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Representation Theorems for Quantales and Complete Idempotent Left Semirings

Koki NISHIZAWA *

1. Introduction

This paper shows representation theorems for quantales and
complete idempotent left semirings.

Quantales were introduced by Mulvey"” in order to provide a
constructive formulation of foundations of quantum mechanics.
They are complete join semilattices together with a monoid
structure satisfying the distributive laws. In the literature, they
are also known as complete idempotent semirings or standard
Kleene algebras®.

There is a relational quantale whose elements are binary
relations on a set, whose order is given by inclusion, and whose
monoid structure is given by relational composition and the
identity relation. Relational quantales play an important role in
computer science. For example, they are models for the
semantics of non-deterministic while-programs®?, they also
provides a sound and complete class of models for linear
intuitionistic logic®®, and so on.

In Stone's representation theorem for Boolean algebra or
Priestley's representation theorem for bounded distributive
lattices, a powerset is regarded as a standard Boolean algebra
or a standard bounded distributive lattice®”. On the other hand,
since a relational quantale has been regarded as a ‘standard
quantale', some results called ‘relational representation theorem
for quantales' have been shown in the literature.

However, relational quantales in their results are not equal to
the standard relational quantales.

)

For example, Valentini® shows that a quantale Q is

isomorphic to a sub-quantale of the quantale whose elements
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are binary relations on Q. However, the order of the quantale
is not given by inclusion, but the opposite order of inclusion.

Brown and Gurr® show that a completely coprime algebraic
quantale Q is isomorphic to a sub-quantale of the quantale
whose elements are binary relations on @ and whose order is
given by inclusion. However, the unit of the monoid structure
of the quantale is not equal to the identity relation.

Palmigiano and Re”

give a sufficient condition for a
quantale to be isomorphic to a sub-quantale of the quantale
whose elements are binary relations on a set and whose order is
given by inclusion and whose monoid structure is given by
relational composition and the identity relation. Indeed, this
result means ‘relational representation theorem'. It is important
point to embed a quantale Q in the relations not on Q but on
the set of all atoms of Q.

However, the result given in the paper’” is a relational
representation theorem for ‘unital involutive quantales'. A
quantale Q is involutive if it is endowed with a unary
operation f.suchthat, forall a,b € Q andevery S € Q,

L f(f(@®)=a,

2. fla-b)y=f®) f(a),

3. fV)={f(®)|aeS}

This paper gives a relational representation theorem for
quantales which are not in general involutive. Similarly to the

papers(lo,ll)

, our representation theorem shows that a quantale
Q satisfying some condition is isomorphic to a sub-quantale of
the quantale whose elements are binary relations on the set of
all atoms of Q "',

The main theorem Theorem 4 of this paper says that for a
quantale Q, the following are equivalent.

1. Q has a relational representation in our way and it is

CCP-invertible.
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2. Q is isomorphic to (X) as complete join

semilattice for some set X.

3. Q is atom-algebraic and it is a frame.

4. Q is atom-algebraic and its atoms are completely
coprime.

S. Q is completely coprime algebraic and its

completely coprime elements are atoms.

6. Q is is completely coprime algebraic and the order of

its completely coprime elements is discrete.

This theorem asserts that a quantale has a relational
representation, if it is isomorphic to a powerset as complete
join semilattice. A powerset quantale has four other equivalent
conditions. The notion of a CCP-invertible quantale is defined
in this paper. When a quantale is CCP-invertible, it has a
relational representation in our way if and only if it is
isomorphic to a powerset as complete join semilattice.

Powerset quantales are examples of ‘completely coprime
algebraic quantales' which is the sufficient condition given in
the paper”. However, our result is not an application of the
result in the paper” to powerset quantales, since our
representation theorem embeds a quantale Q in the relations
noton Q but on the set of all atoms of Q.

Similarly to quantales, we also show a representation theorem
for powerset complete idempotent left semirings"”. Complete
idempotent left semirings are a relaxation of quantales by
giving up strictness and distributivity of composition over
arbitrary joins from the left. We show that powerset complete
idempotent left semirings can be represented not only by
relations but also by multirelations.

This paper is organized as follows. Section 2 defines
completely coprime algebraic quantales and Section 3 defines
powerset quantales. Section 4 shows that a quantale has a
relational representation, if it is isomorphic to a powerset as
complete join semilattice. Section 5 shows that a quantale
satisfies the condition, if it has a relational representation in our
way and it is CCP-invertible. Section 6 shows a multirelational
representation theorem for powerset complete idempotent left
semirings. Section 7 summarizes this work and discusses

future work.

2. Completely Coprime Algebraic Quantales

In this section, we recall the notion of completely coprime
algebraic quantales and show some examples. A quantale is
called completely coprime algebraic depending only on its

underlying complete join semilattice structure. The

terminology in this section relies on the paper®.
Definition 1 (complete join semilattice).

A complete join semilattice is a tuple (K, <,V) with the

Jfollowing properties:

1. (K, <) is apartially ordered set.
2. VS is the join (i.e., the least upper bound) for each
subset S of K.

A complete join semilattice must have the least element,
which is the join of the empty subset. We write L for it.

A complete join semilattice must be a complete lattice, since
the meet of a subset S is the join of all lower bounds of S. We
writea A b for the meet of {a, b}.

Definition 2.
An element x of a complete join semilattice Q is called

completely coprime (or completely join-prime), if’

xSVS@ JaeS.x<a

for each subset S of Q.

We write CCP(Q) for the set of all completely coprime
elements of Q.
Remark 1.
1 is not completely coprime, since L= V@.
Definition 3 (completely coprime algebraic).
A complete join semilattice Q is called completely coprime
algebraic (or CCPA) if for each a € Q, the following equation
holds.

az\/{xECCP(Q)l x<a)

Definition 4 (quantale (or complete idempotent semiring)).

A quantale is a tuple (K,<,V, ,1) with the following

properties:

1. (K,-,1) is a monoid.

2. (K, <,V) is a complete join semilattice.

3. VS)-a=V{b-al|b €S} foreach element a and
each subset S of K.

4. a-(VS)=V{a-b|b €S} foreach element a and
each subset S of K.

A quantale (K,<,V,-,1) is called completely coprime
algebraic if (K, <,V) is completely coprime algebraic.
Example 1.

For a set A, the tuple Rel(4) = (K,<,V,-,1) forms a
quantale where

o K is the set of all binary relations on A4,

[ ] < isthe inclusion <,

° V is the union operator U,
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[} R - Q is the composition of R and Q,and
o 1 is the identity (diagonal) relation on A.
Here, the composition R - Q is defined as follows.
(a,b)ER-Q & 3Ac € A.(a,c) ERand (¢c,b) € Q)
A binary relation on A is completely coprime in Rel(4) if
and only if it is a singleton subset of A X A. Rel(4) is

completely coprime algebraic, since for R € Rel(4),

U{ 0 € CCP(Rel(4)) | Q < R}

- Jut@apiw@an e

={(a,a) | (aa) € R}
=R
|
The powerset of a monoid forms a quantale. This paper
gives only two examples for monoids.
Example 2.
For a set X, the tuple (Z*) = (K,<,V,-,1) forms a
quantale where
L] K is the powerset of £* where X* is the set of all

finite sequences of elements of Z,

[ ] < is the inclusion <,

o V is the union operator U,

L] R-Qis{om|oc€Rm€EQ} and

o 1 is the singleton set of the empty sequence on A.

A subset of £* is completely coprime if and only if it is a
singleton subset. g2(Z*) is completely coprime algebraic.
Example 3.
The tuple (Z,) = (K,<,V,-,1) forms a quantale where

[ ] K is the powerset of the  group
Z, = ({01}, +,0,-),
< isthe inclusion S,
V is the union operator U,
A-Bis{a+b|a€AbeB}and
L] 1 is the set {0}.

A subset of Z, is completely coprime if and only if it is a

singleton subset. This quantale is completely coprime
algebraic.
Example 4.
The tuple N U {w} = (K, <,V,-,1) forms a quantale where
L] K is the set of all natural numbers and the additional
element w,
[ J a<b if and only if a=w, a=bh, or a is a

natural number greater than b,

® VS is the minimum number of S except for
Viw} =V = w,
° a-b isa+ bexceptfor w-a=a-w = w,and
L] 1 is the zero number.
This quantale is completely coprime algebraic and CCP(N U
{oh) =N.

3. Powerset Quantales
In this section, we recall the notion of atom and define the
notion of atom-algebraic. We compare a powerset semilattice
with the four conditions based on completely coprime elements
or atoms. Finally, we define the notion of powerset quantale.
Definition 5 (atom).
An atom of a complete join semilattice Q is an element x with
the following properties:

1. x #1.

2. a < x implies a =1.

We write Atom(Q) for the set of all atoms of Q.

Definition 6 (atom-algebraic).
A complete join semilattice Q is called atom-algebraic if for

each a € Q, the following holds.

a:\/{xEAtom(Q)lea}

We also recall the notion of frame.
Definition 7 (frame).

A complete join semilattice Q is called a frame if’

a/\\/S:\/{a/\s|s€S}

Jor each element a and each subset S of Q.

Example 5.

InRel(4) of Example 1, o(£*) of Example 2, and $(Z,)
of Example 3, an element is an atom if and only if it is a
singleton subset. They are atom-algebraic and they are frames.
Theorem 1.

For a complete join semilattice Q, the following are equivalent.

1. Q is isomorphic to §(X) forsome set X.

2. Q is atom-algebraic and it is a frame.
3. Q is atom-algebraic and its atoms are completely
coprime.

4. Q is completely coprime algebraic and its completely
coprime elements are atoms.
5. Q is completely coprime algebraic and the order of its
completely coprime elements is discrete.
Proof.
1=2)
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Asubset Y of X is an atom in (X) ifand only if ¥V is a
singleton subset. (X) is an atom-algebraic frame.

2=23)
Let us show that an atom x of a frame Q is completely

coprime, that is,
xS\/S & IsES.x<s

for each subset S of Q. RHS implies LHS, since x < s <
V S. To show that LHS implies RHS, assume that x <V S.
Since Q is a frame and x <V S, we have x =x AV S =
V{xAs|s€S}. Since x is an atom, we have V{x A
s|s€S}#L1. Therefore, there exists s €S satisfying
x As #L1. Since x is an atom and L# x A s < x, we have
x As = x. Therefore, we have x < s.
B3=4)

Let Q be atom-algebraic and assume that its atoms are
completely coprime. Q is completely coprime algebraic, since

the following holds.

a:\/{xEAtom(Q) [x<a}

S\/{xECCP(Q)lea}

<a
Let a be completely coprime. The following holds.

a<a

<=>a=\/{x€Atom(Q)|xSa}

& Ix e Atom(Q).a<x<a
< a € Atom(Q)
Therefore, a is an atom.

4=05)
Let Q be completely coprime algebraic and assume that its
completely coprime elements are atoms. Assume that there are
completely coprime elements a,b satisfying a < b and
a # b.Since b isalsoanatom, a =1. Butsince a is also
an atom, a #.1. It is a contradiction. Therefore, the order of
completely coprime elements is discrete.

G=1
Let Q be completely coprime algebraic and assume that the
order of its completely coprime elements is discrete. Let f be
a function f : Q — $(CCP(Q)) such that f(a) ={x €
CCP(Q)|x<a} . Let g be a function
g 9(CCP(Q)) — Q such that g(S)=VS. We have
a=g(f(a)) for all a€Q, since g(f(a))=V{x€
CCP(Q) |x < a} and Q is completely coprime algebraic.

Since the order of CCP(Q) is discrete, an arbitrary subset of
CCP(Q) is down-closed. Therefore, Y € CCP(Q) satisfies
flg(¥)

={xECCP(Q)|xS\/Y}

={x€CCP(Q)|IyeY.x<y}
=Y.
]

When these conditions are satisfied by a quantale, we call it
a powerset quantale. Every powerset quantale Q satisfies
CCP(Q) = Atom(Q).
Example 6.
Rel(A4) in Example 1, $(X*) in Example 2, and $(Z,) in
Example 3 are powerset quantales.

We also give an example of completely coprime algebraic
quantale which is not a powerset quantale.
Example 7.
N U {w} in Example 4 is completely coprime algebraic and it
is a frame. However, it has no atoms. Therefore, it is not a

powerset quantale.

4. Representation Theorem for Powerset Quantales
This section shows that a powerset quantale has a relational
representation.
Theorem 2.
Let (Q,<,V,-,1) be a quantale. If Q is a powerset
quantale, then the following function 1 : Q = Rel(CCP(Q))
is an injective homomorphism of quantales.

n(a) ={(xy) | x € CCP(Q),y € CCP(Q), x < a-y}
Proof.
By Theorem 1, Q is completely coprime algebraic and the
order of its completely coprime elements is discrete.

(n preserves joins)

oy en\/s)

@xS(\/S)-y

@xs\/{a~y|a65}

©3Ja€eS.x<a-y

(by x € CCP(Q))
< 3Ja€S.(x,y) €En(a)

swel Juwiaes),

(n preserves -)

(x,y) €n(a-a’)
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ox<a-a-y

<=>x$a-\/{z€CCP(Q)|zSa’~y}

=>xS\/{a~Z|ZECCP(Q),zSa'~y}

= 3z€CCP(Q).x<a-zand z<a'-y

< 3z € CCP(Q). (x,2) € n(a) and (z,y) € n(a’)
(n preserves 1)
(x,y) €n(1)
Sx<1l-y
Sx<y
Sx=y (since CCP(Q) is discrete)

(n is injective)

Forall a € Q, we have the following equation.
a

=a-1

:\ﬂyecmx®|x5a4}
:\ﬂyecchnxSa~\/UECG%®IyS1H
= \/ecer@ix <\ [t yly e cer@,y < 13
= \/{x € CCP(Q) |3y € CCP(Q).x <a-y,y <1}

= \/ixecer@i .o en@y <1

Here, if a,a’ € Q satisfy n(a) Sn(a’), then we have
a < a' asfollows.

a

= \/ixecer@l 3.y en@y <1

<\t e ccP@l 3y. ey en@ry <1
=a'
n

Since the above function 7 is an injective homomorphism,
the image of Q by n is isomorphic to Q and it is a
sub-quantale of Rel(CCP(Q)).

We give some examples.
Example 8.
Rel(A4) in Example 1 is a powerset quantale. Therefore, by
Theorem 2, Rel(A) has a relational representation. The
injective map 1 from Rel(4) to Rel(CCP(Rel(4))) is
given as follows.

nR) ={(P,Q) | P,Q € CCP(Rel(4)),P <R-Q}

Since CCP(Rel(4)) is the set of singleton subsets of A X A,
1 can be also given as follows.

n(R)

={{G DL {wv)} s tuveA(st) ER - {(uwv)}}
={{E 0w Is,t,u€l s t) € R-{(u)}}
={{ 03 {wh [t €A (s,u) €R}

Example 9.

Similarly, g2(X*) in Example 2 has a relational representation.
The map 17 is injective from pE*) to
Rel(CCP((Z*))) = Rel(Z*). The map n is given as
follows.

nR) ={(P,Q)|P,Q €ECCP(p(EM),P<R-Q}
Since CCP((Z*)) is the set of singleton subsets of X*, n
can be also given as follows.

1(R) = { ({0}, (1)) | o,w € 5", {0} S R - {n}}
={{a}{m) |ow €L, o €R-{n}}
={{mn}{m)|ner teR}

Example 10.

Similarly, 2(Z,) in Example 3 has a relational representation.
The injective map n from (Z,) to Rel(CCP($(Z,)))
is given as follows.

n(4) = { (B,C) | B,C € CCP(9(Z,)),B < A-C}
Since CCP(§(Z,)) is the set of singleton subsets of Z,, n
can be also given as follows.
n(4A) = {{bL{c}) | b,c € Z;,{b} S A -{c}}
={{bh{c)|bc€Ly,beEA-{c}}

={{a+cL{c})|c€ZyacA}
Example 11.
For a frame (Q, <,V), the tuple (Q, <, V,A,T) is a quantale
where T is the greatest element. If it is also atom-algebraic,
then it has a relational representation by Theorem 2 and

Theorem 1.

5. CCP-invertible Quantale

Section 4 shows that a powerset quantale has a relational

representation. Conversely, if a quantale has a relational

representation in the same way as Section 4, is it then a

powerset quantale? The answer is 'Yes', if it is CCP-invertible.

Definition 8 (CCP-invertible).

A quantale Q is called CCP-invertible, if for all x,y €

CCP(Q), forall a € Q, the following holds.
x<a-ye3Iz€CCPQ).x<z-yand z<a

Theorem 3.

Let (Q,<,V,-,1) be a quantale.  The following are

equivalent.
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1. The following function 1 : Q — Rel(CCP(Q))
n(@) ={(xy)|x,y € CCP(Q)),x<a-y}
is an injective homomorphism of quantales and Q is
CCP-invertible.
2. Q is a powerset quantale.
Proof.
1=2)
Let a beanelementof Q. Since 7 is a homomorphism of
quantales and Q is CCP-invertible, we have the following
diagram.

n\/zeccr@1z<ay

- U{n(z) |z€CCPQ),z<a}

= {(x,y) |3z € CCP(Q), (x,y) €n(2),z < a}
={(x,y)|x,y € CCP(Q),3z € CCP(Q),x <z -y,
z<a}
={(xy)|xny€eCCP@)x<a-y}

=n(a)
Moreover, since 1 is injective, we have

a=\/{Z€CCP(Q)|ZSa}

Therefore, Q is completely coprime algebraic.

Since 1 preserves 1, for x,y € CCP(Q), x <y if and
only if x =y. Therefore, the order of completely coprime
elements of Q is discrete.
2=1)

By Theorem 2, 7 is an injective homomorphism of quantales.
Let a be an element of Q and x,y elements of CCP(Q).
Since Q is completely coprime algebraic, we have

x<a-y

sxs(\[tzecer@iz=a})y

@xg\/{z~y|zECCP(Q),ZSa}

< 3z€CCP(Q).x<z-yandz<a
Therefore, Q is CCP-invertible.

Example 12.

Rel(4A) in Example 1 is CCP-invertible, since z in
Definition 8 is given by x -y’ where y° is the opposite
relation of y.

Example 13.

$(Z") in Example 2 is CCP-invertible, since z in Definition
8isgivenby {o} where x = {or} and y = {n}.

Example 14.

$#(Z,) in Example 3 is CCP-invertible, since z in Definition
8 is given by z = {s +t} = {s — t} where x = {s} and
y ={t}

Example 15.

NU{w} in Example 4 is CCP-invertible, since z in
Definition 8 is given by x —y. However, the order of its
completely coprime elements is not discrete. Therefore, by
Theorem 3, 7 is not an injective homomorphism of quantales.
Example 16.

The ordered set of Fig 1 forms a quantale where a - b = a A
b except for 1-a=a-1=a. It is not CCP-invertible,
since the set of its completely coprime elements is {s,t} and

t<1l-tbutt<£s-t.

—_

-

2]

Fig.1. A quantale which is not CCP-invertible
Example 17.
The ordered set of Fig 2 forms a quantale where a - b = a A
b except for 1-a=a-1=a . This quantale is
CCP-invertible. However, this quantale is not completely
coprime algebraic, since the set of its completely coprime
elements is {s, 1}, but t # V{s}. Therefore, by Theorem 3,

7 is not an injective homomorphism of quantales.

T

—

Ju—

2]

Fig. 2. A quantale which is CCP-invertible
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Remark that there exist other relational representations of
Example 17, for example, the following function ' : Q -
Rel({a, 5,y)".

n'(T) = {(a. B), (@, a), (B, B), (v, 1)}
7'(6) = {(a. ), (@, a), (B, )}
7'(s) ={(ap), (@ @)}
n'(1) ={(a,a), (B.8). (v, )}
nwy=90
Example 18.
(Q,<,V,AT) in Example 11 is CCP-invertible, since z in
Definition 8 is given by z = x.
We can summarize our results for quantales as follows.

Palmigiano and Re"”

show ‘relational representation theorem'
for ‘unital involutive quantales. On the other hand, our
relational representation theorem can be applied to quantales
which are not in general involutive.
Theorem 4.
For a quantale Q, the following are equivalent.
1. The following function 1 : Q = Rel(CCP(Q))
n(@ ={(xy)|xy€CCP(@)x<a y}
is an injective homomorphism of quantales and Q is
CCP-invertible.
2. Q is isomorphic to g(X) as complete join semilattice
for some set X.

Q is atom-algebraic and it is a frame.

4. Q is atom-algebraic and its atoms are completely
coprime.
5. Q is completely coprime algebraic and its completely

coprime elements are atoms.

6. Q is completely coprime algebraic and the order of its
completely coprime elements is discrete.

Proof.

This theorem is implied by Theorem 1 and Theorem 3.

6 . Representation Theorem for Powerset Complete
Idempotent Left Semirings

This section shows a representation theorem for powerset
complete idempotent left semirings.

It is known that the set of up-closed multirelations over a set
forms a complete idempotent left semiring together with union,
multirelational composition, the empty multirelation, and the
membership relation. Similarly to quantales, this section shows
the powerset condition is sufficient for a complete idempotent

left semiring to be isomorphic to a complete idempotent left

semiring consisting of up-closed multirelations, in which all

joins, the least element, multiplication, and the unit element are

respectively given by unions, empty multirelations, the

multirelational composition, and the membership relation.

Definition 9 (complete idempotent left semiring).

A complete idempotent left semiring is a tuple (K, <,V,-,1)

with the following properties:

1. (K, ,1) is a monoid.

2. (K, <,V) is a complete join semilattice.

3. VS)-a=V{b-al|b €S} foreach element a and
each subset S of K.

A complete idempotent left semiring (K, <, V,-,1) is called
completely coprime algebraic if (K,<,V) is completely
coprime algebraic. A powerset complete idempotent left
semiring is a complete idempotent left semiring which is
isomorphic to (X) as complete join semilattice for some set
X.

Definition 10 (multirelation).

A multirelation on a set A is a subset of A X (A). A
multirelation R onaset A is called up-closedif (a,X) € R
and X €Y imply (a,Y) €ER.

Example 19.

For a set A, the tuple UMRel(4) = (K, <,V,-,1) forms a
complete idempotent left semiring where

[ K is the set of all multirelations on A4,

[ ] < isthe inclusion S,

o V is the union operator U,

[ R - Q isdefined by

{(@X)|3Y.(a,Y) ERVYEY.(,X) EQ},

° lis {(a,X)|a€AXC A}

The next theorem means that a powerset complete
idempotent left semiring has a multirelational representation.
This theorem is proved in the paper"?.

Theorem 5.
Let (Q,<,V,,1) be a complete idempotent left semiring. If

Q is a powerset complete idempotent lefi semiring, then the

following  function 7 :Q — UMRel(CCP(Q)) is an

injective homomorphism of complete idempotent left semirings.
n(a) ={(x,8(b)) | x € CCP(Q),b € Q,x < a-b}
Here, we write §(b) for the following set of completely
coprime elements.
6(b) ={y € CCP(Q) |y = b}
Example 20.
The ordered set of Fig 3 forms a complete idempotent left

semiring where a-b =aAb exceptfor 1-a=a-1=a
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and 2-T=T. It is a powerset complete idempotent left

semiring but not a powerset quantale.

T
1 2

o

Fig. 3. A powerset complete idempotent left semiring

Our multirelational representation theorem for powerset
complete idempotent left semirings can be also extended as
follows. The proofis described in the paper®.

Theorem 6.

Let (Q,<,V,-,1) be a complete idempotent left semiring.

The following are equivalent.

1 The following function 1 : Q - UMRel(CCP(Q)) is
an injective homomorphism of complete idempotent left
semirings, Q is CCP-invertible, and n reflects the
order.

n(a) = {(x,6(b)) | x € CCP(Q),b € Q,x < a- b}

2. Q is a powerset complete idempotent left semiring.

7. Conclusion

Our main theorem is a relational representation theorem for
powerset quantales. Conversely, if a quantale has a relational
representation in the same way and it is CCP-invertible, then it
is a powerset quantale. Similarly, a multirelational
representation theorem for powerset complete idempotent left
semirings is also proved.

It is future work to extend our representation theorem to a
Stone-type duality”.

As shown in Example 15, n for N U {w} is not an

injective homomorphism. However, we do not know whether

there exist other relational representations of N U {w} than 7.

It is also future work.
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