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Chapter 1 
Introduction 

 

1.1 Research background 
The industrial processes for ultraprecision engineering and metrology require high- 

quality control of products. In particular, the axis of rotation of rotary systems is important 

for instance the spindle error motion of the aligner, wire bonder, and inspector machines 

results in substandard manufactured goods. Precision of the rotary spindle is required to 

enhance the accuracy of spindle motion to the nanometer and submicroradian levels [1,2]. 

Since the ultraprecision fabrication of machines and information technology instruments, 

such as hard disks, has progressed very rapidly, the industry intends to increase the rotation 

speeds up to 100 krpm or more. At the same time, reductions in spindle rotation errors 

(radial, axial and angular motion) to the nanometer and submicroradian levels are required 

[3]. To evaluate and improve the performance of such precision rotary stages, unessential 

movements on the other five degrees of freedom (which are radial (2 degrees), axial (1 

degree) and angular (2 degrees)) of the rotary stage must be measured and analyzed [4,5]. 

Unessential movements are typically measured using a displacement measuring sensor 

relative to a high precision sphere or cylinder [6,7]. Output data of sensors include profile 

error, centering error and error motion [8,9]. Through the years, several separation 

techniques have been developed for accurate measurement of the profile error of reference 

artifacts and the error motion of a spindle. These include the Donaldson’s reversal method 

[10,11], the multistep method [12-15], and the multiprobe method [16-18]. The Estler face 

motion reversal method allows the separation of tilt and axial error motion from the circular 

flatness of a reference part [19,20]. The error motion of an axis of rotation, and the 

measurement method have been specified in ANSI/ASME standards. In 1985, ANSI 

adopted a standard which fully describes the testing of axes of rotation and its terminology 

(ANSI/ASME B89.3.4M) [21]. In 2010, the latest ASME B89.3.4 standard was published 

[22]. Later ISO standard published its own version: ISO 230-7 [23]. There are a variety of 

testing methods and equipment available for measuring the error motion of a freely rotating 

machine tool spindle [24-32].  
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Conventional spindle error motion measurements are carried out using the error 

separation methods [33-36], which require displacement sensors and reference artifacts. 

There are several kinds of displacement sensors that are proposed or used in industry and 

research studies on spindle motion measurement. The main features are given belows; 
 

 Capacitive displacement sensors  

The principle of capacitive displacement sensors is based on measuring the change 

of capacitance between two electrodes. Capacitance is a function of the distance 

between two electrodes, the surface area of the electrodes, and the permittivity of 

the dielectric between the electrodes. Therefore, when the capacitance of two 

electrodes is changed, the gap or displacement between them can be determined. 

Capacitive displacement sensors can be applied in many applications, such as 

precision positioning stages [37,38], spindle measurement [39-42] and vibration 

measurement [43,44]. The advantages of Capacitive displacement sensors compared 

with other noncontact measurement techniques are their higher resolution 

(nanometer order), lower cost and smaller size [45-47]. However, a wet or polluted 

environment is not suitable for these kinds of sensors. Moreover, the sensors have to 

be calibrated using an instrument having direct traceability to a primary standard of 

length [48-50]. Another disadvantage of these kinds of sensors is their narrow 

measurement range (micrometer order), but many researchers are attempting to 

increase their measurement range up to the millimeter order [51-53]. 

 

 Inductive displacement sensors 

Inductive displacement sensors are based on the principle of magnetic circuits. The 

change in the output voltage depends on the position change of the core. The most 

popular inductive-type sensors are the linear variable differential transformers 

(LVDT) and the eddy current sensors. They are widely used in industry in many 

applications because they are robust and compact, and are less affected by 

environmental factors (e.g., humidity and dust) than the capacitive-type sensors. 

However, an external magnetic field can affect their performance [54-56]. They are 

also applied for high-precision measurement of spindle motion [57-60] 
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 Laser interferometer displacement sensors 

Laser interferometers are used to compare the changes in optical path length with 

the wavelength of light. They are the most popular devices for length or 

displacement measurements in industry and in many research studies [61-63], due 

to their direct traceability to a primary standard of light [64]. However, 

interferometers usually are operated in ambient air. Thus, environmental factors that 

influence the speed of light in air will affect the precision of measurement, such as 

the uncertainties of the wavelength of the laser source and the refractive index of 

the ambient air [65]. Laser interferometers can be used for many applications such 

as length or displacement measurements [66-72], precision positioning [73-77], 

shape or surface measurements [78-82], and spindle measurement [83-86]. 

 

 Ultrasonic displacement sensors 

The basic principle of ultrasonic displacement sensors as a measurement tool is 

based on the time-of-flight method. When an ultrasound signal is transmitted to a 

target, it is reflected, and the elapsed time from emission to detection of the 

reflected signal is measured [87,88]. This sensor can be applied to control the 

spindle rotation center [89]. 

 

 Optical encoder displacement sensors 

Optical encoders [90-95] are used for many applications, such as in machine tools, 

industrial robots, and a variety of instruments, as they are interfaced to digital 

systems which make them very easy to use. Optical encoders consist of a main 

grating, a light source, and a detection system. The main grating represents the scale 

or the measurement standard. The resolution of the optical encoder depends on the 

grating pitch and signal detection method. The interpolation method, in which two 

signals with a 90o phase difference are calculated, is normally used to process the 

signals from a detector. Some researchers have used an optical encoder to measure 

spindle axial motion [96,97]. 

 

 Fiber-Optic and Photo Electric sensor 

The principle of optical fiber optic and photoelectric sensors is based on the time-

of-flight method or sensing a change in the amount of light that is reflected by a 
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target. The main devices used are a light source and a photodetector [98]. The fiber 

optic sensor can be applied for real-time monitoring of the spindle axis by the 

centering its runout [99]  
 

However, the advantages and disadvantages of displacement sensors, such as cost, 

resolution, measuring range, sensitivity, environmental factors, traceability, etc., should be 

considered in order to select a suitable displacement sensor for each applications or target 

measurement. Many researchers have applied a reference artifact for spindle radial or axial 

motion measurement (one degree of freedom) using their own measurement techniques. 

For example; 

- Castro et al. [19] applied a high-precision spherical artifact with a heterodyne 

laser interferometer to measure the radial and axial motion of a spindle. The 

measurement is carried out using reflection directly from a high-precision 

sphere artifact, which is attached to the spindle. The principle of measurement is 

similar to that of a linear interferometer, except that the high-precision sphere is 

used instead of the usual reflector. 

- Okuyama et al. [23] applied a cylindrical artifact with three capacitive sensors to 

measure the radial motion of a high-speed spindle for hard disk inspection by 

the three-point method. They achieved a measurement resolution of 

submicrometer order. 

- Kimoto et al. [96] applied a cylindrical rod with a circular grating [97], and an 

optical encoder head to measure the axial motion of a spindle. They achieved a 

measurement resolution of submicrometer order. 

- Fujimaki et al. [100] applied a small spherical ball artifact with a laser auto-

collimation technique and a quadrant photodetector to measure the radial motion 

of a high-speed spindle. The measurement results show that the optical 

measuring device is able to measure the radial error motion of ultrahigh-speed 

spindles with a maximum rotational speed of 200 krpm. 

- Park et al. [101] applied two concentric circle grating with a laser interferometer 

to measure the radial motion of a spindle. Based on the moire method, two 

concentric circle gratings with fine pitches were configured for the radial motion 

to be directly detected by analyzing the interferometric fringes generated by the 

gratings. A measuring accuracy of less than 0.01 μm can be practically achieved 

using this method.  
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- Liu et al. [102] applied a rotational fixture with a corner cube and a two-

dimensional position-sensitive detector (PSD) to measure the radial motion of a 

spindle. When the spindle rotates, the spindle error changes the direction of the 

beam reflected from the corner cube and also the positions of the spots on the 

PSD. Thus, the radial runout of the spindle can be obtained via the PSD outputs. 

- Chaikool et al. [103] applied a regular crystalline lattice of highly oriented 

pyrolytic graphite (HOPG) with a two-dimensional reference scale and a 

scanning tunneling microscope (STM) for direct measurement of spindle error 

motion. They achieved a measurement resolution of 10 picometer order. 

 

Using the above measurement techniques, we can measure only one degree of freedom 

of spindle motion; however, concurrent measurements of multiple degrees of freedom are 

required to increase the accuracy of measurement. Some researchers have also achieved 

multi degrees of freedom of spindle motion. For example; 

- Grejda et al. [1] applied a double ball bar artifact with five capacitive sensors to 

measure five degrees of freedom of spindle motions. They achieved a 

measurement resolution of nanometer order. 

- Murakami et al. [3] applied a ball lens and a rod lens artifact with multiple 

divided photodiodes to measure five degrees of freedom of spindle motion. The 

results show that this measurement system has a resolution of 5 nm and can be 

used to evaluate high-speed micro spindle rotation errors. 

- Gao et al. [104] applied a cylindrical artifact with two-dimensional slope 

sensors for measurement of four degrees of freedom (which are radial (2 

degrees) and angular (2 degree)) of spindle motion. The sensors are placed 

around a cylindrical workpiece in the same XY-plane perpendicular to the 

spindle axis, to measure the deviation from roundness and the X- and Y-

directional components of the spindle radial error motion. The angular error 

motion can be obtained accurately from the angular direction outputs of sensors. 

- Marsh et al. [105] applied a spherical ball artifact with capacitive sensors to 

measure three degrees of freedom (which are radial (2 degrees) and axial (1 

degree)) of spindle motion. They achieved a measurement resolution of 

submicrometer order. 

 



Chapter1- Introduction 

 6

However, these reference artifacts also have some disadvantages when we apply them 

for spindle measurement. They are voluminous, with a large mass and complicated 

structure and may inhibit the original rotational motion of the spindle. Moreover, some 

displacement sensors, such as capacitive displacement sensors, one of the popular types of 

displacement sensors, have narrow bandwidths, and maintaining the traceability against the 

meter definition is difficult because of their drift characteristic. Therefore, a new 

measurement technique for five degrees of freedom spindle motion is still required to 

improve the accuracy of measurement of an ultrahigh precision spindle. 

 

1.2 Research objective and outline 
As described in the previous section, the concurrent measurement method is required 

to measure five degrees of freedom spindle motion.  Therefore, the main objective of this 

thesis is to propose a novel method for the concurrent measurement method of spindle 

radial, axial, and angular motion using concentric circle grating and phase modulation 

interferometers. this thesis is a summary of three archived journal papers: Paper 1: 

Muhummad Madden, Masato Aketagawa, Yuria Ohkubo, Shohei Kimura, Hideki 

Maruyama, Satoru Higuchi, and Eiki Okuyama, “Proposal of concurrent measurement 

method for spindle radial, axial and angular motions using concentric grating 

interferometers”, International Journal of Surface Science and Engineering, Vol. 3, No. 3, 

pp. 242-252 (2009). Paper 2: Muhummad Madden, Masato Aketagawa, Shuhei Uesugi, 

Takuya Kumagai, and Eiki Okuyama, “Spindle error motion measurement using concentric 

circle grating and phase modulation interferometers”, International Journal of Automation 

Technology, Vol. 7, No. 5, pp. 506-513 (2013). Paper 3: Muhummad Madden, Masato 

Aketagawa, Takuya Kumagai, Yoshitaka Maeda, and Eiki Okuyama, “Concurrent 

measurement method of spindle radial, axial, and angularmotions using concentric circle 

grating and phase modulation interferometers”, Measurement Science and Technology, 

(paper has been accepted for publication, date accepted: 7 May 2014). 

This thesis describes a novel method for the concurrent measurement of five degrees of 

freedom spindle motion errors (which are radial (2 degrees), axial (1 degree) and angular (2 

degrees)) using a concentric circle grating and phase modulation interferometers. In this 

method, a concentric circle grating plate with a fine pitch is installed on top of the spindle 

of interest, and this is used as the reference artifact. As the concentric circle grating plate is 

not voluminous or heavy, this method is effective for any spindle, and does not affect the 
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original rotational motion of the spindle. As this method is based on wide-bandwidth 

photosensors, it is possible to apply it to high-rotational-speed spindles. Moreover, this 

method is suitable for maintaining the traceability against the meter definition through the 

calibration of the wavelength of the light source and the grating pitch using the 

measurement standard. 

The thesis is organized into 5 chapters:  

 
Chapter 1- Introduction. This chapter highlight the present requirements of nanometrology 

and ultraprecision engineering techniques for measurement of spindle rotation error to the 

nanometer or submicroradian level. The objective of the author’s work is presented. The 

outline of the thesis is also briefly described.  

 
Chapter 2 – Principle of spindle motion measurement. This chapter describes the definition 

of five degrees of freedom spindle motion. The principle of concurrent measurement of 

spindle radial, axial, and angular motion using a concentric circle grating and three optical 

sensors is explained. An outline of the concentric circle grating is also presented.  

 
Chapter 3 – Principle of the optical sensor. This chapter describes the structure of the 

optical sensor which consists of two-axes displacement-measuring interferometers 

(Michelson and grating interferometers). In this measurement the quadrature detection 

techniques (the previous research) [106] and phase modulation techniques (the current 

research) are applied to obtain the Lissajous diagram [113]. The displacement is measured 

using the Lissajous diagram. 

 
Chapter 4 – Spindle motion measurement using quadrature detection technique. This 

chapter describes the instrumentations and the measurement results of the Michelson and 

grating interferometers. The compact-size optical sensor performance and the five degrees 

of freedom spindle motion using three optical sensors when we apply the quadrature 

detection technique to the interferometers are described. The effects of crosstalk error on 

the Michelson and grating interferometers are also discussed. 

 

Chapter 5 – Spindle motion measurement using phase modulation technique. This chapter 

describes the instrumentations and the measurement results of the Michelson and grating 

interferometers as well as the high-rigidity compact optical sensor performance and the five 
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degrees of freedom spindle motion when we apply the phase modulation technique to the 

interferometers. The effect of the interpolation error on the displacement is also discussed. 

 

Chapter 6 – Discussions, overall conclusions, and future works. A review of the author’s 

research work and some conclusions for future studies are discussed.    
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Chapter 2 
Principle of spindle motion measurement 

 
This chapter describes the principle of spindle motion measurement using the 

definition of five degrees of freedom spindle motion. The concurrent measurement 

principle of spindle radial, axial, and angular motions using the concentric circle grating 

and three optical sensors is explained. The outline of the concentric circle grating is also 

presented.  

 
2.1 Definition of five degrees of freedom spindle motion 
 

 
Fig. 2.1 Definitions of spindle radial, axial, and angular motion 
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It is important to introduce the nomenclature and definitions of axis of rotation 

metrology, which are used throughout this thesis. A spindle is the physical embodiment of 

an axis of rotation – it restricts movement in all but one rotational direction of freedom. The 

measurement of spindle motion errors is realized from a basic mechanical component of 

ideal spindles, which must rotate with only one degree of freedom; therefore, other types of 

extra motion with five degrees of freedom (which are radial (2 degrees), axial (1 degree) 

and angular (2 degrees)) are identified as error motion, which must be eliminated or 

reduced.  

The spindle motion errors are small departures of the axis of spindle rotation relative to 

stationary reference coordinate axes (X, Y, Z). The five components of these motion errors 

are translations in the X, Y, and Z directions and rotations (or tilting) about the X- and Y-

axes. Figure 2.1 specifies the five degrees of freedom of spindle motion. In Fig. 2.1, the Z-

axis is the ideal rotational axis. These components consist of radial motion, axial motion, 

and angular motion. Radial motion is the error motion in the X and Y directions at a 

specified axial location on the Z-axis. Axial motion is the error motion along the Z-axis. 

Angular motion is the error motion in the X and Y angular directions relative to the Z-axis. 
 

 
 

Fig. 2.2 Conventional artifact [12]  
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As described in chapter 1, conventional spindle error motion measurements are carried 

out by error separation methods, which require displacement sensors and reference artifacts. 

Figure 2.2 shows a conventional artifact used to measure five degrees of freedom spindle 

motion errors (which are radial (2 degrees), axial (1 degree) and angular (2 degrees)) [1]. 

Complicated artifacts, such as two spherical balls linked with a bar (or cylinder), and five 

displacement sensors are required to measure five degrees of freedom spindle motion errors. 

Some techniques used to separate the two contributions are also necessary. Several error 

separation techniques are used to separate the spindle error motion from the artifact error, 

for example, Donaldson reversal, the multistep, and the multiprobe methods (see Appendix 

A). 

 

2.2 Principle of the concurrent measurement of spindle radial, 

axial, and angular motion using a concentric circle grating 

and three optical sensors    
The measurement principle of the concurrent measurement of spindle radial, axial, and 

angular motion using a concentric circle grating and three optical sensors is shown in Fig. 

2.3. 

 

 
 

Fig. 2.3 Measurement principle of the concurrent measurement of spindle radial, axial, and 

angular motions using a concentric circle grating and three optical sensors. 
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A concentric circle grating is set on top of the spindle of interest. Three optical sensors 

A, B and C are fixed over the concentric circle grating. To reduce the centering error, the 

spindle rotation center must be aligned to the center of the concentric grating to within an 

accuracy of 1μm or less. The grating plane must also be aligned to be parallel with the XY 

plane within 10 arcsec to reduce the crosstalk error (see sect. 4.3).  In Fig. 2.3, the center is 

selected as the origin of the XYZ coordinate system, and the Z-axis is the ideal rotational 

axis. Optical sensor A is located along the Y-axis with distance AR  from the center and 

measures the Y-axis and Z-axis displacements Ay  and Az  using the concentric circle 

grating, whereas optical sensors B and C are located along the X-axis with distances BR  

and CR  from the center and measure the X-axis and Z-axis displacements Bx , Bz , Cx , and 

Cz using the concentric circle grating, respectively. From the displacements measured by 

the three interferometers, the radial xR , yR , axial zR , and angular x , y motion can be 

derived as follows [106]:  
 

                                     1 ( )
2x B CR x x  ,                                                     (2.1) 

                                     y AR y ,                                                                (2.2) 

                                     1 ( )
3z A B CR z z z   ,                                               (2.3) 

                                      ( )1
2

B C
x A

z zz
R


   

 
,                                          (2.4) 

                                      1 ( )
2y B Cz z

R
   ,                                                   (2.5) 

                                      1 ( )
3 A B CR R R R   ,                                             (2.6) 

 

where R is the average distance of interferometers A, B, and C from the center. In general, 

the grating exhibits artifact errors (which are roundness, flatness and irregular pitch); 

however, it is possible to apply the error separation methods (such as Donaldson reversal, 

multistep, and multipoint) to the concentric circle grating. Therefore, another arrangement 

of interferometers A, B, and C is possible. 
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2.3 Outline of the concentric circle grating  
In this thesis, the fine concentric circle grating is the key technology for attaining the 

measurement goal. To confirm the possibility of the concurrent measurement method, a 

concentric circle grating with a fine pitch of 2 μm was fabricated [106]. Figures 2.4(a) and 

(b) show a photograph and the design of the prototype concentric circle grating, 

respectively. 
 

 
 

(a) Photograph of the prototype concentric circle grating (2 μm pitch)  

 

 

 
 

(b) Design of the prototype concentric circle grating  
 

Fig. 2.4 Prototype concentric circle grating  
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Fig. 2.5 Scanning electron microscopy image of 2-μm-pitch-period grating 

 

 
(a) 3D profile of the concentric circle grating  

 

 
(b) Flatness profile of the concentric circle grating 

 

Fig. 2.6 Image profiles of the concentric circle grating obtained by flatness interferometer 
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The grating was fabricated using an ultraprecise numerical control (NC) cutting 

machine tool (ROBONANO, FANUC [107]) and a sharp single-crystal diamond tool with a 

top radius of 1 μm. The material used was stainless steel with nickel phosphide plating of 

100 μm thickness. Numerous grating grooves were formed on the nickel phosphide plate. 

In the grating, 1000 pitches were formed with a concentric circle structure. To determine 

the possibility of fabricating narrower gratings using the NC machine and diamond tool, we 

fabricated a 2-μm-pitch grating. Figure 2.5 shows its SEM image. In Fig. 2.5, the grooved 

grating shows good uniformity. We also measured the surface flatness of the grating using 

a flatness interferometer (Zygo, Flatness interferometer [108]), and the result is shown in 

Fig. 2.6(b). We believe that it is possible to fabricate a concentric circle grating with a fine 

pitch of 1 μm or less using the NC machine and a diamond tool. If we can use optical (or 

electron beam) lithography, it should be possible to achieve a grating pitch of 500 nm or 

less. 
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Chapter 3 
Principle of the optical sensor 

 
This chapter describes the structure of the optical sensor. The optical sensor consists of 

a laser diode as a light source, and two-axes displacement measuring interferometer 

(Michelson and grating interferometers). The quadrature detection and phase modulation 

techniques are applied to the two-axes displacement-measuring interferometers. The 

principle of the two-axes displacement-measuring interferometers using the quadrature 

detection and phase modulation techniques is explained in this chapter. 

 

3.1 Two-axes displacement-measuring interferometers using 

quadrature detection technique 
 

 
 

Fig. 3.1 Schematic diagram of two-axes displacement measuring interferometers using 

quadrature detection technique. PBS: polarized beam splitter, BS: beam splitter, QWP: 

quarter-wave plate, FM: fixed mirror, SM: steering mirror, and PD; photodetector. 
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The optical sensor based on the quadrature detection technique consists of a laser diode 

as a light source and two-axes displacement measuring interferometers (Michelson and 

grating interferometers) with four photodetectors. The configuration of the optical sensor is 

shown in Fig. 3.1. In the figure, the X-, Y-, and Z-axes indicate the grating pitch, ruling, 

and height directions, respectively; therefore, the XY plane is parallel to the grating plane. 

A light beam emitted from the laser diode is incident on polarized beam splitter1 (PBS1) 

and is divided into two beams. The first beam reflected from PBS1 reaches the fixed mirror 

(FM) via quarter-wave plate2 (QWP2) and propagates from FM via PBS1, QWP3, and 

PBS2 and reaches photodetector1 (PD1) and photodetector2 (PD2).  The second beam, 

which passes through PBS1, reaches the one-dimensional grating via QWP1. In Fig. 3.1, 

we assume that the incident angle i  of the second beam to the grating is almost nulls. 

Thus, the reflected light (which is 0th-order diffraction light) reaches PD1 and PD2 via 

QWP1, PBS1, QWP3, and PBS2. At PD1 and PD2, it is possible to detect an interferometer 

fringe between the reflected light from FM and the grating, and to measure the 

displacement along the Z-axis of the grating. In this case, the quadrature phase shift of two 

interference signals can be obtained with a phase difference of 90o (at PD1 0o, and PD2 

90o) [109-111]. 

The incident light on the grating can produce  1st-order diffraction light. The 

diffraction light direction is derived using the vector format as follows [112]: 
 

m
nd


   'S S qε ε ,                                              (3.1) 

 

where S , S' , ε , q , m, d , n, and   represent a unit vector along the incident light 

direction, a unit vector along the diffraction light direction, a unit vector normal to the 

grating plane, a unit vector along the ruling direction, the diffraction order, the grating pitch, 

the refractive index, and the vacuum wavelength, respectively. In the figure, the vectors ε  

and q  are the same as the unit vectors along the Z- and Y-axes, respectively. If the incident 

angle on the XZ plane is iXZ ( iXZ  « 1), the  1st-order diffraction angles 1  and 1  on 

the XZ plane can be derived from 
 

d(sin 1   sin iXZ ) =  ,                                          (3.2) 
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                                   d(sin 1   sin iXZ ) =  ,                                          (3.3) 

In these equations, we assume n = 1. 

In Fig. 3.1, the interference fringe between the  1st-order diffraction light beams is 

formed on PD3 and PD4 via steering mirror1 (SM1), steering mirror2 (SM2), quarter-wave 

plate4 (QWP4), the beam splitter (BS), and PBS3. In this case, the quadrature phase shift of 

two interference signals can also be obtained with a phase difference of 90o (at PD3 0o, and 

PD4 90o). We assume that x , y , and z are the displacement shifts of the grating along 

the X-, Y-, and Z-axes, respectively. We also assume that the small incident angle iYZ ( iYZ  

« 1) on the YZ plane and the small incident angle iZ ( iZ  « 1) between the incident light 

and the Z-axis affect the interference fringe. The phase shifts 1  and 1  of the  1st-

order diffraction light due to the shifts ( x , y , z ) and the small incident angles ( iXZ , 

iYZ ) are written as 

 

                 1   2 x


 sin 1  z cos 1  x sin 2 iYZ  z cos 2 iYZ ,            (3.4) 

                 1   2 x


 sin 1  z cos 1  x sin 2 iYZ  z cos 2 iYZ ,            (3.5) 

 

From Eqs. (3.4) and (3.5), the combined electrical field 1E  on PD2 is represented as 

 
                            1 1 1 1 1 1 1exp ( ) exp ( )E E i E i             ,                       (3.6) 

 
 

where 1E  and 1E  and 1  and 1  are the amplitudes and initial phases of the  1st-order 

diffraction electrical fields, respectively. From Eqs. (3.2) to (3.6), the interference light 

intensity 1I ( x , z ) on PD3 and PD4 is 

 

      2 2
1 1 1 1 1 1 1, 2 cosI x z E E E E                            

              1 1
2 4cos cos z x

d
 

 
        ,                      (3.7) 
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The interference light intensity 0fixI ( x , z ) between the two light beams reflected 

from FM and the grating can be written in the same manner as 

 

                2 2 2 2
0 0 0

4, 2   2cos tan fix fix fix iZI x z E E E E z x y
 


          


 

        21 2 1 tan iYZL                                                                  (3.8) 

where fixE , 0E ,   and L  are the amplitudes of the lights reflected from FM, and the 

grating, the initial phase, and the distance between the grating and PD1 (or PD2), 

respectively. The last two terms in the cosine originate from the inclined wave front of the 

grating. 

Equations (3.7) and (3.8) contain errors arising from the small incident angles iXZ and

iZ . However, the contributions from iXZ  and iZ can be neglected in the case of 

ultraprecise spindle measurements. If λ=633 nm, d=2 μm, iXZ <10 arcsec and z <1 μm, 

then 1 1
2 (cos cos )z

 
    410 order. This value is the same as x 50 pm; therefore, 

it can be neglected. For the conditions of ( =633 nm, iZ < 10 arcsec, 2 2x y   < 1 μm 

and L =20 mm), the contributions from 2 2  2tan iZx y     and  21 2 1 tan iYZL    in 

Eq. (3.8) are 90 pm and 90 pm, respectively; therefore, they can also be neglected. In case 

of ultraprecise spindle measurements, the radial ( 2 2x y   ), axial ( z ) and angular 

( iXZ and iZ ) motion errors are less than 1 μm, 1 μm and 10 arcsec, respectively. Thus, the 

output signal (IPD1, IPD2, IPD3, and IPD4) from photodetector PD1, PD2, PD3, and PD4 can 

be expressed as follows: 
 

                             2 2
1 0 0

42  cosPD fix fixI E E E E z


     
 

,                                 (3.9) 

2 2
2 0 0

42  sinPD fix fixI E E E E z


     
 

,                               (3.10) 

2 2
3 1 1 1 1

42  cosPDI E E E E x
d


   
     
 

,                              (3.11) 
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2 2
4 1 1 1 1

42  sinPDI E E E E x
d


   
     
 

,                              (3.12)                           

From Eqs. (3.9) to (3.12), we can obtain the Lissajous diagram from two reference 

signals with a phase difference of 90o [109]. Using the Lissajous diagram, the axial (Z-axis) 

and the radial (X-axis) motions of the grating can be calculated concurrently. In the optical 

sensor, to reduce the crosstalk error between the Michelson and grating interferometers 

down to 10-4 order, the grating plane must be aligned to be nearly parallel to the XY plane 

within an error of 10 arcsec [106]. To interpolate the unit periods of (d/2) and ( /2) in Eqs. 

(3.9) and (3.10), some optical techniques can be used [114]. An interpolation order of 8000 

or more is available in some commercial products of homodyne interferometers (SONY 

Manufacturing System, BD96series [115] and MicroE Systems, SP4800 [116]). A 

heterodyne technique [70] can also be applied to the proposed method. To reduce the 

distance L  between gratings and PD1 (or PD2), compact-size optics can be applied.  

 

3.2 Two-axes displacement-measuring interferometers using 

phase modulation technique 
The optical sensor based on the phase modulation technique consists of a frequency-

modulated laser diode as a light source and two-axes displacement measuring 

interferometers (Michelson and grating interferometers) with two photodetectors. The 

configuration of the optical sensor is shown in Fig. 3.2. To obtain displacements (Lissajous 

diagram), we apply the sinusoidal phase modulation techniques to the light source of LD 

[117-119]. We use the frequency modulation of LD. The sinusoidal angular modulation 

frequency is m . The Michelson interferometer detects an interference fringe between the 

reflected light from a fixed mirror (FM) and the 0th-order diffraction light from the grating. 

In this case, a light beam emitted from the laser diode is incident on polarized beam splitter 

1 (PBS1) and is divided into two beams. The first beam reflected from PBS1 reach the 

fixed mirror (FM) via quarter-wave plate 1 (QWP1) and propagates from FM and reaches 

avalanche photodetector 1 (APD1) via PBS1 and polarizer 1 (P1). The second beam, which 

passes through PBS1, reaches the concentric circle grating via QWP2. In Fig. 3.2, we 

assume that the incident angle i  of the second beam to the grating is almost nulls. Thus, 

the reflected light (which is 0th-order diffraction light) reaches APD1 via QWP2, PBS1, 

and P1. At APD1, it is possible to detect an interferometer fringe between the reflection 
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light from FM and the grating, and to measure the displacement along the Z-axis of the 

grating. Another interferometer (a grating interferometer) observes an interference fringe 

between +2nd and -2nd-order diffraction lights from the concentric circle grating.  

 
 

 
 

Fig.3.2 Schematic diagram of two-axes displacement measuring interferometers using 

phase modulation technique. LD: laser diode; SM: steering mirror; FM: fixed mirror; HWP: 

half-wave plate; QWP: quarter-wave plate; PBS: polarized beam splitter; P: polarizer; 

APD: avalanche photodetector; LIA: lock-in amplifier; FG: function generator; PC: 

personal computer. 

 

We use +2nd and -2nd-order diffraction light, because they are stronger than the 

diffraction light of other orders. In this case, the +2nd and -2nd-order diffraction light from 

the grating through steering mirrors 2 and 3 (SM2 and SM3) reaches avalanche 

photodetector 2 (APD2) via PBS2 and polarizer 2 (P2). If the incident angle on the XZ 

plane is negligible, the  2nd-order diffraction angles 2  and 2  (on XZ plane) can be 

derived as  
 

d(sin 2   sin iXZ ) = 2 ,                                         (3.13) 

                                   d(sin 2   sin iXZ ) = 2 ,                                         (3.14) 
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where d  is the grating pitch and   is the wavelength of the light source. In Fig. 3.2, we 

assume that z and x are the displacement shifts of the grating along the Z-axis and X-axis, 

respectively. The observed light intensities of 0FI  and 2I at APD1 and APD2 are 

represented as 
 

 2 2
0 0 0 int,0 int

42 cosF F F
nI E E E E f L z

c


      
 

,                    (3.15) 

2 2
2 2 2 2 2 int, 2 2

2 82 cos nI E E E E fL x
c d
 

      
       
 

,                  (3.16) 

 

where 0E , FE , 2E , 2E , int,0 , int, 2  , n , c , f , intL and 2L are the amplitudes of the 

lights reflected from 0thorder diffraction of the grating and FM, the amplitudes of the lights 

diffracted from the ±2nd-order of the grating, the initial phase of Michelson interferometer, 

the initial phase of the grating interferometer, the refractive index of air, the speed of light, 

the frequency of the light source, the optical path difference between the Michelson 

interferometer arms, and the optical path difference of grating interferometer arms, 

respectively. In the system, the vertical displacement z  is assumed to be of the same order 

as the wavelength of the LD (i.e., z ~ ). We add a small modulation to the frequency of 

LD as 
 

0f f f  ,                                              (3.17) 

 

where 0f and f  are the center frequency and modulation, respectively. We assume 

 

)1(1
0

≪≪



f
f ,                                          (3.18) 

 

where  is the wavelength modulation. In Eq. (3.15), the 2nd term in the bracket can be 

calculated as 
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    0 int 0 int int 2
4 4 4 4n n n nf f L z f L z L f z

c c c
    


            .         (3.19) 

 

The order of the last term of the Eq. (3.19) is 

 

44 ~ 1z nn
c

  


  
  

 ≪ .                                 (3.20) 

Therefore, the Eq. (3.15) can be represented as 

 

         

2 2
0 0 0 int,0 int 0 0 int

4 4 42 cosF F FI E E E E nL f nf z nL f
c c c
           

 
 

2 2 '
0 0 0 0 int

4 42 cosF FE E E E nf z nL f
c c
         

 
.                       (3.21) 

 

where '
0 int,0 int 0

4( )nL f
c


   is the initial phase of Michelson interferometer. We add the 

sinusoidal modulation to int
4( )nL f
c


   using 

 

int ,0
4 sinm mnL f k t
c
    ,                                 (3.22) 

 

where ,0mk is the modulation depth of Michelson interferometer. By combining Eqs. (3.21) 

and (3.22), we obtain 
 

            

2 2 '
0 0 0 0 0 ,0

42 cos sinF F F m mI E E E E nf z k t
c
        

 
 

                   
 2 2 '

0 0 0 0 ,0
42 cos cos sinF F m mE E E E nf z k t
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Equation (3.23) can be rewritten using the Bessel function from the following formulas: 

     0 2
1

cos sin 2 cos 2m
m

x J x J x m 



   ,                         (3.24) 

      2 1
1

sin sin 2 sin 2 1m
m

x J x m 





  ,                         (3.25) 

 

where mJ is the Bessel coefficient of order m. Using the Bessel function (see Appendix B) 

of Eqs. (3.24) and (3.25), we obtain 
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  

   '
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1

4sin 2 sin 2 1m m m
m

nf z J k m t
c


 





        
   

 .                           (3.26) 

 

In order to reduce the effect of the amplitude modulation of LD, we select the 2nd-

harmonic ( 2 m ) and 3rd-harmonic ( 3 m ). We apply the reference signal of the 2nd-

harmonic cosine wave ( 2 m ) and the reference signal of the 3rd-harmonic sine wave (3 m ) 

to the lock-in detection signal of the interference light intensity 0FI . When the interference 

light intensity 0FI  from Eq. (3.26) is synchronized by lock-in amplifier 1 (LIA1) with the 

reference signal of the 3rd-harmonic sine wave (3 m ), and lock-in amplifier 2 (LIA2) with 

the reference signal of the 2nd-harmonic cosine wave ( 2 m ) (see Fig. 2), the two signals of 

LIA1 and LIA2 can be written as  
 

    '
0 0 3 ,0 0 0

43 2 sinF m F mI E E J k nf z
c
      

 
,                    (3.27) 

    '
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42 2 cosF m F mI E E J k nf z
c
     

 
,                     (3.28) 
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where  2 ,0mJ k and  3 ,0mJ k are Bessel functions of the 2nd and 3rd-order, respectively. For 

the interference light intensity 2I of the  2nd-order diffraction at APD2 which is obtained 

by Eq. (3.16), when a small modulation to the frequency of LD from Eq. (3.17) is added to 

the interferometer, Eq. (3.16) can be represented as    
 

        

2 2
2 2 2 2 2 int, 2 2 0 2

2 2 82 cosI E E E E nL f nL f x
c c d
         

         
 

 

2 2 '
2 2 2 2 2 2

8 22 cosE E E E x nL f
d c
      

        
 

.                        (3.29) 

 

where '
2 int, 2 2 0

2( )nL f
c


     is the initial phase of grating interferometer. We add the 

sinusoidal modulation to 2
2( )nL f
c


   using 

 

int , 2
2 sinm mnL f k t
c
    ,                                 (3.30) 

 

where , 2mk  is the modulation depth of grating interferometer. By combining Eqs. (3.29) and 

(3.30), we obtain 
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Using the Bessel function (see Appendix B) of Eqs. (3.24) and (3.25), we obtain 
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 


  

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When the interference light intensity 2I  from Eq. (3.32) is synchronized by lock-in 

amplifier 3 (LIA3) with the reference signal of the 3rd-harmonic sine wave (3 m ), and by 

lock-in amplifier 4 (LIA4) with the reference signal of 2nd-harmonic cosine wave ( 2 m ) 

(see figure 3.2), the two signals of LIA3 and LIA4 can be written as  
 

    '
2 2 2 3 , 2 2

83 2 sinm mI E E J k x
d
     

     
 

,                   (3.33) 

    '
2 2 2 2 , 2 2

82 2 cosm mI E E J k x
d
     

    
 

,                    (3.34) 

 

where  2 , 2mJ k  and  3 , 2mJ k  are Bessel functions of the 2nd- and 3rd-order, respectively. 

From Eqs. (3.27), (3.28), (3.33) and (3.34), we can obtain the Lissajous diagram from two 

reference signals with a phase difference of 90o [113]. Using the Lissajous diagram, the 

axial (Z-axis) and radial (X-axis) motion of the grating can be calculated concurrently. In 

the optical sensor, to reduce the crosstalk error between the Michelson and grating 

interferometers with accuracy of 10-4 order are required, the grating plane must also be 

aligned to be nearly parallel to the XY plane within an error of 10 arcsec [106]. 
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Chapter 4 
Spindle motion measurement using 

quadrature detection technique 
 

This chapter describes the instrumentations and the measurement results of spindle 

motion when we apply the quadrature detection technique to the measurement system. The 

performance of the Michelson and grating interferometers, and the compact-size optical 

sensor is evaluated. The measurement of five degrees of freedom spindle motion is carried 

out. The effects of the crosstalk error on the Michelson and grating interferometers are also 

discussed in this chapter. 

 

4.1 Instrumentations 
 

 
 
 

Fig. 4.1 Prototype instrument for spindle motion measurement 

 



Chapter4 – Spindle motion measurement using quadrature detection  
technique  

28 
 

The prototype instrument for spindle motion measurement system using three optical 

sensors and a concentric circle grating with the quadrature detection technique is shown in 

Fig. 4.1. The measurement system consists of four main parts, which are; 

1) Alignment system for the concentric circle grating 

2) Optical sensor 

3) Spindle motor 

4) Recording data system 

 

1) Alignment system for the concentric circle grating 

The prototype instrument for the spindle motion error measurement system using 

three optical sensors and a concentric circle grating, as shown in Fig. 4.1 consists of three 

optical sensors A, B and C, a concentric circle grating, an aliment stage for the optical 

sensor, an alignment stage for the concentric circle grating, and a base stage. All parts are 

set up on the base stage. The dimensions of the base stage are 350 mm (W) × 350 mm (L) × 

149 mm (H). The alignment stage can be separated into two parts: the alignment stage for 

the optical sensors, and the alignment stage for the concentric circle grating. The alignment 

stage for the optical sensors consists of one axis translation stage (along the X-axis or Y-

axis) and one angle-tilting stage. Three optical sensors are attached to the alignment stage 

for the optical sensors on the base stage, and it is located above the concentric circle grating. 

The distance between the grating surface and the optical sensor is approximately 10 mm. 

The detection area of each optical sensor is adjusted until it is close to the concentric circle 

grating area. Optical sensor A is located along the Y-axis for measurement of the Y-axis 

and Z-axis displacement. Optical sensors B and C are located along the X-axis for 

measurement of the X-axis and Z-axis displacement. The concentric circle grating and its 

alignment stage are set up on the spindle motor. The spindle rotation center must be aligned 

to the center of the concentric grating within an accuracy of 1 μm or less. The grating plane 

must also be aligned to be parallel to the XY plane within an accuracy of 10 arcsec.  
 

2) Optical sensor  

The compact-size optical sensor was fabricated for performing five degrees of 

freedom spindle motion measurement. The optical sensor consists of laser diode, optics, 

and photodetectors, which are shown in Fig. 4.2. All parts are assembled in the optical 

sensor box. Specifications of the laser diode and photodiode used in the optical sensor are 

shown in tables 4.1 and 4.2, respectively. The laserdiode (Edmund Optics, model: NT83-
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824) is used as the light source. The optics, which include a polarized beam splitter (PBS), 

quarter-wave plate (QWP), fixed mirror (FM), and steering mirror (SM) are set up on the 

optics plate. The photodetector is used to detect the intensity of interference light. A 

photoelectric current-voltage conversion circuit using the low-noise photodiode is created. 

Figure 4.3 shows the circuit diagram of the photodetector. 
 

 
 

 

Fig. 4.2 Photograph of the prototype optical sensor  

 

In the photodiode the flow of the signal current is proportional to the incoming light 

quantity, and the photoelectric current-voltage conversion circuit converts current into 

voltage. In this system, the operation amplifier (Op-Amp) is OPA129 UB from BURR-

BROWN Company, and the photodiode is a Si photo diode model S1266-5SB. The optical 

receiver sensitivity is 0.36 A/W and the maximum amount of light received is 

approximately 40 μW from the operation amplifier. The frequency bandwidth ( bf ) is given 

as follows: 
 

1
2b

f f

f
R C

 ,                                                      (4.1) 

 

where  Rf  is the resistance value, and Cf  is the capacitance value. 

If  Rf = 1 MΩ and Cf = 1 pF, then  
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                            6 12

1 1
2 2 1 10 1 10b

f f

f
R C    

   
 159.15kHz.                    (4.2) 

 

In this circuit, the frequency bandwidth is approximately 159 kHz, which is suitable for a 

high-speed spindle motor.  
 

 
 

Fig. 4.3 Circuit diagram of photodetector 

 

            Table 4.1 Specifications of laser diode (Edmund Optics, model: NT83-824) 

Wavelength 635         [nm] 

Input voltage (DC) 5         [V] 

Input current  80         [mA]  

Output power 4.5        [mW] 

Beam diameter (ellipse) 2×3         [mm] 

Beam divergence 2         [mrad] 

Pointing accuracy 0.02 - 0.05          [mrad] 

Diameter × Length 0.5×2.1         [inches] 

Wavelength stability 0.2 - 0.3        [nm/°C] 

Power stability ±2         [%]  

 

    Table 4.2 Specifications of photodiode (HAMAMATSU, model: S1226-5BK) 

Spectral response range 320-1000     [nm] 

Peak sensitivity wavelength 720    [nm] 

Photosensitivity 0.36     [A/W]  

Detection area 2.4×2.4      [mm] 
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3) Spindle motor 

The spindle motor (CHUO SEIKI, model: ARS-636-HM [120]) is used as the 

device under test when evaluating the rotation error of the spindle in this experiment and is 

shown in Fig. 4.4. The spindle motor is set up with the alignment stage for the concentric 

circle grating. To evaluate the performance of the optical sensor, the spindle motor is 

rotated at a low speed. In the experimental system, the spindle motor is rotated at a speed of 

4 rpm. Specifications of the spindle motor used for themeasurement of spindle error 

motions are shown in Table 4.3. 
 

 

 
 

 

Fig. 4.4 Spindle motor under test  

 

            Table 4.3 Specifications of spindle motor (CHO SEIKI, model: ARS-636-HM) 

Diameter of motor stage   60    [mm] 

Angle resolution 0.008       [Degree] 

Repeatability accuracy   ±0.005       [Degree] 

Accuracy of position 0.2        [Degree] 

Radial motion 0.03     [mm]  

Axial motion 0.06     [mm] 

Maximum speed  40     [Degree/sec]  

Maximum load 39.2     [N]  

Weight 0.8     [kg] 

 

4) Recording data system 

Data acquisition is the process of measuring parameters such as voltage, current, 

temperature, pressure, and sound. The data acquisition system has a unique functionality to 
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serve the application-specific requirements of all systems which share common 

components that include sensors, data acquisition hardware, and a computer. In this thesis, 

data acquisition is used for the conversion of an analog signal from the photodetector to a 

digital signal (A/D converter). A data acquisition card (National Instrument, model: NI 

PCI-622, M series) is used for connecting the signal output from the photodetectors 

throughout the connector block (National Instrument, model: NI BNC-2111) to a personal 

computer (PC) with two 16-bit analog outputs (833 kS/s) and 32-bit counters [121]. For 

measurement of five degrees of freedom spindle motion, 12 input ports are required in the 

connector block for transferring data to the PC. 
 

 

 
 

Fig. 4.5 Data acquisition card (model: NI PCI-6221) 

 

 
 

Fig. 4.6 Connector block (model: NI BNC-2111) 
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4.2 Evaluation of the performance of two-axes displacement-

measuring interferometers using quadrature detection 

technique 
 

Part 1 Vertical displacement 

Part 2 Lateral displacement 
 

 

Fig. 4.7 Experimental setup for evaluation of the two-axes displacement measuring 

interferometer using the quadrature detection technique 

 

To verify Eqs. (3.9) to (3.12) in chapter 3, we fabricated the grating interferometers as 

shown in Fig. 4.7. In the experiment, the concentric circle grating with a pitch of 2 μm is 

set up on the XZ-PZT stage. Tables 4.4 and 4.5 show the specifications of the Z-axis PZT 

stage and the X-axis PZT stage, respectively. A laser diode (wavelength = 635 nm) is used 

with the interferometer as a light source. Photodetectors PD1 and PD2 detect the 

interference signal of axial motion when the PZT stage is moved along the Z-axis. 

Photodetectors PD3 and PD4 detect the interference signal of radial motion when the PZT 

stage is moved along the X-axis. Table 4.6 shows the measurement conditions applied to 

the XZ-PZT stage. For the axial (Z-axis) motion, the two interference signals have a phase 

shift of 90 degrees with respect to each after passing through a series of polarizing beam 

splitters (PBS1 and PBS2) and quarter-wave plate (QWP1, QWP2, and QWP3) which are 
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detected by PD1 and PD2. For the radial (X-axis) motion, the two interference signals have 

a phase shift of 90 degrees with respect to each other after passing through a series of beam 

splitters (BS), a quarter-wave plate (QWP4) and a polarized beam splitter (PBS3), which 

are detected by PD3 and PD4. The two phase interference signals are recorded using an 

oscilloscope.  

 

 

            Table 4.4 Specifications of Z-axis PZT stage (Piezosystem Jena, model: PZ 100) 

Maximum range 100         [μm] 

Resolution    0.2           [nm] 

Compressive force / Tension force    77 / 8           [N] 

Weight 85           [g] 

Output voltage    -20 - +150        [μm] 

Frequency      DC ~ 100          [kHz] 
Gain                x15         [time] 

 

            Table 4.5 Specifications of X-axis PZT stage (PI, model: P750, 20) 

Maximum range   75         [μm] 

Resolution       1           [nm] 

Compressive force / Tension force      800 / 100           [N] 

Weight                2.6           [kg] 

Output voltage    -20 - +150        [μm] 

Frequency      DC ~ 100          [kHz] 
Gain                x15         [time] 

 

            Table 4.6 Measurement conditions applied to the XZ-PZT stage motion 

Laser diode wavelength 635         [nm] 

Amplitude applied to XZ-PZT stage    1.3           [μm] 

Frequency applied to XZ-PZT stage           1           [Hz] 

Motion shape Triangular 

Sampling rate   1           [kHz] 
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         (a) Phase quadrature interference signal                            (b) Lissajous diagram  

 

Fig. 4.8 Phase quadrature interference signal and Lissajous diagram of the axial (Z-axis) 

motion 

  
         (a) Phase quadrature interference signal                            (b) Lissajous diagram  

 

Fig. 4.9 Phase quadrature interference signal and Lissajous diagram of the radial (X-axis) 

motion 
 

Figures 4.8 and 4.9 respectively show the phase quadrature interference fringe signal 

and Lissajous diagram of the axial (Z-axis) and radial (X-axis) motion. The axial (Z-axis) 

and radial (X-axis) motion of the XZ-PZT stage are shown in Figs. 4.10 and 4.11, 

respectively. The axial (Z-axis) and radial (X-axis) motions of the XZ-PZT stage are 

approximately 1.3 μm and 1.4 μm, respectively. The experimental results show that using 

the proposed method we can measure the displacement of the grating by interpolation of 

the fringe. It is possible to fabricate a compact-size optical sensor for spindle motion 

measurement. 
 

 
Fig. 4.10 Axial (Z-axis) motion of XZ-PZT stage  
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Fig. 4.11 Radial (X-axis) motion of XZ-PZT stage  

 

4.3 Crosstalk error estimation 
The experimental setup for crosstalk error measurement is shown in Fig. 4.7. The 

crosstalk error of the X-axis in Fig. 4.12 is obtained when the XZ-PZT stage is moved 

along the Z-axis, and can be observed from photodetectors PD3 and PD4. The crosstalk 

error of the X-axis is estimated to be approximately 630 nm. The crosstalk error of the Z-

axis shown in Fig. 4.13 is obtained the XZ-PZT stage is moved along the X-axis, and it can 

be observed photodetectors PD1 and PD2. The crosstalk error of the Z-axis is estimated to 

be approximately 580 nm. The crosstalk errors occur, when the inclination angle between 

the grating plane and the incident light is not null. To reduce the crosstalk error, the grating 

plane must be aligned until it is perpendicular to the incident light from the light source.  

To estimate the term of the crosstalk error from Eqs. (3.7) and (3.8) given in chapter 

3 for ultraprecision spindle measurements, we have plot to a graph showing the relationship 

between ∆z and ∆x due to the incident angle change, which is shown in Fig. 4.14. The 

crosstalk error can be neglected when the incident angle is less than 10 arcsec. 
 

 
 

Fig. 4.12 Crosstalk error from the X-axis stage motion 
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Fig. 4.13 Crosstalk error from the Z-axis stage motion 

 

 
 

 

Fig. 4.14 Relationship between ∆z and ∆x due to the incident angles 

 

4.4 Evaluation of the performance of the optical sensor using 

quadrature detection technique 
The experimental setup for evaluation of the performance of the optical sensor using 

the quadrature detection technique is shown in Fig. 4.15. The concentric circle grating with 

a pitch of 2 μm is set up on the XZ-PZT stage. The optical sensor measures the axial (Z-

axis) and radial (X-axis) motion of the XZ-PZT stage. Photodetectors PD1 and PD2 detect 

the interference signal of the axial (Z-axis) motion from the 0th-order diffraction of the 

grating. Photodetectors PD3 and PD4 detect the interference signal of the radial (X-axis) 

motion from the ±1st-order diffraction of the grating. The measurement conditions applied 

to the XZ-PZT stages are given Table 4.6.  
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Fig. 4.15 Experimental setup for evaluation of optical sensor using the quadrature detection 

technique 

 

    
         (a) Phase quadrature interference signal                             (b) Lissajous diagram  

 

Fig. 4.16 Phase quadrature interference signal and Lissajous diagram of the axial (Z-axis) 

motion 

 

  
         (a) Phase quadrature interference signal                            (b) Lissajous diagram  

Fig. 4.17 Phase quadrature interference signal and Lissajous diagram of the radial (X-axis) 

motion 



Chapter4 – Spindle motion measurement using quadrature detection  
technique  

39 
 

Figures 4.16 and 4.17 show the phase quadrature interference fringe signal and 

Lissajous diagram of the axial (Z-axis) and radial (X-axis) motion, respaxtively. The axial 

(Z-axis) and radial (X-axis) motions of the XZ-PZT stage are shown in Figs. 4.18 and 4.19, 

respectively. The axial (Z-axis) and radial (X-axis) motion of the XZ-PZT stage are 

approximately 1.3 μm and 1.4 μm, respectively. The experimental results show that the 

compact-size optical sensor can measure the displacement of the XZ-PZT stage motion. We 

can apply three compact size-optical sensors for the concurrent measurement of radial, 

axial, and angular motions of the spindle. 
 

 
 

Fig. 4.18 Axial (Z-axis) motion of PZT-stage  

 

 
 

Fig. 4.19 Radial (X-axis) motion of PZT-stage  

 

4.5 Concurrent measurement of spindle motion using three 

optical   sensors and quadrature detection technique 

The experimental setup for the concurrent measurement of spindle motion using three 

optical sensors and the quadrature detection technique is shown in Fig. 4.20. In the 

experiment, three optical sensors are set up above the concentric circle grating and measure 

the axial (Z-axis) and radial (X-axis) motion while the spindle motor is rotated at a speed of 

4 rpm. Photodetectors PD1 and PD2 in the optical sensor observe the interference signal of 

axial (Z-axis) motion and photodetectors PD3 and PD4 in the optical sensor observe the 



Chapter4 – Spindle motion measurement using quadrature detection  
technique  

40 
 

interference signal of radial (X-axis) motion. The measurement data is recorded in the PC 

through the data acquisition device (DAQ). The capacitive sensor is used for the 

measurement of the spindle radial motion, which can be compared to the measurement 

results of the optical sensor. Table 4.7 shows the measurement conditions applied to the 

spindle motion. 
 

 
 

(a) Schematic diagram of the concurrent measurement of spindle motion 

 

 

Optical sensor B 

Optical sensor A 

Optical sensor C

Concentric circle 
grating

Capacitive sensor

 
 

(b) Photograph of the experimental setup from the top view 
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Concentric 
circle grating
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Spindle motor Base stage

 
 

(c) Photograph of the experimental setup from the side view 
 
 

Fig. 4.20 Experimental setup for the concurrent measurement of spindle motion using three 

optical sensors and the quadrature detection technique 

 

            Table 4.7 Measurement conditions applied to the spindle motion 

Revolution speed of spindle     4         [rpm] 

Number of rotations       3           [rotations] 

Sampling rate               100           [Hz] 
 

Figure 4.21 (a) and (b) shows the measurement results and the polar plot of the radial 

motion error of spindle motion respectively, using a capacitive sensor. The radial motion 

error, including the artifact form error, is estimated to be approximately 2 μm.  
 

    
       (a) Displacement of spindle radial motion            (b) Polar plot of spindle radial motion  

 

Fig. 4.21 Measurement results of the spindle radial motion using a capacitive sensor 
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                     (a) Interference signal                                             (b) Lissajous diagram  

 

Fig. 4.22 Axial (Z-axis) motion from optical sensor A 

 

           
                        (a) interference signal                                         (b) Lissajous diagram  

 

Fig. 4.23 Radial (X-axis) motion from optical sensor A 

 

         
                         (a) Interference signal                                        (b) Lissajous diagram  

 

Fig. 4.24 Axial (Z-axis) motion from optical sensor B 
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                         (a) Interference signal                                       (b) Lissajous diagram  

 

Fig. 4.25 Radial (X-axis) motion from optical sensor B 

 

         
                          (a) Interference signal                                      (b) Lissajous diagram  

 

Fig. 4.26 Axial (Z-axis) motion from optical sensor C 

 

           
                         (a) Interference signal                                       (b) Lissajous diagram  

 

Fig. 4.27 Radial (X-axis) motion from optical sensor C 

 

Figures 4.22 to 4.27 show the measurement signals of the axial (Z-axis) and radial (X-

axis) motions from three optical sensors (A, B, and C), respectively. The collated signals 

contain some frequency components (such as vibration, DC offset, centering, tiling ect.) 

which do not correspond to the radial, angular, and axial motion errors of the spindle. The 

instrument cannot align the centering and tilting to reach the measurement target (centering 

error less than 1 μm, tiling error less than 10 arcsec), which directly affects the stability of 
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the optical sensor. Due to these problems in the measurement of spindle motion, we could 

not obtain the quadrature phase shift of two interference signals with the phase difference 

of 90o (at PD1 0o, PD2 90o, PD3 0o, and PD4 90o).  All measurement data for five degrees 

of freedom motion of the spindle is inaccurate. Hence, an improvement of the alignment 

techniques for centering and tilting is required. Using some measuring instruments, such as 

a capacitive sensor and an autocollimator, the centering and the tilting errors can be 

measured, and the measurement results can be compared with those of the optical sensor.  
 

           
                       (a) Interference signal                                           (b) Lissajous diagram  

 

Fig. 4.28 Axial (Z-axis) motion from an optical sensor after improving the alignment 

techniques  

 

Since we have improved the alignment techniques to reduce the centering and tilting 

errors until they are lower than the measurement target (centering error less than 1 μm, 

tilting error less than 10 arcsec), the optical sensor can observe the displacement signal as 

shown in Fig. 4.28. However, the concurrent measurement of spindle motion using the 

quadrature detection technique has some disadvantages, such as the use of many optical 

elements and photodetectors in one optical sensor, difficult to align and adjust all optical 

elements in the optical sensor, and difficulty in adjusting the sensitivity of the 

photodetector. Therefore, a novel technique for the concurrent measurement of spindle 

motion using a phase modulation technique is proposed and developed to solve the 

previous problems. 
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Chapter 5 
Spindle motion measurement using  

phase modulation technique 
 

This chapter describes the instrumentations and measurement results of spindle motion 

when we apply the phase modulation technique to the measurement system. The 

performance of the Michelson and grating interferometers and the high-rigidity compact 

optical sensor is evaluated. The measurement of five degrees of freedom spindle motion 

and the error separation method are performed. The effect of the interpolation error on the 

displacement is also discussed in this chapter. 

 

5.1 Instrumentations 

 

 
 

Fig. 5.1 Concurrent measurement system for spindle motion  
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The concurrent measurement system for spindle motions using three optical sensors 

and a concentric circle grating with the phase modulation technique is developed from the 

previous measurement system (the prototype instrument). Figure 5.1 shows the 

experimental setup. The measurement system consists of seven main parts: 

1) Laser source 

2) Beam separation system for three optical sensors 

3) Optical sensor, concentric circle grating, and alignment system 

4) Spindle motor 

5) Avalanche photodetector 

6) Lock-in amplifier 

7) Recording data system 

 

1) Laser source 

In the measurement system, a laser diode (Opnext, model: HL6344) is used as the 

light source. Figure 5.2 shows a photograph of the laser diode. It is fixed on a laser diode 

mount. This laser diode can be modulated to a frequency of up to 250 kHz. Tables 5.1, 5.2 

and 5.3 show the specifications of the laser diode and its current and temperature 

controllers, respectively. 
 

 
 

 

Fig. 5.2 Photograph of the laser diode (Opnext, model: HL6344) 
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            Table 5.1 Specifications of laser diode (Opnext, model: HL6344) 

Wavelength 635         [nm] 

Input voltage (DC)                2.4         [V] 

Input current  45         [mA]  

Output power 10         [mW] 

Beam divergence           17×20         [degree] 

Operating temperature     -10 to +50         [°C] 

Storage temperature     -40 to +85         [°C] 

 

       Table 5.2 Specifications of current controller (THORLABS, model: LDC202C) 

Current control range 0 - ±200     [mA] 

Resolution 10      [μA] 

Accuracy               ±100      [μA] 

Modulation input bandwidth        DC ~ 250     [kHz] 

 

         Table 5.3 Specifications of temperature controller (THORLABS, model: TED200C) 

Temperature control range -45 ~ 150     [°C] 

Resolution                  0.01    [°C] 

Accuracy  ±0.1    [°C] 

  

2) Beam separation system for three optical sensors  
 

 
 

 

Fig. 5.3 Beam separation system 
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The beam separation system includes the beam splitters (BS) and fixed mirrors 

(FM). The laser beam from the light source is separated into three beams after passing 

through this system, then propagate towards the three optical sensors. Figure 5.3 shows the 

beam separation system. 

 

3) Alignment system, optical sensor, and concentric circle grating system 

In this system, the three optical sensors and the concentric circle grating are set up 

using precise alignment stages and the spindle motor as shown in Figs. 5.4 and 5.5, 

respectively. 
   

 
 

 

Fig. 5.4 Setup and alignment of the three optical sensors and the concentric circle grating 

 

 
 

 

Fig. 5.5 Setup and alignment of the concentric circle grating and the spindle motor using 

precise alignment stages 
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The prototype optical sensor could not obtain the displacement signal from the spindle 

motion as mentioned in chapter 4 (see Sect. 4.5). The low rigidity of the optical sensor is a 

problem. In this study, a high-rigidity compact optical sensor is fabricated as shown in Fig. 

5.6. The measurement system diagram of the high-rigidity compact optical sensor which is 

used for the spindle measurement system is shown in Fig. 5.6 (a). Figure 5.6 (b) shows a 

photograph of the high-rigidity compact optical sensor (size: W: 60 [mm] × L: 65 [mm] × 

H: 15 [mm]), which is fabricated and assembled by Chuo Precision Industrial Co., Ltd. 

[120]. We designed the optical path difference of the 0th-order interferometer (a Michelson 

interferometer) arms and the optical path difference of the ±2nd-order interferometer arms 

(a grating interferometer) with intL = 50 mm and 2L = 100 mm, respectively. 

 

 
 

(a) Optics design of the high-rigidity compact optical sensor 

 

 
 

(b) Photograph of the high-rigidity compact optical sensor 
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(c) Three optical sensors for spindle motion measurement 
 

Fig. 5.6 High-rigidity compact optical sensor 

 

 
 

(a) Photograph of the new concentric circle grating (2 μm pitch) 

 

 
(b) New concentric circle grating design 

 

Fig. 5.7 New concentric circle grating  
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In this measurement technique, a new concentric circle grating is fabricated to simplify 

the setting up of the three compact optical sensors.  Figures 5.7 (a) and (b) shows a 

photograph and the design of the new concentric circle grating, respectively. The 

fabrication process of the concentric circle grating had been explained in chapter 2 (see 

Sect. 2.3). 

 

4) Spindle motor 

The spindle motor (CHUO SEIKI, model: ARS-636-HM) is used as the device 

under test to determine the rotation error of the spindle in this experiment. It is set up with 

the alignment stage for the concentric circle grating. To evaluate the performance of the 

optical sensor, the spindle motor is rotated at low speed. In the experimental system, the 

spindle motor is rotated at a speed of 4 rpm. A photograph of the spindle motor and its 

specifications are shown in Fig. 4.4 and Table 4.3, respectively (see chapter 4).  

 

5) Avalanche photo detector 

The avalanche photodetector, APD, (Photonics, model: C5460) is used to detect the 

intensity of the interference signal from the axial motion (APD1) and the radial motion 

(APD2) of the spindle. It is assembled in a die-cast aluminum box to shield it from the 

electric noise effects of the interference signal. Figure 5.8 and Table 5.4 show a photograph 

and the specifications of the APD, respectively. 
 

 
 

 

Fig. 5.8 Photograph of avalanche photodetector (Photonics, model: C5460) 
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            Table 5.4 Specifications of avalanche photodetector (Photonics, model: C5460) 

Active area  1.5         [mm] 

Photosensitivity         1.5×106        [V/W] 

Frequency bandwidth         DC～10        [MHz] 

Wavelength quantum efficiency 11       [V/W] 
Spectral response range  400 to 1000         [nm] 

Power supply               ±12         [V] 

 

6) Lock-in amplifier 

The lock-in amplifier is used to multiply each reference signals through the low-

pass filter, to achieve synchronous detection. Figure 5.9 shows an operation diagram of the 

lock-in amplifier. In Fig. 5.9, the interference signals of the axial (Z-axis) and radial (X-

axis) motion from APD1 and APD2 pass through the lock-in detection system. They are 

synchronized with the reference signal of the 3rd-harmonic sine wave ( 3 m ) and the 

reference signal of the 2nd-harmonic cosine wave ( 2 m ), respectively. In this case, the 

Lissajous diagram can be obtained from two reference signals with a phase difference of 

90o [109]. One optical sensor requires four lock-in amplifiers to acquire the signals 

necessary for generating the Lissajous diagram.  

 

  
 

 

Fig. 5.9 Operation diagram of the lock-in amplifier 
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In this thesis, two types of lock-in amplifiers are used in the measurement system. 

a) Digital lock-in amplifier 

b) Analog lock-in amplifier 

 

a) Digital lock-in amplifier 

The digital lock-in amplifier (Stanford Research Systems, model: SR830) is 

used in the experiment. There are many advantages of the digital lock-in amplifier 

such as ease of changing the setting of the low-pass filter, time constant, lock-in 

detection, and the roll-off characteristic when it is applied to the spindle 

measurement system. Figure 5.10 and Table 5.5 show a photograph and the 

specifications of the digital lock-in amplifier, respectively. However, it has a high 

cost of application when use with three optical sensors (one optical sensor uses four 

lock-in amplifiers). Therefore, the digital lock-in amplifier is used only for 

checking the performance of the three optical sensors before performing the 

concurrent measurement of spindle motion. In addition, for the measurement of 

spindle rotation, the roll-off characteristic is selected to be -24 [dB/oct] and the cut-

off frequency is 300 [Hz]. Since the frequency bandwidth is approximately 100 

[kHz] below that of the digital lock-in amplifier, when using the modulation 

frequency of a sinusoidal phase modulation method, it is necessary to set the 

frequency bandwidth 33 [kHz] below the triple wave (reference wave signal is 

limited).  
 

 
 

 

Fig. 5.10 Photograph of digital lock-in amplifier  

(Stanford Research Systems, model: SR830) 
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            Table 5.5 Specifications of digital lock-in amplifier (Stanford Research Systems, 

            model: SR830) 

Frequency range          1[mHz]～102[kHz] 

Roll-off characteristics        -6,-12,-18,-24[dB/oct] 

Cut-off frequency         0.333[Hz]～100 [kHz] 

Time constants              10[μs]～30 [ks] 

 

b) Analog lock-in amplifier 

The analog lock-in amplifier manufactured by Chuo Precision Industrial Co., 

Ltd. is also applied in the experiment. The advantage of the analog lock-in 

amplifier is its low cost as compared with the digital lock-in amplifier. Figure 5.11 

shows a circuit diagram of two lock-in amplifiers for 2nd- and 3rd-harmonic lock-

in detections. The circuit used four-quadrant multipliers (AD835, Analog Devices), 

precision operational amplifiers and a passive low pass filter. Table 5.6 shows the 

specifications of the analog lock-in amplifier. Figure 5.11 shows that the analog 

lock-in amplifier consists of a multiplier IC and an RC circuit (resistors and 

capacitors). In this case, the roll-off characteristic and the cut-off frequency are 

fixed at -18 [dB/oct] and 5 [kHz], respectively. Hence, it is feasible to use the 

sinusoidal phase modulation method to detect the lock-in signal.  

 
 

Fig. 5.11 Circuit diagram of analog lock-in amplifier  
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            Table 5.6 Specifications of analog lock-in amplifier  

Roll-off characteristics                  -18   [dB/oct] 

Frequency range                      5   [kHz] 

Power supply                     ±5   [V] 

 

7) Recording data 

The data acquisition system has the unique functionality to serve the application- 

specific requirement. The entire system shares common components that include sensors, 

data acquisition hardware, and a computer. In this thesis, the data acquisition system is used 

for conversion of the analog signal from the photodetectors to the digital signal (A/D 

converter) using the Lab VIEW data acquisition program. Table 5.7 shows the 

specifications of the A/D converter (National Instruments, model: NI PCI-622, M series). 

The measurement of five degrees of freedom spindle motion requires 12 input ports in the 

connector block for transferring data to the PC. All data is acquired by the input of a signal 

±5 V. The measured voltage resolution can be calculated by 
 

16
Measurement range 10[V]Measurement voltageresolution 153[ V]

Resolution 2
                      (5.1) 

 

            Table 5.7 Specifications of A/D converter (National Instruments, model: NI PCI- 

            622, M series) 

Resolution                    16   [bit] 

Number of acquired samples                  250   [kS/s] 

Number of input channel (to PC)                    16   [channels] 

 

5.2 Evaluation of the performance of two-axes displacement-

measuring interferometers using phase modulation 

technique 
To confirm the validity of Eqs. (3.27), (3.28), (3.33), and (3.34) in chapter 3, we 

fabricated the grating interferometers as shown in Fig. 5.12. In the experiment, the 

concentric circle grating with the pitch of 2 µm is set up on the XZ-PZT stage. Tables 4.4 

and 4.5 (see chapter 4) show the specifications of the Z-axis PZT stage and the X-axis PZT 
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stage, respectively. A laser diode (LD) with a wavelength of 635 nm and a sinusoidal phase 

modulation frequency of 20 kHz is applied to the interferometer as a light source. APD1 

detects the interference signal of axial (Z-axis) motion, and APD2 detects the interference 

signal of radial (X-axis) motion. The measurement conditions applied to the XZ-PZT stage 

motion are shown in Table. 5.8. We apply triangular motion with an amplitude of 1 μm and 

frequency of 1 Hz to the XZ-PZT stage. The measurement time is 6 second, and the cut off 

frequency of the low pass filter of the lock-in amplifier is 300 Hz, respectively.  

By using Eqs. (3.22) and (3.30) in chapter 3, the modulation frequency bandwidth f  

of each interferometer can be calculated by the following: 
 

  For the Michelson interferometer,
   

,0

int4
  mckf

nL
,                        (5.2) 

     For the grating interferometer,   , 2

2
.

2
mckf
nL





 
                                

(5.3) 

If we apply 1n , 83.0 10 c m/s, ,0 , 2 1 m mk k , int 50L mm, and 2 100 L mm, 

then the modulation frequency bandwidth f  of the Michelson interferometer can be 

calculated as 

 

8

3
3 10 1 0.48

4 1 50 10 

 
  

  
f

  
[GHz]                                (5.4) 

 

and the modulation frequency bandwidth f  of the grating interferometer can be 

calculated as 

 

8

3
3 10 1 0.48

2 1 100 10 

 
  

  
f

  
[GHz].                              (5.5) 
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Fig. 5.12 Experimental setup for evaluation of the two-axes displacement measuring 

interferometers using phase modulation technique 

 

            Table 5.8 Measurement conditions applied to the XZ-PZT stage motion 

Laser diode wavelength 635         [nm] 

Grating pitch     2           [μm] 
Modulation frequency for LD   20         [kHz] 

Modulation depth ( ,0mk and , 2mk  )     1           [rad] 

Modulation frequency bandwidth of 

Z- and X-axis interferometers 
             0.48            [GHz] 

Amplitude applied to XZ-PZT stage       1           [μm] 

Frequency applied to XZ-PZT stage           1           [Hz] 

Motion shape Triangular 

Sampling time   6           [s] 
Sampling rate   1           [kHz] 
Cut-off frequency of low-pass filter               300           [Hz] 

 

Figure 5.13 shows Lissajous diagrams of the axial (Z-axis) and radial (X-axis) motion 

of the XZ-PZT stage measurement. In this figure, the Lissajous diagrams are deformed due 

to the variation of the laser beam intensity, and the center of each Lissajous diagram is not 
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at the origin. In this case, the normalized Lissajous diagrams can be calculated using the 

following eqations, 
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                           (a)  Axial (Z-axis) motion         (b) Radial (X-axis) motion 
 

Fig. 5.13 Lissajous diagrams of the XZ-PZT stage motion  
 

The normalized Lissajous diagrams are shown in Fig. 5.14. in which the center and 

radius are the origin and 1, respectively. The axial (Z-axis) and radial (X-axis) motion of 

the XZ-PZT stage are shown in Figs. 5.15 and 5.16, respectively. In these figures, the 

nonlinear errors (or cyclic errors) due to the polarization mixing of two interferometer arms 

can be seen. If there is no cyclic error, the measured motion must be triangular. However, 

the nonlinear error can be reduced by the polarization adjustment of two interferometer 

arms. Figure 5.17 shows the Lissajous diagrams of the axial (Z-axis) and radial (X-axis) 

motion of the XZ-PZT stage after the polarization adjustment. In Fig. 5.17, the center of 

each Lissajous diagram is closer to the origin as compared to that in Fig. 5.13. Figures 5.18 

and 5.19 show the axial (Z-axis) and radial (X-axis) motion of the XZ-PZT stage, 
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respectively, after the polarization adjustment. It is seen from these figures that, the 

polarization adjustment can reduce the cyclic error of the two interferometers. In the near 

future, we will clarify the quantitative relationship between the cyclic error and the 

polarization mixing in the interferometers. 

 
                           (a)  Axial (Z-axis) motion          (b) Radial (X-axis) motion 
 

Fig. 5.14 Normalized Lissajous diagrams of XZ-PZT stage motion  
 

 
Fig. 5.15 Axial (Z-axis) motion of the XZ-PZT stage 

 

 
Fig. 5.16 Radial (X-axis) motion of the XZ-PZT stage 
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                           (a) Axial (Z-axis) motion          (b) Radial (X-axis) motion 
 
Fig. 5.17 Lissajous diagrams of the XZ-PZT stage motion after reduction of the nonlinear 
errors 
 

 
Fig. 5.18 Axial (Z-axis) motion of the XZ-PZT stage after reduction of the nonlinear errors 

 

 
Fig. 5.19 Radial (X-axis) motion of the XZ-PZT stage after reduction of the nonlinear 
errors 

 

5.3 Evaluation of the performance of the optical sensor using 

phase modulation technique 

The experimental setup for evaluation of the performance of the high-rigidity compact 

optical sensor using the phase modulation technique is shown in Fig. 5.20. The concentric 

circle grating with a pitch of 2 μm was set on the XZ-PZT stage.   
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Fig. 5.20 Experimental setup for evaluation of the performance of the optical sensor using 

phase modulation technique 

 

            Table 5.9 Measurement conditions applied to the XZ-PZT stage motion 

Laser diode wavelength 635         [nm] 

Grating pitch     2           [μm] 
Modulation frequency for LD   33         [kHz] 

Modulation depth ( ,0mk and , 2mk  )              4.15           [rad] 

Modulation frequency bandwidth of 

Z- and X-axis interferometers 
             1.98            [GHz] 

Amplitude applied to X-PZT stage       1           [μm] 

Amplitude applied to Z-PZT stage    0.8           [μm] 
Frequency applied to XZ-PZT stage           1           [Hz] 

Motion shape Triangular 

Sampling time   3           [s] 
Sampling rate                 10           [kHz] 
Cut-off frequency of low-pass filter               300           [Hz] 

 

Tables 4.4 and 4.5 (see Sect. 4.2) show the specifications of the Z-axis PZT stage and 

the X-axis PZT stage, respectively. The optical sensor measures the axial (Z-axis) and 

radial (X-axis) motion of the XZ-PZT stage. Photodetector PD1 detects the interference 

signal of axial (Z-axis) motion from the 0th-order diffraction of grating. The photo detector 

PD2 detects the interference signal of radial (X-axis) motion from the ±2nd-order 

diffraction of the grating. The measurement conditions applied to the XZ-PZT stage are the 
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same as those shown in Table 5.9. We perform the experiment to evaluate the performance 

of the three optical sensors. 
 

 
                                  Axial (Z-axis) motion                   Radial (X-axis) motion 

 

(a) Lissajous diagrams  

 

 
                                   Axial (Z-axis) motion                   Radial (X-axis) motion 

 

(b) Normalized Lissajous diagrams  

 

 
Axial (Z-axis) motion 
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Radial (X-axis) motion 

 

(c) Axial (Z-axis) and radial (X-axis) motions  
 

Fig. 5.21 Measurement results of the XZ-PZT stage motion from optical sensor A 

 

 
                                  Axial (Z-axis) motion                   Radial (X-axis) motion 

 

(a) Lissajous diagrams  

 

 
                                   Axial (Z-axis) motion                   Radial (X-axis) motion 

 

(b) Normalized Lissajous diagrams  
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Axial (Z-axis) motion 

 

 
Radial (X-axis) motion 

 
 

(c) Axial (Z-axis) and radial (X-axis) motion  
 

Fig. 5.22 Measurement results of the XZ-PZT stage motion from optical sensor B 

 

 
                                  Axial (Z-axis) motion                   Radial (X-axis) motion 

 

(a) Lissajous diagrams  
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                                   Axial (Z-axis) motion                   Radial (X-axis) motion 

 

(b) Normalized Lissajous diagrams  

 

 
Axial (Z-axis) motion 

 

 
Radial (X-axis) motion 

 

(c) Axial (Z-axis) and radial (X-axis) motion  
 

Fig. 5.23 Measurement results of the XZ-PZT stage motion from optical sensor C 
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Figures 5.21, 5.22, and 5.23 show the measurement results of the XZ-PZT stage 

motion from the optical sensors A, B, and C, respectively. In Figs. 5.21, 5.22, and 5.23 (a) 

shows the Lissajous diagrams of the axial (Z-axis) and radial (X-axis) motion, (b) shows 

the normalized Lissajous diagrams of the axial (Z-axis) and radial (X-axis) motion, and (c) 

shows the axial (Z-axis) and radial (X-axis) motion, form the measurement results of these 

three optical sensors, the axial (Z-axis) and radial (X-axis) motion of the XZ-PZT stage are 

approximately 1.2m and 0.8 m, respectively. 

 

5.4 Concurrent measurement of spindle motion using three 

optical  sensors and phase modulation technique 
 

 
(a) Photograph of the experimental setup from the top view 

 

 
(b) Schematic diagram of setup for concurrent measurement of spindle motion 
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(c) Photograph of the experimental setup from the side view 
 

Fig. 5.24 Experimental setup for the concurrent measurement of spindle motion using three 

optical sensors and phase modulation technique 

 

            Table 5.10 Measurement conditions applied to the spindle motion 

Laser diode wavelength 635         [nm] 

Grating pitch     2           [μm] 
Modulation frequency for LD   33         [kHz] 

Modulation depth ( ,0mk and , 2mk  )              3.76           [rad] 

Modulation frequency bandwidth of 

Z- and X-axis interferometers 
               1.8          [GHz] 

Revolution speed of spindle                   4           [rpm] 
Number of rotations       3           [rotations] 

Sampling rate                 10           [kHz] 
Cut-off frequency of low-pass filter               300           [Hz] 
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The experimental setup for the concurrent measurement of spindle motion using three 

optical sensors and the phase modulation technique is shown in Fig. 5.24. In the experiment, 

the concentric circle grating with a pitch of 2 µm is set up on the spindle motor (Chuo 

Precision, model: ARS-636-HM [120]), and three optical sensors are set up above the 

concentric circle grating. Table 4.3 in chapter 4 shows the specifications of the spindle 

motor. In the experiment, photodetector APD1 observes the interference signal of axial (Z-

axis) motion and photodetector APD2 observes the interference signal of radial (X- or Y-

axis) motion. The measurement conditions applied to the spindle motion are shown in 

Table 5.10. The spindle is rotated at a low speed of 4 rpm. We measure the spindle motion 

for three rotations. The cut-off frequency of the low pass filter of the lock-in amplifier is 

300 Hz. The measurement data is recorded by the PC through the data acquisition system 

(DAQ).  

 

 
                                    Axial (Z-axis) motion            Radial (Y-axis) motion 
 

(a) Lissajous diagrams  

 
                                    Axial (Z-axis) motion                 Radial (Y-axis) motion 

 

(b) Normalized Lissajous diagrams  
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Axial (Z-axis) motion 

 

 
Radial (Y-axis) motion 

 

(c) Axial (Z-axis) and radial (Y-axis) motion  
 

Fig. 5.25 Measurement results of the spindle motion from optical sensor A 

 

 
                                    Axial (Z-axis) motion            Radial (X-axis) motion 

 

(a) Lissajous diagrams  
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                                    Axial (Z-axis) motion                 Radial (X-axis) motion 

 

(b) Normalized Lissajous diagrams  

 

 
Axial (Z-axis) motion 

 
 

 
Radial (X-axis) motion 

 

(c) Axial (Z-axis) and radial (X-axis) motion  
 

Fig. 5.26 Measurement results of the spindle motion from optical sensor B 
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                                    Axial (Z-axis) motion            Radial (X-axis) motion 

 

(a) Lissajous diagrams  

 

 
                                    Axial (Z-axis) motion                 Radial (X-axis) motion 

 

(b) Normalized Lissajous diagrams  

 

 
Axial (Z-axis) motion 
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Radial (X-axis) motion 

 

(c) Axial (Z-axis) and radial (X-axis) motion  
 

Fig. 5.27 Measurement results of the spindle motion from optical sensor C 

 

Figures 5.25, 5.26, and 5.27 show the measurement results of the spindle motion from 

optical sensors A, B, and C, respectively. In Figs. 5.25, 5.26, and 5.27 (a) shows the 

Lissajous diagram of the axial (Z-axis) and radial (X- or Y-axis) motion, (b) shows the 

normalized Lissajous diagrams of the axial (Z-axis) and radial (X- or Y-axis) motion, and 

(c) show the axial (Z-axis) and radial (X- or Y-axis) motion. Form the measurement results 

of the three optical sensors, the axial (Z-axis) and radial (X- or Y-axis) motion of the 

spindle are approximately 1m and 5m, respectively. Because the radial motion has a 

component whose period is the same as that of the rotations, the centering error mainly 

affects the radial motion. 
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 (a) Radial motion xR , yR  

 

 
(b) Axial motion zR  
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 (c) Angular motion x , y  

 

Fig. 5.28 Radial, axial, and angular motion of spindle and their magnified figures 
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 (a) Radial motion xR , yR  

 

 
(b) Axial motion zR  
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 (c) Angular motion x , y  

 

Fig. 5.29 Radial, axial, and angular motion of spindle. These results were obtained on a 

different day from those in Fig. 5.28. 

 

Figures 5.28 and 5.29 show two concurrent measurement results of radial ( xR and yR ), 

axial ( zR ), and angular ( x and y ) motion obtained on different days. In Figs. 5.28 and 

5.29, magnified figures of the radial, axial, and angular motion are also shown. In the 

magnified figures, the vibrations, whose frequency is approximately 54 Hz, are clearly seen 

(there are approximately 54 periods in 24 degrees (which is equal to 1 s)). Comparing Figs. 

5.28 and 5.29, it is note that the spindle motion does not repeat itself, and the spindle 

motion changes day by day. Figures 5.28 and 5.29 show that the radial ( xR and yR ), axial 

( zR ), and angular ( x and y ) motion are approximately 5m, 0.5~1m and 1~3 arcsec, 

respectively. If the displacement is larger than 
2


 or 
2
d

 for the sampling time (which is 

equal to 1/sampling rate ( sf )), it is impossible to interpolate or determine the displacement 
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using Lissajous diagram. The relationship between the maximum speed ( max ) and the 

sampling rate ( sf ) is described by 

max

sf
 <

2


or
2
d

.                                                       (5.10) 

In the measurement sf = 10 kHz,  = 635 nm and d = 2 m, then 

max  < 3.18 mm/s (axial)                                              (5.11) 

max  < 10 mm/s (radial).                                               (5.12) 

From the magnified figure shown in Fig. 5.28 (a), the maximum vibration speed is 

approximately 0.3 mm/s (≈ 3 μm × 2 × 54 Hz), therefore we could obtain the vibration 

speed by our proposed method. However, we can estimate the measurement repeatability 

using the measurement result of spindle radial motion. Equation (2.1) in chapter 2 shows 

that radial motion along the X-axis can be obtained as follows: 

1 ( )
2x B CR x x  ,                                           (5.13) 

where
 Bx and Cx are the radial motion detected by optical sensors B and C, respectively.  

From Eq. (5.13), we assume that the concentric circle grating has no profile error. If we 

assume that the concentric circle grating has a roundness profile error,  r  , the output 

signal of optical sensors B and C, BS and CS , can be described as  

( ) ( ) ,BS r x                                                     (5.14) 

( ) ( ) .CS r x                                                (5.15) 

When we consider the difference between the Eqs. (5.14) and (5.15), the measurement 

repeatability can be estimated from the roundness profile of the concentric circle grating as 

follows: 

( ) ( ) .B CS S r r                                                 (5.16) 
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From Eq. (5.16), the even components of the roundness profile of the concentric circle 

grating are obtained. 

 

 
 

(a) Roundness profile  

 

 
 

(b) FFT results 
 

Fig. 5.30 Measurement repeatability results from the roundness profile of the concentric 

circle grating 
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(a) Roundness profile  

 

 
 

(b) FFT results 
 

Fig. 5.31 Measurement repeatability results from the roundness profile of the concentric 

circle grating. These results were obtained on a different day from those in Fig. 5.30. 

 

Figures 5.30 and 5.31 show two measurement repeatability results of the roundness 

profile of the concentric circle grating, obtained on different days. In Figs. 5.30 and 5.31, 

(a) shows the roundness profile of the concentric circle grating, and a large roundness 

profile of approximately 8m is obtained. In Figs. 5.30 and 5.31, (b) shows the roundness 
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profile of the concentric circle grating from the FFT analysis, and the even components, 0 

lobes/rev., 6 lobes/rev., 12 lobes/rev.,. . . ,  obtained from the roundness profile of the 

concentric circle grating. Therefore, when these results include other components, these 

components indicate to repeatability. The experimental results show that the concurrent 

measurements of the radial, axial, and angular motion of the spindle were successfully 

attained. 
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Chapter 6 
Discussion, overall conclusions, and  

future works 

 
In this chapter, we discuss and summarize the experimental results obtained from this 

study. We constructed and examined the performance of a prototype instrument for a 

spindle motion measurement system using three optical sensors and a concentric circle 

grating. The quadrature detection and phase modulation techniques are also applied to the 

measurement system. We then suggested some modifications to our setup that should 

further improve our measurement system to adapt the experiment for use in the spindle 

metrology. We will finally present some plans for future studies to improve the spindle 

measurement system.  

 

6.1 Discussion 
This thesis presented a novel method of the concurrent measurement of spindle radial, 

axial, and angular motion using a concentric circle grating and phase modulation 

interferometers. Our study can be used to support the rotary spindle measurement of ultra-

precision fabrication machines with high speed.  

In the first works, we presented the concurrent measurement of spindle radial, axial, 

and angular motion using a concentric circle grating and quadrature detection technique. 

In this technique, four photodetectors are applied to measure the interference signal of the 

axial (Z-axis) and radial (X-axis) motion. For a small motion error, two-axes 

displacement measuring interferometers (Michelson and grating interferometers) could 

measure the axial (Z-axis) and radial (X-axis) motion by obtaining the Lissajous diagram. 

To reduce the distance between the grating and photodetector PD1 (or PD2) for the ultra-

precise spindle measurement, the compact-size optical sensor is fabricated and tested. In 

the optical sensor, to reduce the crosstalk error between Michelson and grating 

interferometers down to 10-4 order, the grating plane must be aligned parallel to the XY 

plane within an error of 10 arcsec [106]. However, the center of the concentric circle 
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grating was not sufficiently aligned to the spindle rotation center, and the tilting between 

the grating plane and the XY plane was larger than 10 arcsec. Some frequency 

components (such as vibration and DC offset) were obtained in the displacement signal of 

spindle motion. Therefore, we could not obtain the Lissajous diagram for the concurrent 

measurement of spindle radial, axial, and angular motion using three optical sensors as 

shown in the measurement results. Since we have improved the alignment techniques for 

the centering between the center of the concentric circle grating and the spindle rotation 

axis, and the tilting between the grating plane and the XY plane (centering error less than 

1 μm, tilting error less than 10 arcsec), the optical sensor can observe the displacement 

signal. However, the concurrent measurement of spindle motion using the quadrature 

detection technique has some disadvantages, such the use of many optical elements and 

photodetectors in one optical sensor, resulting in difficultly of alignment and adjustment 

all optical elements in the optical sensor, and difficulty in adjustment the sensitivity of the 

photodetector. Therefore, a novel technique for the concurrent measurement of spindle 

motion using a phase modulation technique was proposed and developed to solve these 

problems. 

 In the second study, we presented the concurrent measurement of spindle radial, 

axial, and angular motion using a concentric circle grating and the quadrature detection 

technique to solve the previous problems. In this technique, a sinusoidal angular 

modulation frequency is applied to the light source from a laser diode (LD). The 

Lissajous diagram can be obtained from two photodetectors. Even though the electronics 

circuit in the interferometer is complicated, we can reduce the number of optical elements 

required for the interpolation. However, due to the limited of frequency range of the 

digital and analog lock-in amplifiers, the maximum modulated frequency which can be 

applied to the light source is up to 33 kHz. By evaluating the performance of two-axes 

displacement-measuring interferometers (Michelson and grating interferometers), we 

could measure the axial (Z-axis) and radial (X-axis) motion by obtaining the Lissajous 

diagram. If there is deformation of the Lissajous diagram due to variations of the laser 

source intensity and other causes, a normalized Lissajous diagram can be obtained. The 

high-rigidity compact optical sensor is also fabricated and its performance tested. The 

measurement results show that three optical sensors have good reproducibility when the 

small motion of the XZ-PZT stage is measured. In the previous study [113], we estimated 

that the measurement uncertainties for Michelson and grating interferometers are less than 
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0.1 μm. From the measurement results of spindle motion using three optical sensors and 

the concentric circle grating, we attained the concurrent measurements of spindle radial, 

axial, and angular motions at a low speed of 4 rpm with a sinusoidal phase modulation 

frequency of 33 kHz. However, the radial motion has a component whose period is the 

same as that of the rotation; therefore, the centering error mostly affects the radial motion. 

In the concurrent measurement of spindle radial, axial, and angular motion of two 

measurement results which are obtained on a different days. Magnified figures of radial, 

axial, and angular motion are also shown to clarify the spindle vibration, whose frequency 

is approximately 54Hz. In the magnified figures, the vibrations, whose frequency is 

approximately 54 Hz, are clearly seen (There are approximately 54 periods in 24 degrees 

(which is equal to 1 s)). By comparing of the two measurement results, we note that the 

spindle motion reading are not repeatable; therefore, we could not estimate the 

measurement repeatability (or uncertainty) using this spindle. In this method, if the 

displacement is larger than wavelength/2 or grating pitch/2 for the sampling time, it is 

impossible to interpolate with the Lissajous diagram. The maximum detectable speeds for 

X- (or Y-) and Z-axes are 10 mm/s and 3.18 mm/s, respectively. From the magnified 

figures, the maximum vibration speed is approximately 0.3 mm/s (≈ 3 μm × 2 × 54 Hz), 

therefore we could obtain the vibration speed by our proposed method. However, the 

measurement repeatability can be judged from the roundness profile of the concentric 

circle grating. If we assume that the concentric circle grating has a roundness profile error, 

the even components of the roundness profile (0 lobes/rev., 6 lobes/rev., 12 

lobes/rev.,. . . ,) are obtained. Therefore, when these results include other components, 

these components indicate the repeatability. The experimental results show that the 

concurrent measurements of the spindle radial, axial, and angular motions were 

successfully attained. 

 

6.2 Overall conclusions 
Three approaches by the concurrent measurement of spindle radial, axial, and angular 

motions using a concentric circle grating and phase modulation interferometers were 

introduced in the thesis. Each approach was evaluated in papers published in International 

Journal of Surface Science and Engineering, International Journal of Automation 

Technology, and Journal of Measurement Science Technology. In the first approach, the 

measurement principle of two-axes displacement measuring interferometers (Michelson 
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and grating interferometers) using a one-dimensional grating is clarified. The error 

analysis of the interferometer is performed from the views point of radial, axial, and 

angular motion measurements [106]. In the second approach, the measurement system of 

spindle motion using one optical sensor and the concentric circle grating was fabricated 

and examined. The displacement (Lissajous diagram) can be obtained when we add a 

small modulation to the frequency of the light source. Using one optical sensor, we could 

measure spindle radial and axial motion concurrently [113]. In the third approach, the 

concurrent measurement system of spindle motion using three optical sensors was 

fabricated and examined. Using three optical sensors and the concentric circle grating, we 

attained the concurrent measurements of spindle radial, axial, and angular motion at a low 

speed of 4 rpm with a sinusoidal phase modulation frequency of 33 kHz. The result of this 

experiment was reported in a paper published in the journal of Measurement Science and 

Technology [122].  

 

6.3 Future works  
Based on the above results, we are planning to increase the modulation frequency up 

to 10 MHz to measure the spindle motion at a high speed of 100 krpm, and we will test 

the performance of this system in the near future. Regarding the measurement range of 

our method, there is no limitation for displacement measurement if the spindle motion 

speed does not exceed the detectable speed. However, the crosstalk error between the 

Michelson and grating interferometers must be reduced to increase the measurement 

range of the angle. In the previous paper [109], we clarified that one of the causes of the 

interpolation error for two interferometers is polarization mixing. However, to reduce the 

interpolation error due to amplitude modulation appearing in the laser diode, we need to 

use the compensation method. We will discuss a theoretical and experimental approach 

for compensating the interpolation errors due to polarization mixing and amplitude 

modulation in the near future. To remove the air turbulence effect on the measurement 

system, we will employ a stabilized chamber. For compensation of the artifact form errors 

(roundness and surface flatness) of the concentric circle grating in the measurement, the 

concentric circle grating needs to be calibrated. We are also planning to use some error 

separation methods, such as the reversal method, to improve the measurement accuracy. 

A grating pitch of less than 2 μm is favorable to improve the measurement resolution of 

radial motion. In that case, we must pay attention when selecting the wavelength of the 
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LD, the diffraction order, and the diffraction angle. We are also planning to use a light 

source with a shorter wavelength. Finally, we should compare another spindle motion 

measurement method with the proposed method in the near future. 
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Appendix A 

Spindle error separation techniques  
 

In the conventional measurement of spindle radial error motion, a displacement 

sensor targeting a rotating surface measures the combined contribution of the spindle 

error and the imperfections of the target surface; therefore, an error separation method is 

necessary. In this section, the Donaldson reversal, multiprobe, and the multistep methods 

are described. 

 

A.1 Reversal method 
Self-calibration can be carried out by error separation using a reversal method. The 

Donaldson reversal method [10], which is the rotational equivalent of the well-known 

straightedge reversal, is shown schematically in Fig. A.1. To calculate the error of the 

radial spindle motion, this method requires two measurements to separate a single 

component of spindle error (such as, radial or face error motion) from artifact error.  
 

 
Fig. A.1 Schematic of the Donaldson reversal method 

 

In the first measurement, the angular orientations of the spindle stator, the artifact, 

and the displacement sensor are aligned for the normal position measurement. In the 

second measurement, the displacement sensor and the artifact are rotated 180o with 
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respect to the spindle rotor. The two measurements ( )Fm  and ( )Rm  shown in Eqs. (A.1) 

and (A.2) are the sum of the artifact's profile ( )P   and radial error motion ( )S  . 
 

( ) ( ) ( )Fm P S                                                     (A.1) 

                                  ( ) ( ) ( )Rm P S                                                     (A.2) 

 

The equations above change the sign of the artifact's form error within the two 

measurements. Adding and subtracting the two equations enable the computation of the 

artifact's profile ( )P  and spindle error motion ( )S   as the simple relationship shown in 

Eqs. (A.3) and (A.4). 
 

( ) ( )( )
2

F Rm mP  



                                                (A.3) 

                                  ( ) ( )( )
2

F Rm mS  



                                                (A.4) 

 

A.2 Multiprobe method 
 

 
Fig. A.2 Schematic of the three-probe error separation method 
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The multiprobe error separation method requires three or more probes to 

simultaneously measure the combination of the spindle error motion and the artifact form 

error. Whitehouse published detailed analyses of the capability of multiprobe error 

separation using three or more displacement sensors targeting an artifact [16]. In this 

method, the probes and the artifact are not moved, but they must be properly arranged. 

Figure A.2 shows a schematic of the measurement with three displacement sensors that 

simultaneously record ( )Am  , ( )Bm  , and ( )Cm  . Sensors B and C are separated in the 

fixed XY-plane from sensor A by angles   and  , respectively. As shown in Eqs. (A.5) 

to (A.7), the measurements recorded by the three displacement sensors are the sum of the 

roundness error ( )P  , including a phase shift due to the sensor location, and the ( )x  and 

( )y  components of the spindle error motion, 
 

( ) ( ) ( )Am P x    ,                                                                (A.5) 

                                  ( ) ( ) ( ) cos ( )sinBm P x y          ,                               (A.6) 

( ) ( ) ( ) cos ( )sinCm P x y          ,                             (A.7) 

 

where ( )M   is defined as a linear combination of the three distinct measurements using 

coefficients of unity, a, and b, as shown in Eq. (A.8). The unknown coefficients a and b 

are determined by solving Eqs. (A.9) and (A.10) simultaneously. 

 

( ) ( ) ( ) ( )A B CM m am bm                                           (A.8) 

                                  cos cos 1 0a b                                                   (A.9) 

sin sin 0a b                                                (A.10) 

The roundness of the artifact is modeled as an infinite Fourier series as shown in the 

following equation: 
 

1
( ) ( cos sin )k k

k
P A k B k  





  .                                   (A.11) 
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Equation (A.12) shows the result when the series representation for the artifact 

roundness ( )P  is substituted into the summed measurement ( ),M   angle addition 

trigonometry identities are applied, and the common terms of cos ,kA k sin ,kA k  

coskB k  and sinkB k are collected. 

 

    
( ) ( ) ( ) ( )A B CM m am bm          

       1 1
(1 cos cos )cos ( sin sin )sink k

k k
A a k b k k A a k b k k     

 

 

        

1 1
(1 cos cos )sin ( sin sin )cosk k

k k
B a k b k k B b k a k k     

 

 

           (A.12) 

 

At this point, 1 cos cosk a k b k       and sin sink b k a k     may be 

computed, so the remaining step is to compare the terms of Eq. (A.12) with the Fourier 

coefficients of ( )M   ( kF  and kG , as defined in Eq. (A.13)) to determine kA  and kB . 

Therefore, Eq. (A.14) is solved for each term in the Fourier series. 
 

  1
( ) ( cos sin )k k

k
M F k G k  





                                      (A.13) 

                                  k k k k

k k k k

A F
B G

 
 

     
         

                                         (A.14) 

 

With kA  and kB  known, the artifact roundness ( )P   is fully defined. The roundness 

measurement is then used to determine the spindle error motion ( )S  as follows: 
 

( ) ( ) ( )AS m P    .                                             (A.15) 

 

A.3 Multistep method 
The multistep method requires many sets of measurements for measuring the 

spindle error motion. The indicator is stationary, while the artifact is sequentially indexed 

by 360◦ in a large, but flexible, number of equally spaced increments. Accuracy is 

improved using more measurements. 
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Fig. A.3 Schematic of the multistep error separation method 

 

Figure A.3 shows a schematic of the multistep error separation method, in which 

measurements are carried out for each position as the artifact is indexed by N angular 

increments of   relative to the spindle. A single, fixed sensor measures the displacements 

from the same orientation angle for all angular increments of the artifact. Therefore, each 

measurement includes the spindle radial error motion and the phase-shifted artifact form 

error. The analysis of the N measurements, as a function of the spindle rotor angle  , is 

straightforward as shown in the following equations:  
 

1

1( ) ( )
N

j
j

S m
N

 


  ,                                              (A.16) 

                                  1( ) ( ) ( )P m S    .                                             (A.17) 
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A.4 Reversal separation method of the spindle radial motion     

measurement using three optical sensors 
 

 
Forward measurement                                           Reverse measurement 

 

(a) Schematic diagram of the reversal method for the spindle radial motion measurement 

 

 
 

(b) Photograph of the experimental setup from the top view 
 

 

Fig. A.4 Experimental setup of the reversal method for the spindle radial motion 

measurement using three optical sensors  

 

To separate the centering error that affects the radial motion in the experimental 

results of chapter 5 (see Sect.5.4), we perform the error separation method of spindle 
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radial motion measurement using the Donaldson reversal method. The measurement 

principle this method is explained in appendix A.1. The experimental setup is shown in 

Fig. A.4. In the reversal method, three optical sensors and the concentric circle grating are 

set up to measure the spindle motion in the forward (0o) and reverse (180o) directions. 

The spindle is rotated at a speed of 4 rpm. We measure the spindle motion for three 

rotations (1 rotation = 15 s). Photodetector APD2 observes the radial (X- or Y-axis) 

displacement signal. The measurement conditions applied for the spindle motion are 

shown in Table 5.10 (chapter 5) and the measurement data is recorded in a PC using the 

Lab VIEW data acquisition program.   

 

 
                          Forward measurement                                   Reverse measurement 
 

(a) Lissajous diagram of the forward and reverse measurements 

 

 
                      Forward measurement                                      Reverse measurement 
 

(b) Displacement of the forward and reverse measurements 
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                         Artifact form error                                             Spindle motion error 
 

(c) Artifact form error and spindle motion error 

Fig. A.5 Measurement results of the reversal method from optical sensor A 

 

 
                        Forward measurement                                      Reverse measurement 
 

(a) Lissajous diagram of the forward and reverse measurements 

 

 
                      Forward measurement                                       Reverse measurement 
 

(b) Displacement of the forward and reverse measurements 
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                          Artifact form error                                             Spindle motion error 
 

(c) Artifact form error and spindle motion error 

Fig. A.6 Measurement results of the reversal method from optical sensor B 

 

 
                         Forward measurement                                      Reverse measurement 
 

(a) Lissajous diagram of the forward and reverse measurements 

 

 
                      Forward measurement                                        Reverse measurement 
 

(b) Displacement of the forward and reverse measurements 
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                          Artifact form error                                             Spindle motion error 
 

(c) Artifact form error and spindle motion error 

Fig. A.7 Measurement results of the reversal method from optical sensor C 

 

Figures A.5, A.6, and A.7 show the measurement results of the reversal method from 

optical sensors A, B, and C, respectively. In Figs. A.5, A.6, and A.7 (a) shows the 

Lissajous diagram of forward (0o) and reverse (180o) measurement, (b) shows the 

displacement of forward (0o) and reverse (180o) measurement, and (c) shows the artifact 

form error and the spindle motion error. From the measurement results of the three optical 

sensors, the artifact form error (including the centering error) and radial motion of the 

spindle are approximately 4.5m and 3m, respectively. By comparing the maximum 

error of spindle radial motion of 30m in Table 4.3 (chapter 4), the radial motion of this 

spindle is within the specification parameters. However, to compensate for the artifact 

form errors (roundness and surface flatness) of the concentric circle grating in the 

measurement, the concentric circle grating needs to be calibrated. 
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Appendix B 

Bessel functions 
 

Bessel functions, first defined by the mathematician Daniel Bernoulli and generalized 

by Friedrich Bessel, are the canonical solutions y(x) of Bessel's differential equation as 

follows: 
 

2
2 2 2

2 ( ) 0d y dyx x x n y
dx dx

    ,                                       (B.1) 

 

where n  is a non-negative real number. The solutions of this equation are called Bessel 

functions of order n . Although the order n  can be any real number, the scope of this 

section is limited to non-negative integers, i.e., 1, 2,3...n  , unless specified otherwise. 

Since Bessel's differential equation is a second order ordinary differential equation, two 

sets of functions, Bessel functions of the first kind ( )nJ x and Bessel functions of the 

second kind (also known as the Weber functions) ( )nY x , are requied to obtain the 

general solution 
 

1 2( ) ( ) ( )n ny x c J x c Y x  .                                              (B.2) 

However, ( )nY x is divergent at 0x  . The associated coefficient 2c is forced to be 

zero to obtain a physically meaningful result when there is no source or sink at 0x  . 

Figures B.1 and B.2 show the plots of Bessel functions of the first kind and second kind, 

respectively. 
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Fig. B.1 Plot of Bessel functions of the first kind 

 

 
Fig. B.2 Plot of Bessel functions of the second kind 

 

Another definition of the Bessel functions, for integer values of n, is possible using 

an integral representation as follows: 
 

sin( )1( )
2

ix in
nA x e d

  





  .                                              (B.3) 

 

To evaluate this integral, we use the Taylor series expansion of the exponent as 
 

 sin( )

0 0

1 1( sin( ))
! ! 2

P
Pix P i i

p p

xe ix e e
p p

  
 



 

    
 

  .                           (B.4) 

Here, note that the integral 
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,
1 ( ) 0

2

P
i i in

pI e e e d
   

 



 


   ;  if    p  < 0 .                         (B.5) 

 

Then, we write p n q  . The integrand in Eq. (B.5) can be represented in the form 
 

     21 1
2

n q n qi i in i i ie e e e e e     


       .                           (B.6) 

 

Suppose that q is odd and denote as 2 1q k  . All terms in the first parentheses are even 

powers of ie  , while all terms in the second parentheses are odd powers (positive or 

negative) of ie  . As a result, the integrand is a linear combination of odd powers of ie  . 

Thus, the integral is zero, and we can put 2q k . We obtain the following intermediate 

result: 
 

    ,
0

1
2 2 2

n k

n k n
n

x xA x I
n k





          
 ,                                   (B.7) 

where 

2
,

1 ( )
2

i i n k in
k nI e e e d

   





  


  .                                     (B.8) 

 

To calculate ,k nI , we use the binominal expansion in the parentheses. In this expansion, 

we are only interested in the single term proportional to ine  . All other terms after 

multiplication by Eq. (B.8) and integration over  are cancelled. Hence, 
 

   
         

 
2 2 ! 1 2 !

! ! ! !

k
n k n k ki i i i inn k n k

e e e e e
k n k k n k

        
   

 
             (B.9) 

and 

   
 ,

1 2 !
! !

k

k n

n k
I

k n k
 




.                                              (B.10) 

 

By substituting Eq. (B.10) into Eq. (B.7), we finally obtain 
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   
   

0

1
2 ! ! 2

kn k

n n
n

x xA x J x
k n k





          
 .                            (B.11) 

 

We obtain the integral representation for ( )nJ x  as 

 

sin( )1( )
2

ix in
nJ x e d

  





  .                                          (B.12) 

 

This result is correct for positive n . And it note that 
 

     1 n
n nJ x J x   .                                             (B.13) 

 

Bessel functions of even order are even functions of ,z  while functions of odd order are 

odd functions. Now, we can determine ( )nA x for negative n . Let us simultaneously 

change the signs of z and n .  

sin( )1( )
2

ix in
nA x e d

  


 

 
                                              (B.14) 

 

By replacing   , we obtain the previous result. Hence, 
 

                                                   
     n n nA x A x J x    ,  

       1 n
n n nA x J x J x     .                                     (B.15) 

 

Finally, for all integrals, 

 

     1 n
n nA x J x  .                                              (B.16) 

 

Note that when nJ is real, Eq. (B.12) can be rewritten as follows: 
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 1( ) cos sin
2nJ x x n d




  


  .                                          (B.17) 

 

Term of  sinixe  , this is a periodic function which can be expanded in a Fourier series as 

follows: 
 

          sin
0

1
1 niz in in in

n n
n n

e J x e J x J x e e   
 



 

      .              (B.18) 

The separation of imaginary and real parts results in 

        0 2
1

cos sin 2 cos 2k
k

x J x J x k 




   ,                            (B.19) 

       2 1
1

sin sin 2 sin 2 1k
k

x J x k 





  .                               (B.20) 

In this thesis, we select the 2nd-harmonic ( 2 m ) and 3rd-harmonic (3 m )to reduce 

the effect of the amplitude modulation of the LD. We apply the reference signal of the 

2nd-harmonic cosine wave ( 2 m ) and the reference signal of the 3rd-harmonic sine wave 

( 3 m ) to the lock-in detection signal of the Z-axis and X-axis displacement signals. 

Figure B.3 and Table B.1 show Bessel functions of 2J (2nd-harmonic ( 2 m )) and 3J (3rd-

harmonic (3 m )) and the relationship between the selected modulation depth ( mk ), and 

the amplitudes of 2J and 3J , respectively. 

 

 
Fig. B.3 Bessel functions of 2J  and 3J  
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Table B.1 Relationship between the selected 

modulation depth ( mk ) and the amplitudes of 2J and 

3J  

 
 

From the concurrent measurement of spindle radial, axial, and angular motion using 

the three optical sensors and the phase modulation technique under the conditions shown 

in Table 5.10 (chapter 5), we selected the modulation depth ( ,0mk and , 2mk  ) of 3.76 rad, 

and an amplitude ratio of 3J and 2J of 0.994, and applied them to synchronize the signal 

of the axial (Z-axis) and radial (X-axis) motion.  
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Abstract: In this paper, we propose a measurement method for spindle radial, 
axial and angular motions using concentric circle grating interferometers.  
In this method, the grating is installed on top of the spindle. Three optical 
sensors, which consist of two interferometers, are fixed over the grating.  
One interferometer detects an interference signal between reflection lights from 
a fixed mirror and the grating for vertical displacement measurement. The other 
interferometer detects an interference signal between ±first diffraction lights 
from the grating for lateral displacement measurement. Using three optical 
sensors, radial, axial and angular motions of the spindle, can be measured 
concurrently.

Keywords: spindle; radial motion; axial motion; angular motion; grating; 
interferometer; nanometre. 
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1 Introduction 

Ideal spindles as basic mechanical components must have only one-dimensional rotary 
motion degree of freedom; therefore, extra five-dimensional motion degrees of freedom 
(= radial (2 degrees) + axial (1 degree) + angular (2 degrees)) are identified as motion 
errors, which must be eliminated or reduced. Since ultra-precision fabrication machines 
and information technology instruments, such as a hard disk, have progressed very 
rapidly, reductions in spindle rotating errors (radial, axial and angular motions) to 
nanometre and sub-µ radian levels in such industries are required. The industries have 
also intended to increase the rotation speed up to 100 krpm or more while keeping the 
nanometre and sub-µ radian precision. 

Conventional spindle motion error measurements are error separation methods,  
which require artefact reference and displacement sensors, such as capacitive sensors. 
Radial motion error can be measured using a precise sphere or circular cylinder 
(Donaldson, 1972; Marsh et al., 2006; Okuyamaet al., 2007). A concentric circle grating 
is also used for measuring the radial motion error (Park and Kim, 1994; Kataoka et al., 
2008). A precise circular cylinder with a precise end mirror surface can be used as the 
reference artefact for the concurrent measurement of (radial + axial) or (axial + angular) 
motions (Gao et al., 1998; Ogura and Okazaki, 2001). The concentric measurement of 
radial, axial and angular motions can be realised using the reference artefact of two 
spheres linked with a bar (Marsh, 2008). However, in the concurrent measurement of 
radial, axial and angular motions, the artefact is voluminous and has too much mass to 
have the possibility of inhibiting the original rotational motion of the spindle. Moreover, 
capacitive sensors have narrow bandwidths, and maintaining the traceability against the 
meter definition is difficult because of their drift characteristic. As similar examples for 
multi-axes displacement measurement, two-dimensional grating mirrors are used as  
fixed and moving mirrors in Michelson interferometers (Gao and Kimura, 2007;  
Kimura et al., 2008). 

In this paper, we propose a novel method for the concurrent measurement of five 
degree motion errors (= radial, axial and angular motions) using a concentric circle 
grating and interferometers and discuss its application to ultra-precise and high-speed 
spindles. In this method, a concentric circle grating plate with a fine pitch is installed on 
top of the spindle of interest and is used as the reference artefact. Because the concentric 
circle grating plate is not voluminous and not heavy, this method is effective for any 
spindle, and does not affect the spindle original rotational motion. Since this method is 
based on wide-bandwidth photosensors, it is possible to apply it to high rotational speed 
spindles. Moreover, this method is suitable for maintaining the traceability against the 
meter definition because it uses laser interferometers. In this paper, we discuss the 
measurement principle and preliminary experiment. 

2 Measurement principles 

2.1 Two-dimensional displacement measuring interferometer  
using one-dimensional grating 

Figure 1 shows a schematic diagram of the two-dimensional displacement measuring 
interferometer. In the figure, the X-, Y- and Z-axes indicate the grating pitch, the ruling 
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and height directions, respectively; therefore, the XY plane is parallel to the grating plane.  
The two-dimensional displacement measuring interferometer consists of X-axis and  
Z-axis displacement measuring interferometers, as shown in Figure 1. 

Figure 1 Schematic diagram of two-dimensional displacement measuring interferometer 

PBS: Polarised beam splitter; QWP: Quarter-wave plate; HWP: Half-wave plate;  
FM: Fixed mirror; SM: Steering mirror; PD: Photodiode; P: Polariser. 

A light beam emitted from the laser is incident on Polarised Beam Splitter 1 (PBS1), and 
then, it is divided into two beams. The first beam reflected from PBS1 enters the FM via 
Quarter-Wave Plate 1 (QWP1) and bounces from FM and reaches Photodiode 1 (PD1) 
via PBS1 and Polariser 1 (P1). The second beam, which goes through PBS1, reaches the 
one-dimensional grating via QWP2. In Figure 1, we assume that the incident angle θi of 
the second beam to the grating is almost null. Thus, the reflected light (= zeroth-order 
diffraction light) reaches PD1 via QWP2, PBS1 and P1. At PD1, it is possible to detect 
an interferometer fringe between the reflection lights from FM and the grating, and to 
measure the displacement along the Z-axis of the grating. 

The incident light on the grating can produce ±first-order diffraction lights.  
The diffraction light direction is derived using the vector format from (Spencer and 
Murty, 1962) 

,S S m q
nd
λε ε′ × − × =  (1) 

where s, s′, ε, q, m, d , n and λ represent a unit vector along the incident light direction,  
a unit vector along the diffraction light direction, a unit vector normal to the grating 
plane, a unit vector along the ruling direction, a diffraction order, a grating pitch, a 
refractive index and a vacuum wavelength, respectively. In the figure, the ε and q vectors 
are the same as the unit vectors along the Z- and Y-axes. If the incident angle on the XZ
plane is ( 1)iXZ iXZθ θ , the ±first-order diffraction angles θ+1 and θ–1 (on XZ plane)  
can be derived from 

1(sin sin )iXZd θ θ λ+ − = +  (2) 

1(sin sin ) .iXZd θ θ λ− − = −  (3) 

In these equations, we assume n = 1. 
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In Figure 1, the interference fringe between ±first-order diffraction lights is formed 
on PD2 via QWP 3/4, Half-Wave Plate (HWP), Steering Mirror 1/2 (SM1/2), PBS2  
and P2. We assume that ∆x, ∆y and ∆z are the displacement shifts of the grating along the 
X-, Y- and Z-axes, respectively. We also assume that the small incident angle  
θiYZ (θiYZ << 1) on the YZ plane and the small incident angle θIz (θiZ << 1) between the 
incident light and the Z-axis affect the interference fringe. The phase shifts ∆φ+1 and ∆φ–1
of the ±first-order diffraction lights owing to the shifts (∆x, ∆y, ∆z) and the small incident 
angles of (θiXZ, θiYZ) are written as 

1 1 1
2 { sin cos sin 2 cos 2 },iYZ iYZx z x zπφ θ θ θ θ
λ+ + += ∆ − ∆ + ∆ − ∆  (4) 

1 1 1
2 { sin cos sin 2 cos 2 }.iYZ iYZx z x zπφ θ θ θ θ
λ− − −= ∆ − ∆ + ∆ − ∆  (5) 

From equations (4) and (5), the combined electrical field E±1 on PD2 is represented as 

1 1 1 1 1 1 1exp ( ) exp ( ),E E i E iϕ φ ϕ φ± + + + − − −= + + +  (6) 

where E+1 and E–1 and ϕ+1 and ϕ–1 are the amplitudes and initial phases of ±first-order
diffraction electrical fields, respectively. 

From equations (2)–(6), the interference light intensity 1( , )I x z± ∆ ∆  on PD2 is 

{2 2
1 1 1 1 1 1 1

1 1

( , ) 2 cos ( )

2 4(cos cos ) .

I x z E E E E

z x
d

ϕ ϕ
π πθ θ
λ

± + − + − + −

+ −

∆ ∆ = + + −

û+ ∆ − + ∆ ü
ý  (7) 

The interference light intensity fix0 ( , )I x z∆ ∆  between the two lights reflected from FM 
and the grating can be written in the same manner as 

( )
( )}

2 2 2 2
fix0 fix 0 fix 0

2

4( , ) 2  cos tan 2

1 tan 2 1

iZ

iYZ

I x z E E E E z x y

L

πψ θ
λ

θ

ë∆ ∆ = + + + ∆ + ∆ + ∆ì
í

+ − +  (8) 

where Efix, E0, ψ and L are the amplitudes of the lights reflected from FM, the grating, the 
initial phase and the Z-axis and the distance from the grating and PD1. The last two terms 
in cosine are from the incline wave front of the grating. 

Equations (7) and (8) contain errors arising from the small incident angles θiXZ

and θiZ. However, the contributions from θiXZ and θiZ can be neglected in the case of the 
ultra-precise spindle measurement. If λ = 633 nm, d = 2 µm, θiXZ < 10 arcsec and 
∆z < 1 µm, then 4

1 1(2 / ) (cos cos ) 10zπ λ θ θ −
+ −∆ −  order. This value is the same as 

x∆ ≤ 50 pm; therefore, it can be neglected. For the condition of (λ = 633 nm, 
θiZ < 10 arcsec, 2 2 1x y∆ + ∆ < µm and L = 20 mm), the contributions from 

2 2  tan 2 iZx y θ∆ + ∆  and ( )21  tan 2 1iYZL θ− +  in equation (8) are 90 pm and 90 pm, 
respectively; therefore, they can also be neglected. In the ultra-precise spindle 
measurement, radial ( )2 2x y∆ + ∆ , axial (∆z) and angular (θiXZ and θiZ) are less than 
1 µm, 1 µm and 10 arcsec, respectively. Therefore, for the small radial, axial and angular 
motions, equations (7) and (8) are approximated as 
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2 2
1 1 1 1 1

42  cos .I E E E E x
d
π

± + − + −
å õ= + + ∆æ ö
ç ÷

 (9) 

2 2
fix0 fix 0 fix 0

42  cos .I E E E E zπ
λ
å õ= + + ∆æ ö
ç ÷

 (10) 

To interpolate the unit periods of (d/2) and (λ/2) in equations (9) and (10), some optical 
techniques (Hatsuzawa et al., 1994) can be used in the method. An interpolation order of 
8000 or more is available with some commercial products for homodyne interferometers 
(BD96 @ SONY Manufacturing System, SP4800 @ MicroE System). A heterodyne 
technique (Hsu et al., 2008) can also be applied to the proposed method. To reduce the 
distance L between the grating and PD1, the compact size optics can be applied. 

2.2 Spindle motion error measurement 

Figure 2 shows the measurement principle of the spindle motion error using the  
two-dimensional displacement measuring interferometers. A concentric circle grating is 
set on top of the spindle of interest. Three two-dimensional displacement measuring 
interferometers A, B and C are fixed over the concentric circle grating. The spindle 
rotation centre must be nearly aligned to the centre of the concentric grating within 1 µm
or less. The grating plane must also be aligned to be parallel with the XY plane within  
10 arcsec. In Figure 2, the centre is selected as the origin point of the XYZ coordinate 
system. The two-dimensional displacement measuring interferometer A is located along 
the Y-axis with the distance RA from the centre and measures the Y-axis and Z-axis
displacements yA and zA using the concentric circle grating, whereas the interferometers B
and C are located along the X-axis with the distances RB and RC from the centre, and 
measure the X-axis and Z-axis displacements xB, zB, xC and zC using the concentric circle 
grating. From the measured displacements by the three interferometers, the radial Rx, Ry,
axial Rz and angular θx, θy motions can be derived from 

1 ( ),
2x B CR x x= +  (11) 

,y AR y=  (12) 

1 ( ),
3z A B CR z z z= + +  (13) 

( )1 ,
2

B C
x A

z zz
R

θ +ë û= −ì ü
í ý

 (14) 

2 ( ),y B Cz z
R

θ = −  (15) 

1 ( ),
3 A B CR R R R= + +  (16) 
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where R is the averaged distance of the interferometers A, B and C from the centre.  
In general, the grating must exhibit artefact errors (= roundness, flatness and irregular 
pitch); however, it is possible to apply the error separation methods (multistep, 
multipoint) to the concentric circle grating. Therefore, another arrangement of 
interferometers A, B and C is possible. 

Figure 2 Measurement principle for radial, axial and angular motions using two-dimensional 
displacement measuring interferometer. A, B and C are two-dimensional displacement 
interferometers, A: YZ sensor, B and C: XZ sensor 

We would like to apply our method to ultra-precise spindles with a radial (or axial) 
motion of 1 µm or less, an angular motion of 5 µrad or less and a high rotational speed of 
100 krpm or more. The target measurement specification is as follows. 

(S1) Radial motion (X and Y axes) resolution: 0.12 nm (2 µm pitch grating with 8000 
 interpolation order) 

(S2) Axial motion (Z axis) resolution: 0.04 nm (Wavelength of 633 nm with 8000 
 interpolation order) 

(S3) Angular motion resolution: 0.01 µrad (concentric circle grating radius (R)  
 of 20 mm) 

(S4) Maximum measurable rotational speed: 100 krpm (360 points per one revolution 
 and sampling rate of 600 kHz). 

3 Preliminary experiment and discussion 

3.1 Performance evaluation of two-dimensional displacement measuring 
interferometer 

To confirm equations (9) and (10), we constructed a trial interferometer using  
a one-dimensional grating, as shown in Figure 3. In our experiment, the grating was  
set on the XZ-axes stage and moved with Piezoelectric (PZT) actuators along both  
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the X- and Z-axes. Instead of the concentric circle grating, a one-dimensional grating with 
1200 lines/mm was utilised. A He–Ne laser (λ = 633 nm) was used as the light source.  
In our experiment, interference signals on PD1 and PD2 were compared with the driving 
signal of PZT actuators. Figures 4 and 5 show the obtained comparison results.  
Figure 4 shows the time variations of the X-axis driving signal and the interference fringe 
of ±first-order diffraction lights obtained when the Z-axis movement was stopped.  
Figure 5 shows the time variation of the Z-axis driving signal and the interference fringe 
of the reflected lights from FM and the grating obtained when the X-axis movement was 
stopped. 

In Figure 4, the applied displacement amplitude to the X-axis stage is 1.3 µm, and the 
observed fringe period of the interference is about 4. This shows that the basic period is 
0.4 µm, and d/2 is 417 nm. In Figure 5, the applied displacement amplitude to the Z-axis
stage is 1.1 µm, the observed period of the interference signal is nearly 0.3 µm and λ/2 is 
317 nm. The experiment results show that the proposed method enables the measurement 
of the X-axis and Z-axis displacements from the interference fringes. 

Figure 3 Schematic photograph of experimental system (see online version for colours) 

Figure 4 Relationship between X-axis displacement driving signal (upper) and interference signal 
from ±first-order diffraction (lower) (see online version for colours) 
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Figure 5 Relationship between Z-axis displacement driving signal (upper) and interference signal 
from zeroth-order diffraction (lower) (see online version for colours) 

3.2 Trial fabrication of concentric circle grating 

In the proposed method, the fine concentric circle grating is the key technology for 
attaining the measurement goal. To confirm this, we have fabricated a concentric circle 
grating with a pitch of 5 µm. Figure 6(a) and (b) show the outline photo and the  
design of the concentric circle grating, respectively. The grating was fabricated using an 
ultra-precise Numerical Control (NC) cutting machine tool (ROBONANO@FANUC) 
and a sharp single crystal diamond tool with a top radius of 1 µm. The material used was 
stainless steel with nickel phosphide plating of 100 µm thickness. Many grating grooves 
were formed on the nickel phosphide plate. In the grating, 1000 pitches were formed with 
a concentric circle structure. In Figure 6(b), the grooved grating shows good uniformity 
and a period of 5 µm. To determine the possibility of fabricating narrower gratings using 
the NC machine and diamond tool, we fabricated a 2-µm-pitch grating. Figure 7 shows 
its SEM image. We believe that it is possible to fabricate a concentric circle grating with 
a fine pitch of 1 µm or less using the NC machine and a diamond tool. If we can use 
optical (or electron beam) lithography, the grating pitch of 500 nm or less is possible to 
fabricate.

Figure 6 (a) Outline of concentric circle grating. 1000 concentric circle gratings with a pitch 
period of 5 µm were fabricated and (b) the concentric circle grating design
(see online version for colours) 

 (a) (b) 
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Figure 7 Scanning electron microscopy image of 2-µm-pitch-period grating 

4 Conclusion and future study 

In this paper, to measure the spindle radial, axial and angular motions simultaneously,  
we propose a novel method using a concentric circle grating and interferometers.  
The measurement principle of a two-dimensional displacement measuring interferometer 
using a one-dimensional grating is clarified. The error analysis of the interferometer is 
performed from the views of radial, axial and angular motion measurements. For a small 
motion error, the interferometer can be used to measure the lateral and vertical axes 
displacements with high speed. 

The two-dimensional displacement measuring interferometer using a one-dimensional 
grating was constructed and examined. The vertical and lateral displacements were 
obtained from interference signals. The concentric circle grating with a period of 5 µm
and 1000 pitches was fabricated using an ultra-precise NC machine tool and a diamond 
cutter. A 2-µm-pitch-grating was also fabricated. From the obtained results, we believe 
that it is possible to concurrently measure the spindle radial, axial and angular motions 
with high resolution and speed. In the near future, we plan to construct the entire system 
and report its performance characteristics. 
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1.  Introduction

Industrial processes for ultra-precision engineering and 
metrology require fine quality control of products. The pre-
cision of rotary spindles is also required. It is necessary to 
enhance the accuracy of spindle motions at nanometer and 
sub-µradian levels [1, 2]. Ideal spindles must have rotary 
motion with only one degree of freedom; therefore, any extra 
motions with five degrees of freedom (= radial (2 degrees) + 
axial (1 degree) + angular (2 degrees)) are identified as error 
motions which must be eliminated or reduced. Conventional 
spindle error motion measurements are error separation 
methods [3–5], which require artifact reference and displace-
ment sensors such as capacitive sensors. Radial error motion 

can be measured using a precise sphere or circular cylinder 
as a reference artifact [3–5]. A concentric circle grating is 
also used as the reference artifact for measuring radial error 
motion [6, 7]. A precise circular cylinder with an end mirror 
surface can be used as the reference artifact for the concur-
rent measurement of (radial + axial) or (axial + angular) 
motions [8, 9]. Using a sphere ball as the reference artifact, 
spindle error motions (radial (2 degrees) + axial (1 degree)) 
can be measured [10]. In addition, the concurrent measure-
ment of radial (2 degrees), axial (1 degree) and angular (2 
degrees) motions can be realized using a reference artifact of 
two sphere balls linked with a cylinder [10]. However, in the 
concurrent measurement of radial, axial and angular motions, 
this artifact is voluminous and has too much mass and has 
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the possibility of inhibiting the original rotational motion 
of the spindle. Moreover, capacitive sensors have narrow 
bandwidths, and maintaining traceability against the meter 
definition is difficult because of their drift characteristic. As 
similar examples for multi-axes displacement measurement, 
2-dimensional grating mirrors are used as fixed and moving 
mirrors in Michelson interferometers [11, 12].

This paper describes the concurrent measurement of 
spindle radial, axial and angular motions using a concentric 
circle grating and phase modulation interferometers. In this 
method, a concentric circle grating plate with a fine pitch is 
installed on top of the spindle of interest and is used as the ref-
erence artifact. Because the concentric circle grating plate is 
not voluminous and not heavy, this method is effective for any 
spindle, and does not affect the spindle’s original rotational 
motion. Since this method is based on wide-bandwidth photo 
sensors, it is possible to apply it to high- rotational-speed 
spindles. Moreover, this method is suitable for maintaining 
traceability against the meter definition through calibration of 
the wavelength of the light source and grating pitch using a 
measurement standard.

2.  Measurement principle

2.1.  Spindle error motion measurement

Figure 1 shows a measurement system of spindle error motions 
using three optical sensors and a concentric circle grating. In 
the system, the z-axis is the ideal rotation axis for the spindle. 
A concentric circle grating is set on top of the spindle of 
interest. Three optical sensors, A, B and C, are fixed over 
the concentric circle grating. In order to reduce the centering 
error, the spindle rotation center must be nearly aligned to the 
center of the concentric circle grating. The grating plane must 
be aligned to be nearly parallel with the XY plane – within 
10 arcseconds to reduce the crosstalk error [13]. In figure 1, 
the spindle rotation center is selected as the origin point of 
the XYZ coordinate system. Optical sensor A is located along 

the y-axis, with a distance RA from the center and measures 
the y-axis and z-axis displacements yA and zA, whereas optical 
sensors B and C are located along the x-axis with a distances 
RB and RC from the center, and measure the x-axis and z-axis 
displacements xB, zB, xC and zC. From the measured displace-
ments by the three optical sensors, the radial Rx, Ry, axial Rz 
and angular θx, θy motions can be derived as [13]

= +R x x
1

2
( ) ,x B C� (1)

=R y ,y A� (2)

= + +R z z z
1

3
( ) ,z A B C� (3)

θ = − +
⎜ ⎟
⎛
⎝

⎞
⎠R

z
z z1 ( )

2
,x A

B C
� (4)

θ = −
R

z z
1

2
( ) ,y B C� (5)

= + +R R R R
1

3
( ) ,A B C� (6)

where R is the averaged distance of the interferometers A, B 
and C from the center.

2.2.  Optical sensor

The optical sensor consists of a frequency modulated laser 
diode (LD) as a light source, and two interferometers (one 
Michelson + one grating interferometers). The configura-
tion of the optical sensor is shown in figure 2. To obtain dis-
placements (Lissajous diagram), we apply sinusoidal phase 
modulation techniques [14, 15] to the light source LD. We 
use the frequency modulation of the LD. The sinusoidal 
angular modulation frequency is ω .m  One interferometer 
observes the interference fringe between the reflected light 

Figure 1. Basic principle of spindle error motion measurement.
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from a fixed mirror (FM) and the 0th order diffraction light 
from the grating. In this case, a light beam emitted from the 
laser is incident on a polarized beam splitter 1 (PBS1), and 
then is divided into two beams. The first beam reflected from 
PBS1 enters the fixed mirror (FM) via quarter-wave plate 1 
(QWP1) and bounces from FM and reaches avalanche photo-
detector 1 (APD1) via PBS1 and polarizer 1 (P1). The second 
beam, which goes through PBS1, reaches the concentric circle 
grating via QWP2. In figure 2, we assume that the incident 
angle θi of the second beam to the grating is almost null. Thus, 
the reflected light (= 0th order diffraction light) reaches APD1 
via QWP2, PBS1 and P1. At APD1, it is possible to detect an 
interferometer fringe between the reflection lights from FM 
and the grating, and to measure the displacement along the z-
axis of the grating. Another interferometer observes the inter-
ference fringe between +2nd and −2nd order diffraction lights 
from the concentric circle grating. We use +2nd and −2nd 
order diffraction lights because the lights are stronger than the 
other order diffraction lights. In this case, the +2nd and −2nd 
order diffraction lights from the grating through the steering 
mirror 2/3 (SM2/3) and reaches avalanche photodetector 2 
(APD2) via PBS2 and polarizer 2 (P2). If the incident angle to 
XY plane θiXZ is negligibly small, the ±2nd-order diffraction 
angles θ+2 and θ−2 (on XZ plane) can be derived as

θ θ θ λ− = = ++ +d d(sin sin ) sin 2 ,i2 XZ 2� (7)

θ θ θ λ− = = −− −d d(sin sin ) sin 2 ,i2 XZ 2� (8)

where d is a grating pitch and λ is a wavelength of the light 
source. In figure 2, we assume that Δz and Δx are the displace-
ment shifts of the grating along the z-axis, and x-axis, respec-
tively. The observed light intensity of I0F and ±I 2 at APD1 and 
APD2 is represented as

φ π Δ= + + − +{ }I E E E E
n

c
f L z2 cos

4
( ) ,0F 0

2
F

2
0 F int,0 int� (9)

φ π π Δ= + + − −± + − + − ± ±{ }I E E E E
n

c
fL

d
x2 cos

8 8
,2 2

2
2

2
2 2 int, 2 2

�

(10)
where E0, EF, +E ,2  −E ,2  φ ,int0  φ ± ,int 2  n, c, f, L int and ±L 2 are the  
amplitudes of the lights reflected from 0th order diffrac-
tion  of the grating and FM, the amplitudes of the lights  

Figure 2. Schematic diagram of the optical sensor. LD: laser diode; SM: steering mirror; FM: fixed mirror; HWP: half-wave plate; QWP: 
quarter-wave plate; PBS: polarized beam splitter; P: polarizer; APD: avalanche photodetector; LIA: lock-in amplifier, FG: function 
generator, PC: personal computer.

Figure 3. Schematic photograph of the experimental setup for the 
spindle motion measurement using one optical sensor.
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diffracted from ±2nd order of the grating, the initial phase 
of the 0th order interferometer, the initial phase of the ±2nd 
order interferometer, the refractive index of air, the speed of 
light, the frequency of the light source, the optical path differ-
ence of the 0th order interferometer arms and the optical path 
difference of the ±2nd order interferometer arms, respectively. 
In the system, the vertical displacement Δz is assumed to be 
the same order of the wavelength of the LD (i.e. Δ λ∼z ). We 
add small modulation to the frequency of LD as

Δ= +f f f ,0� (11)

where f0 and Δf  are the center frequency and modulation. We 
assume

Δ Δλ
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Δλ is the wavelength modulation. In equation (9), the second 
term in the bracket can be calculated as
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The order of the last term of equation (13) is
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Therefore equation (9) can be represented as
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where φ φ π′ = −( )c nL f  (4 / )0 int,0 int 0  is an initial phase 

of interferometer. We add the sinusoidal modulation to 

π Δ− c nL f( (4 / ) )int  using

π Δ ω− =
c

nL f k t
4

sin ,m mint ,0� (16)

where km,0 is a modulation depth. By combining equations 
(15) and (16) and using the Bessel function, we obtain
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Figure 4. Photograph of the optical sensor.

Table 1.  Specifications of the spindle motor [17].

Diameter of motor stage 60 [mm]

Accuracy of position 0.15 °[degree]
Axial error (Maximum) 0.06 [mm]
Radial error (Maximum) 0.03 [mm]
Maximum speed 24 °/sec[degree/sec]

Table 2.  Measurement conditions applied to the spindle motion.

Modulation frequency for LD 33 [kHz]
Modulation depth for X or Y-axis interferometer 3.67 [rad]
Modulation frequency bandwidth for X or Y-axis 
interferometer

1.75 [GHz]

Modulation depth for z-axis interferometer 3.67 [rad]
Modulation frequency bandwidth for Z-axis inter-
ferometer

1.75 [GHz]

Revolution speed of spindle 4 [rpm]
Number of rotation 3 [rotations]
Sampling rate 10 [kHz]
Cut off frequency of low pass filter 300 [Hz]

Figure 5. Photograph of the concentric circle grating (2 μm pitch).
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In order to reduce the effect from the amplitude  
modulation of LD, we select 2nd-harmonic ω(2 )m  and 3rd-
harmonic   ω(3 ) .m  We apply the reference signal of 2nd-
harmonic cosine wave ω(2 )m  and the reference signal of 
3rd-harmonic sine wave ω(3 )m  to the lock-in detection signal 
of the interference light intensity I0F. When the interference 

light intensity I0F from equation  (17) is synchronized by 
the lock-in amplifier 1 (LIA1) with the reference signal of 
3rd-harmonic sine wave ω(3 ) ,m  and the lock-in amplifier 2 
(LIA2) with the reference signal of 2nd-harmonic cosine 
wave ω(2 )m  (see figure 2), two signals of LIA1 and LIA2 
can be written as

Figure 6. Spindle motion measurement with one optical sensor. (a) Raw Lissajous diagram. (b) Normalized Lissajous diagram. (c) The 
axial (Z-axis) and radial (X-axis) displacements of the spindle motion.
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where J k( )m2 ,0  and J k( )m3 ,0  are the Bessel function of 2nd and 
3rd order. The interference light intensity ±I 2 of the ±2nd-order 
diffraction at APD2 is also written as
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where φ ′±2  is an initial phase of interferometer, and ±km, 2 is a 
modulation depth. When the interference light intensity ±I 2 
from equation (20) is synchronized by the lock-in amplifier 3 
(LIA3) with the reference signal of 3rd-harmonic sine wave 

ω(3 ) ,m  and the lock-in amplifier 4 (LIA4) with the reference 
signal of 2nd-harmonic cosine wave ω(2 )m  (see figure 2), the 
two signals of LIA3 and LIA4 can be written as

ω φ π Δ= − ′ −± ± − ± ±⎜ ⎟
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d
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8
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From equations  (18), (19), (21) and (22), we can obtain 
a Lissajous diagram from two reference signals with a 
phase difference of 90° [16]. Using the Lissajous diagram, 
the axial (z-axis) and radial (x-axis) displacements of the 
grating can be calculated concurrently. In the optical sensor, 
to reduce crosstalk error between the Z and X axes inter-
ferometers down to 10−4 order, the grating plane must be 
aligned to be nearly parallel with the XY plane within 10 
arcseconds [13]. Even though the electronics circuit in the 
interferometer is complicated, we can reduce the number of 
optical elements for the interpolation. From previous work 
[16], we estimate that the measurement uncertainties for X 
and Z axes interferometers are less than 0.1 µm.

3.  Experiments and discussions

3.1.  Optical sensor performance

In order to confirm equations (18), (19), (21) and (22), we 
constructed a spindle motion measurement system using 
one optical sensor as shown in figure 3. An LD (Hitachi, 
model: HL6344G), with a wavelength of 635 nm and a 
sinusoidal phase modulation frequency of 33 kHz, was 
applied to the interferometer as a light source. Figure  4 
shows a photograph of the optical sensor. In the sensor, 
the optics were firmly fixed in the plate. The optical 
sensor was fixed over the concentric circle grating. APD1 
detected the interference signal of axial (z-axis) motion 
and APD2 detected the interference signal of radial (x-
axis) motion. The concentric circle grating with a pitch 
of 2 µm was set up on the spindle motor (Chuo Precision, 
model: ARS-636-HM). Figure 5 shows a photograph of the 
concentric circle grating. The fine concentric circle grating 
is the key technology for attaining our measurement goal. 
The grating was fabricated using an ultra-precise numer-
ical control (NC) cutting machine tool (ROBONANO@
FANUC) and a sharp single crystal diamond tool with a 
top radius of less than 1μm. The material used was stain-
less steel with a nickel phosphide plating of 100 µm thick-
ness. Many grating grooves were formed on the nickel 
phosphide plate. In the grating, 1000 pitches were formed 
with a concentric circle structure [13]. Table  1 lists the 
specifications of the spindle motor [17]. In the experi-
ment, its maximum speed was 24 °s–1, or 4 rpm. The mea-
surement conditions applied for the spindle motion are 
shown in table  2. We measured the spindle motion over 
3 rotations. In the measurement, we used four commer-
cial digital lock-in amplifiers (SRS-620). The cut off 
frequency of the low pass filter of the lock-in amplifier 
was 300 Hz. Figure  6 shows the measurement results of 
spindle motion using one optical sensor. Figure 6(a) shows 
the raw Lissajous diagram of the axial (z-axis) and radial  
(x-axis) motion of the spindle. In figure 6(a), the Lissajous 

Figure 7. Measurement system for spindle radial, axial and angular 
motions.
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diagrams of spindle motion are deformed due to variation 
of the laser beam intensity, and the center of the Lissajous 
diagram is not the same as the origin. In this case, a normal-
ized Lissajous diagram can be calculated using equations   
as follows,
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The normalized Lissajous diagram is shown in figure 6(b). In 
figure 6(b), the center and radius of the diagram are the origin 
and 1. Figure 6(c) shows the axial (z-axis) and radial (x-axis) 
displacement of the spindle motion. In figure 6(c), the cen-
tering error of approximately 5 µm can be seen.

3.2.  Concurrent measurement of spindle radial, axial and 
angular motions

We also constructed a concurrent spindle motions measure-
ment system as shown in figure  7. In the experiment, we 
applied analog lock-in amplifiers for three optical sensors. 
Figure 8 shows a circuit diagram of two lock-in amplifiers 
for 2nd and 3rd harmonic lock-in detections. The circuit used 
4-quadrant multipliers (AD835, Analog Devices), precision 
operational amplifiers and a passive low pass filter. Three 
optical sensors were fixed over the concentric circle grating. 
The measurement conditions applied for the spindle motion 
were the same as table 2. Figure 9 shows the axial (z-axis) 
and radial (x or y-axis) displacement of the spindle motion 
from three optical sensors A, B and C with 3 rotations. In 
figure 9, the axial (z-axis) and the radial (x or y-axis) motions 
are approximately 1 µm and 5 µm, respectively. Because the 
radial motions have a component whose period is the same 
as that of the rotation, the centering error mostly affects the 
radial motions. Figures 10 and 11 show two concurrent mea-
surements of radial (Rx and Ry), axial (Rz) and angular (θx 
and θy) motions, respectively, obtained on different days. In 
figures 10 and 11, the magnified figures of radial, axial and 
angular motions are also shown, respectively. In the magni-
fied figures, vibrations, whose frequency is approximately 
54 Hz, are clearly seen (there are approximately 54 periods 
in 24 degrees (= 1 s)). By comparing figures 10 and 11, the 
spindle motion is not a repeatable one, the spindle motion 
changes day by day. From the figures 10 and 11, radial (Rx 
and Ry), axial (Rz) and angular (θx and θy) motions are approx-
imately 5 µm, 0.5~1 µm and 1~3 arcseconds, respectively. If 
the displacement is larger than λ / 2 or d / 2 for the sampling 
time (= 1/sampling rate ( )fS ), it is impossible to interpolate or 
determine the displacement using a Lissajous diagram. The 
relationship between the maximum speed (vmax) and the sam-
pling rate ( )fS  is described by

Figure 8. Circuit diagram of the analog lock-in amplifier.
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In the measurement =f z10 kH ,s  λ = 635 nm and μ=d 2 m, 
then

<v 3.18 mm / s (axial) .max� (28)

<v 10 mm / s (radial) .max� (29)

From the magnified figure on figure 10(a), the maximum vibra-
tion speed is approximately 0.3 mm/s (≈ 3 µm × 2 × 54 Hz), 
therefore we could obtain the vibration by our proposed 
method. The experimental results show that the concurrent 
measurements of the spindle radial, axial and angular motions 
were successfully attained.

4.  Conclusions and next work

In this paper, we have proposed a measurement method using 
concentric circle grating and phase modulation interferometers 
to measure spindle radial, axial, and angular motions concur-
rently. The measurement principle of an optical sensor using 
a concentric circle grating to measure the displacement was 
clarified. The displacement (Lissajous diagram) can be obtained 
when we add a small modulation to the frequency of the light 
source. If there is deformation of the Lissajous diagram due 
to variations of the laser source intensity and other causes, a 
normalized Lissajous diagram can be obtained. By using three 
optical sensors and the concentric circle grating, we attained the 
concurrent measurements of spindle radial, axial, and angular 
motions at the low speed of 4 rpm with a sinusoidal phase 

Figure 9. Axial (Z-axis) and radial (X or Y-axis) displacements of the spindle from three optical sensors. (a) Optical sensor A. (b) Optical 
sensor B. (c) Optical sensor C.
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Figure 10. The radial, axial and angular motions of spindle and their magnification figures. (a) Radial motions Rx, Ry. (b) Axial motion Rz. 
(c) Angular motions θx, θy.
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Figure 11. The radial, axial and angular motions of spindle. These results were obtained on different day from figure 10. (a) Radial motions 
Rx, Ry. (b) Axial motion Rz. (c) Angular motions θx, θy.
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modulation frequency of 33 kHz. Based on the results, we are 
planning to increase the modulation frequency up to several  
10 MHz in order to measure the spindle motion at the high speed 
of 10 krpm, and test the performance of this system in the near 
future. About the measurement range of our method, there is no 
limitation for displacement measurement if the spindle motion 
speed does not exceed the detectable speed (vmax). However, 
crosstalk error between radial and axial interferometers must 
be solved to increase the measurement range of the angle. In 
a previous paper [16], we clarified that one of the causes of the 
interpolation error for the two interferometers is polarization 
mixing. However, to reduce the interpolation error due to ampli-
tude modulation appearing the laser diode, we need a compen-
sation method. We will discuss a theoretical and experimental 
treatment for compensating interpolation errors due to polar-
ization mixing and amplitude modulation in the near future. To 
remove the air turbulence effect in the measurement system, 
we will employ a stabilized chamber. For compensating the 
artifact form errors (roundness and surface flatness) of the con-
centric circle grating in the measurement, the concentric circle 
grating needs to be calibrated. We are also planning to use some 
error separation methods, such as the reversal method, in order 
to improve the measurement accuracy. A grating pitch of less 
than 2 µm is favorable to improve the measurement resolution 
of radial motion. In this case, we must pay attention to selec-
tion of the wavelength of LD, the diffraction order, and the dif-
fraction angle. We are also planning to use a light source with 
a shorter wavelength. Lastly, we must compare other spindle 
motion measurement methods with the proposed method in the 
near future.
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