .7 (R"), since [, .£*] = —/p[P, P*]\/p '. We deduce from Lemma 3.3
that the condition (2.32) holds if and only if the following commutator is zero

[Qx'Q. BT =0.
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Furthermore, Lemma 3.3 indicates that, when the condition (2.31) does not hold, then
the operator P is non-normal, and that the operator P can be normal only if it is elliptic,
i.e. when the symmetric matrix Q) is positive definite. When the operator P is elliptic,
both situations can occur. The operator P is for instance selfadjoint, thus normal, when
B = —1I,,, whereas it is non-normal when

o-(5 1) 5-(3 L)

The study of resolvent estimates for hypoelliptic Ornstein-Uhlenbeck operators is there-
fore non-trivial. The resolvents of these operators may exhibit rapid growth in norm far
away from their spectra. The following theorem points out that this is actually the case
for any non-normal elliptic Ornstein-Uhlenbeck operator satisfying

Q%' Q. BT #0.
More specifically, we deduce from the results in [21] that the resolvent of such an operator

exhibits rapid growth in norm along all the half-lines contained in the particular open

angular sector
1 o
A= —iTr(B)— Y(q)c C,

[¢]

starting from —%Tr(B), where Y(¢) denotes the interior of the numerical range ¥(q) =

q(R?") of the Weyl symbol (1.12).

Theorem 2.4. Let !
P= 5Tr(Qvg) + (Bx, V), z€R",
be an elliptic Ornstein-Uhlenbeck operator, i.e., when Q) is a symmetric positive definite

matriz, which admits the invariant measure du(x) = p(z)dxr and satisfies the condition
[Q=LQ, BT # 0, implying that P is non-normal. Setting

. N7 - 1.
m= e (5000 = B)ee). mi= s (5005 ~B)rc),
with

B={@8) er": [0kl + (lQiQRa? =1},
then the resolvent blows-up in norm along all the half-lines

(P + 3Tr(B) + (1 + z‘/\))’luﬁ(Lﬁ)

Vm_ < A<my,VN €N, t£+moo N = +00,
where || - HL(Li) denotes the operator norm in the space of bounded operators on LZ =

L2(R", dp).

This result highlights that the resolvent of a non-normal elliptic Ornstein-Uhlenbeck
operator as in Theorem 2.4, blows up rapidly in norm far away from its spectrum

J(P):{ S AkA:k:AeN},

A€o (B)
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described in Proposition 2.2.

Proof. Under the assumptions of the theorem, we observe from Lemma 3.3 that the qua-
dratic operator on L?,

1 1 1
2 = ¢"(x.D,) = 51Q3 Daf* + 2|3 Qx'al? — i( (QQ + B). D),
is elliptic and does not commute with its L?-adjoint .#*,
[, 7] #0,

when acting on ./(R™). The interior of the numerical range X(q) = ¢(R?") of its Weyl
symbol (1.12) is given by

Y(@)={z=t(1+i\) e C": m_ <A <mg, t>0},

where the constants m4 are defined in the statement of Theorem 2.4. It follows from [21]
(Theorem 2.2.1) that for all m_ < A < my and N € N, there exist hy > 0 and a family of
the Schwartz functions (up)o<n<p, satisfying

(2.33) VO < h<hgy, uplpz=1, ¢ (x, hDy)up — (1 4+ iX)up |2 = O(RY),
when h — 0. We notice that
(2.34) vt >0, Ti(q"(w,Dy) —t(L+iN)T; " =t(q" (v, Dy) — (1 +14N)),

where T} stands for the isometry of L2(R") defined by (Tyu)(z) = tiu(v/tz). We deduce
from (2.33) and (2.34) that for allm_ < A <my, N € N,

(2 =t +0) 7
. (L2)
)
. Sy —1
_ [(q* (2,7 Dg) — (1 +iA)) H[,(L2) B
- Jim o = oo
where || - [|z(2) denotes the operator norm in the space of bounded operators on L?. By
using that the mappings
T:L;, —L? R e
u = /pu’ u o o= p
are isometric, we notice from (1.9) that
oy —1 1 ) -1
(236) (£ = t0+iN) ey = || (P + 3 T(B) + 10+ i) “L(Li),
where [ - ||z r2) denotes the operator norm in the space of bounded operators on Li =

L?(R™, dy). The statement of Theorem 2.4 then directly follows from (2.35) and (2.36). O

The result of [21] does not apply directly to the degenerate case when the symmetric
matrix @ is not positive definite, but the same blow-up phenomena actually occur for all
degenerate hypoelliptic Ornstein-Uhlenbeck operators, i.e. when the diffusion matrix @
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is degenerate. The following result shows that the resolvent of any degenerate hypoel-
liptic Ornstein-Uhlenbeck operator exhibits rapid growth in norm along all the half-lines
contained in the open half-plane

1
—§Tr(B) +C_ cC,
starting from —1Tr(B).
Theorem 2.5. Let )
P= 5T]f(cgv;‘;) +(Bx,Vy), z€R",

be a degenerate hypoelliptic Ornstein-Uhlenbeck operator, i.e. when det(Q) = 0, which
admits the invariant measure du(x) = p(x)dx. Then, the resolvent blows-up in norm
along all the half-lines

[(P+3Tx(B) + tz)iluc(Lg)

Vze Cy,VN € N, t_l}gloo N = +0o0,
where || - HL(L,%) denotes the operator norm in the space of bounded operators on L2 =

L*(R™, dp).

Proof. Since @ is degenerate, we deduce from Lemma 3.6 that the numerical range ¥ (q) =
q(R?") of the quadratic symbol (1.12) is equal to

Y(¢q) ={2z € C:Re z > 0}.
Furthermore, for all z € C, there exists (xq,&) € R?" such that

(2.37) z = q(zg, &), {Re ¢,Im q}(z0, &) < 0.

Then, the result of Zworski [26] (p. 2956) and [27] (Theorem, p. 300) allows us to
construct semiclassical quasimodes for the operator ¢“(z,hD,) at any point z € Cy.
More specifically, for all z € C4 and N € N, we can find hg > 0 and a family of the
Schwartz functions (up)o<n<n, satisfying

(2.38) YO < h < hgy, |unlre=1, 1¢% (2, hDp)up, — zup|| 2 = O(AY),
when h — 0. The proof of Theorem 2.5 is then completed by following the very same lines
as in the proof of Theorem 2.4. O

Remark 1. The above result for the construction of semiclassical quasimodes is a par-
ticular case of a general existence result of semiclassical quasimodes for pseudodifferen-
tial operators violating the condition (W), i.e., for operators whose adjoints violate the
Nirenberg-Treves condition, also called condition (¥), see Definition 26.4.6 and Theo-
rem 26.4.12 in [10]. This result indicates that, when the principal symbol of Py — z violates
the condition (¥), then there exist some semiclassical quasimodes of the type (2.38) for
the operator P"(x,hDy;h) — z. The condition (2.37) corresponds to the particular case

when the principal symbol violates the condition (V) by changing sign in the prohibited
sense at the first order, whereas the gemeral result holds true more generally without any
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F1GUuRE 1. The resolvent |[(P — Z)_lHL(LZ) blows-up along all the half-

lines contained in the dark region starting from —%Tr(B ). The spectrum is
represented with black dots. The left figure corresponds to the non-normal
elliptic case as in Theorem 2.4 and the right one to the degenerate case.

Im 2 Im z

A A

restriction on the order, finite or infinite, at which the prohibited change of sign given by
the wviolation of the condition () is done. The existence of this result was first mentioned
in [4]. It is an adaptation to the semiclassical setting of the quasimode construction inti-
ated by Moyer [18] and completed in all dimensions by Hérmander [10] (Theorem 26.4.7).

A complete proof of this adaptation in the semiclassical setting is given in [20].

Despite the blow-up phenomena described in Theorems 2.4 and 2.5, it was shown in [19]
that the subelliptic properties enjoyed by quadratic operators with zero singular spaces
imply that their resolvents must stay bounded in certain unbounded regions of the resol-
vent set with a specific geometry. The following theorem makes explicit how these results
apply for hypoelliptic Ornstein-Uhlenbeck operators with invariant measures:

Theorem 2.6. Let
1
P= 5T]f(Qvfﬂ) +(Bz,V,), z€R™
be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(x) =

p(x)dx. Then, there exist some positive constants C,c > 0 such that the resolvent estimate

1 1
Ve €Tk, (P =2) gy < = - (1= 5®) | 7,

holds in the subset of the resolvent set I'y, C C\ o(P) defined as

Iy, = {z eC: Rez< %(1—TT(B))7

_1
2ko+1 }
)

Re z— (1—%Tr(B)>’ < c‘z— <1—%Tr(B)>
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with || - HE(Lﬁ) the operator norm in the space of bounded operators on LZ = L*(R",du),
where ko denotes the smallest integer 0 < kg < n — 1 satisfying
Rank[Q2, BQz, ..., B*Q2] = n.
Moreover, we have
1 1
VzeC, Re z > —=Tr(B) > 0, Pzt <
STB) >0, 1P = ey < P

Proof. Following the proof of Proposition 2.3, we deduce from (2.23) and (2.26) that the
quadratic operator (1.10) enjoys the following global subelliptic estimate

2

3C > 0,vu e D(Z), [((z, Dq)) o ull 2 < C([[ZLullz + [lull2),
where kg denotes the smallest integer 0 < kg < n — 1 satisfying
Rank[Q?, BQ?, ..., B"Qz] = n.
As explained in [19] (pp. 4021-4023), this estimate is shown to extend as

(2.39) 3C > 0,Yu € D(L), W € R, |{(z, D))o a2 < C(| Lo — ivad]| g2 + ||| 2)-

Using this estimate and standard functional analytic estimates we derive the localization
of the spectrum

1 _1
Je,C > 0, {Z €C: Rez> —5 Re z+1 §c\z+1\2k0+1}ﬁa($) =0,
together with the resolvent estimate
1
(2.40) I(Z — z)*lﬂﬁ(Lz) < Clz+ 1| 2kot1]

1
for all z € C satisfying Re z > —%, Re z+1 < ¢|z+ 1|?*0+1. On the other hand, it follows
from (1.10) that for all Re z < 0,

1 1
Re(Lu — zu,u)z2 = 5[|Q* Doullfa + Q2 Qxlwull}s — Re zlfulfe > [Re 2[|Jullf..
We deduce from (2.6) and the Cauchy-Schwarz inequality that for all Re z < 0,

1
2.41 — )1 < .
(2.41) 12 =) eas) < e

It follows from (1.9), (2.36) and (2.40) that the resolvent estimate

T

- 1 -1
Wz € Th, H (P + 5 Tr(B) - z> Hng)

holds in the following subset of the complex plane
- 1 1 1
Iy, = {z €C: Rez< X IRe z — 1| < ¢|z — 1|2’“0+1} C C\J<P+ §Tr(B)).

Moreover, we observe from (2.41) that

1 -1 1
VzeC, Re 2> 0, H <P + 5TH(B) - z) Hmﬁ) <=
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This ends the proof of Theorem 2.6. O

F1GURE 2. Spectrum of the hypoelliptic Ornstein-Uhlenbeck operator P
acting on Li and subset I',.

Im z,

As explained in [19] (pp. 4023-4025), the resolvent estimates as in Theorem 2.6 are key
for establishing results on exponential return to equilibrium for the Ornstein-Uhlenbeck
semigroup.

2.5. Exponential return to equilibrium for hypoelliptic Ornstein-Uhlenbeck op-
erators. The following result establishes the result of exponential return to equilibrium
for hypoelliptic Ornstein-Uhlenbeck operators with invariant measures:

Theorem 2.7. Let
1
P= 5T]f(cgvgi) +(Bz,V,), xR
be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(x) =
p(xz)dx. Setting

79 = inf Re(—p)=— sup Rep >0,
n€o(B) peo(B)

then for all 0 < 7 < 19, there exists a positive constant C' > 0 such that

2 tP —Tt
vVt >0, € L, He v — (/nv(x)p(:c)cm) HLE <Ce ”UHLﬁ
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Proof. We begin by noticing from (1.6) that the parameter 7y > 0 is positive. We remark
that the quadratic operator (1.10) is real

= QP+ Gl Qt e - (300! + B), VL),

in the sense that Zu is a real-valued function whenever u is a real-valued function since
B, Q and Q3! € M, (R). Starting now from the fact that the quadratic operator .# has a
Weyl symbol with a zero singular space S = {0} and a non-negative real part, we notice
that these properties hold true as well for its L?(R™)-adjoint (3.8), since .Z* is a quadratic
operator whose Weyl symbol § is the complex conjugate of the Weyl symbol of £, and
whose Hamilton map F is the complex conjugate of the Hamilton map F of .. We
deduce from (1.6), (1.9), Proposition 2.2, [19] (Theorem 2.1) and [12] (Chap. III, Sect. 6.6,
Thm 6.22) that

1
_iTr(B)v

is the eigenvalue with the lowest real part for both the operators . and .#* on L?*(R").
Furthermore, this eigenvalue has algebraic multiplicity 1 for both operators. It therefore
follows from (3.9) that

1 1
(2.42) Ker (;f + fTr(B)) = Ker (z* + fTr(B)> = Cy/p.
2 2
Setting
(2.43) T9=2 inf Im A >0,
A€o (F)
Im A>0

we deduce from [19] (Theorem 2.3) that for all 0 < 7 < 79, there exists a positive constant
C > 0 such that for all t > 0, u € L?(R"),

- 1 ( L2 -7t
(2.44) He HL+FTE(B)),y, [ull 2.
Vel
We notice from Corollary 3.5 and (1.6) that
70 = inf Re(—p)=— sup Re p>0.

peo(B) uea(B)

On the other hand, we deduce from (1.7) that

1 1,—1
2.45 2 :/ xdm:/ - e 3(Qoo ) gor — 1,
1) k= [ ewar= [ o

By taking u = /pv € L? with v € L2, it follows from (2.3) and (2.44) that

(2.46) vVt > 0,Vv € LZ, HetPU (/n U(m)p(:ﬁ)d:t)‘ .

This ends the proof of Theorem 2.7. (|

-7t
, < 0ol
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2.6. Relative entropy decay for degenerate Fokker-Planck operators. We con-
sider the Fokker-Planck operator

(2.47) P - %Tr(QVi) Bz, V)~ Te(B), z€R",

where Q = (¢ j)i1<ij<n and B = (b; j)1<i j<n are real n x n-matrices, with () symmetric
positive semidefinite. We assume that the Kalman rank condition and the localization of
the spectrum of B,

(2.48) Rank[QZ, BQ?,...,B"'Q:]=n, o(B)cC_,

hold. As before, we consider

1 1 —1
2.49 ) = _ e~ 2(Qs m,x))
(2.49) p(z) EEN e
with
o0
(2.50) Qoo :/ e*BQesB" ds.
0

We aim at studying the operator & acting on the L%/p = L*(R", p(x)~'dz) space. In the

recent work [1], Arnold and Erb studied the degenerate parabolic Fokker-Planck equation

0f = STH(QVA)f — (Br.Va)f ~ T(B)S.

By employing a new entropy method based on a modified, non-degenerate entropy dissipa-
tion like functional, they established results on exponential convergence of the solution of
the Fokker-Planck equation to equilibrium and the exponential decay in relative entropy
(logarithmic till quadratic) with a sharp rate. The following proposition shows that the
result of [8] for quadratic operators with zero singular spaces enables us to recover the
description of the spectrum established in [1, Thm 5.3]:

Proposition 2.8. Let
1
P = 5Tr(cgvg,) —(Bx,V,) —Tr(B), = €R"

be a Fokker-Planck operator satisfying the assumption (2.48). Then, the spectrum of the
operator & : L%/p = L%/p equipped with the domain

(2.51) D) ={feli, :2feli,},
is only composed of eigenvalues with finite algebraic multiplicities exactly given by

a(@):{ 3 AkA:kAeN}.

Xeo(B)

Proof. We begin by associating to the operator & acting on L% /o the quadratic operator
£ acting on L? given by

(2.52) Lu = 7\/571@(\/510 - %Tr(B)u.
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By using the fact that

R 0y (0, i)

where (Q7'z); denotes the i*" coordinate, since the matrix Q! is symmetric, we obtain
from (2.47), (2.49) and (2.52) that

- 1
(2.53) Lu=ei! Qw“( qu 2y T szm (e 1= 2y) 4 S Tr(B)u =
1,7=1 1,7=1

35 (0, 300) (005, 3 005 o

1,j=1 ,j=1
It follows from (3.3) that

£= @V, V) - 5(QQx1n, Qi) - %(Bx, Q=)
+(Br, Vi) + (QQ5k, V) + JTH(B) + {TrQQRD).
With D, =i~ 'V,, we deduce from (1.2), (3.5) and (3.6) that
_1%21%—12~1—1
(2:54) £ = 513 Do + 2103 Q) al? +i( (3QQ% + B)x. D.).

We notice that this operator is equal to the L?(R™)-adjoint operator of .Z defined in (3.8).
It follows from (1.9), Proposition 2.2 and [12] (Chap. III, Sect. 6.6, Thm 6.22) that the
spectrum of the operator £ : L? — L? equipped with the domain

D(L) ={uec L?: uc L*},
is only composed of eigenvalues with finite algebraic multiplicities exactly given by
(2.55) { Z Ny — fTr (B) : ky € N},
A€o (B
since B € M, (R). By using the fact that
peo(B)<ncao(B),
because B € M, (R), it follows from (2.52) and (2.55) that
o(P) = { 3 Ak N}.
\eo(B)

This ends the proof of Proposition 2.8. U

The following proposition and its corollary show that the result of [19] for quadratic

operators with zero singular spaces enables us to recover the exponential decay in quadratic
relative entropy established in [1, Thm. 4.6]:



SOME REMARKS ON DEGENERATE HYPOELLIPTIC ORNSTEIN-UHLENBECK OPERATORS 23
Proposition 2.9. Let
1
P = 5Tr(Qv?C) —(Bx,V,) — Tr(B), =&R"

be a Fokker-Planck operator satisfying the assumption (2.48). Setting

70 = inf Re(—p)=— sup Repu >0,
pea(B) nea(B)

then for all 0 < 7 < 19, there exists a positive constant C > 0 such that

Vi > 0Vf e L2, | H” _ d ‘
zovf ety [e?f=( [ s@d)o],

<O fllza,
/p

where (et‘@f)tzg denotes the semigroup in L%/p associated to 2.

Proof. We begin by noticing from (2.48) that the parameter 7y > 0 is positive. We remark
that the quadratic operator (2.54) is real

8= —JQIV. P + L1Q3Q P + (50 + B, VL),

since B, Q and Q3! € M, (R). As noticed in the proofs of Theorem 2.7 and Proposition 2.8,
the quadratic operator £ = Z* has a Weyl symbol with a zero singular space and a non-
negative real part. These properties hold true as well for its L?(R")-adjoint (£)* = &,
where .Z is the quadratic operator (1.10). We deduce from (2.42) that

—%TI“(B),

is the eigenvalue with the lowest real part for both the operators £ and £* on L?, since
£=%% and £* = Z. Furthermore, this eigenvalue has algebraic multiplicity 1 for both
operators £ and £*. It follows from (2.42) that

Ker(s + %Tr(B)) — Ker (2* + %TY(B)) =Cp.

The operator £ is accretive and generates a contraction semigroup (e_tg)tzo on L?. Setting

(2.56) 70 =2 inf Im A >0,

Ao (F)

Im A>0
we deduce from [19] (Theorem 2.3) that for all 0 < 7 < 79, there exists a positive constant
C > 0 such that for all t > 0, u € L?,

2.57 e—t(s-i—%Tr(B))u _ ('LL, \/ﬁ)[?
(2:57) | NMiRG

since I is the Hamilton map of the quadratic operator £. We notice from Corollary 3.5
and (2.48) that

<0l

70 = inf Re(—p)=— sup Re pu >0.
peo(B) puea(B)
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On the other hand, the solution to the Cauchy problem

o = P,
2.58
(2.58) {vyt_ozfeLi/p,
is given by
(2.59) V>0, o) =e'” f = Jpe ETITE (),
where (e7'*);>0 denotes the contraction semigroup generated by £. By taking u =

VP ' f € L with f € L7, it follows from (2.45), (2.57) and (2.59) that

(2.60) vt > 0,Vf € L%/p, Het‘@f — ( - f(:z:)da:)p‘

< C —T7t
s <Gz,

since the mappings

. T2 2 —1.72 2
T:L —>L1/p’ T 'Ll/p —>L1 7
U = /Pu U — /P U
are isometric. This ends the proof of Proposition 2.9. U

We directly deduce from Proposition 2.9 the exponential decay of the quadratic relative

entropy
cx(flp) = |
Rn

o) Y el

Corollary 2.10. Let

P - %Tr(Qvg) Bz, V) — T(B), xcR,

be a Fokker-Planck operator satisfying the assumption (2.48). Setting

70 = inf Re(—pu)=— sup Repu >0,
pea(B) pnea(B)

then for all 0 < 7 < 19, there exists a positive constant C' > 0 such that

vt >0,Vf € L}, /Rn f(@)de =1,
t? _ (et‘@f)(x) P —27t |f (@)]?
e2(e"” flp) = / e 1| p(x)dx < Ce /n () dz,

where (€7 f)>o denotes the semigroup in Lf/p associated to .

n

3. ELEMENTS OF PROOF

The main purpose of this section is to check that the quadratic operator (1.9) has a zero
singular space. We also compute explicitly the eigenvalues of the Hamilton map (1.17),
and provide a necessary and sufficient condition for the quadratic operator to be normal.
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3.1. Computation of the quadratic operator .. We begin by noticing from (1.3)
and (1.8) that for all ¢ > 0,

(3'1) Qoo = Q¢ + etBQooetB

We deduce from (3.1) the steady state variance equation

d
(3.2) Qi+ Qo™ )0 = Q4+ BQs + Q. B" = 0.
We use now

O, () — (0, + S(@310): ),

where (Q3!z); denotes the i*" coordinate since the matrix Q5! is symmetric, to obtain
from (1.1), (1.7) and (1.9) that

L 1 1
Lu=—e" 4Qmmx< qu zz,x3+ Zb”x] xz) 1Oy )—iTr(B)u—

t,j=1 ,5=1
1 qu(axﬁ 200 (00,45 (@), )u Zlb”x]<8xz+ (Qxla):u— 5 Tr(B)u.
i,j=1 i,j
Furthermore, since
(3.3) qu 2 ((Qx 7);) = Tr(QQL),
i,j=1

it follows that

L = _%<QVz7Vz> - %<QQ<;01$7Q;01$> - %(Bx’Q;O1$>

1 _ 1 1 _
By recalling the notation (1.2), we obtain that

(34) = QD D)) ~ {(QQw, Qxle) — 5 (B, Q)

(B, Dy~ Q@ w i) STH(B) — 1THQQ),
with D, = i71V,. We deduce from (3.2) that
(35)  THQQZY) = ~Tr(B+ QuBTQL) = —Tx(B) — Te(BT) = —2Tx(B).
On the other hand, it also follows from (3.2) that
(3.6) —(Qx QR z,x) = (Qx) Ba,x) + (BT Q) w, x) = 2(Bx, Q' x),
since Qoo is symmetric. It follows from (3.4), (3.5) and (3.6) that

(3.7) # = JIQED P + {15 — i (500 + B)x. D).
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We notice that the L2(R")-adjoint operator of .Z is given by

s Lt L 1y oL
(3.8) 2 = S1QD, P + Q3 Q) +i( (500 + B)x. ..
since B, Q, Qo € M,(R), and

LAt
Tr(iQQoo n B) —0,
according to (3.5). We check that
1 *
(3.9) (.,% + 5 Tr(B) ) (Vp) = (.,? + Tr )(\/ﬁ) —0.
Indeed, it follows from (1.7), (3.2), (3.3) and (3.5) that
1, 1 1 _ _ _

(310) (51Q2D:P) (Vo) = X ai(300 ((QX2)) = S(QL0)(Q); ) v

1<i,j<n
= (§TQ@) ~ IR0 )yA= (= JTH(B) — (@ Qel?) vp
and
(3.11) <(%QQ;} + B)x, Dx>(ﬁ) - %<<%QQ;} + B)x, Q;}x>\/ﬁ —0,
since

(QQx'7,Qx7) = (R QQx 7, 7) = ~(Qx Bz, 7) — (B Qi w,7) = ~2(Bz, Qo ),
because Qs is symmetric. The formulas (3.9) directly follow from (3.10) and (3.11).

3.2. Weyl symbol and Hamilton map of the quadratic operator .¥. By using that
the Weyl quantization of the quadratic symbol z2¢%, with (a, 8) € N*", |a + (| = 2, is

agiye = £ D4 Dl
we observe that the Weyl symbol of the operator
(3.12) < =q"(z,Dy,),
is the quadratic symbol
1, 1 1, 1 /(1 _
(3.13) a(2,8) = 51Q¥E + 5107 QR — i (500! + B)w.€),
since according to (3.5), we have
1
Tr(iQQ;ol + B) — 0.
This agrees with the formula (1.12). Notice that the polarized form associated to the
quadratic form (3.13) is

(314) a((2,8); (5.)) = 3 (0l + 9.6 +0) — (2, ) — aly,)
= QM6 Qb0 + 5 (QF Qe QEQR1Y) — 1(QQ +2B)z ) — 1(QQ:! +2B)y,6).
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Writing (9,7) = F(y,n), we deduce from the definition of the Hamilton map
a((@, ) (y,m) = o((@,€), F(y,n) = o((x,€), (9, 7)) = (& 9) — (z,70),

that

o 1 i _
(315) (5:7) = Fl.n) = (300 - 1(QQ +2B)y, ~ Q2 QQ1y + 1(QQ +2B)T),
since () and Qo are symmetric. It follows that

_ [ —iQQx +2B) 3Q
(310 F_[ “1oo0y i(QQ;?HB)T}

1 0 40Q)
(3.17) Re F = 3 [ QoolQQco 0 }
and
1 -(QQs! +2B) 0
(3.18) ImF—4[ 0 (QQ&}—I—ZB)T}’

since @, Qo and B € M, (R).

3.3. Singular space of the quadratic operator .. We deduce from (3.17) and (3.18)
that for all k£ > 0,

k
(319) ([ Ker[Re F(Im F)V]) R
=0

={(2,6) e R :V0 < j <k, QQ(QQL +2B)z =0, Q(QQ +2BT)¢ =0},

since () and Qo are symmetric. We need the following lemma:

Lemma 3.1. We have for all k > 0,

k
(mKer[ReF(ImF)j])ﬂ]RQ"
7=0
= {(2,6) e R* : V0 < j < inf(k,n— 1), QQ B’z =0, Q(BT)’¢ =0}.

Proof. We begin by proving by induction that for all £ > 0,

k
(3.20) ( () Ker[Re F(Im F)J']) nR2"
7=0
= {(2,¢) eR™: V0 < j <k, QO Bz =0, Q(B")/¢ =0}.
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We notice from (3.19) that the formula (3.20) holds for & = 0. If for k& > 0,
k .
( ﬂ Ker[Re F(Im F)J]) NR?*"
=0

= {(2,6) €R™ V0 < j < k, QO BIz =0, Q(BT)ig =0},
it follows from (3.17) and (3.18) that
k+1
( () Ker[Re F(Im F)J’]) AR = {(2,&) e R : Y0 < j < k, QQz'Biz =0,
j=0
QB¢ =0, QR (QQL +2B)" 'z =0, QQIQ +2B") ¢ =0},
We deduce by expanding the products that
QO (QQ +2B) e = QOB o, Q(QLIQ +2BT) e = 28H1Q(B) e,
when
VO<j<k QQuBz=0, QBY)¢=0.
This proves that

k+1
() Ker[Re F(m F)7]) N R
=0

={(2,6) eR": V0 < j <k +1, QR Bz=0, Q(BT)¢=0]}.

This shows that the formula (3.20) holds for all £ > 0. Next, we deduce from (3.20) and
the Cayley-Hamilton theorem

xB(B) = xpr(B") =0,

where xp and x gr denote respectively the characteristic polynomials of the n x n-matrices
B and BT, that for all k > 0,

k
(N Ker[Re F(m F)7]) NR2"
j=0
={(2,6) e R*: V0 < j < inf(k,n— 1), QQ} B’z =0, Q(B") ¢ =0},

since deg xp = deg xgr = n. This ends the proof of Lemma 3.1. O
We establish the following result:

Lemma 3.2. For all k > 0, the following equivalence holds
inf(k,n—1)

( (k] Ker[Re F(Im F)']) NR* = {0} «= (] Ker[Q(B")']) NR" = {0}.
j=0 Jj=0
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Proof. According to Lemma 3.1, we have already proved that
inf(k,n—1)

( (k] Ker[Re F(Im F)']) nR*" = {0} = ( ﬂ Ker[Q(BT)]) NR" = {0}.

=0

Conversely, if

( N Ker[Q(BT)j]) AR" = {0},
§=0
it follows from Lemma 3.1 that it is sufficient to prove that
inf(k,n—1) inf(k,n—1)

N Ker[QQZB])nR" = ([ Ker[Q(Q BQ«)QZ]) NR" = {0},
j=0 Jj=0

i.e.
inf(k,n—1)

( N xe Q@ BQ)Y]) NR" = {0},

since Q3! € M, (R). Accordlng to (3.2), it is sufficient to show that
inf(k,n—1)

ﬂ Ker[Q(QQ + BT)J]) AR" = {0}.
On the other hand, we easﬂy check by induction as in Lemma 3.1 that for all £ > 0,

(ﬁKer[Q(QgémBT) J) R = (ﬂ Ker[Q(B")']) nR".
j=0

This ends the proof of Lemma 3.2. O

We deduce from (1.18) and Lemma 3.2 that the singular space of the quadratic form
(3.13) is zero if and only if the following intersection of kernels is zero

n—1
(3.21) S = {0} ( (M Ker [Q(BT)j]) AR" = {0}.

§=0
On the other hand, the Kalman rank condition which holds since the Ornstein-Uhlenbeck
operator (1.1) is assumed to be hypoelliptic, reads as

Rank[B|Qz] = Rank[Q2, BQz, ..., B" Q2] =

where the n x n? matrix [Q% , BQ%, . ,B”le%] is obtained by writing consecutively the
columns of the matrices B’ Q%. Writing (C1, Ca, ..., Cy,) the n columns of the real matrix

Q3
QBT

Q%(éT)n—l
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the Kalman rank condition is equivalent to the linear independence of the column vectors
(C1,Cy, ..., Cy), which is also equivalent to the condition

(OKer [Q2(BT)] )ﬂR”—(ﬂKer )mR"—{o}

According to (3.21), this shows that the hypoellipticity of the Ornstein-Uhlenbeck operator
(1.1) implies that the singular space of the quadratic operator (1.10) is zero

(3.22) S = {o}.

Regarding the subelliptic properties of the quadratic operator (1.10), it is interesting to
notice from Lemma 3.2 that the smallest integer 0 < kg < 2n — 1 satisfying

ko
(3.23) ( () Ker[Re F(Im F)j]> AR = {0},
=0

corresponds exactly to the smallest integer 0 < kg < n — 1 satisfying
(3.24) Rank[Q2, BQ?,...,B"Q2] = n

3.4. Condition for normality. The following lemma gives a necessary condition for the
operator .Z to be normal:

Lemma 3.3. Let
1
P = §Tr(QV326) +(Bx,V,), z€R",

be a hypoelliptic Ornstein-Uhlenbeck operator, which admits the invariant measure du(x) =
p(z)dz. Let £ be the quadratic operator (1.9) and £* its L*(R", dx)-adjoint. Then, the
commutator [ L, L*] is given by the quadratic operator
#.2°) = ((QQa'Q+ 20B")D.. D2) + 1{(QQQ +20B)Q5r. Q).
with D, = i~'V,. The operator £ commutes with its L*-adjoint £*,
Vu e S (R"), [Z, L |u=0,
when acting on . (R™), if and only if the following commutator is zero
Q% Q,B"] = 0.
Furthermore, if the operator £ is normal, i.e.,
(325) Ve o(L), ¥ ga(L"), (Z-2) (L - =(L" - (L ~27",

then the condition [Q!Q, BT] = 0 holds. Moreover, the operator £ can be normal only
if the symmetric matriz Q) is positive definite.
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Proof. A direct computation or the use of Weyl calculus (see e.g. [9], Theorem 18.5.4)
shows that the commutator [.Z, Z*| is a quadratic operator whose Weyl symbol is exactly
given by the Poisson bracket

1
a3} = 2{Im ¢, Re ¢} = 2(Velm ¢, ViRe ¢) = 2(Vzlm ¢, VeRe q),
where ¢ denotes the Weyl symbol of .Z. By using from (3.2) that

QQL B =-QB"Q - QQIQQY,
we deduce from (1.12) that
(326) 2(Im g.Re g} = —1 (500 + Bz, 200w) +2( (0='@ + B ), q¢)
= (50020 + 0B") Qw0 ) + 2{ (Jee e + @B )& €).

since  and Qo are symmetric. It follows that the commutator [.Z, £*] is zero as an
operator acting on the Schwartz space . (R"),
(3.27) Yu e S (R"), LLu=ZL"ZLu,
if and only if the following condition holds

QAL Q+ QB +BQ =0.
By using again from (3.2) that

QQx' = -B - QuB"Q
this condition is equivalent to
(3.28) ~ QuBTQQ+ QB =0+ [Q.'Q,B"] =0.

By using the fact that the singular space is zero S = {0}, we deduce from (3.21) and (3.28)
that

{0} = (ﬂKer )ﬁR” (ﬂKer 1QBT)DH]R"

- ( ﬂ Ker[(BT)ngolQD NR" = Ker(Q) N R",

j=0

when the condition (3.28) holds. It follows that the operator .# satisfies the condition
(3.27) only if the real symmetric matrix @) is positive definite. It remains to check the con-
dition (3.27) holds if the operator .£ is normal. We observe from (2.6) and [12] (Chap. III,
Sect. 6.6, Thm 6.22) that ¢(.¢) C C4 and o(Z*) C C,, implying that 0(.Z) # C and
o(L*)#C. Let z ¢ 0(Z) and ¢ € 0(L*). We deduce from the inclusions

SRYCD(L)={uecl?: Lucl?, ZSR")cCDZL)={ueclLl?: Lucl?,
that

Vu€ L (RY),Fve L u=(L—2) 1w, Yuec SR"),Fwel? u= (L~ !
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Since (£ —z)u =v € .Y (R") and (L*—)u =w € .(R"), when u € ./(R"), this implies
that
Vu € Z(R™), v € L (RY), u = (L —2)"tv; Yu € L(R"),Jw € .Z(R"), u = (L*—¢) " tw.
It follows that
(3.29) Vu € Z(R"),Fv € L(R"), u=(L—2)" YL - o= (L") L2 v,
when the operator .Z is normal. We deduce from (3.29) that for all u € ./ (R"),

(£~ (L - Ju=v= (L)L —u
This implies that the operator . commutes with its L?-adjoint .Z*,

Vu e S(R"), [Z, L u=0,

when acting on .#(R™). This ends the proof of Lemma 3.3. O

3.5. Computation of the eigenvalues of the Hamilton map. We aim at computing
the eigenvalues of the Hamilton map (1.17). After conjugating with the invertible matrix

1
1 »H"32
g = ﬁQOO ! 1 )
0 V2Q%
we notice from (1.17) that
TS P G [ ~3 oo}
— —1 oo oe} 2 00 B 00 00 0o
(3.30) GFG 121 i QQ_;+ % Q%) _1 Q_; @ 11|
—Q” QQ i((Qx QQx” +2Qux” BQX)
Setting
;11
(3.31) M = —%QOJBQ& € M,(C),
we observe from (3.2) that
. [ S S A G 11
(3.32) M" = —5Q%B @’ = 5 (R’ QQx" + @’ BOK),

since

11 11 1 _
Qoc’ QQod” + Qos’ BQ3 + Q3B Qo” = 0.
It follows from (3.30), (3.31) and (3.32) that

(NI

(3.33) GFG™! = M,
with

M-MT _iM+MT
(334) M - ZM_EMT M—J\%T

2 2

We use the following lemma:
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Lemma 3.4. If

M-—MT _Z-M+MT
M =

Z»M+2MT M_ATT ] € M2, (C),
2 2

with M € M, (C), we have for all X € C", p € C and k > 0,

o X M —pkX Cow X e[ (MT kX
(M —p) [iX]_[i(M—u)kX ; M—p) X =(-1) —i(MT—i—,u)kX :
The spectrum of M is the union of the spectra of M and —M ,

o(M)=0c(M)Uo(—M).

More precisely, the algebraic multiplicity of u as an eigenvalue of M is equal to the sum
of the algebraic multiplicity of p as an eigenvalue of M and the algebraic multiplicity of p
as an etgenvalue of —M.

Proof. Tt is sufficient to check that
wi-w| x| = G ] s S = e ]

iX i(M — p)X —iX —i(MT 4+ )X
and iterate these two formulas in order to prove the first assertion. Then, we use that
(3.35) C*" = F & F,
where
(3.36) FL={(X,1X): XeC"}, FKH={X,-iX): XeC"}.

Let B = (ey,...,en) be a basis of C" composed by generalized eigenvectors of the matrix
M e M,(C), and C = (&1, ...,en) be a basis of C" composed by generalized eigenvectors
of the matrix M”* € M, (C). It follows from the first assertion of this lemma that

B=(é,...6n), with & = [ € ] ,
€4
is a basis of the vector subspace F; composed by generalized eigenvectors of the matrix

M € My, (C), and that

5 - - o~ £;
C=(&1,...,6n), with &; = { —ijsj ] ,

is a basis of the vector subspace F» composed by generalized eigenvectors of the matrix
M € M3, (C). BUC is therefore a basis of C*" composed by generalized eigenvectors of
the matrix M € Ma,,(C). We deduce that

o(M)=a(M)Uo(-MT) =a(M)Uo(-M),

since the eigenvalues of M and M7 agree with algebraic multiplicities. Furthermore, the
algebraic multiplicity of p as an eigenvalue of M is equal to the sum of the algebraic
multiplicity of i as an eigenvalue of M and the algebraic multiplicity of p as an eigenvalue
of —M. This ends the proof of Lemma 3.4. O

We deduce from (3.31), (3.33), (3.34) and Lemma 3.4 the following result:
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Corollary 3.5. The spectrum of the Hamilton map
j -1 1
PG o )
-0 QQx  1(QQL +2B)
of the quadratic operator
1 1 g1
£ = 31QID,? + QP QL = i( (500 + B)x, Da ),
s given by
1 1
F) = (— fB> (7B>.
o(F)=o0c 5 Uo 5
More precisely, the algebraic multiplicity of p as an eigenvalue of F' is equal to the sum of
the algebraic multiplicity of p as an eigenvalue of 5B and the algebraic multiplicity of u

as an eigenvalue of —3

3.6. Numerical range of the quadratic operator .. The following lemma shows
that the numerical range 3(q) = ¢(R?") of the Weyl symbol (1.12) is the closed right
half-plane of C, when the matrix @) is degenerate:

Lemma 3.6. When the symmetric matriz Q) is degenerate, then the numerical range
Y(q) = q(R2™) of the quadratic symbol

oo, ) = Q3P + 115l —i( (@@= + B)a,),

1$ equal to

Y(q) ={z € C:Re z>0}.
Furthermore, for all z € Cy = {z € C: Re 2z > 0}, there exists (z9,&) € R*™ such that
z = q(z0, &) and

{Re Q7Im Q}(CL’O,SO) & <V§Re q, vl‘lm Q>($Oa§0) - <vae q, vflm q> (330750) < 07
where {Re ¢,Im q} denotes the Poisson bracket of the symbols Re ¢ and Im q.

Proof. Since @ is a degenerate real symmetric matrix, we can find (5 € R", {5 # 0 such
that (y € Ker (). We consider the non-negative analytic function

(3.37) VE>0, Fp(t) = (QeB ¢, !B  ¢o) = |Q2eB o2 > 0.

This function vanishes at zero Fy(0) = 0, because (y € Ker Q. On the other hand, we
notice that the function Fj cannot be identically equal to zero since

l t
V>0, 0<|QFc = / Fo(s)ds,
0

according to (1.3). By analyticity, this implies that the function Fy cannot be flat at zero.
It follows from (3.37) that there exists jo > 1 such that

Fy)(0)
(270)!

3 (0)

2j0—1 2j0—1
7(2j0_1)!t 0= 4 (%01,

(3.38) Fy(t) = t20 4 o(t20),  Ej(t) =
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with Fé2j°)(0) > 0, when ¢t — 0. We deduce from (3.38) that there exists 6 > 0 such that

(3.39) VO <t <4, Fp(t) >0, VO <t <6, Fit)>0.
Setting
(3.40) VER, G(t) = (BQulo,eP o),

we can find 0 < ¢y < ¢ such that G(t9) # 0. Indeed, this directly follows from the
continuity of G if G(0) # 0. On the other hand, if G(0) = 0, it follows from (1.6) and
(3.2) that

G'(0) = (BQwoCo, BT¢o) = —(Qoo BT o, BT (o) = —|Q§OBT<OP <0,

because the matrices Q, BT are invertible and (y € Ker @, (o # 0. This implies that
there exists 0 < tg < 6 such that G(tg) < 0. We can therefore choose 0 < ¢ty < ¢ such that
Fo(to) > 0, Fj(to) > 0 and G(to) # 0. It follows from (3.37) and (3.40) that

(3.41) Folto) = [Q2eB (o2 > 0, Fl(to) = 2(QBTeB" ¢y, 0B  ¢4) > 0
and
(3.42) G(to) = (BQooCo, €07 o) # 0.
Let z € C4. Setting
Im F 2
(3.43) Az—G(tS@, MZ\/FE{&? >0,
we consider
(3.44) (20, &) = (AQocCo, e'P” (o) € R?™.

It follows from (1.12), (3.41), (3.42), (3.43) and (3.44) that

2 1 T /\2 1 .
(3.45) q(z0,&0) = %|Q5€t°B of* + §1Q540|2 - MM<<%Q + BQoo)ﬁo,etOB Co>
2

2
1 . .
- %|Q5€t°BTC0\2 — iA{BQuoCo, €08 ) = %Fo(tO) —iAuG(to) = 2,

since (g € Ker Q. It implies that C, C g(R?"). On the other hand, we have
qR*™) c {z € C:Re z >0},
since the real part of ¢ is non-negative. It follows that

¥Y(q) = q(R?>") = {z € C: Re z > 0}.
We deduce from (3.26) and (3.44) that

(Re g, g} (r0,&0) = 3 ( (3RO Q + @B ) Qw0 Qo
~{(50021@ + @B )6,6) =~ (500ZQ + QBT )P G, T ),
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because ) is symmetric and Qo = 0. It follows from (3.41) and (3.43) that

Pt toBT - |2 ©wo,
{Re ¢,Im q}(x0, &) = —7|Qo<>2 Qe (ol — ?Fo(to) < 0.

This ends the proof of Lemma 3.6. (|
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