
561RESONANCE  June 2008

GENERAL  ARTICLE

Optimization Problems in Elementary Geometry

A K Mallik

Keywords

Brachistochrone problem, Fer-

mat, Steiner problem, Kakeya

problem, geodesic.

A K Mallik is a Professor

at IIT, Kanpur. His

research interests are

mechanical vibration,

vibration control,

nonlinear vibration and

chaos in mechanical

systems, kinematics and

dynamics of machinery.

O p t im iz a t io n , a p r in c ip le o f n a t u r e a n d e n g in e e r -

in g d e s ig n , in r e a l life p r o b le m s is n o r m a lly a c h i-

e v e d b y u s in g n u m e r ic a l m e t h o d s . I n t h is a r t ic le

w e c o n c e n t r a t e o n s o m e o p t im iz a t io n p r o b le m s

in e le m e n t a r y g e o m e t r y a n d N e w t o n ia n m e c h a n -

ic s . T h e s e in c lu d e H e r o n 's p r o b le m , F e r m a t 's

p r in c ip le , B r a c h is t o c h r o n e p r o b le m s , F a g a n o 's

p r o b le m , g e o d e s ic s o n t h e s u r fa c e o f a p a r a lle le -

p ip e d , F e r m a t / S t e in e r p r o b le m , K a k e y a p r o b le m

a n d t h e is o p e r im e t r ic p r o b le m . S o m e o f t h e s e a r e

v e r y o ld a n d h is t o r ic a lly fa m o u s p r o b le m s , a fe w

o f w h ic h a r e s t ill u n r e s o lv e d . C lo s e c o n n e c t io n

b e tw e e n E u c lid e a n g e o m e t r y a n d N e w t o n ia n m e -

c h a n ic s is r e v e a le d b y t h e m e t h o d s u s e d t o s o lv e

s o m e o f t h e s e p r o b le m s . E x a m p le s a r e in c lu d e d

t o s h o w h o w s o m e p r o b le m s o f a n a ly s is o r a lg e -

b r a c a n b e s o lv e d b y u s in g t h e r e s u lt s o f t h e s e

g e o m e t r ic a l o p t im iz a t io n p r o b le m s .

I n t r o d u c t io n

O p tim iza tio n is a w a y o f life . W e a lw a y s try to m in im ize
th e e ® o rt (c o st) a n d / o r m a x im ize th e b e n e ¯ t (p ro ¯ t).
N a tu re to o , th ro u g h its stra te g y o f ra n d o m m u ta tio n
a n d su rv iv a l o f th e ¯ tte st, is o p tim iz in g th e b io lo g ic a l
fu n c tio n s. O f la te , g en e tic a lg o rith m (G A ), is try in g to

m im ic th is n a tu ra l e v o lu tio n a ry p ro ce ss to so lv e so m e
o p tim iz a tio n p ro b lem s. O p tim iz a tio n h a s b e co m e a n
im p o rta n t to o l fo r e n g in e e rin g d esig n . B u t m u ch ea rlie r,
o p tim iz a tio n w a s th o u g h t to b e th e g u id in g p rin c ip le o f
fo rm u la tio n o f n a tu ra l p h y sic a l p ro c esse s. P ierre L o u is
M o re a u d e M a u p ertiu s (1 6 9 8 { 1 7 5 9 ), in h is sp e ech in

1 7 4 6 a s th e P re sid e n t o f T h e A c a d e m y o f S cie n ce s in
B erlin , a llu d e d to th is p rin c ip le in a m e ta p h y sica l w a y
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Box 1.

“The description of right

lines and circles, upon

which geometry is based,

belongs to mechanics.

Geometry does not teach

us how to draw these lines,

but requires them to be

drawn.’’

— Isaac Newton

It may be worthwhile to

remember that when we

draw a straight line using

a straight edge, we merely

copy an exact straight line

and do not generate one.

{ h e ta lk e d o f G̀ o d 's in ten tio n to re g u la te p h y sic a l p h e -

n o m e n a b y a p rin c ip le o f p erfe c tio n '. H e w a s rid ic u le d
b y V o lta ire , b u t ¯ n a lly in th e h a n d s o f g re a t g e n iu ses,
lik e E u le r, L a g ra n g e a n d H a m ilto n , T̀ h e P rin c ip le o f
L e a st A ctio n ' w a s e sta b lish e d . In th e p ro c ess, a n e w
b ra n ch o f M a th e m a tics, k n o w n a s C a lc u lu s o f V a ria tio n s

w a s b o rn . T h is p o w erfu l m a th e m a tic a l to o l h a s b e en a p -
p lie d su c ce ssfu lly in o p tic s, e lec tro d y n a m ic s, m e ch a n ic s
a n d o th e r b ra n ch es o f p h y sic s. In th is a rtic le w e w ill re -
strict o u rse lv es to o p tim iz a tio n p ro b le m s in e le m en ta ry
(E u c lid e a n ) g e o m etry o n ly . D u e to clo se co n n ec tio n s b e -

tw e e n g e o m e try a n d N ew to n ia n m e ch a n ic s, o c ca sio n a lly
w e w ill d ig ress to so m e p ro b le m s in m e ch a n ics (see
B o x 1 ).

A la rg e n u m b e r o f in te restin g a n d u sefu l o p tim iz a tio n
p ro b le m s h a v e b ee n p o se d a n d so lv ed in th e a rea o f
E u c lid e a n g e o m e try. If th e ex iste n ce o f a u n iq u e so -
lu tio n is a ssu m e d , th e n a d irec t so lu tio n ca n o fte n b e
fo u n d . B u t th e risk o f su ch a m e th o d , in ca se n o su ch
so lu tio n e x ists, is th a t b y fo llo w in g p e rfe ctly v a lid m a th -

e m a tic a l a rg u m e n ts o n e c a n la n d in n o n sen se. T h e o n ly
m ista k e is th e a ssu m p tio n o f th e e x isten c e o f th e so lu -
tio n . T h is w a s ¯ rst p o in te d o u t b y W eie rstra ss, o n e o f
th e m o st rig o ro u s m a th em a tic ia n s.

L e t u s sta rt w ith a triv ia l p ro b lem . W h a t is th e m a x i-
m u m p o ssib le a re a o f a tria n g le w ith tw o sid e s o f g iv e n
len g th , sa y a a n d b ? B y d en o tin g th e a n g le b etw e en th e
tw o sid es a s µ , w e c a n w rite th e a re a a s (1 = 2 )a b sin µ .

T h e re fo re , th e a n sw er is (1 = 2 )a b a n d th e tw o g iv en sid e s
a re a t 9 0 o to e a ch o th e r. F o r a n y o th e r a n g le , th e a re a
w ill b e le ss th a n (1 = 2 )a b .

L e t u s n o w c o n sid e r so m e c la ssic a l o p tim iz a tio n p ro b -

lem s in g eo m e try a n d p h y sic s.
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Figure 1.

Fermat

conjectured that

the light travels

along the path of

least time.

H e r o n 's P r o b le m : E x t r e m u m P r o p e r t ie s o f L ig h t

R a y s { T h e L a w o f R e ° e c t io n

R e fe rrin g to F igu re 1 , sa y a ra y o f lig h t sta rtin g fro m th e
p o in t A h a s to rea ch th e p o in t B v ia a re ° e ctin g su rfa ce

(th e m irro r M ), th e n w h e re sh o u ld it m e e t M ? A c c o rd in g
to H e ro n , it sh o u ld m e et th e m irro r a t a p o in t P su ch
th a t th e d ista n c e A P + P B is m in im u m , b ec a u se lig h t
tra v e ls a lo n g th e sh o rtest p a th . T h e p o in t P is o b ta in e d
a s fo llo w s: J o in th e p o in t A w ith th e m irro r im a g e o f

th e p o in t B , i.e ., B 0 a n d P is th e p o in t o f in te rse ctio n o f
A B 0 w ith th e m irro r M . It is q u ite triv ia l to p ro v e th a t
A P + P B = A B 0. F o r a n y o th e r p o in t P 0 o n th e m irro r,
A P 0+ P 0B = A P 0+ P 0B 0, w h ich is th e b ro k e n p a th fro m
A to B 0a n d c o n se q u e n tly g rea ter th a n th e stra ig h t p a th

A B 0. F ro m F igu re 1 , it is sim p le to see th a t a ll th e
a n g le s in d ica ted b y µ a re eq u a l a n d th is p ro v e s th e la w
o f re° e c tio n w h ich sta te s th a t th e a n g le o f in c id en ce is
e q u a l to th e a n g le o f re ° ec tio n , b o th b e in g d e ¯ n ed b y
((¼ = 2 ) ¡ µ ).

S n e ll's L a w o f R e fr a c t io n a n d F e r m a t 's P r in c ip le

W h e n a lig h t ra y m e ets a n in te rfa c e se p a ra tin g tw o d if-

fe ren t m ed ia 1 a n d 2 , it is se en th a t th e ra y b e n d s (see
F igu re 2 ). T h u s sta rtin g fro m th e p o in t A , th e lig h t
ra y re a ch e s th e p o in t B a lo n g th e b ro k e n p a th w h ich is
o b v io u sly n o t th e sh o rte st p a th fro m A to B . F e rm a t
c o n je ctu re d th a t th e lig h t tra v e ls a lo n g th e p a th o f lea st
tim e.
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Figure 2.

L e t th e ra y fro m A m e e t th e in te rfa c e I a t th e p o in t P in

o rd e r to re a ch th e p o in t B in lea st tim e . T h e d ista n c e s
o f th e in te rfa c e fro m th e p o in ts A a n d B a re in d ic a te d
re sp e c tiv ely, b y h 1 a n d h 2 . L et th e sp ee d o f lig h t in
m ed ia 1 a n d 2 b e v 1 a n d v 2 , resp e c tiv e ly. R efe rrin g to
F igu re 2 , th e to ta l tim e o f tra v el c a n b e w ritten a s

T =

q
h 2

1 + x 2

v 1
+

q

h 2
2 + (d ¡ x )

2

v 2
:

F o r T to b e m in im u m , settin g d T
d x = 0 o n e g e ts a fte r

sim p lī ca tio n
sin µ 1

v 1

=
sin µ 2

v 2

(1 )

o r,
sin µ 1

sin µ 2
=

v 1

v 2
= n (co n sta n t): (2 )

E q u a tio n (2 ) is k n o w n a s S n e ll's la w (o b ta in ed e x p e r-
im e n ta lly ). It m a y b e p o in te d o u t th a t w ith o u t a n y
ch a n g e o f m ed iu m (d u rin g re ° e c tio n ), th e sh o rte st p a th
a n d th e p a th o f le a st tim e a re id en tic a l. It is n o w k n o w n

th a t F e rm a t's p rin cip le o f sh o rte st tim e p a th sh o u ld a c -
tu a lly b e m o d ī ed a s th e sta tio n a ry -tim e p a th . T h is
m ea n s th e p a th w h e re a little ch a n g e in it le a v e s th e
tim e o f tra v e l u n a ltere d (im p ly in g b o th m a x im u m a n d
m in im u m ).
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Figure 3.

Box 2.

Bernoulli was so proud of

solving the brachisto

(minimum) chrone (time)

problem that he chal-

lenged Newton to solve it

within six months. New-

ton said “I do not want to

be dunned and teased by

foreigners about math-

ematical things’’ and

solved the problem in a

few days. He published

the result anonymously.

Bernoulli, a follower and

admirer of Leibniz, did

not like Newton. For

once, even Bernoulli paid

his tribute to Newton by

saying “Lion is known by

his paws.’’

B r a c h is t o c h r o n e o f ( J o h a n n ) B e r n o u lli

In th e la st d e ca d e o f th e se v e n te e n th c en tu ry , B e rn o u lli
p o se d th e fo llo w in g p ro b lem . C o n sid e r tw o p o in ts A a n d
B a t d i® ere n t lev els (se e F igu re 3 ). A sm o o th p a rtic le

slid e s d o w n a c u rv e in th e v e rtic a l p la n e co n ta in in g A
a n d B u n d e r th e a c tio n o f g ra v ity sta rtin g fro m rest a t
A . O b ta in th e sh a p e o f th e c u rv e fo r w h ich th e tim e o f
d e sc en t is m in im u m . H e so lv ed th e p ro b lem ju st u sin g
F erm a t's p rin c ip le d iscu sse d a b o v e (se e B o x 2 ). A t a

d e p th y b e lo w th e p o in t, th e sp e ed o f th e p a rtic le is
v =

p
2 g y , w h ere g is th e a c ce lera tio n d u e to g ra v ity .

C o n sid erin g th e d e p th fro m A to B a s c o n sistin g o f a
la rg e n u m b e r o f la y ers, w h e re th e sp ee d o f th e p a rtic le
is d i® e re n t in e a ch la y e r, to m in im iz e th e tim e o f tra v e l

th is b en d in g sh o u ld fo llo w (1 ). In o th e r w o rd s,

sin µ

v
= c o n sta n t

o r
co s Á

v
= co n sta n t; sa y c 1 ; (3 )

w h e re Á is th e a n g le m a d e b y th e v e lo c ity v e c to r (ta n -

g e n t to th e p a th ) w ith th e x { a x is. S o , th e d i® ere n tia l
e q u a tio n o f th e re q u ire d cu rv e is e a sily o b ta in e d , u sin g
(3 ) a n d su b stitu tin g fo r v , a s

d y

d x
= ta n Á =

s
c ¡ y

y
; (4 )

w h e re c = 1 = (2 c 2
1 g ):
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Figure 4.

Figure 5.

T h e n o n lin e a r d i® e re n tia l eq u a tio n c a n b e so lv ed b y su b -

stitu tin g
y = c sin 2 ® ; (5 )

w h e n (4 ) y ie ld s

d x = c (1 ¡ c o s 2 ® )d ® : (6 )

F o r th e p o in t A , x = 0 a n d y = 0 (w h ich im p lies ® = 0 ).

In te g ra tin g (6 ) a n d u sin g th is fa c t, ¯ n a lly o n e g e ts

x = a (¯ ¡ sin ¯ );

y = a (1 ¡ co s ¯ );

a = c = 2 ; ¯ = 2 ® : (7 )

E q u a tio n (7 ) re p resen ts a c y clo id w h ich is g e n e ra te d b y
a p o in t o n th e rim o f a c ircu la r d isc o f ra d iu s a ro llin g
o n a ° a t su rfa c e (see F igu re 4 ). T h e n a m e c y c lo id w a s

c o in ed b y G a lileo (se e B o x 3 ).

H u y g en s h a d e a rlie r sh o w n th a t a p a rtic le ro llin g d o w n a
c y c lo id (sta rtin g fro m re st) h a s a n o th e r cu rio u s fea tu re :
th e tim e o f d esce n t u p to th e lo w e st p o in t (B in F igu re
5 ) is in d e p e n d e n t o f th e sta rtin g p o in t, i.e . th e tim e o f
d e sc en t to B is th e sa m e fro m A 1 o r A 2 o r A 3 a n d so
o n . S o h e n a m e d it ta u to (sa m e)ch ro n e . B y n o tin g th a t
th e in v o lu te o f a c y clo id is a n o th e r c y c lo id , h e d e sig n e d
a p e n d u lu m w h o se b o b w a s co n stra in e d to m o v e a lo n g

a cy c lo id (b y p ro v id in g c y c lo id a l ch e e k s { see F igu re 6 )
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Figure A.

Figure 6. (top).

Figure 7. (bottom).

a n d c o n se q u e n tly its tim e p erio d w a s in d e p e n d e n t o f th e

a m p litu d e o f o sc illa tio n (u n lik e in a sim p le p e n d u lu m ,
w h e re th e b o b m o v e s a lo n g a c irc le ).

F a g a n o 's P r o b le m

T o in sc rib e, in a g iv en a c u te -a n g led tria n g le, th e tria n -
g le o f m in im u m p erim e te r. F irst w e d isc u ss th e d irec t
so lu tio n a ssu m in g its u n iq u e e x iste n c e. T h e so lu tio n is

in tw o ste p s.

F ir s t S t e p : L et A B C b e th e g iv en a c u te -a n g le d tria n g le
(F igu re 7 ). W e c o n sid e r a sp e c ī e d p o in t D o n th e sid e
B C . W e w o u ld lik e to d e term in e th e p o in ts E (o n A C )

a n d F (o n A B ), su ch th a t fo r th e g iv e n p o in t D , th e
p e rim e te r o f th e tria n g le D E F is m in im u m . T o w a rd s

Galileo, in his last b ook, reported the quadrant of a circle passing through A and B
as the path having the shortest t ime of descent (see F ig u re A) among all t he series of
chords along the circle passing t hrough A and B. Towards this end, he ¯rst showed that
a particle, starting from rest, t akes the same time ( T ) to reach the point B along the
inclined planes AB and A0B for all values of µ . This can be easily established as the
length A0B = 2 R sin

¡
¼
4 ¡ µ

2

¢
and the acceleration along A0B is g sin

¡
¼
4 ¡ µ

2

¢
: Therefore,

T = 2
p

R = g is independent of µ . Then he showed that the time taken by the part icle,
starting from A, following two inclined planes AA0 and t hen A0B (i.e. , the broken path
AA0B) is less than T . Thereafter, with some fallacious arguments he reached the con-
clusion that if the path is continuously broken along the circle, the time of descent will
be least. It can b e shown that the time of descent along t he quadrant of t he circle comes
out approximat ely 1 :8541

p
R = g , where R is the radius of t he circle. If the points A and

B are really j oined by a cycloid (the correct brachistochrone of Bernoulli) , then the time
of descent t urns out as 1 :8257

p
R = g . So, the quadrant of a circle as argued by Galileo

has only 1. 56% error!

B o x 3 .
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Figure 8.

th is e n d , w e d ra w p erp en d ic u la rs fro m th e p o in t D o n

to th e sid e s A B a n d A C a n d e x te n d th e se p erp en d ic u -
la rs u p to D 00 a n d D 0, resp e c tiv e ly, so th a t A B a n d A C
b e c o m e b ise c to rs o f D D 00 a n d D D 0 (see F igu re 8 ). J o in
D 0D 00a n d let th is lin e in te rse c t A C a t th e req u ired p o in t
E a n d A B a t F . It is e a sy to se e th a t th e p e rim e ter o f

th e tria n g le D E F is e q u a l to D 0D 00.

F o r a n y o th e r ch o ic e , lik e E 1 (o n A C ) a n d F 1 (o n A B ),
th e p e rim ete r o f th e tria n g le D E 1 F 1 is g iv e n b y th e b ro -

k e n d ista n c e D 0E 1 F 1 D 00a n d is o b v io u sly m o re th a n th a t
o f th e tria n g le D E F .

S e c o n d S t e p : In th is step , th e p o in t D is so ch o se n
th a t th e d ista n c e D 0D 00 is m in im iz ed . T o w a rd s th is en d ,

w e ¯ rst n o te th a t 6 D 00A D 0 = 2 6 A = a g iv en q u a n tity ,
a n d A D 0 = A D = A D 00. S o fo r th e b a se o f th e iso sc e le s
tria n g le A D 0D 00 (= D 00D 0) w ith a g iv e n v e rte x 6 D 00A D 0,
to b e m in im u m , th e sid es A D 00= A D 0(= A D ) sh o u ld b e
m in im u m . N o w , fo r A D to b e m in im u m , D m u st b e th e

fo o t o f th e a ltitu d e fro m th e v e rte x A .

In th e ¯ rst ste p , w e c o u ld h a v e ta k e n a n a rb itra ry p o in t
E (o n A C ) o r F (o n A B ) a n d in th e sec o n d step , th e se

w o u ld h a v e tu rn ed o u t to b e th e fe et o f th e a ltitu d e s
d ra w n fro m B a n d C , re sp ec tiv e ly . If th e so lu tio n is
u n iq u e, th e n th e in sc rib ed tria n g le (D E F ) o f m in im u m
p e rim e te r is o b v io u sly o b ta in e d b y jo in in g th e fe et o f th e
th re e a ltitu d e s.
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Figure 9.

Figure 10.

S c h w a r z 's P r o o f

S ch w a rz p o sed th e p ro b le m a s to p ro v e th a t fo r a n a c u te -
a n g le d tria n g le A B C , th e a ltitu d e tria n g le P Q R h a s th e
m in im u m p e rim e te r a m o n g st a ll th e in scrib e d tria n g le s

(se e F igu re 9 ).

It is e a sy to se e th a t th e q u a d rila tera ls O Q A R , O P C Q
a n d O R B P a re a ll cy c lic q u a d rila tera ls. T h e refo re ,

6 R Q A = 9 0 o ¡ 6 O Q R = 9 0 o ¡ 6 O A R = 6 B a n d sim ila rly
6 P Q C = 6 B ,

o r, 6 R Q A = 6 P Q C :

S im ila rly , 6 R P B = 6 Q P C a n d 6 Q R A = 6 P R B :

T h u s a lig h t ra y sta rtin g fro m P retu rn s to P a fte r b e in g
re ° ec te d su c ce ssiv e ly a t Q a n d R w ith th e sid es o f th e
tria n g le A B C a ctin g a s m irro rs.

C o n sid er tw o in sc rib ed tria n g le s o n e o f w h ich is th e a lti-
tu d e tria n g le P Q R (se e F igu re 1 0 ) a n d ¯ v e su c c essiv e re -
° e ctio n s ex p la in e d in th e ¯ g u re . A fter a ll th e re° e c tio n s
th e sid e B C b e co m e s p a ra lle l to its o rig in a l o rien ta tio n .
T h e re fo re , th e stra ig h t lin e s P P 0 a n d U U 0 a re o f eq u a l

len g th . It is re a d ily see n th a t th e d ista n ce P P 0 is eq u a l
to tw ic e th e p e rim e ter o f th e a ltitu d e tria n g le , w h e rea s
tw ic e th e p e rim ete r o f th e o th e r tria n g le is g iv e n b y th e
z ig za g le n g th U U 0. H e n c e th e p erim e te r o f th e a ltitu d e
tria n g le is m in im u m .

It c a n b e sh o w n th a t th e p e rim ete r o f th e a ltitu d e tria n -
g le is le ss th a n tw ic e th e sh o rte st a ltitu d e . O n e m a y a sk
w h a t h a p p en s to th is m in im u m p ro p e rty o f th e a ltitu d e

tria n g le if th e o rig in a l tria n g le A B C is a n o b tu se -a n g le d
tria n g le (se e F igu re 1 1 ). In th is ca se , th e p erim e te r o f
th e a ltitu d e tria n g le is m o re th a n tw ic e o f th e sh o rte st
a ltitu d e (B Q in th e ¯ g u re).

It ca n b e sh o w n th a t, in th is c a se , fo r th e a ltitu d e tria n -



570 RESONANCE  June 2008

GENERAL  ARTICLE

Figure 11.

Figure 12.

g le th e ex p re ssio n p + q ¡ r a tta in s a sta tio n a ry v a lu e ,

w h e re p , q a n d r re p re sen t th e sid es o f th e tria n g le P Q R
(P , Q a n d R a re th re e p o in ts o n th e sid e s (if n e c essa ry
e x te n d e d )) w ith r o p p o site to th e o b tu se a n g le.

M in im u m P a t h w it h in a Q u a d r ila t e r a l

C o n sid er a q u a d rila tera l A B C D (F igu re 1 2 ) a n d a g iv e n
p o in t p o n o n e o f th e sid e s A B . W e h a v e to d e te rm in e th e

sh o rtest p a th sta rtin g fro m p a n d retu rn in g to p , to u ch -
in g a ll th e sid e s o f th e q u a d rila te ra l o n c e . In w o rd s,
o n e c a n p o se th e p ro b le m a s if th ere is a co m m o n la w n
A B C D a n d a h o u se a t p . W h e re sh o u ld th e o th er th ree
h o u ses q , r a n d s o n th e o th e r th re e sid es b e lo c a te d so
th a t th e b rick p a th jo in in g th e h o u ses w ill b e o f m in i-

m u m len g th ?

T h e so lu tio n c a n b e o b ta in e d b y re ° ec tin g th e q u a d rila t-
e ra l su c c essiv ely o n sid e s A D , D C a n d C B a s e x p la in e d

in F igu re 1 3 . J o in p w ith its ¯ n a l re ° ec te d p o sitio n (p 3 )
a n d o b ta in q , r a n d s b y n o tin g th e p o in ts o f in te rsec tio n
o f p p 3 w ith th e d i® ere n t (re ° ec te d ) sid e s.

D e p e n d in g o n th e sh a p e o f th e o rig in a l q u a d rila te ra l, it
m a y h a p p e n th a t th e lin e p p 3 m a y n o t in te rse ct th e lin e
B C (se e F igu re 1 4 ). In th a t c a se th e p a th is v ia th e
c o rn e r C a s sh o w n in th e ¯ g u re.

G e o d e s ic s o n t h e S u r fa c e o f a P a r a lle le p ip e d

T h e sh o rte st p a th b e tw e e n tw o p o in ts o n a su rfa ce (a lo n g
th e su rfa c e ) is k n o w n a s g e o d esic . O b v io u sly , fo r a p la n e
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Figure 13 (top).

Figure 14 (bottom).

su rfa ce th e g eo d e sic is th e lin e jo in in g th e tw o p o in ts. A

re cta n g u la r p a ra lle lep ip e d co n sists o f six d i® e ren t p la n e
su rfa ce s. H e re th e g eo d e sic b e tw e e n tw o p o in ts ly in g
o n tw o d i® e re n t su rfa c e s c a n b e c o u n te r-in tu itiv e . G eo -
d e sics, o f c o u rse, w ill b e a co m b in a tio n o f a n u m b e r o f
stra ig h t lin es ly in g o n d i® e ren t su rfa c es. H e re w e d iscu ss

th re e p o p u la r p ro b le m s.

P r o b le m 1 : R efe rrin g to F igu re 1 5 , w e c o n sid e r a ro o m
o f d im e n sio n s sh o w n . O n th e c en te rlin e s o f th e tw o o p -

p o site v e rtic a l fa c es L in d ic a te s a liz a rd a n d I in d ic a te s
a n in se ct. T h e liza rd is 1 m b e lo w th e c eilin g a n d th e
in se ct is 1 m a b o v e th e ° o o r. W h a t is th e len g th o f th e
m in im u m p a th th a t th e liza rd h a s to c o v e r to re a ch th e
in se ct? T h e liz a rd ca n tra v e l o n a ll fa ce s.
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Figure 15 (top-left).

Figure 16 (top-right).

Figure 17 (bottom-left).

T h e m o st c o m m o n (a n d w ro n g ) a n sw e r is 4 0 m . T o g e t

th e c o rre c t a n sw e r w e h a v e to u n fo ld d i® e re n t su rfa c e s
a lo n g e d g e s to o b ta in a ° a t p ic tu re. T h is u n fo ld in g (in
th e p a rla n ce o f e n g in e erin g d ra w in g { d ev elo p m e n t) c a n
b e d o n e in v a rio u s w a y s. T h e g e o d e sic is o b ta in e d b y th e
u n fo ld in g sh o w n in F igu re 1 6 . T h e p a th o f th e liza rd is

o b ta in e d b y fo ld in g a s sh o w n in F igu re 1 7 . O n e sh o u ld
n o te th a t th e liza rd h a s to u se ¯ v e o f th e six fa c es. O b -
v io u sly th e re is a n o th e r sy m m etric p a th u sin g th e b a ck
v e rtica l fa ce in ste a d o f th e fro n t o n e . T h e le n g th o f th e
g e o d e sic is e a sily se en to b e

p
3 2 2 + 2 0 2 = 3 7 :7 3 6 m .

B y u sin g fo u r su rfa c es th e liz a rd c a n ¯ n d a p a th w h ich is
lo n g e r th a n 3 7 .7 3 6 m b u t sh o rte r th a n 4 0 m (u sin g o n ly
th re e su rfa c es). H ere w e le a v e tw o sim ila r p ro b le m s fo r

th e re a d e rs to try.

P r o b le m 2 : N o te th a t th e g eo d e sic is d e ¯ n e d fo r tw o
g iv e n e n d p o in ts o n th e su rfa ce s o f th e ro o m . S u p p o se
o n e o f th ese is g iv en a s th e co rn er D (F ig u re 1 5 ). T h e

len g th o f th e g eo d e sic th e n d e p en d s o n th e ch o ic e o f
th e o th er p o in t. D e term in e th is o th er p o in t so th a t th e
len g th o f th e g e o d esic is m a x im u m . W h a t is th is m a x i-
m u m v a lu e ? (T h e o th e r e n d is n o t th e p o in t F a n d th e
m a x im u m le n g th is m o re th a n

p
1 3 0 0 m .)
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1 In fact, it is enough if each

angle of the triangle is less than

120o.

P r o b le m 3 : If o n e is fre e to ch o o se b o th th e e n d p o in ts,

th e n w h a t is th e m a x im u m p o ssib le len g th o f th e g eo -
d e sic? (It is m o re th a n 4 0 m .)

F e r m a t / S t e in e r P r o b le m

W ith in a n a c u te-a n g le d tria n g le A B C 1 , d ete rm in e th e
p o in t P su ch th a t P A + P B + P C is m in im u m . In th e
se v e n tee n th c e n tu ry F e rm a t p o se d th is p ro b le m to T o r-

ric e lli, w h o so lv e d it in m o re th a n o n e w a y s. T h e sa m e
p ro b le m w a s a g a in d iscu sse d b y S te in e r in th e n in e te en th
c en tu ry .

F irst w e a ssu m e th a t a u n iq u e so lu tio n e x ists. R e fe rrin g

to F igu re 1 8 , w e c o n sid e r a n in sid e p o in t P . N o w ro ta te
th e tria n g le A P C a b o u t th e p o in t A a s a rig id b o d y
th ro u g h 6 0 o in th e co u n ter-c lo ck w ise d ire c tio n a s sh o w n ,
w h e n th e p o in t C g o es to C 0a n d P g o e s to P 0. T h e z ig za g
p a th fro m B to C 0 is

B P + P P 0+ P 0C 0= B P + P A + P C

(sin ce th e tria n g le A P P 0 is e q u ila te ra l).

T h u s th e re q u ire d su m is m in im u m w h en th e z ig za g p a th
b e c o m es stra ig h t. N o te th a t th e lo c a tio n o f th e p o in t C 0

is in d ep en d en t o f th e ch o ice o f th e p o in t P . F o r th e p a th
B P P 0C to b e stra ig h t, th e a n g le 6 A P B = 1 2 0 o (sin ce
6 A P P 0 = 6 0 o ). In ste a d o f ro ta tin g th e tria n g le A P C

a b o u t A , w e co u ld h a v e ro ta te d th e tria n g le B P A a b o u t
B o r th e tria n g le

C P B a b o u t C . T h e n in th e sa m e w a y , o n e w o u ld rea ch
th e c o n c lu sio n th a t, a t th e re q u ire d p o in t P th e sid e s B C

a n d A C a lso su b te n d a n a n g le 1 2 0 o . T h u s, th e p o in t P is
lo c a te d so th a t a ll th e sid es o f th e tria n g le A B C su b te n d
a n a n g le 1 2 0 o a t P . T h o u g h w e sta rte d w ith a n a c u te -
a n g le d tria n g le , th e m eth o d ex p la in ed a b o v e c le a rly te lls
th a t th e so lu tio n is v a lid so lo n g a s a ll th e a n g les o f th e

tria n g le a re le ss th a n 1 2 0 o . If th e a n g le a t A is m o re
th a n 1 2 0 o , th e n th e p o in t C 0 c o m es b elo w th e lin e A B .



574 RESONANCE  June 2008

GENERAL  ARTICLE

Figure 18 (top-left).

Figure 19 (top-right).

Figure 20 (bottom-left).

If a n y o f th e a n g le o f th e tria n g le is e q u a l to o r m o re

th a n 1 2 0 o , th en th e p o in t P is id en tic a l w ith th e v e rtex
c o n ta in in g th is o b tu se a n g le . F igu res 1 9 a n d 2 0 sh o w
tw o e a sy w a y s o f lo c a tin g th e p o in t P g eo m e trica lly. In
F igu re 1 9 , A B D a n d A C E a re e q u ila te ra l tria n g le s a n d P
is a t th e in terse c tio n o f B E a n d C D . In F igu re 2 1 , A C X

is a n e q u ila te ra l tria n g le a n d P is a t th e in terse c tio n o f
B X a n d th e c irc u m circ le o f A C X .

A n a lte rn a tiv e p ro o f a n d so lu tio n to th e a b o v e p ro b lem

is b a se d o n V iv ia n i's th eo re m , w h ich sta te s th a t in a n
e q u ila te ra l tria n g le , th e su m o f th e d ista n c es o f a n in sid e
p o in t fro m th e th re e sid e s is th e sa m e fo r a ll th e p o in ts.
T h is th e o re m c a n b e p ro v e d a s fo llo w s. R e ferrin g to
F igu re 2 2 , fo r th e e q u ila te ra l tria n g le P Q R o f sid e s , its

a re a ¢ ca n b e w ritte n a s

¢ = ¢ Q O R + ¢ R O P + ¢ P O Q

=

µ
1

2

¶

s (O A + O B + O C ) :

T h e re fo re , O A + O B + O C = (2 ¢ = s ), a c o n sta n t in d e -
p e n d e n t o f th e lo ca tio n o f O .
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Figure 21.

Figure 22.

N o w fo r th e F e rm a t/ S te in e r p ro b le m , c o n sid e r th e a c u te -

a n g le d tria n g le A B C (F igu re 2 1 ). T h e p o in t O , fo r O A
+ O B + O C to b e m in im u m , sh o u ld b e ch o se n su ch th a t
p e rp en d ic u la rs d ra w n to O A , O B a n d O C c o n stitu te s a n
e q u ila te ra l tria n g le (P Q R ). T h is im p lies th a t th e sid e s
A B , A C a n d B C su b te n d 1 2 0 o a t O . T h e la st sta te m en t

is o b v io u s if o n e n o tice s th e c y c lic q u a d rila tera ls O A Q C ,
O B P C a n d O A R B . T h e m in im u m p ro p e rty o f th e p o in t
O c a n b e p ro v e d a s fo llo w s.

If O 1 b e a n o th e r p o in t in sid e th e tria n g le A B C , th en le t
O 1 A 1 , O 1 B 1 a n d O 1 C 1 b e th e th re e p erp en d ic u la rs o n
th e sid e s o f th e eq u ila tera l tria n g le fro m O 1 , th e n

A 1 O 1 · A O 1 ; B 1 O 1 · B O 1 ; C 1 O 1 · C O 1

o r A 1 O 1 + B 1 O 1 + C 1 O 1 < A O 1 + B O 1 + C O 1

sin c e a ll eq u a litie s c a n n o t b e v a lid sim u lta n e o u sly . N o w ,
fro m V iv ia n i's th eo rem

O A + O B + O C = O 1 A 1 + O 1 B 1 + O 1 C 1 <

O 1 A + O 1 B + O 1 C :

S o lu t io n w it h a M e c h a n ic s F la v o u r ( L e ib n iz )

P la c e th e tria n g le A B C o n a h o riz o n ta l ta b le (see F igu re
2 2 ). D rill h o le s o n th e ta b le a t th e th ree v ertice s A , B

P

A

B C

W

W

W
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Figure 23.

Figure 24.

a n d C . T h ro u g h th ese h o le s h a n g th re e e q u a l w eig h ts

(W ) b y ty in g to strin g s. T h e fre e e n d s o f th e strin g s
a re tied in a k n o t. P la ce th e k n o t o n th e ta b le. W h e n
th e sy ste m c o m es to e q u ilib riu m , th e k n o t o c cu p ie s th e
d e sire d lo c a tio n P . T h e g ra v ita tio n a l p o te n tia l en e rg y
(P E ) o f th e sy ste m (w ith th e ta b le a s th e d a tu m ) is

P E = W (P A + P B + P C ¡ L 1 ¡ L 2 ¡ L 3 )

w h e re L 1 ; L 2 a n d L 3 a re th e len g th s o f th e strin g s p a ss-

in g , re sp e ctiv e ly , th ro u g h A , B a n d C . S in c e a t eq u i-
lib riu m th e p o te n tia l e n erg y is m in im u m , (P A + P B +
P C ) w ill b e m in im u m . N o w a s th re e e q u a l fo rc e s (W ),
a c tin g a t th e p o in t P , a re in eq u ilib riu m , th ey m u st b e
a t 1 2 0 o to o n e a n o th e r. T h u s a ll th e sid e s o f th e tria n g le

su b te n d 1 2 0 o a t th e p o in t P .

S t e in e r P o in t s fo r T h r e e L o c a t io n s

W e h a v e ju st se e n th a t fo r th ree lo c a tio n s (fo rm in g a
tria n g le w ith n o a n g le g rea ter th a n 1 2 0 o ) to b e in te r-
c o n n e c ted b y ro a d o r c a b le n e tw o rk , m a x im u m sa v in g
c a n b e a ch iev ed b y cre a tin g a v irtu a l h u b a t th e p o in t P
(se e F igu re 2 3 ). S u ch v irtu a l h u b lo c a tio n s w h e re th ree

lin e s m e e t a t lin e s 1 2 0 o a re ca lle d S te in er p o in ts. If th e
th re e lo ca tio n s a re in te rco n n ec te d d ire c tly (e .g ., A B +
B C in F igu re 2 4 ), th e n th e to ta l m in im u m o f a ll su ch
d irec t co n n e ctio n s is c a lle d th e sp a n n in g le n g th . T h e
to ta l le n g th o f in te rco n n e ctio n s w h e n m in im iz ed u sin g

S te in e r p o in ts (e .g ., P A + P B + P C in F igu re 2 3 ) is
c a lle d th e S te in er le n g th . F o r th re e lo c a tio n s a t th e v e r-
tic e s o f a n e q u ila te ra l tria n g le , it is ea sily se e n th a t th e
S te in e r ra tio , d e ¯ n e d a s,

S te in er le n g th

S p a n n in g len g th
=

p
3

2
¼ 0 :8 6 6 (se e B o x 4 ) (8 )
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Box 4.

Delta Airlines in USA had

their hubs in New York,

Chicago and Atlanta.

They asked Bell Tele-

phone Company to inter-

connect these three hubs

by telephone cables. Bell

Telephone charged on the

basis of the length of the

cables connecting New

York – Chicago – Atlanta

(spanning length). Some-

one in Delta Airlines knew

that Steiner length will be

shorter (cheaper), if a vir-

tual hub is created at the

required Steiner point.

The three hubs formed

approximately an equilat-

eral triangle (for which the

saving would have been

approximately 13.4% as

given by eqn. (8)) and Bell

Telephone Company re-

turned 15% of the fees.

Figure 25.

(a)

(b)

S t e in e r P o in t s , S o a p F ilm s a n d S t e in e r C o n je c -

t u r e

F igu re 2 4 sh o w s th a t fo r fo u r lo c a tio n s a t th e v e rtic es o f
a sq u a re , o n e n ee d s tw o S te in e r p o in ts a n d th e S te in e r

ra tio c o m es o u t a s 1 +
p

3
3

. N o te th a t a t a ll S te in er p o in ts,
th re e lin e s m e et a t 1 2 0 o . In th is c a se , th e sh o rte n in g
o f th e S tein e r le n g th fro m th e sp a n n in g le n g th is b y
a p p ro x im a te ly 8 .9 % .

F o r six lo c a tio n s a t th e v e rtic e s o f tw o a d ja c en t sq u a re s
(se e F igu re 2 5 a ), o n e m a y th in k th a t th e S te in e r so lu tio n
c a n b e o b ta in ed b y th e c o m b in a tio n o f a sq u a re a n d a
tria n g le . B u t th a t is n o t c o rre ct. T h e co rrec t so lu tio n
is sh o w n in F igu re 2 5 b . It m a y b e m e n tio n e d th a t fo r n

g iv e n lo c a tio n s, th e re w ill b e a t m o st n -2 S te in er p o in ts.

T h e se so lu tio n s c a n a lso b e o b ta in e d b y sim p le e x p e r-
im e n ts. O n e c a n co n n e ct tw o tra n sp a re n t (p e rsp ex )

sh e e ts (o f a b o u t 3 m m th ick n e ss) w ith a g a p (sa y 3 m m )
b y a n u m b e r o f m e ta l p in s (re p resen tin g th e site lo ca -
tio n s to b e in te rco n n e cte d ). T h is a sse m b ly is d ip p e d in a
so a p (h o m e d ete rg e n t) so lu tio n a n d ta k en o u t. B y d ra in -
in g o u t th e ex tra so lu tio n , a so a p ¯ lm (a little g ly c erin

m a y b e a d d e d to th e so a p so lu tio n fo r e n h a n cin g th e sta -
b ility o f th e ¯ lm ) c o n n e c tin g a ll th e p in s is fo rm ed . T o
m in im iz e th e su rfa c e e n e rg y , th e su rfa c e a re a a n d h e n ce
th e to ta l len g th (sin c e th e o th e r d im e n sio n o f th e ¯ lm
is e q u a l to th e g a p ) is m in im ize d . F o rm a tio n o f S te in e r

p o in ts w h ere th re e ¯ lm su rfa c es m e e t a t 1 2 0 o ca n b e
re a d ily see n fo r th re e a n d fo u r lo ca tio n s (lik e F igu res 2 3
a n d 2 4 ). H o w ev er, F igu re 2 5 b c a n b e o b ta in e d , o n ly b y
ta k in g e x trem e c a re th a t a ll th e p in s a re c o n n e c ted b y a
sin g le ¯ lm . O th e rw ise, F igu re 2 5 a o r so m e o th e r ¯ g u re
is o b ta in e d . F igu re 2 5 a is o b ta in e d w h en tw o ¯ lm s a re

fo rm e d , o n e c o n n ec tin g th e v e rtic e s o f a sq u a re a n d th e
o th e r, th e th re e v ertic es o f a tria n g le . E v en F igu re 2 4
c a n b e rep ea ted sid e b y sid e w h e n ea ch o f th e tw o ¯ lm s
c o n n e c ts th e v e rtice s o f o n e sq u a re ea ch . (S ee B o x 5 ).
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(a) (b) (c)

Figure 26.

Box 5.

In the nineteenth century,

Belgian physicist Plateau

conducted extensive ex-

periments with soap

bubbles and came up with

two laws of their forma-

tion. One of which states

that three soap films can

meet along an edge with

the surfaces at an angle

120o to one another. This

is seen in the experiment

described here. The sec-

ond law says that six films

can meet at a point with

four edges at an angle

cos–1(–1/3) to one an-

other. One can see this by

dipping a wire frame in

the form of a cube in the

soap solution. This sec-

ond law was proved math-

ematically in 1976. Inci-

dentally, Plateau blinded

himself by looking at the

Sun while doing his doc-

toral thesis on physiologi-

cal optics! The soap

bubble experiments were

conducted with the help

of his assistants.

2 Obviously not Steiner who lived

during the nineteenth century –

it has been said that Steiner’s

only contribution to this problem

is his name!

In 1 9 6 0 's m a th em a tic ia n s2 co n jec tu re d th a t fo r a n y n u m -

b e r o f lo c a tio n s p la c e d a rb itra rily in a p la n e, th e S te in e r
ra tio is ¸

p
3 = 2 (¼ 0 :8 6 6 ) (se e (8 )). T h is c a m e to b e

k n o w n a s S tein e r ra tio c o n je ctu re . In 1 9 8 5 , tw o m a th e -
m a ticia n s o b ta in e d th e lim it a s 0 .8 2 4 . B u t th e ir m e th o d
w a s so cu m b e rso m e , th a t th e y th e m selv e s d e c la red th a t

th e ir re su lt c a n b e im p ro v e d a n d a n n o u n c ed a p rize fo r
o n e w h o c o u ld p ro v e th is c o n je c tu re. In 1 9 9 1 , tw o m a th -
e m a tic ia n s p ro v e d it u sin g th e c o n c e p t o f g a m e th e o ry .

T u r n in g a T r a n s p a r e n t S q u a r e O p a q u e

N o w let u s c o n sid e r a sq u a re o f u n it sid e w ith tra n s-
p a re n t sid e s. S o lig h t en te rin g (a lo n g th e p la n e o f th e
sq u a re ) th ro u g h a n y sid e a t a n y a n g le w ill p a ss th ro u g h .

T h e p ro b le m is to ¯ n d th e m in im u m le n g th o f b la ck -
b o d y o b sta cle th a t n e e d s to b e p u t in sid e th e sq u a re
so th a t th e sq u a re b ec o m e s o p a q u e . In o th er w o rd s,
a n y lig h t e n terin g th e sq u a re w ill n o t c o m e o u t o f it.
O n e p o ssib le so lu tio n is sh o w n in F igu re 2 6 a , w h ere

b la ck -b o d y o b sta c le s a re p u t a lo n g th e d ia g o n a ls o f to -
ta l le n g th 2

p
2 (¼ 2 :8 2 8 ). B u t th is is n o t th e m in i-

m u m . F igu re 2 6 b sh o w s a so lu tio n w ith th e tw o S te in e r
p o in ts o f a sq u a re , a n d th e to ta l le n g th o f th e o b sta c le
is 1 +

p
3 (¼ 2 :7 3 2 ). N o o n e k n o w s w h a t th e m in im u m

so lu tio n is. T h e b est a ch ie v e d so fa r is sh o w n in F igu re
2 6 c, w h e re th re e lin e s m ee t a t 1 2 0 o (th e S tein e r p o in t
o f a tria n g le ) a n d a fo u rth o n e co v ers h a lf o f a d ia g o n a l.
H ere th e to ta l le n g th is a p p ro x im a tely 2 .6 3 9 .

K a k e y a P r o b le m

W h a t is th e le a st a re a w ith in w h ich a lin e se g m e n t o f
u n it le n g th c a n b e ro ta te d th ro u g h 3 6 0 o ? T h e lin e seg -

m en t c a n b e tra n sla ted a n d ro ta te d .
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27.

Figures 27–30.

28.

29.

30.

A n o b v io u s a re a (n o t m in im u m ) w ith in w h ich th is c a n

b e a c co m p lish ed is a c irc le o f u n it d ia m ete r w ith a re a
o f ¼ = 4 (¼ 0 :7 8 5 4 ) u n its. O n e c a n d o it in a sm a ller a re a
b y co n sid erin g a n e q u ila te ra l tria n g le o f u n it a ltitu d e
(F igu re 2 7 ) w ith a n a re a o f 1 =

p
3 (¼ 0 :5 7 7 ) u n its. T h e

lin e seg m e n t A B is ro ta ted a b o u t th e p o in t A u n til it

c o in cid e s w ith o n e o f th e sid es o f th e tria n g le . T h en it
is tra n sla ted so th a t th e e n d B co in c id es w ith a n o th e r
v e rte x o f th e tria n g le . T h e n it is ro ta ted th ro u g h 6 0 o

a b o u t th e en d B . T h is p ro c ess co n tin u es u n til th e ro d is
ro ta ted th ro u g h 3 6 0 o , w h ile a lw a y s re m a in in g w ith in th e

tria n g le . It h a s b ee n p ro v e d th a t th is is th e m in im u m
a re a o f a co n vex ¯ g u re w ith in w h ich th e ta sk ca n b e
a c c o m p lish e d . If a c o n c a v e ¯ g u re is p e rm itte d , th e n o n e
c a n fu rth er red u ce th e a re a b y c o n sid e rin g a d e lto id b ig
e n o u g h to p e rm it tu rn in g o f a u n it lin e (F igu re 2 8 ). T h e

d e lto id is g e n era ted b y a p o in t o n th e rim o f a w h e e l
ro ta tin g in sid e a p ip e o f d ia m ete r th ree tim e s th a t o f
th e w h ee l (F igu re 2 9 ). T h e a re a o f th is d e lto id is ¼ = 8 (¼
0 :3 9 2 7 ) u n its.

A n o th e r ¯ g u re o f sa m e a rea is sh o w n in F igu re 3 0 . T h is
¯ g u re is b o u n d ed b y tw o sem ic ircle s, w h e re th e u n it lin e
se g m e n t O P c a n ro ta te in th e c o u n te rc lo ck w ise d irec tio n
th ro u g h so m e a n g le . A t th e en d o f th e tu rn in g , th e
lin e is tra n sla te d a lo n g B A a n d th e n ro ta te d to c o in c id e

w ith A C . T h ere a fte r th e ro d is tra n sla te d a lo n g A C to
b e p la c e d w ith in th e a n n u lu s a g a in a n d in th e p ro c e ss
th e ro d ro ta tes th ro u g h 1 8 0 o (w a tch th e a rro w h e a d ).
T h e p ro c e ss is re p e a te d o n c e m o re to m a k e a c o m p lete
ro ta tio n . T h e a re a n ee d e d is th a t o f th e se m ic irc u la r

a n n u lu s a n d th a t o f th e sec to r A B C . T h e a rea o f th e
se c to r A B C c a n b e m a d e n e g lig ib ly sm a ll b y m a k in g R

a s la rg e a s w e w a n t. It is e a sy to se e th a t R 2 = r 2 + (1 = 4 )
a n d th e a re a o f th e a n n u lu s is (¼ = 2 )(R 2 ¡ r 2 ) = (¼ = 8 ):

S in ce b o th F igu res 2 9 a n d 3 0 h a v e th e sa m e a re a , fo r
a lo n g tim e it w a s th o u g h t th a t th e a re a c a n n o t b e re -
d u c e d a n y fu rth e r. B u t ex te n d in g th e id e a o f F igu re
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Figure 31.

3 1 , B esic o v itch p ro v ed th a t th e a rea c a n b e red u ce d to

z ero (!), if m u ltip ly -co n n ec te d reg io n is a llo w e d . S o fa r
a s a sim p ly -c o n n e c ted reg io n is co n ce rn e d , th e c u rren t
m in im u m is o b ta in e d b y a ¯ v e -p o in te d sta r (F igu re 3 1 )
h a v in g a n a rea ¼ 0 :2 9 4 5 u n its. N o o n e k n o w s w h a t th e
m in im u m a re a is a n d w h a t th e ¯ g u re is. It is k n o w n th a t

th e g rea test lo w e r b o u n d o f a re a o f a sim p ly -co n n e cte d
re g io n is le ss th a n o r e q u a l to ((5 ¡ 2

p
2 )= 2 4 )¼ (¼ 0 :2 8 4 3 ):

I s o p e r im e t r ic P r o b le m s in T w o - a n d T h r e e -

D im e n s io n s

It is a c o m m o n ly k n o w n fa ct th a t, o f a ll c lo sed ¯ g u re s
w ith th e sa m e p e rim e ter, th e circle e n clo ses th e m a x -
im u m a re a . S im ila rly , o f a ll c lo se d su rfa c es w ith th e

sa m e su rfa c e a re a , th e sp h ere e n c o m p a sse s th e m a x i-
m u m v o lu m e. T h e c o n v e rse s o f th ese sta te m en ts a re
a lso tru e , i.e ., o f a ll clo sed c u rv e s o f e q u a l a re a circ le h a s
th e m in im u m p e rim e te r a n d o f a ll so lid s o f sa m e v o lu m e
sp h e re h a s th e m in im u m su rfa c e a re a . T h ese re su lts

w e re k n o w n fro m th e tim e o f G ree k g e o m ete rs a n d so m e
n o n -fo rm a l p ro o fs w e re a lso a v a ila b le . S te in e r, w ith a se t
o f c le v er a rg u m en ts, im p ro v e d u p o n th ese p ro o fs. B u t,
fo r tw o d im e n sio n s, a m a th e m a tic a lly fo rm a l p ro o f w a s
¯ rst g iv e n b y W e ie rstra ss a ro u n d 1 8 8 0 a n d p u b lish e d in

1 9 2 7 . In 1 8 8 4 , S ch w a rz ¯ rst g a v e th e fo rm a l p ro o f fo r
th re e d im e n sio n s.

T h e sta te m en ts g iv e n a b o v e a re u se d to d e ¯ n e th e fo l-

lo w in g iso p e rim e tric q u o tie n t (IQ ) fo r c lo sed ¯ g u res a n d
su rfa ce s:

IQ =
4 ¼ A

P 2
· 1 ; (9 )

w h e re A is th e a re a a n d P is th e p erim ete r w ith th e
e q u a lity sig n v a lid o n ly fo r a c irc le.

IQ =
3 6 ¼ V 2

A 3
· 1 ; (1 0 )

w h e re V is th e v o lu m e a n d A is th e su rfa c e a rea w ith th e
e q u a lity sig n v a lid o n ly fo r a sp h ere . T h e iso p e rim e tric

F o r 2 -D

F o r 3 -D
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q u o tien t h a s b ee n g e n era lize d fo r n d im en sio n s a s

IQ =
2 ¼ n = 2 n n ¡ 1 V n ¡ 1

A n ¡ (n = 2 )
· 1 ; (1 1 )

w h e re ¡ rep re se n ts th e G̀ a m m a ' fu n c tio n .

E q u a tio n s (9 ) a n d (1 0 ) c a n b e u se d to so lv e so m e a n a -
ly tica l (n o n -g e o m etrica l) p ro b lem s. T w o su ch p ro b lem s
a re d isc u sse d b e lo w .

P r o b le m 1 : P ro v e th a t

2 ¼Z

0

q

a 2 sin 2 t + b 2 co s2 td t ¸

r

4 ¼
h

¼ a b + (a ¡ b)
2

i
:

S o lu tio n : W e k n o w th a t th e p a ra m e tric e q u a tio n o f a n
e llip se o f se m i-m a jo r a x is a a n d sem i-m in o r a x is b (F ig-
u re 3 2 ) is g iv e n b y x = a c o st; y = b sin t

T h e p erim ete r o f th is ellip se P is g iv e n b y

P =
I

d s =
I q

(d x )2 + (d y )2 =

2 ¼Z

0

q

a 2 sin 2 t + b 2 c o s2 td t:

N o w c u t th e ellip se in to fo u r e q u a l p ie c e s a n d rea rra n g e
th e p ie ce s to o b ta in th e c lo se d ¯ g u re sh o w n in F igu re
3 3 . T h is n o n -c irc u la r ¯ g u re h a s th e sa m e p e rim ete r a s

th e e llip se a n d th e e n c lo se d a re a A is g iv e n b y

A = ¼ a b + (a ¡ b )2 :

S u b stitu tin g th e e x p ressio n s fo r A a n d P in (9 ) p ro v e s
th e d esire d re su lt. T h e eq u a lity sig n h o ld s o n ly fo r a = b .

P ro b le m 2 : P ro v e th a t fo r n rea l n u m b ers x i; i = 1 ; : : : ; n ;
Ã

nX

i= 1

x 2
i

!3

¸

Ã
nX

i= 1

x 3
i

!2

:

Figure 32.

Figure 33.

F o r n -D
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S o lu t io n : F irst let u s a ssu m e a ll x i's to b e p o sitiv e .

N o w co n sid er n sp h e res w h o se ra d ii a re g iv e n b y x i; i =
1 ; : : : ; n . T h in k o f th e (n o n -sp h eric a l) so lid o b ta in e d b y
g lu in g th e se sp h e res o n e a fter a n o th er. T h e to ta l su rfa ce
a re a A o f th is so lid is g iv en b y

A = 4 ¼
nX

i= 1

x 2
i ;

a n d th e v o lu m e V o f th is so lid is g iv e n b y

V =

µ
4

3

¶

¼
nX

i= 1

x 3
i :

S u b stitu tin g fo r A a n d V in (1 0 ), th e d e sired resu lt
is p ro v ed . If so m e o f th e x i's a re n e g a tiv e, th e n th e
left-h a n d sid e is u n a lte red a n d th e rig h t-h a n d sid e d i-
m in ish e s, so th e in eq u a lity b e co m e s ev en stro n g e r. T h e

e q u a lity sig n h o ld s o n ly fo r th e triv ia l c a se w h en a ll x
;
is

a re e q u a l.

S o w e h a v e see n th a t in g e o m etry , d i® e re n t sc a la r m ea -

su re s lik e le n g th , a rea , e tc ., c a n b e o p tim iz ed . S o m e -
tim e s th e o p tim a l sh a p e o f a ¯ g u re o r a b o d y m a y b e
o f in te re st. C lo se c o n n ec tio n s b e tw ee n E u c lid e a n g e o m -
e try a n d N e w to n ia n m e ch a n ic s is re v e a le d b y so m e o f
th e se o p tim iz a tio n p ro b le m s. F in a lly , d i± c u lt to p ro v e
a n a ly tica l re su lts c a n b e ea sily o b ta in e d u sin g th e co n -

c ep ts o f o p tim iz a tio n in g e o m etrica l p ro b lem s. It m a y b e
m en tio n e d th a t so lu tio n s ca n b e o b ta in e d d e d u c tiv ely if
th e v erb a l o p tim iz a tio n sta te m en ts a n d re strictio n s a re
tra n sla ted in to th e la n g u a g e o f m a th e m a tic s (e .g ., th a t
o f v a ria tio n a l c a lc u lu s) to d e¯ n e th e o b jec tiv e fu n c tio n s

a n d co n stra in ts.

A c k n o w le d g e m e n t

T h e a u th o r w o u ld lik e to th a n k o n e o f th e a n o n y m o u s
re v ie w e rs fo r h is/ h er c o m m en ts o n a n e a rlie r v ersio n o f
th is a rtic le .


