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PROJECTIVE SYSTEMS SUPPORTED ON THE
COMPLEMENT OF TWO LINEAR SUBSPACES

Masaaki HomMmA, SEON JEONG KiM, AND M1 JA YOO

ABsTRACT. We discuss the class of projective systems whose sup-
ports are the complement of the union of two linear subspaces in
general position. We express the weight enumerators of the codes
generated by these projective systems using two simplex codes cor-
responding to given linear subspaces. We also prove these codes are
uniquely determined upto equivalence by their weight enumerators.

1. Introduction and preliminaries

Let F, be the finite field of order ¢ and P™ the m-dimensional pro-
jective space over F,. We denote the dual space of P™ by P™ which
is the set of all hyperplanes in P™. A code C' C Fy is said to be de-
generate, if there is a position ¢ (1 < ¢ < n) such that ¢; = 0 for any
codeword ¢ = (¢, - ,¢,) € C; otherwise C is said to be nondegenerate.
Throughout this paper, a code means a nondegenerate code.

Let C be a nondegenerate [n, k],-code with a generator matrix

G:(aly'” )a’n))

where a; is a column vector of length k. Since C is nondegenerate, we can
define a positive 0-cycle Y5, [a;] on the projective space P*~!, where [a;]
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is the point of the projective space represented by a;. Note that the sup-
port of the 0-cycle 7 [a;] spans the whole space P*~! because the rank
of G is k. If one chooses another generator matrix G’ = (a'y,--- ,a)
of C, then the O-cycle > [a’;] is projectively equivalent to the previ-
ous one over F,. Therefore, for a given nondegenerate [n, k,-code C,
we can define a projective equivalence class of positive 0-cycles on P¢~1
whose supports span the whole space, and denote by A¢ one of the 0-
cycles. We call X¢ a projective system associated to C after [4]. It is
obvious that a code C is equivalent to C” if and only if A is projectively
equivalent to X¢or. Moreover, there is one to one correspondence between
the equivalence classes of nondegenerate [n, k],-codes and the projective
equivalence classes of positive 0-cycles of length n in P*~! whose supports
span the whole space ([1], [2]).

We use the notation
qm+1 -1

N(m) := =¢"+q¢" '+ +@+g+1 form>1,

g—1
which is the number of all points on a projective space P™ over F,. By
convention, we let N(0) = 1, N(—1) = 0. Linear subspaces L;, i =
1,2,---,r (r > 2) in P™ are said to be in general position if, for any subset
{t1,--+ ,4s} C {1,---,7}, the dimension of the linear span < U_;L;;) of
Us_; Ly, is equal to min{m,} _, dim L;, + s — 1}.

The code corresponding to the 0-cycle > ppe: P is called a simplez
code, which is an [N(k — 1), k, ¢*~!],-code, and its weight enumerator is
1+ (g5 —1)s7 .

Let C; C Fy be an [n;, k;];-code for i = 1,2. Then we define their
direct sum by C; & C; = {(c1,¢2) | €1 € Ci, ¢z € Co}. Then C, @ Gy
is an [n; + n2, k1 + keJg-code and its weight enumerator is We,ec,(s) =
WC1 (S) . WCz(s)'

We use the following well-known facts.

LeEmMA 1.1([3], [4]).(Griesmer bound) For any [n, k, d],-code, we have
k-1
d
i=0
where [z]| means the smallest integer greater than or equal to z.
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LEmMA 1.2([3], [4]).(MacWilliams identity) Let C be an [n,k|,-code

and C* the dual code of C. Then
1 n 1-s
Wes(s) = 5;(1 +(g—1)s) 'Wc(m)-

LeEMMA 1.3([3]). If H is a parity check matrix of a code of length n,
then the minimum distance of the code is d if and only if every d — 1
columns of H are linearly independent and some d columns are linearly
dependent.

2. Weight enumerators

We compute the weight enumerators of codes corresponding to the
projective systems supported on linear subspaces or their complements.
For this we use the following lemmas.

LEMMA 2.1. Let S be a subset of P*", and assume that the linear
spans of S and its complement S¢ are the whole space P*™. Let

=) P X=)> P

PeS PeSe
and let C; be the corresponding code to X; for t = 1,2. Then we have

Wey(s) = 1+ (Wcl(é) —1)-

Proof. Let n; be the length of the code C; for i = 1,2, i.e., n; =% 8
and ny =% S°. Since HH N S) +#(HN S°) =# H = N(k — 2) for any
hyperplane H in P*!, we have

ny —*(HNS%) = #5°—#(HNS)
= (N(k—1)-*5)— (N(k-2)-*(HNS))
= ¢ - (*S-*(HNS))
= ¢ 1= (m —F(HNSY)).
Hence the sum of weights of codewords in C) and Cs, corresponding to
the same hyperplane H, is ¢*~!, which implies the desired formula. O
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In the following lemmas, we deal with the case when the linear span
of S is not a whole space. ‘

LEMMA 2.2. Let S be a subset of P~ whose linear span is not the
whole space P*~. Then the linear span of S¢ is the whole space.

Proof. Choose arbitrary points P and @ in S and (S)°, respectively.
Then the line PQ intersects (S) at only one point P, otherwise @ should
be contained in (S). Thus the other ¢ points on the line PQ is contained
in (S)¢, and hence in S°. Thus the line PQ is contained in (S°¢), and
hence P € (S°). O

LEMMA 2.3. Let S be a subset of P*! with dim(S) =1—1<k—1.

Let :
X1=ZP, X2= ZP,

PeS§ PeSe

and let C; be the corresponding nondegenerate code to X; for i = 1, 2.
Then we have

1 -1
Wa,(s) =1+ (¢ Wa (5) - Ds*

Proof. Note that C is an I-dimensional code. Let n; be the length of
the code C; for i = 1,2, ie., n; =# S and ny =% 5. We may assume
(S8) =P! ¢ P*". Let H be any hyperplane in P*™1.

If (S) C H, then

ng —#*(HNS) = (N(k—1) —#8) — (N(k —2) —#S) = ¢" .
If (S) ¢ H, then

ny—H(HNS) = (N(k—1)—*S)— (N(k—2) —*(H N S))
= ¢ - (fS—*#(Hg5 N S))
= ¢ ' = (n —#(Hg N S)),

where Hs, = H N (S) is the hyperplane in (S) = P*.
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Since the number of hyperplanes in P*~! containing (S) is N(k—1—1),
we have

Worls) = 1 (N(E=D) = N(k— 1= D)(We, ()~ 1) -

1

+(@— 1Nk —1—=1)s?"
= 1+ (e () - )

as desired. O

REMARK 2.4.

(1) If I = k and dim{S°) = k — 1, then the formula in Lemma 2.3 is
same with that of Lemma 2.1.

(2) If | = k and dim (S°) < k — 1, we may change the role of .S and
S$¢€ and use Lemma 2.3.

Now we compute the weight enumerators of codes corresponding to
0-cycle whose support is the complement of linear subspaces in general
position in P*~.

THEOREM 2.5. Let L;, i = 1,2,--- ,r, be linear subspaces of di-
mension s; in P¥71, where s;’s satisfy 0 < s; < s <---<s, < k-1
and > ;s;+ 1 < k. Assume that L;’s are in general position. Let
T = P'\U_,L;, X = Y p.r P be a O-cycle, and let C be the code
corresponding to X. Then

Wos) = 1+ (4(2) - s,

where |l — 1 = dim(U]_,L;) = s1 +s3+--- + s, +r —1 and
£(6) = (1 (g =)o) - (14 (@ = 1)),

Proof. Since the nondegenerate code corresponding to the linear sub-
space L; is a simplex code, its weight enumerator is 1 + (5! — 1)s7".
Hence the weight enumerator of the code corresponding to the union of
L;’s is just f(s), since it is a direct sum of the codes corresponding to L;,
1=1,2,--- ,r. Now Lemma 2.3 completes the proof. O
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‘We prove a particular property of the codes in Theorem 2.5.

THEOREM 2.6. If r < g, then the code in Theorem 2.5 achieves the
Griesmer bound in Lemma 1.1.

Proof. The length of the code is n = N(k — 1) — >_;_, N(s;). For the
minimum distance d, we have
d = n- max{#(H NT) | H is a hyperplane in P¥'}
= n— (*H — min{*H N (Ul_,L;)) | H is a hyperplane in P*~'})

> (N(k —1) - ZT:N(S,-)) - (N(k —2)— iN(s,- - 1))
i=1 i=1
= qk—l'-_ i qSia

=
and equality holds if and only if there exists a hyperplane containing
no L;, i =1,2,--- ,r. To prove the existence of such a hyperplane, we
compute :

#(all hyperplanes) —* (hyperplanes > L; for some i = 1,2,--- ,7)
>N(k—1)—Y Nk-1-s—1)
=1
> N(k—1)—rN(k—2)
>N(k—1)—gN(k—-2)=1.
Thus d = ¢ — 37, g%

Since r < ¢ by assumption, we have

qu‘""SZ§S£<1,

5<f 5i<j

forall  =1,2,--- ,k — 1, and hence
- -d k—1—j - -
51 = fe -3¢ ’—Z(;qs d
$i

523
-
_ k-l-j -
= ¢ =) g
5;>]
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Hence

(the right hand side of Griesmer bound)

r r ,
= (qk—l _ qui) + I‘qk—Z _ zqsi—l'l 44 l’l _ qu,-—(k—l)-l
=1 =1 i=1

= (¢ - qu") +@ =D )+ (-3 D)

s>1 5:>2

+ot(g— Y @E ) +1

s;i>k—2
=N(k—1)—) N(s;) =n.
=1

Thus the proof is complete. O

The following example shows that the condition 7 < ¢ is necessary in
Theorem 2.6.

EXAMPLE 2.1. In the projective space P* over Fy, let S be the union
of two skew lines. Let
X=> P

PeP3\S

and C be the code corresponding to 0-cycle X. Then we can easily prove
that C is [9,4,4]>-code but it does not satisfy the equality in Griesmer
bound.

3. Uniqueness for r=2

In this section we prove that any two codes with the same weight
enumerator appeared in Theorem 2.5 are equivalent to each other.

THEOREM 3.1. Let S be a subset of P* with #S = N(s)+ N(t), s > t,
and s +t =n — 1. Suppose that for any hyperplane H in P",

#HHNS)=N(s)+N(t—1), Ns—1)+N(t), or N(s—1)+ N(t—1),
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and

#HH cP™ [#(HNS) = N(s — 1) + N(t)} = N(s).

" Then S is the union of two linear subspaces in general position of dimen-
sion s and t, respectively.

{#{H eP™ [#(HNS) = N(s) + Nt — 1)} = N(8),

Proof. We divide the proof into five claims.

Claim 1. If a line contains at least 3 points of .S, then it is contained
in S. '
Proof of Claim 1. Let

P, a point not contained in S

M, a line through P

P, the set of all hyperplanes containing P
M, the sét of all hyperplanes containing M.

Then {P\ M) = N(n—1) — N(n—2) = ¢®'. Let {M NS)=u. By
assumption, #{(H N S) > N(s—1)+ N(t — 1) for all hyperplane H, so we
have

Y HHNS) > HP\M)-(N(s—1)+N(t—1))
HeP\M
= ¢ ' (N(s—1)+ N(t—1)).
On the other hand, for any point @ € S\ M,
#(all hyperplanes in P\ M containing Q) = #(PnNQ)\(MNQ))
= Nn-2)—N(n-3)
= ¢ 2.
Hence we have
Y HHNS) = HS\M)#(Pn\(MNnQ))
HeP\M
= (N(s)+N(t) —u)-¢" .
Comparing above two formulas, we have
(N(s)+ N(t) —u)-¢" 2 ¢" - (N(s — 1) + N(t - 1)),
which is equivalent to u < 2. Thus Claim 1 is proved.

500



Projective systems supported on the complement of two linear subspaces

Claim 2. Let Hp be a hyperplane such that #H{HyNS) = N(s — 1) +
N(t). Then every line containing two points in S \ Hy meets Hp at a
point in S.

Proof of Claim 2. Suppose not. Then there exists a line M such that

HMN(S\ H)) >2

MnH,¢S.
Let P = M N Hy. By Claim 1, M N S) = 2. In the computation
in the proof of Claim 1, we have equality, which means {H N S) =
N(s —1) + N(t — 1) for any hyperplanes H € P\ M. This contradicts
the choice of H,.

Claim 3. S contains a linear subspace of dimension s. More precisely,
S contains the linear span Ly = (H§ N S) of H{N S and dim Ly = s.

Proof of Claim 3. By Claim 1 and 2, we conclude that L is contained
in S. Thus H§N Ly = HfN S. Let dim Ly = r. Then

N(r) =*(Lo) #(Hg N Lo) +* (Hy N Lo)
HH§ N S) +%(Hy N Lo)
= (N(s)— N(s-1))+ N(r-1),
since H§ N Ly = H§N S and Ly is not contained in Hp.
Thus we have » = s and we have proved Claim 3.

Claim 4. Let S’ = S\ Ly. Then #$’) = N(t) and

#HHNS)=N(t)or N(t—1)

for any hyperplane H in P". Moreover, there exist H; and H; such that
{#(m ns)=N()
#HHy,NS')=N(t—1).
Proof of Claim 4. For any hyperplane H, note that
{#(H NS) =*(HN L) +*(HN S
#(H N Ly) = N(s) or N(s — 1),

and by assumption of the theorem

HHNS)=N(s)+ N(t—1), N(s—1)+ N(t), or N(s—1)+ N(t—1).

501



Masaaki Homma, Seon Jeong Kim, and Mi Ja Yoo

If s > t, then N(s) is bigger than N(s — 1) + N(t) and N(s — 1) +
N(t — 1). Hence, for a hyperplane H with #(H N Ly) = N(s), we have
#HHNS)=N(s)+ N(t —1). Indeed,

HHeP™ |[#(HNL)=N(s)} = #{HeP™|LyC H}
= N(n-s-1)=N(t),

which is equal to
#HHeP™ [#(HNS)= N(s)+ Nt - 1)}.
Thus HH N S8') = N(t) or N(t — 1) for any H € P™ and

HHecP™ |[#(HNS') = N(t)} = N(s)
#HH e P™ [#(HNS') = N(t — 1)} = N(n) — N(s).

i s = t, then N(s}) > N{s — 1)+ N(t=1) and N(s) + Nt — 1) =
N(s— 1)+ N(t). Counting the number of hyperplanes again, we have

HH e P™ [#(HNS') = N(t)} = N(s)
HH e P™ [F(HNS') = Nt — 1)} = N(r) — N(s).

Thus we have proved the Claim 4.

Claim 5. §' is a t-dimensional linear subspace of P".
Proof of Claim 5. We modify the proof of Claim 1 to show that any
line through two points in $’ is contained in 5'.
Let
P, a point not contained in S’
M, a line through P
P, the set of all hyperplanes containing P
M, the set of all hyperplanes containing M.

Then P\ M) = N(n— 1) — N(n — 2) = ¢*. Let AM N S') =u. By
assumption, #{(H N S') > N(t — 1) for all hyperplane H, so we have
Y HHNS) > HP\M)-N(t-1)
HeP\M

= ¢"1.N@—1).
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On the other hand, for any point @ € '\ M,

#(all hyperplanes in P\ M containing @) = #(PNQ)\ (M NQ))
= N(n—2)—N(n-3)

n—2
= qv°.
Hence we have

Y HHNS) = HS\M)*(PnQ)\ (MnQ))

HeP\M
= (N(t)-v) - ¢"2
Comparing above two formulas, we have
(@) —w) - > " Nt 1)

which is equivalent to u < 1. That means that any line not contained
in S’ has at most one point of S’, or equivalently, any line containing
two points in S’ is contained in S’. Hence §’ is a linear subspace, and
dim S’ = t since #S') = N(¢).

Combining above 5 claims, we conclude that S is the union of two
linear subspaces of dimension s and ¢, and they are in general position
since there is no hyperplane containing both of them and s+t =n—1. 0O

Finally we prove a uniqueness theorem using the following lemma.

LeEMMA 3.2. Let C and C' be nondegenerate codes with the same
weight enumerator. If every coeflicient in the O-cycle X¢ is < 1, i.e.,
Xo = Y peSuppire) P then Xor = ¥ peSupp(a,,y P- In this case, we can

identify 0-cycle with its support.
|

Proof. The assumption Xo = Y peSupp(a,) P means that any two
columns of a generator matrix of C are linearly independent, which is
equivalent to the minimum distance of C1 being > 3, by Lemma 1.3.
Since the weight enumerators of C+ and C'* are same by MacWilliams
identity, we conclude that the minimum distance of C'* is > 3, and hence
the lemma is proved. (|

THEOREM 3.3. If a code C' over F, has the same weight enumerator
with the code in Theorem 2.5 with r = 2, then C’ is equivalent to C.
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Proof. By Lemma 3.2, we have Xpr = ) PeSupp(y) b and we identify
the 0-cycle X¢r with its support. Let T = Supp(&¢) and let S = T° in
P*~!. Then, by Lemma 2.3, we can check that S satisfies the conditions
in Theorem 3.1 where n = s+ ¢ + 1. Hence S is the union of two linear
subspaces in general position in P". Therefore, we can find a projective
automorphism on P*"! which maps S onto L; U Ly in Theorem 2.5. Thus
the code C’ is equivalent to C. O

The following example shows that a code appeared in Theorem 2.5 is
not determined by its parameters [n, k, d] alone.

EXAMPLE 3.1. In the projective space IP® over Fs, let S, X, C be same
as Example 2.1. Let S; be a punctured plane. Let

= Y P
Pepr\S,;
and let C; be a code corresponding to 0-cycle A;. Then we can prove
easily that C is [9, 4, 4]o-code, same as C. However their weight enumer-
ators are
We(s) =1+ 9s* + 6s°
We,(s) =1+ 6s* +8s° + s8.

Note that the weight enumerator Wy (s) is the polynomial appeared in
Theorem 2.5.
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