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CHARACTERIZATION OF UNITARY PROCESSES
WITH INDEPENDENT INCREMENTS

UN CIG JIf, LINGARAJ SAHU*, AND KALYAN B. SINHA*}

ABSTRACT. In this paper, we study unitary Gaussian processes with in-
dependent increments with which the unitary equivalence to a Hudson -
Parthasarathy evolution systems is proved. This gives a generalization of
results in [11] and [12] in the absence of the stationarity condition.

1. Introduction

In the framework of the theory of quantum stochastic calculus developed by the
work of Hudson and Parthasarathy,consider the (HP) quantum stochastic differ-
ential equations (qgsde)

AV = Y ViLE(t)AL(dE), Vo = lngr, (L.1)
p,v>0

(where the coefficients L¥(t) : p, v > 0 are bounded operator-valued locally
bounded functions on R in the initial Hilbert space h and A, are the fundamental
processes in the symmetric Fock space I' = DIy (L?(R4, k)) with respect to a
fixed orthonormal basis (in short ‘ONB’) {E; : j > 1} of the noise Hilbert space
k ) ([2]). The conditions for existence and uniqueness of a solution {V;} were
studied by Hudson and Parthasarathy and others when the coeflicient operators
{L#(t)} are constants ([6, 8, 10]). In particular, in the absence of the conservation
martingale, the equation takes the form

dVi = S {ViL,(Dal (db) — ViL} (#)aldt)} + ViG()dt

with the formal unitarity condition:

> Li(t)Li(t) + 2Re G(t) =0

for almost every ¢ > 0, in analogy with the case when L! are constants. The
existence and unitarity of the solution V for the time dependent case will be
proven here in theorem 5.1.
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In a series of earlier work ([11, 12]) it has been shown that unitary evolutions
on h ® H with stationary, independent increments and satisfying a Gaussian con-
dition (where h and H are separable Hilbert spaces) with bounded or possibly
unbounded generator ( in the second case, one needs some further conditions ) are
unitarily isomorphic to the solutions of gsde of the type (1.1) with time indepen-
dent coefficients.

In this article we are interested in the characterization of unitary evolutions
with only independent increments on h ® H and with the assumption that the
expectation evolution relative to a distinguished vector in H is Lifshitz in the time
variable.

The article is organized as follows: Section 2 is meant for recalling some pre-
liminary ideas and fixing some notations on linear operators on Hilbert spaces
and Section 3 collects some results associated with Hilbert space and properties
of evolutions. The main results of section 3 are proved in the Appendix. Section
3 also contain the description of the unitary processes with independent incre-
ments and the assumptions on them. Section 4 is dedicated to the construction
of a Hilbert space, called the noise space and operator coefficients associated with
them. The HP evolution system and its minimality are discussed in Section 5 and
consequently the unitary equivalence of the solution with the unitary process is
proven.

2. Notation and Preliminaries

We assume that all Hilbert spaces in this article are complex separable with
inner products which are anti-linear in the first variable. For each Hilbert spaces
‘H and K we denote the Banach spaces of all bounded linear operators from H
to K and all trace class operators on H by B(H,K) and B (H), respectively, and
the trace on Bi(H) by Tr(-). We note that for each h € H, there exists a unique
operator F}, € B(K,H ® K) such that

Frk=h®Ekfor all k e K. (2.1)

Let h and #H be two Hilbert spaces with orthonormal bases {e; : j > 1} and
{¢j : j > 1}, respectively. For each A € B(h® H) and u,v € h we define a linear
operator A(u,v) € B(H) by

(€1, A(u,v)&2) = (W@ &, Av® &), V6,6 €H
and read off the following properties (for the proof, see Lemma 2.1 in [11]):
Lemma 2.1. Let A;B € B(h® H). Then for any u,v,u;,v; € h (1 = 1,2) we

have
(i) A(+,-) : h x h — B(H) is a jointly continuous sesqui-linear map, and if
A(u,v) = B(u,v) for all u,v € h, then A = B,
(ii) A(u,v) = FyAF,, ||A(u,0)[| < [|A[[[[uflllv] and A(u,v)* = A% (v, u),
(111) A(’ul,’l}l)B(UQ,"UQ) = [A ("Ul >< U2| X 1';.[) B] (Ul,’l)g),
iv) AB(u,v) => .o, A(u,e;)B(e;,v), where the series converges strongly,
§>1 J J
(v) 0 < Au, 0)* Al v) < [[u]>A* Alv, 0),
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(vi) for any &1,&2 € H we have
(A(ur,v1)&1, Bug,v2)€2) = > (uz ® ¢, [B(|vy >< v1] @ & >< &) A% us @ ()
i>1
= (1 ® &1, [A"(Jur >< uz| ® 191) Bl va @ o).

For each A € B(h® H) and € € Zy = {0,1}, we define an operator A(©) €

B(h® #H) by
(6) .__ A ife= O,

A"{lm ife=1.
For 1 < k < n, we define a unitary exchanging map Py, : h®" @ H — h®" @ H
by

Pkm(Ul Q- QU @ é.) = u'rk,n(l) Q- uTk,n(TL) ®£

on product vectors, where 7y, is the permutation {k,k+1,---,n,1,....k — 1}
of {1,2,---,n}. Let ¢ = (e1,€2, - ,€,) € Z%. Consider the ampliation of the
operator A*) in B(h®" @ H) given by

A(n,Gk) = P]:)n(lh(@nil X A(Fk))Pk,n

Now we define the operator
Al© .— H Almer) . Alnser) | g(nien)
k=1

as in B(h®" @ H). Note that as here, through out this article, the product symbol
[1,_, stands for product with the ordering from 1 to n. For product vectors
u,v € h®" one can see that

n

A©(u,v) = (H AW) (u,v) = [ A“) (ui, vi) € B(H), (2:2)

i=1
moreover, for 1 < m < n, we see that

n

@}Nm)mw=ﬂmmww>ﬂ<%wemm. (2.3)

i=m-+1

When ¢ = 0 € 73, for simplicity we shall write A*) for A(™e) and A for A€),

3. Unitary Processes with Independent Increments
Let {Us; : 0 < s <t< oo} be a family of unitary operators in B(h ® H) with
Uss = 1 for any s > 0 and 2 be a fixed unit vector in #. Let us consider the
family of unitary operators {Ug?} in B(h® H) for € € Zy given by Ug(f)t) =Usy
and USQ =Ug;. As in Section 2, for fixed n > 1, ¢ € Z% and each 1 < k < n, we
define the families of operators {US(Z"C"')} and {Us(gt)} in B(h®™ @ H). By identity
(2.2), for product vectors u,v € h®" and e € Z%, we have

U (wv) = [TUS (i, vi).

i=1
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We assume the following on the family of unitary {U,, € B(h® H)}.
Assumption A:

(A1) (Evolution)! For any 0 <r < s <t < o0, UsU.s =U,; and Us s = 1,
(A2) (Independence of increments) for any 0 < s; <#; < oo (i = 1,2) such
that [Sl,tl) N [Sg,tg) = (Z),
(i) Us, 4, (u1,v1) commutes with Us, 1, (u2,v2) and U, ,, (ug,v2) for any
Ui, v; € h (Z = 1,2).
(ii) For pairs (u;,v;) and (pj,w;) € h(i =1,2,...,n;5=1,2,...,k) and
[a,b) and [r,s) disjoint intervals,

< H U (s, v, H p],w] Q>

<Q,ﬁU (us,v;) > <Q H pj,w] Q>
=1

Assumption B: (Regularity) for any co >t > s >0,
sup {[{Q2, (Us,e = 1)(w, 0)Q)| : Jlull = |lv]| = 1} < CJt — s
for some positive constant C' independent of s, t.

Remark 3.1. Similar sets of assumptions of independence can also be found in
the analysis of Levy processes([4]).However here,unlike in [11, 12], the stationarity
condition is not assumed.

As in [11, 12], we need further assumptions for Gaussianity and minimality:

Assumption C: (Gaussianity) for each t > s > 0 and any uy,v; € h, € € Zo

(k = 17273)7
3
lim i - <Q (H@g;w - 1)(uk,vk)> Q> = 0. (3.1)

k=1

Assumption D: (Minimality) the set

. 5= (51a827"' ,Sn)a EZ <t17t27"' ,tn)a O§§7L<OO7
So = { St(u V)Q ’ S; St]‘; E:®Z:1ukayz®zzlvk €h n>1

is total in H.

Remark 3.2. The Assumption D is not really a restriction, one can as well work
by replacing H by Hg, the closure of the linear span of Sy. In fact, it is easy to see
that Us + leaves h ® H invariant and that it’s restriction to h ® H, is an isometry.
For the unitarity of the restriction, it will be necessary to define Sy as the span
of { (u v)Qs, t;u, v; €} so that the restriction of U, to h® Hy is an isometry.

However7 as can be seen in the sequel, we only use the isometry of U, in this
article.

Lyt may be noted that the evolution equation here is from right to left instead of left to right
as was the case in [11], [12]. This is done in order to be in conformity with the notation of [9]
enabling us to use the results there (see Appendix) with minimal changes.
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3.1. Vacuum Expectation. Let us look at the various evolutions associated
with the {Us+}. Define a two parameter family of operators {Ts+} on h by
(u, Ts4v) == (Q, Us 1 (u,v)Q) , Yu,v € h.
For each t > s > 0, since U is unitary, T ; is a contractions.

Remark 3.3. The Assumption B implies |75+ — 1|| < C|t — s|. In particular,
lim; s 75+ = 1 uniformly in s.

Lemma 3.4. Under the Assumptions A and B, the family {Ts.} of contrac-
tions satisfies

(1) foranyr <s <t <oo, Ts,tTr,s = Tr,t and Ts,s =1p

(ii) foranyt' >t >s>0,||Tsr — Ts|| < Clt' —t|.

Proof. (i) The evolution and independent increment property of {U, .} and the
definition of T ; gives the result.
(ii) By (i), for a fixed s > 0 and any ¢ >t > s, we have

HTS,t’ - Ts,t” = || (Tt,t’ - 1) T ¢ | < ||Ts,t||HTt,t’ - 1|| < C‘t/ — t|.

O

Then we have the following result about the evolutions of the type T by
corollary 6.2 in the Appendix:
There exists G € LS (R4, Bs(h)) (definition is given in Appendix) such that

loc

t
Tsy—1= / G(r)Ts -dr (3.2)

and limp, o % = ((t) in the strong operator topology for almost every t.
We shall need the following observation (see Equation (6.2) in [11]):

S NUas = 1) (dr, w)Q* = (w, (1= Teg) w) + (1 = T p) w, w) (3.3)
k>1

for any w € h, where {¢;} is an complete orthonormal basis of h.

Lemma 3.5. (i) Under the Assumption C, for any s > 0 and n > 3,
u,v € h®" and € € Z% ,we have

lim - i - <Q <ﬁ [(Us(f;) - 1) (uk,uk)D Q> —0, (3.4)

k=1

(ii) assume B and C.Then for u,v € h, product vectors p, w € h®" and ¢ € Zo,
€ € Zy,we have

(e =1 o) (U 1) (2. w)2) (3.5)

lim
tlst — S

= (=1)“lim



598 UN CIG JI, LINGARAJ SAHU, AND KALYAN B. SINHA
Proof. (i) The proof is a simple modification of the proof of Lemma 6.6 in [11].

(ii) The idea here is similar to that in the proof of Lemma 6.7 in [11]. For e = 0,
it is obvious. To see this for e = 1, put

and consider the following

1&;% ((Ust +UZ 4 = 2) (u,0)Q, 2Q) (3.6)
=~ limo— ([(UZ = 1) Usp = 1)] (u,0)2, Q)
= —lim i - > AUar = 1) (ex,0)Q, (Uss — 1) (e, u)29Q) .

On the other hand, we have

1
t—s

D {(Uss = 1) (er,0)Q, (U — 1) (€1, u) D)
E>1

1 1
< {0 W = D e )2 | (32 2 Ui = 1) (e )

E>1 k>1

By (3.3) and (iv) in Lemma, the above quantity is equal to

ae (0 k) L (00,07, - 1) (U~ 1] (n)002)

= 2Re <v, 1t_T;*tv> . i (@0, (2= U, = Usy) (u,u)29).

1-Ty,
t—s

Since by Assumption B, | <v, v> | < C||v||? for any v € h and since by the

part(i) of this lemma,

lim o= (@0, (2 Uy = Usy) (u,0)92) =0,
we obtain by (3.7) that limg s - ((Us,e + Uz, — 2) (u,0)Q, 2Q) =
. 1 () _
lim .~ Z (s = 1) (e, ), (Us = 1) (e,0) (U = 1) (0, w)2) =0,
which implies (3.6). O

For each s > 0 and for vectors u, v, p, w € h the identity (3.5) gives

lim
tlst — S

= (1)1
(=1) tlirglt—s

(U =)' (1,009 (U = D (p,w)02) (3.7)

(Usp = 1) (w,0), (Usp = 1) (p, w)$2) .
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We now introduce the partial trace Try which is a linear map from By (h ® H)
to Bi(h) defined by

(u,Trp(B)v) ==Y (u®(;,Bv@(;), VYu,vech

Jj=1

for B € Bi(h ® H). In particular, Try(B) = Tr(B2) By for B = B; ® By. Then
we define a family of operators {Z;;}o<s<: on the Banach space B1(h) by

Zsa(p) = Trn [Usi (p@ Q2 >< QU] p€Bi(h). (3.8)
Thus, for any u,v,p,w € h, we have
<p7 Zs,t(‘w >< ”U|)U> = <U57t(u’ U)Qv Usyt(pa w)Q> . (39)

For p € Bi(h), by the definition of Z, ; and trace norm (see page no. 47 in [5]),
we have

1Zs.4(P)ll = [ TrnlUs,e (p @ Q2 >< Q) UL ||

=, hz [(dr, Tra [Ust (p @ |2 >< Q) UZ,] )|

E>1
< sup Z [(dx © ¢, Ust (p @ 2 >< Q) U it © ()|
¢,1p: ons of hj,k21

<|Usi (p@ 1@ >< QD) UL, < ol
Thus Z; is contractive. For any u,v € h,
1Us e (w, ) Q01 = (u, Zs,t(Jo >< v])u)
and positivity of Z, ; is clear.

Lemma 3.6. Under the Assumptions A and B, {Z,.} is a family of positive
contractive map on Bi(h) satisfying

(i) forany 0 <r < s<t <00, Zs1Zys=Zyt,Zss =1
(ii) for anyt' >t>s>0,||Zsv — Zss|1 < 4C| — 1],
(i) For any p € Bi(h), Tr(Zs.p) = Tr(p).

Proof. (i)To prove evolution property of Zs; it is enough to show that
(Urt(u, 0) 2, Uyt (p, w) Q) = (p, Zr (|0 >< v])u) = (p, Zs,1 Zr s (Jw >< v|)u)
for any u, v, p, w € h. This can be checked by using the evolution and independent

increment properties of the unitary family Us ;.
(ii) For any rank one operator p = |w >< v|, w,v € h, we have
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1(Zow = D(jw >< o]
- S ws (Zo — 1)(jw >< v])is)|

{#}, {¢} ONB of hk>1

= supZ| Us (k) Q, Us 1 (dk, 0)Q) — (o, 0) (1, w)|

Y k>1
< SupZ| wk’ ) 7( St*l)(¢k7 ) >|
&Y >1
- suprk, Ust = 1)(¢1, w)Q
¥ i>1
+ supZ| (Us,t — 1) (¥r, v)0) (P, w)|
oY p>1
1/2 1/2
< sup ZH ot — 1) (0, 0)Q? > IUar = 1)@, w) Q2
& = k>1
1/2 41/2
+ sup | > (i, 0)]? > ok, (Toy = Dw)?
S E>1 |
1/2 ~1/2
+osw | S Honw) P | S ks (Toe — o)
A I5St E>1 |

Hence by identity (3.3) and Assumption B we obtain

1(Zs,0 = D(Jw >< ]y
< 2[(Ts0 = Dllllwllioll + 175, = Dewllfloll + [[(Ts,e = Dollflw]
< ACt = sl[|lw] [[v]]-

Now any for p = >, Aelor >< ¥i| € Bi(h), where {¢;} and {¢}} are two
orthonormal bases of h and we have

1Zs.4(p) = plly < 4C (Z |>\k|> |t —s| <4C|plla]t - s|

k
and hence
1Z4s — 1) <ACYE — . (3.10)
By evolution property and contractivity of {Z;}
1Zs0 — Zsall = | (Zeor — 1) Zs ol < | Zs,

(iii) It can be proved as in lemma 6.5 in [11] O

The Corollary 6.2 in the Appendix leads to following result for the evolution
: Under the Assumptions A and B there exists £ € L° (Ry, Bs(B1(h)))
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(see Appendix for definition) such that

1_/ L(7)Zs -d, 1imM=£(t). (3.11)

h10 h

4. Construction of Noise Space

Consider the algebra M generated by the tuples (u, v, €) with multiplication
structure given by (u,v,€) - (p,w,€') = (U w,v®z,e D €). For each s > 0 we
define a scalar valued map K; on M x M by setting, for (u,v,€), (p,w,e') € M,

K, (0, v,0), (w,2,€)) = lim —— (U = 1) (@02, (U5, - 1) (2. w)2)

tls t — s

if the limit exists.

Theorem 4.1. For almost every s > 0

(i) the map K is a positive definite kernel on M,
(i) there exists a unique (up to unitary equivalence) separable Hilbert space
ks, an embedding ns : M — kg such that

{ns(u,v,€) : (u,v,€) € M} is total in ks, (4.1)
(ns(u, v, €),m5(2, w, €)) = Ky (4, 0, ), (p, w,€)) (4.2)
(lll) fOT any (271)5 g) S M; u= ®?:1ui; v = ®?:1vi and €= (617 e ,en)
= ZH <uk7vk> ns(uiavi7€i)a (43)
i=1 ki

<1V> 775(“71)7 1) = _773(“’“7 0) fOT any u,v € h;
(v) for fiwedu,v,p,w € h, the map s = K((u,v), (p,w)) = (ns(u, v),ns(p, w))
is Lebesgue measurable and locally bounded in R .

Proof. (i) The proof is exactly same as the proof of Lemma 7.1 in [11]. By Lemma
3.5, for elements (u,v,¢), (p,w,€') € M, e € Z* and ¢’ € ZY, we have

KS ((Ev v, §)7 (E7W7§,)) (44)

= 1&131 P— <<U£i) - 1) (u,v)Q, (Ufi) - 1) (p, w)9>
= > TT Crervi) [T (o1 wn)
1<i<m, 1<j<n k#i I#5
X 1tlfsl % <(Us,t — 1)(6i) (ui, ’Ui)Q, (Usﬂg — 1)(63) (pj,wj)Q> .

Since
((Ust = 1) (u, 0)2, (Us,e — 1) (p, w)<2)
= (Us,¢(u, v)Q, Us,¢(p, w)2) — (u,v){p,w)
— (u,0) (€, (Us,e = 1) (p, w)$) = (Q, (Us,e — 1) (u, v)Q2){p, w)
= (9, (Zop = 1) (lw >< v])u) = (u,0) (p, (T = D w) = (u, (Ts,e = 1) 0) (p, w),
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the existence of the limits on the right hand side of (4.4) follows from the identity
(3.5) and by the equations (3.2) and (3.11), K, is given as

K (0,0,0). (0, €) (45
=0t { (5 2 s o) - Tl (0 ) )

/ T, —1
— (=1)¢"¢ lim <u, ;’/’t_sv><p,w>

= (=0 {p L) >< vlu) — a0} (p, Glsw) — (w, Gl (pyw) }

(ii) For each s > 0, the Kolmogorov’s construction [10] to the pair (M, Kj)
provides a Hilbert space k as the closure of the span of {n;(u, v,¢€) : (u,v,€) € M}.
(iii) Again as in [11], for any (p,w,€') € M, by Lemma 3.5, we have

ns(u,v,€),ms(p,w, €)) = K, ((u,v,¢€), (p, w,€))

=TT (s vr) (i, 03, €0),ms (W, €')) -

i=1 ki

Since {ns(p,w,€') : (p,w,€') € M} is a total subset of kg, (4.3) follows.
(iv) By (3.5), we have

(ns(u,v,1),ms (R, W, €)) = (=ns(u,v,0),15(p, W, €))

and hence ng(u,v,1) = —ns(u,v,0).

By parts (iii) and (iv) of this theorem, it is clear that kg is spanned by the
family {ns(u,v) : u,v € h}, where we have written n;(u,v) for n.(u, v, 0).

Since G € LY (Ry,Bs(h)) and £ € LS (R4, Bs(Bi(h))) it follows from (4.5)
that 75(.,.) : h x h — k; is sesquilinear and continuous and thus separability of
k, follows from that of h.

(v) This follows similarly as for (iv). O

For any two orthonormal bases {¢r}, {¢x} of h, the collection of vectors

{n8(¢ka¢l) : kal > 1}

is a countable total family in ks and

S <775(U7U)7773(Pa w)> = Ks((u7v)7 (pvw))

is a Lebesgue measurable function. Thus s — (ns(u, v), ns(¢k, 1;)) is measurable
and therefore the family {k; : s > 0} spanned by {ns(u,v) : s > 0,u,v € h}, is a
measurable field of Hilbert spaces (Chapter 8, [3]).

For any T > 0, define K*'((u,v), (p,w)) = fOT Ks((u,v), (p,w))ds

T - S
:/0 {(p, L(s)(lw >< v|)u) = (u,v) (p, G(s)w) — (u, G(s)v){p, w)}ds.

Since each K is positive definite it can be seen that K7 is a positive definite kernel.
Let the associated Hilbert space k. There exists a family of vectors nT (u, v) which



UNITARY PROCESSES WITH INDEPENDENT INCREMENTS 603

spans the Hilbert space kT such that

(o (w0 (pow)) = K7 ((u,0), (p, w))
/ Ko((u, ), (p, w))ds = / (ns s 0), 7 (py W) ds.

Comparing the two expressions for K7, it follows that
(ne(u, ), me(p, w)) = (P, {L(E)(Jw >< v])=|G(H)w >< v|—|w >< G(t)v|}u). (4.6)

In k7 there exists a bounded self adjoint operator A with absolutely continuous
simple spectrum such that AnT(u, v)(s) = sns(u,v) for almost every s € [0,7] and
kT is the direct integral f 0,7] Ksds ( [3]). There is natural isometric embedding of

k7 in k7" for T < T’ by setting n7>T" (u,v) = 7 (u,v) for all 0 < s < T and 0 for
e (T,17).

Remark 4.2. The integral fR (u,v), (u,v))ds = fR+ |ms(u, v)||?ds need not
exist and therefore fR+ ksds may not be defined.

Lemma 4.3. Under the hypothesis of Theorem 4.1, we have the following:

(i) There exists a unique strong measurable family of bounded operators L(t) :
h — h®k; such that

| L(t)v]|* = —2Re (v, G(t)v), Vv € h.
(ii) The map t — L(t) is locally norm bounded.
Proof. (i) By the identity (4.5), for any u,v € h, we have for almost every t > 0
o, 0) 2 = G, £(8) (0 >< wlya) — Ty} (, G(t)e) — T GO o, ).
and thus

Z lex © ne(ex, v)||* = Z [ne (e, v
= Z [ ek, L) ([v >< v])ex) — (er,v) (ex, G(t)v) — (ex, G(t)v) (€, v)
T (E(o 5< o) — {0y (00} — To G

Moreover, since Zs, is trace preserving it follows that Tr (£(¢)(Jv >< v|)) = 0.
Therefore Y, |lex ® m(er,v)||* = —2Re (v, G(t)v). This implies that Y, ex @
ne(ek, v) is convergent in norm and in fact for almost every ¢ it defines a bounded
operator L(t) : h — h ® k; given by L(t)v =), er ® n(ex, v) with

| L(t)v]|*> = —2Re (v, G(t)v) . (4.7

The strong measurability of ¢t — L(t) follows from the definition.
The part (ii) follows from the local norm boundedness of G(.). O
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5. Hudson-Parthasarathy (HP) Evolution Systems and Equivalence

5.1. HP Evolution Systems. In order to simplify the discussion of the existence
and uniqueness of the solution of HP type quantum stochastic differential equation
in gy ( fﬂg k.ds) and to be able to refer to the existing literature, it is convenient
to introduce the following point of view which allow us to embed the process in
the standard Fock space I' = I'yy,,, (L2 (R4, k)) where k = [2(N).

Note that for almost every ¢ > 0, k; is a complex separable Hilbert space.
Setting d(t) = the dimension of k, d : Ry — NU {oco} is measurable and defining
A, = {t : d(t) = n}, Ry can be written as disjoint union (J;- ; A, of measurable
sets. Let us consider the Hilbert space [?(N) with a fixed orthonormal basis {E; :
j > 0}. Now for t € A,, n < oo we embed k; as the n dimensional subspace
Span{E; : 1 < j <n} of k and for t € A, k; identified with k. Then the direct
integral [ kidt = @,,51 L2(An, C") @ L2 (Ao, k). If Ao = 0, then [ kydt is
isometrically embedded in L?(R k).

For any subset D C L?(R4, k), let £(D) be the subspace of I which is spanned
by the set {e(f) : f € D} of exponential vectors defined as:

fen
vVl

For 0 < s <t <ooand f € K= L*R,,k), we denote the functions 0,95
oS and 1y o) f by fg, fs,s) and f;, where 14 is the indicator function of
A C [0,00). Then the Hilbert spaces K and I' can be decomposed as K = K ©
Ko,y ®Kpp and I' = T'y) @ I' 1) ® [y via the unitary isomorphism given by:

I's e(f) — e(fs‘]) ® e(f(s,t]) ® e(f[t) € Fs*] ® F[s,t) & F[ta

where Ky = L2([0,5),k), Kispy = L*([s,t),k), K = L*([t,0),k) and [y =
L(Ky)), Tis,y = D(Kps ), Tp = T'(Kpp).
Let us consider the Hudson-Parthasarathy (HP) type equation on h @ T":

e(f) = @nzo

t
Vie=lnor + / LE(T)Ve AL (dr). (5.1)

uv>0"79

Here the coefficients L{(7) (11, > 0) are operators in h and A} (t) are fundamental
processes define by

t].(h®1“ ) for (u,v) = (0,0),
m _ a(l it ®Ej(t) for (M,V):(j,O),
Ay () = al (50[0)1] ® Ey(t)) for (u,v) = (0,k), (5.2)

t)
A (Lo @ |Ex(t) >< E;(t)])  for (u,v) = (4,k),
where E;(t) = E; for j € {1,2,---d(t)} and E;(t) = 0 otherwise. With respect to
the orthonormal basis E;(t) we have bounded operators {L;(t) : t > 0,j > 1} in
h such that
(u, Lj(t)v) = (Ej,ne(u,v)) = (u® Ej, L(t)v),Vu,v € h. (5.3)

For the details about quantum stochastic calculus see [10, 6]).
Now, let us state the main result of this article.
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Theorem 5.1. (i) The HP equation
Vet =lnor + 3 / LE(T)Ve - AL (dr) (5.4)
w,v>0
on h ® Tgym (K) with coefficients LE(t) given by

G(t) Jor (p,v) = (0, 0)),

Lit) — for (p,v) = (4,0),
LA(t) = 7 5.5
O Lo Jor (uw) = O.6) 55

0 for (p,v) = (4, k),

with the unitarity condition (4.7) admit a unique unitary solution V ;.

(ii) Assume A, B, C and D. Then there exists a unitary isomorphism Z :
h@H —-h®T such that

Uyy =E*VoyB, V0<s<t<oo. (5.6)

Proof. (i) The existence of the strong solution V;; of the equation (5.4) follows
exactly as in Proposition 27.5 of ([10]) since for any ¥ € h ® I', we have

Zn NeDY? = ZZH (r)vi) © By||? = ZZHL (r)vi|?
ZHL (Moil® < supo<r<r(|L(7)]) ZII%IF

= supongT(llL(T )1,

where we have written ¥ = > v; ® E;,{E;} an ONB in I'.

The isometry of Vs, follows easily as in the proof of the theorem 27.8 of ([10]).
On the other hand for the proof of co-isometry of V; ; we proceed as in Theorem
5.3.3 of ([6]) and for f,g € L*(L>®(Ry,k) define Y, ¢(¢) : B(h) — B(h) by
Yo r ()X =325 95 () L;(8), X]=[32; £5(0) L (8)", X]+{>_; L; ()" X L (1) + X G (t)+
G(t)*X}, so that if we setX, 7(s,t) = (. ® e(g), (Vs,tstt). ®e(f)), then X, ¢(s,.)
satisfy the equation

X 5.0 = {elg) NI+ [ Yo 005, 1)

By the equation (4.7) ,we note that {e(g), e(f))In is a solution of the linear equation
(5.7) and hence by the uniqueness of the solution of the B(h)-valued initial value
problem we have that X f(s,t) = (e(g),e(f))In or V,, is a co-isometry, leading
to the unitarity of the same. We postpone the proof of part (ii) to the next two
subsections. O

For € = (e1,€2,--+ ,€,) € Z5, we define Vs(ﬁ) € B(h®" @ T') by setting VS(;) €
B(h®T) by
(o _ { Vst fore=0,
st VY fore=1
The next result verifies the properties of Assumption A for the family V
with @ =e(0) e I



606 UN CIG JI, LINGARAJ SAHU, AND KALYAN B. SINHA

Lemma 5.2. The unitary solution {V, .} of HP equation (5.4) satisfies
(1) fOT’ any 0 S r S S S t< 00, Vr,t = ‘/s,tvr,s;
(ii) Assumption A holds for the family {Vs+} with the distinguished vector
e(0) in T,
(iii) for any 0 < s <t < oo,

(e(0), Vs (u,v)e(0)) = (u, Ts v) , Yu,v € h.

Proof. (i) For fixed 0 < r < s <t < 00, we set W, =V, ,V,. ;. Then by (5.4), we
have

t
mpm+z/wmmmmm

w,w>0""
t

=Weat > / LE(T)W, AL (dr),
ww>0""%

since W, s = V;. Vs s = V. 5. Thus the family {W,;} of unitary operators also
satisfies the HP equation (5.4) for V;.;. Hence by the uniqueness of the solution of
this quantum stochastic differential equation, W, ; =V, ; forany 0 <r <s <t <
oo, and the result follows.

(ii) For any 0 < s <t < oo, the solution V;; € B(h ® I'[;4)). Therefore, for
p,w € h, Vg (p,w) € B(I's ) and the Assumptions A2(i) and A2(ii) are verified
by the property of the continuous tensor-factorization of the Fock space.

(iii) Let us define

<u,7~fg,tv> = (e(0), Vs.+(u, v)e(0)), Yu,v € h.

Then Ts’t is a contractive family of operators and by (5.4), we have that

t
Foo=1+ / G()Fsrdr. (5.8)
Thus Ts’t — T+ satisfies the differential equation

t
nrJ@:/Gmu@—ﬂ»w

Since G(7) is locally norm bounded, an iteration of this equation will lead to
T, =T, for almost all s,t and therefore by continuity also for all s, . O

Consider the family of operators Zg,t defined by
Zou(p) = Trr [Vau(p@ le(0) >< e(O))Vi,],  Vp € Bi(h).

As for Zs 4, it can be seen that th is a contractive family of maps on B (h) and,
in particular, for any u, v, p,w € h,

<p, Zs7t(|w >< v|)u> = (V5,1 (u,v)e(0), Vs .(p, w)e(0)) .

Lemma 5.3. The family {ZM} s a uniformly continuous evolution of contraction
on Bi(h) and Z,; = Z, 1, where Zs; is given as in (3.8).



UNITARY PROCESSES WITH INDEPENDENT INCREMENTS 607
Proof. By (5.4) and Ito’s formula, for u,v,p,w € h

(p.[Zoa = 1] (w >< vl)u)
= (Vau(u,0)e(0), Vs 1(p, w)e(0)) — (u, v) (p, w)

t
_ / (P AG(T) Zar (0 >< o)) + Zor (0 >< V)G ()"
+ ZLJ'(T)ZS)TH’LU >< U|Lj(7')*}u> dr.
Thus by identity (5.3) for {L;(¢)} and (4.6), we have that

<p, [Zs,t — 1] (p)u> - / t <p, ,C(T)Zs7f(p)u> dr, (5.9)

where p = |w >< v|. Thus the family {Zw} satisfies the equation

Zoap) =p+ [ L0V Zer(p)ir, e Bulh),

Therefore, proceeding as in the proof of Lemma 5.2 (iii) we can conclude that
Zsy = Zgy. O

5.2. Minimality of HP Evolution Systems. In this section we shall show the
minimality of the HP evolution system {V; .} discussed in Section 5.1 which will
be needed to prove (ii) in Theorem 5.1, i.e., to establish unitary equivalence of
Us+ and Vs . We shall prove here that the subset

/ . 5= (517523"' 757L)7 t= (tlatQa"' 7tn); 0 §§7£< 0,
5= {‘/S»t(“’v)e(o) s Sty u= @ u,v =80 €h, n>1

is total in the symmetric Fock space I'(K) C I'(L?(R., k)), where
Vg,g(u, v)e(0) == Vi, ¢, (w1, v1) -+ Vi, i, (Un, v5)€(0).

Let T' > 0 be fixed and as in ([11]), we note that for any 0 < s <t < T, u,v € h,

1
—— Ve — 1] (w,0)e(0) = (s, t,u,v) + p(s, t,u,v) + (s, t,u,v) + (s, ¢, u,v),

t—s
(5.10)
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where these vectors in the Fock space I' are given by

(50t 0,0) = tis > / (u, L;(\)o) al (d) €(0),
p(s, b, 0) = tis / (1, GO)) X (0),
Clotoune) = o 3 [ (Var = D (L) 0) (@) e(0),

Jj=1

S(s,t,u,v) = ; L / (Vea — 1) (G(N)*u, v) dre(0).

— S

Note that any ¢ € I' can be written as ¢ = ¢(0 @ ¢ @ ..., where ¢(™ is in the
n-fold symmetric tensor product L?(R,,k)®" = L?(3,) ® k®". Here %, is the
n-simplex {t = (t1,t2,  ,tn) : 0 <t1 <tg-+- <t, < o0}

Lemma 5.4. Let u,v € h and let O = 4eT sup{||[L(N)[|? + [|[GN)[]? : 0 < X < t}.
Then for any 0 < s <t <T,
()
1(Vie = De(0)]* < Crft — sfl|v]*. (5.11)

(ii) (Ve = )(u, v) e(0)[* < Crllul®[[v]*[t — s].
(#ii) For any u € h

¢
I3 [ Vel Lol @y e(o)
j=17%
< Orllul®[lo]|*[t - 5.
Proof. (i) By estimates of quantum stochastic integration (Proposition 27.1, [10])

[(Vae = Dve(0)]*

:ﬁZ/%ﬂMMWMWH/wﬁwﬁmw2

j>17s

<2e [ (S IL )0l + GOV}

j>1
t
< 26THUIIZ/ {ILOV? + IG)[IP}dA
= [[v]*Cr[t - s].

(ii) By Lemma 2.1 (ii), we have (Vi — 1)(u,v)e(0) = Fy (Vs — 1)ve(0) and
therefore the result follows from (i).
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(iii) By lemma 2.1,

> / Voa(Li (V) u, v)at (dN)e(0)]

j>17s

I [ Fit)© Vera) (@)ee(0)|?

2e™[|u]*[[v][* supo<a<r | LN I?[ — s

Crllull||v]*[t — 51,

IN A

where we have used the standard estimate of a quantum stochastic integral.  [J

Lemma 5.5. For any u,v € hj0<s<t<T|

(i) sup{||¢(s,t,u,v)[* : 0 < s <t < T} < CRlul?lv]|* and [I<(s, ¢, u,v)]| <
Crlt — s|"/2||ul |[v]]-
(11) For any ¢ € F(LQ(R-‘Mk))? limtis<¢7 C(Sat7u7v)> =0 and

lin(6, (s, 0)) = D (. L))o (s) = (60(s).m(u,v)). ae. s 0.

Jj=1

Proof. (i) By Lemma 5.4, part (iii), we have
1 ¢ .
[¢(s,t,u,0) || = mll Z/ (Ve — )(L;(N) u,v)a}(dk) e(0)[]?
j>1v%
t

=it 1S [ EL ) © (Ve - Daj @N)ee0)]?

j S

t

< 2e"||ul?|t — 8|’2SUPAHL(>\)II2/ [[(Vax = I)ve(0)[*dA
< CFlul?[lv]?,

where we have used the estimate (5.10). Similarly,

1

st = =l [ (Via =GO wo)ar )]

t— s / FHGO) ® I) (Var — Toe(0)dA|

IN

t
Hulllt—SI‘lsum(IIG(A)H)/ [(Vsx = Dve(0)[|dA
< Orlt—s"?[lullllv].

(ii) For any f € L*(R4,k),
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(o) Glost ) = o) 1 3 [ o = D) ) @3) o)
i>1
—Z £ (Vo = DL )7 ,0) e(0))dA
1

:tfs

t
/ R(s, \)d,

where R(s,A) = > .5, fi(A)(e(f), (Vo —1)(L;(A)*u,v) e(0)). Note that the com-
plex valued function R(s, A) is locally integrable in A and continuous in s and and
therefore it makes sense to talk about R(s,s) which is 0. So we get

ltlfgl<e(f)v C(Sv t,u, U)> =0.

Since ((s,t,u,v) is uniformly bounded in s,¢

lim(g. {(s. t,u.v)) = 0.¥6 € T.

We also have

(P, v(s,t,u,v) =7 Z/ u, Lj( qi)(l)( A)dA (5.12)
Since
|Z<U7Lj(/\) P < [ul D 1L )lPl6” V)2 < CololPle@ ()17,
i>1 i>1

the function Zj21<u,Lj(/\)v>¢§-1)()\) is in L? and hence locally integrable. Thus
we get

lim (6, 4(s,t,u,0)) = Y {us Lj()0)65") (5) = (61 (s), 15 (u,v) e 5> 0.

Jj=1
]

Lemma 5.6. Forn > 1, s€ X, anduy,vy €h:k=1,2--- n,¢ € I'(L*(R.,k))
and disjoint [sg, tr),

(i) limg (¢, [Toey M(sk,t, ur, vi) €(0)) = 0, where

(‘/Skytk — 1)

M (kLo ur, vi) = PR—

(ur, Vi) = p(Sk, Ly Uy V&) — Y (Sk, Loy Up, Vk)

and limuﬁ means ty | sp for each k.
(11) hmﬂ,§<¢7 ®Z:1’Y($k7 tka Uk, vk)) = <¢(n)(517 82, asn)a Msq (ulﬂ vl) Q- ®
775-” (un7vn)>~

Proof. (i) First note that M(s,t, u,v)e(0) = ((s,t,u,v) + <(s,t,u,v). So by the
above observations in Lemma 5.5, {M(s,?,u,v)e(0)} is uniformly bounded in
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s,t <7 and limys(e(f), M (s, t,u,v)e(0)) =0,V f € L*(R4, k). Since the intervals
[sk,tx)’s are disjoint for different k’s,

<e(f)7 H M(skvtka Uk, vk) e(0)> = H <e(f[3k7tk))’ M(sk7tka Uk, Uk) e(0)>
k=1 k=1
and thus lim¢g(e(f), [They M(sk,t, ug, vi) €(0)) = 0.
Since HZ:1 M (sg, tg, ug, vr) €(0) is uniformly bounded in sg,t; requirement
follows for ¢ € T'.
(ii) It can be proved similarly as part (iii) of the previous Lemma. O

Lemma 5.7. Let ¢ € I' be such that
(G¥) =0, Vyes. (5.13)

Then we have
(i) ¢ =0 and sV =0,

(ii) for anyn >0, ¢ =
(iii) the set 8" is total in the Fock space T'.

Proof. (i) For any s > 0, V, s = lpgr and so, in particular, (5.13) gives, for any
u,v € h,

0 = (¢, Vs s (u,0)e(0)) = (u,v) 6
and hence ¢(® = 0.

(ii) By (5.13), (¢, [Vst — 1] (u,v)e(0)) = 0 for any 0 < s <t < 7 < oo and
u,v € h. By HP equation (5.4) and part (iii) of Lemma 5.5 , we have

. 1
0= 1)51?51 PR <¢, [‘/s,t - 1](“” ’U)B(O»
=3 (u, Li(s)v) 65 (s)
j>1

= (¢ (s),ms(u, v)).

So (¢ (s),ms(u,v)) = 0 for any u,v € h for almost every s. Since {n,(u,v) :
u,v € h} is total in kg, it follows that ¢(!)(s) = 0 € k, for almost every 0 < s < T,
ie, oM = 0.

(iii) We prove this by induction. The result is already proved for n = 0, 1. For
n > 2, assume as induction hypothesis that for all m < n — 1, ("™ (s) = 0, for
almost every s € %, (s; <7 for i =1,2,--- ,m). To show that ¢(™ = 0, we note
that by a similar argument as in [11],

<¢(n)(31752a T asn)vns1 (ulavl) ® - ® N, (unvvn)> =0.

for almost every s € ,, (s; < 7). Since {ns(u,v) : u,v € h} is total in kg, it follows
that gb(”)(sth, ooy 8n) =0 € ks, ®--- @k, for almost every (s1,82, - ,8,) €
Y. (I
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5.3. Unitary Equivalence. We shall now prove (ii) in Theorem 5.1 that the
unitary evolution {U,;} on h ® A is unitarily equivalent to the unitary solution
{Vs.+} of HP equation (5.4). To prove this we need the following two results.

Lemma 5.8. Let Ug ¢(u, v)Q2 and Us,f(p,y)fl be in S, where v,z € h®". Then
there exist an integer m > 1, a = (al,a2,~~ ,am), b = (b1,ba, - ,by,) with
0<a; <b <+ <apy < by < oo, partition Ry U Ry U Ry = {1,--- ,m} with
|R;| = my, family of vectors xk,,gr, € h and yi,,hx, € h for | € Ry U Ry and

i € Ry U R3 such that
St u, ’U Z H Uay by kaykz)
k 1€R1UR;

S’ t p’ Z H Uai by gkwhkz)

k l€R2URs

Proof. It follows from the evolution hypothesis of {U, .} that for r € [s,t] and a
complete orthonormal basis {f;} € h we can write

Usi(w,v) = > Us (s f[5)Upi(f5,0)-

Jj=1

O

Remark 5.9. Since the family of unitary operators {Vs,} on h ® I" enjoy all the
properties satisfy by family of unitary operators {Us ;} on h®H, the above lemma
also hold if we replace Us ¢ by V ;.

Lemma 5.10. For Uy (u, v)<2, Ug v (p, w)Q2 € S, we have

(Us 1,00, Uy (0, 0)Q) = (Vi (. 0)(0), Vg p (. w)e(0)) . (5.14)
Proof. The proof of (5.14) is very similar to that in [11]. In fact, for
0 S S S t < o0, <Us,t(u7v)ﬂa Us,t(paw)Q> = <p7 Zs,t(lw >< U|)’LL>

while
(Vauo(,0)e(0), Vs (p,w)e(0)) = (p. Zs o(|w >< vl)u)

but Zsy = Zss. 0

Now defining a map = : H — I' by sending Uy 4(u, v)Q € S to Vj 4(u, v)e(0) € &,
as in [11], we can establish unitary equivalence of HP evolution V;; with the
evolution U, ; we started with.

6. Appendix

Let X be a complex separable Banach space with the Radon — Nikodym
property, i.e., every f € Lip(R,X) ={f : R — X|||f(t)— f(s)|| < C|t—s| for some
0 < C < oo} is differentiable almost everywhere. In such a case, f’ € Lo (R, X)

and .
= / f(r)dr. (6.1)
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It is known [1] that separable reflexive Banach spaces and separable dual Banach
spaces have the Radon-Nikodym property. Thus the cases relevant to our problem
in which X = h and X = B;(h) qualify as spaces with Radon-Nikodym property.
We shall denote by Bg(X) the linear space B(X) equipped with strong operator
topology.

Let {S'S’t|s,t € R, s <t} be a contractive evolution acting on a complex sepa-
rable Banach space X, i.e., HS’”H <1 and S’m = S’&tgm, S'S,s =1lforr<s<t.
Then we have the following theorem [9] characterizing such evolution.

Theorem 6.1. Let the Banach space X have the Radon-Nikodym property and let
the evolution S, ; satisfy uniform Lipshitz condition: ||Ss:—1|| < C|t—s| for s,t €
R and s < t. Then there exists an operator valued function G € LS (R, By(X))
such that Sg; =1+ jjg(r)SS,Tdr.

This theorem is proven in [9]. We need to adapt this for the evolutions (viz.,
T and Z, ) that we have constructed earlier where s,t € Ry.

Given a contractive evolution S, ; on Ry, we can extend it to define a contractive
evolution Ss’t on R as follows:

B Ss,t if 0<s<t
Ser=19 1 if s<t<0
S()’t if s<0<t.

It is easy to check that this Sw is a contractive evolution on R. Furthermore, it
is clear that S, ; satisfies Lipshitz condition on R if S;; does the same on R, .

Corollary 6.2. Let X be either h or By(h) and let Ts, and Zs, be contractive
evolutions on Ry respectively. Then there exist operator valued functions G €
L2 (R4, Bs(h)) and £ € L2 (Ry, Bs(B1(h))) respectively such that

loc loc

t
Tsp=1 —|—/ G(r)Ts -dr

and
t
Zsy =1 +/ L(T)Zs -dT.
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