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Abstract

We present a systematic calculation of the volumes of compact manifolds which
appear in physics: spheres, projective spaces, group manifolds and generalized flag
manifolds. In each case we state what we believe is the most natural scale or nor-
malization of the manifold, that is, the generalization of the unit radius condition
for spheres. For this aim we first describe the manifold with some parameters, set
up a metric, which induces a volume element, and perform the integration for the
adequate range of the parameters; in most cases our manifolds will be either spheres
or (twisted) products of spheres, or quotients of spheres (homogeneous spaces).

Our results should be useful in several physical instances, as instanton calcula-
tions, propagators in curved spaces, sigma models, geometric scattering in homoge-
neous manifolds, density matrices for entangled states, etc. Some flag manifolds have
also appeared recently as exceptional holonomy manifolds; the volumes of compact
Einstein manifolds appear in String theory.
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1 Introduction

Interest in volumes of compact manifolds appearing in physics arises for sev-
eral reasons. For example, in instanton calculations it is necessary to inte-
grate over the gauge group [1]; in quantum field theories over curved spaces,
the volumes of the compact spaces enter very often [2]. For entangled qubit
states the geometry of the corresponding groups SU(2n) and quotient spaces
SU(2n)/U(n) x U(n) are important; etc.

The main purpose of this paper is to compute the volumes of several types of
compact manifolds in a systematic way. We proceed from the most symmetric
cases (spheres) to the less symmetric (flag manifolds). Essential ingredients
are the scale (“radius”) of the manifold, the setting of coordinates and their
ranges. All these spaces will be Riemannian, so we compute the volume with
respect to that metric; all our manifolds will also be homogeneous manifolds
M=G/K.

We define the manifold M in terms of some parameters {a’} in some local
charts, so as to cover the whole manifold. The metric will look locally as

g= gij(ak)do/dozj; (1.1)

the associated volume element is

T =/Det{gi;} da' A--- A da” (1.2)

and the volume is (for one chart only)

%

vol(M):/---Azl---/T (1.3)

where af, ! is the range of the i*" parameter; much of our discussion will be
about these ranges.

In all cases the scale of the object to be measured will be stated in a “natural”
manner; we shall make comparison with other choices made in the literature
when convenient: it is not always easy to recognize the different conventions
used. In fact, it is only for spheres that the universal criterion is the unit radius,
but we shall see that even in this case when we have a manifold described as
a product of spheres, the volume will not always be the product of the natural
sphere volumes!

Email addresses: 1luisjo@posta.unizar.es (Luis J. Boya),
sudarshan@physics.utexas.edu (E.C.G. Sudarshan), tilma@riken. jp (Todd
Tilma).



This volume problem has been dealt with in the published literature, both
physical and mathematical. A fairly complete treatment for group manifolds is
presented by Marinov [3], corrected in [4]; the volume of the group is extracted
from the propagator by an indirect (and complicated) method, in fact as a
by-product of the author’s study of curved path integrals [5]. In MacDonald [6]
there is a general synthetic formula for any compact Lie group, with arbitrary
scale, in terms of the root lattice; we feel that most physicists will find these
formulas hard to apply. For the unitary unimodular group SU(n) there is the
very clear paper by C. Bernard [7].

There are many other partial results in the physics literature, some of them
contradictory. It was in an effort to overcome these difficulties that we un-
dertook this investigation. A direct antecedent of our paper is the work of
M. Byrd [8,9], who studied the SU(3) case thoroughly. In a further paper we
intend to look at the geometry of entangled states more closely [10]; see also
the papers [11,12].

We start by collecting some formulas for spheres, as the most symmetric
spaces: the isometry group (in physics, this is called the little group) acts
transitively in the bundle of bi-planes, and therefore the sectional curvature
is constant. Next is the case of projective spaces, in which the isometry group
still acts transitively in the bundle of lines, and therefore the geodesics are
all equal. Compact group manifolds are symmetric spaces and therefore the
curvature is covariantly constant. There is a natural metric (induced from
the Killing form in the Lie algebra) which generates an invariant measure
(Haar, or more appropriately Hurwitz), but also there is a structure close to
the product of odd spheres: the two criteria clash. The action of the group in
the adjoint representation produces interesting orbits, the so-called general-
1zed flag manifolds, which appear very often in geometric quantization, density
matrices, entangled states, etc. We compute also the volumes of these quotient
manifolds; there are still symmetric, or at least homogeneous manifolds, and
therefore the scalar curvature is still constant [13].

2 Spheres

The sphere S4~! is a maximally symmetric space; in fact, the isometry group
O(d) is transitive (so spheres are homogeneous spaces) and the isotropy group
O(d — 1) acts also trans (from here on, we shall use trans for “transitive”) in
the unit tangent vectors (hence permutes the geodesics, and all are equivalent,
in particular closed with same length) and also trans in the Grassmannian of
bi-planes (hence the sectional curvature is constant, in particular the scalar



curvature). We have

Sd—l _ O(d)
O(d—-1)
X =RP? = Ofd—1) Y =Grg10= Ofd—1) (2.1)

O(1)x O(d—2)’ 0(2) x O(d — 3)

where X is the space of lines and Y that of bi-planes, in the tangent space to
a point.

The volume of the sphere of unit radius embedded in R%, d > 1, is calculated
from the auxiliary formula

+oo o0
2 da]” = 7% = "~Le= dr x Vol($" 2.2
[ el = xt = [T e e x V(s (2.2)
or 4
272
Vol(§971) = : (2.3)
(g)

For completeness we include a proof by induction. If S?! is embedded in S¢
as the equator, S C S¢ and 6, is the latitude angle, with 0 < 6; < 7, we
have for the metric

g(S%) = ds? = db? + sin®(0y)ds>_,. (2.4)
We start by setting

Vol(S°) = #{North, South} = 2
0<6; <m fori:l1,2,...,d. (2.5)

Therefore as

dVsa = 7(S%) = \/Det{g} Hd@ -2 (2.6)

we find
Vol(S%) = /7r sin?(6y) /ﬂ sin?2(64_1) / do -

0 0

_ / " sind1(6,)d6y x Vol(S4Y). (2.7)
0
In particular

Sphere: S°, st 8% §3 §1 8°

8 2
%, . (2.8)

Explicit useful formulas for the even/odd cases are

Vol(S9) : 2, 2x, 4m, 272,

27Tn+1

n!

2(2m)"

VOI(S2H+1) = m

and  Vol(S*") =




Notice the volume is maximal for S%, and

T{Z_)W;LO Vol(S™) — 0. (2.10)

These “volumes” are numbers, they have no dimensions (in hypersolid angles).

Our convention for the radius R = 1 is extrinsic, that is, depends on the

embedding S9! € R? an equivalent intrinsic criterion is the length of the
geodesic:

geodesic length = 27 < radius R =1 (2.11)

applicable because all geodesics in the sphere are equivalent (see remarks
above). Notice also that the scalar curvature is

n(n—1)

Rs.(S}) = Tr[Ricci] = Tr[Tr[Riemann|| = 7

(2.12)
(see [14,15]), so R is not a good scale as it depends on n. Finally the volume
of the unit ball is

n—1
g — Vol(S )
n

vol(p") = | L (Yol (§71) (2.13)

3 Projective Spaces

The projective spaces, RP", CP", HP", and OP? share with the spheres
the property of being two-point homogeneous spaces, or symmetric rank-one
spaces [15]: the isometry (little) groups act trans on directions, and hence per-
mute the geodesics, which (in the compact case) would all have to be closed
and of the same length. These spaces are of constant covariant curvature,
as they are symmetric, but not of constant sectional curvature, except RP"

of course. One can see how the sectional curvature changes along the real
bi-planes e. g. in CP? [16].

So we have a natural characterization for the scale of projective spaces: namely,
the length of a fiducial geodesic. We shall define projective spaces as quotient
of spheres, and we shall see that the natural scale for the geodesics is to have
length 7, not 27 as in the spheres.

3.1 Real Projective Spaces

RP™ is defined as the set of rays or lines or one-dimensional sub-spaces in
Rn-ﬁ-l:
RP" = {lines in R"*'}. (3.1)



There are many equivalent characterizations:

S S S S ~ O(n+1)  SO(Mn+1)
S0 T {1} T Z,  anti-podalmap O(n) x O(1)  O(n)
(3.2)
Any line touches the unit sphere in R"*! in the two anti-podal points, hence
the first characterizations. The orthogonal group O(n + 1) acts trans in the
lines, with little group: stabilizer of a vector in O(n) times the two directions
in O(2), hence the last forms in equation (3.2).

Now we define the volume of RP™ as a quotient:

Vol(S™)  Vol(sm) — x*% 5.3
: .

n+1
VollBPY) = Goley =~ 2 T nEly-

But this implies that the geodesic length of our RP™ is m and not 27 be-
cause the half-meridian from the the North pole to the South pole is already
closed in RP™! Notice the halving of the volume for RP" is really neglecting
a set of measure zero, because RP" as a half-sphere, still has the anti-podal
points in the equator identified; but this is a set of measure zero. Thus we
get Vol(RP') = 7, even though RP' = S and Vol(S!) = 27: the radius has
shrunk to 1/2. The case n = 3 is also interesting, because RP? = SO(3), and
we shall discuss it later. Notice also RP?" is not orientable, hence the volume
has to be properly defined with the modulus of the measure.

For CROSS spaces (the notation, due to Besse [17], means Compact, Rank-
One, Symmetric, Spaces, precisely the sphere and the projective spaces) A.
Weinstein has established the following result [18], which we shall not prove
but verify in many examples. If M is a CROSS, dim M = n, geodesic
length=I[, then

<2_7T> Vol( ) = integer = i(CROSS) (3.4)

[ Sphere same dimension)
with equal normalization. For our case of real projective spaces we indeed get

Vol(RP™) [27\" 1

i(RP") = Vol(57) <?> =3 Son = gnt (3.5)

in agreement with Besse [17].



3.2 Complex Projective Spaces

CP" has the following definition:

S2n+1 S2n+1

SENIEY)

_ Um+1)  SUMn+1)
S U)xUm) U (3:6)

CP™ = {Set of lines in C"*'} =

Here the complex lines in C**! intersect the unit sphere S?"*+1 in C**! = R2"+2
along a maximal circle S'. We again define the volume of CP™ as a quotient

Vol(S* 1) 27™tl/nl  o"

VOI(CP") = e = =5 = (3.7)

using equation (2.9). Again for n = 1 we have Vol(CP') = &, whereas CP' =
538t = S2 and Vol(S?) = 47 obviously the geodesic length of our CP' is
only 7, whereas the volume of the equivalent S? space is 4 = 2 - 2 times as
big: the quotient circle includes the anti-pode (S° lies inside S), hence the
geodesics are halved. It is remarkable that

> Vol(CP") = e ~ 23.147. (3.8)

n=0

The Weinstein integer for CP" is also easy to compute:

ey VOICPM) 27\ an/nla22n (2n -
HCP") = Torrs™) <?> IO Ty e R A

_ % _ (2:_—11> (3.9)

in full agreement with Besse [17]. For a thorough mathematical study of CP?
as an instanton see [19].

3.8  Quaternionic Projective Spaces

HP™ has the following definition: let H be the space of quaternions and S® the
set of unit quaternions and Sp(n), the symplectic group C,.

S4n+3 _ S4n+3 B Sp(n—l— 1)
S5~ Sp(h)  Sp(n) x Sp(1)°

HP" = {lines in H"™! = R4} = (3.10)



With the same definition as for K = R or C, we obtain

ny  VOI(S'3)  omt2/(on+ 1)1 o
Vol(HIP") = 7 lGa = o2 ~ @2n+ 1) (8:11)

with geodesic length equal to 7. Again S® contains the anti-podal point. We
obtain Vol(HP') = 72/6, whereas HP' = S* and Vol(S?) = 87%/3. In this
case

> sinh(r)  11(m)
Vol(HP") = — 2" ~3.676, 3.12
3 Vi) = S - (3.12)

where [ (7) is the modified Bessel function of the first kind.

The Weinstein number is

L Vol(HP") [2x\" ™/ 2n+ 1),
#(EPT) = Vol(547) (?) ~ 2(2m)2 /(dn — 1)1l
C (@n =D (4n — 1)!
 (2n+1)!  (2n+1)(2n)!(2n — 1)!
_ 1 <4n — 1) (3.13)
2n+1\2n—1

in full agreement with Besse [17].

3.4 Octonion Projective Space

Over the division algebra of the octonions @ (or Cayley numbers) there are
only OP', which is equal to S® and OP? (the Moufang plane), due to the
non-associativity of the octonions; and in fact, the definition is different. For
example, OP? is best defined as the hermitian, idempotent, trace-one elements
of the exceptional 3 x 3 Jordan algebra over the octonions [15,24,27]. But the
formulas work just as well and one can formally define:

58n+7
S?

“OP™ = {lines in Q"™ = R¥"+8} = (3.14)

In fact, the only two cases are QP! = S'*/S7 = Spin(9)/Spin(8) and QOP* =
Fy/Spin(9)

§: ST— SP . 88 =QP!
Spin(9) — F, — QP? (3.15)



where 0 is the fourth Hopf bundle [14], which is not principal; for OP? see
[15,27]. F} is the fifty-two dimensional second exceptional Lie group. Thus

Vol(S8n+7) 3l

Vol(ST) — (4n +3)

4 1 32m4
Vol(OP') = ——— = —(Vol(5*) = 3.16
oMOP) =552 28(0( ) 7-5~3>’ (3.16)
and )
3!
Vol(OP?) = 1—; (3.17)
We have Weinstein integer i(OP')=1 obviously, and
, Vol(OP?)
2y _ 16 _ o 12 _
(OP?) = gy 210 = 313239 (3.18)

as it should [17].

We have grouped the main results from sections 2 and 3 in Table 3.4:

Table 3.4: Volumes of Spheres and Projective Spaces

geodesic length = 27

Manifold Symbol | Normalization Volume | Notes
d

Spheres S4=1 | radius, R =1 % Maximally symmetric
2

CROSS

Real Projective RP™ | geodesic length = 7 Fﬂ(:;) Compact, Rank One,
Symmetric Space
[CROSS
Complex Projective CP™ | geodesic length = ’% [CROS
Quaternionic Projective | HP"™ | geodesic length = 7 % [CROS
||

Moufang Plane OP? | geodesic length = 7

4 Group Manifolds: SU(2) and SO(3)

Group manifolds are still symmetric spaces (i. e. with covariant constant cur-
vature) of rank > 1. We start with the » = 1 case which includes SU(2) and
SO(3) = SU(2)/Z, which will reveal already some complications.



For G = SU(2):

) + 1
SU(2)>u= o oz €C o uw=u", Detu=1 (4.1)
23 24
which implies 2z, = 2] and z3 = —23; that is
2z
u=| " | with |z +|n?=1 (4.2)
% 4

The manifold of the SU(2) group is identical with S* (this statement becomes
tautological through the equivalence SU(2) = Sp(1) or A; = C in Lie algebra
notation).

It is instructive to compute now the volume; write 2; = |2;|e*® and 2o = |2o|e™
where the ranges are

0<¢,¢<2rm (4.3)
and -
al = cos(8), |a]=sin(), ad 0<f<? (4.4
because |z1] > 0, |z > 0, and |21]? + |22 = 1. So
v i
. cos(f)e | sin(f)e Ak (4.5)
—sin(B)e"™ cos(f)e

To calculate the volume, write

x = cos(f3) cos(¢), y = cos(B)sin(¢),
z = sin(f) cos(y), t =sin(B)sin(¢) (4.6)

thus the line element is
da® + dy® + d2* + dt* = g(¢, ¢, B)de* + - - - (4.7)
with

dVgscpt = \/Det g dodid3

1
=3 sin(2p3) - df - d¢ - dy (4.8)
giving of course
1
Vol(S%_,) = 5 L2m2m = 272 (4.9)

for the ranges given in equations (4.3) and (4.4). We carried out this elemen-
tary calculation because the parameterization was different than the one used
in equations (2.2) and (2.5).

10



A compact group manifold G has a natural measure, namely the bi-invariant
Haar measure (any locally compact space has a natural left-invariant Haar
measure, unique up to a constant; for compact groups, in which the volume
is finite, the name Hurwitz measure is more appropriate).

The simplest way to measure invariantly the volume of SU(2) is to start from
the Cartan-Killing metric in the Lie algebra L(G) of §

(x,y) =Tr[Ad(z) - Ad(y)]; for z,y € L(G) (4.10)

and to induce, by the exponential map exp : L(G) — G, a Riemannian metric
on G, and hence a finite volume element as G is always orientable as a manifold

(in particular it is parallelizable) and compact. One can use any representation
Az — A(z) instead of the adjoint (Ad).

Let us work with the G-invariant metric for § = SU(2) and see if it coincides
with the embedding metric as SU(2) = S* C R* We start now from the
“Euler” form in the defining representation

SU(2) 3 u = e o2¢1173 (4.11)

We need to fix the ranges of the angles «, 3 and ~; the safest way is to convert
equation (4.11) to the form given in equation (4.5), namely expanding equation
(4.11) with 0? = 1

u = (cos(a) + iozsin(a))(cos(f) + iog sin(F'))(cos(y) + ios sin(y))

et cos() @) sin()

= | | (4.12)
—e @M gin (B e+ cos(3)
and comparing with equation (4.5) we obtain
=0, d=a+vy, v=a-—1. (4.13)

The range of {a,~} is half of the range {¢, ¥} and the Jacobian is

J(%): 2. (4.14)

This is seen also directly from equation (4.12):
u(a, F,7) = uwla+m, 5,y + ). (4.15)
We therefore can choose to write equation (4.13) as

0<f<—-, 0<a<m 0<~vy<2m. (4.16)

o

11



To compute now the volume we proceed as in [8,12]:

(1) Compute (% (1 <4 < 3) in terms of the ¢’s and u from equation (4.11);
that is, express the holonomic vector fields {% (1 <i < 3)in terms of
the invariant anholonomic vector fields o;.

(2) Invert, to express the invariant frame in terms of the coordinate frame.

(3) Dualize, to express the invariant co-frame in terms of the one-forms da,
dp and d~y.

(4) Express the volume element as the determinant (Jacobian) of the change
of frames.

This is a standard procedure, it is carried out in detail e. g. in [22], and the

net result is
dVsy(2) = sin(2f) - do - df - dry. (4.17)

Integration with respect to the ranges given in equation (4.16), yields
Vol(SU(2)) = 1-2m - 7 = 27% = Verpea(S?). (4.18)

Notice the § missing in equation (4.17) as compared with equation (4.8) is
compensated with the halving of parameter ranges for {a, 8}. So the invariant
volume coincides with the embedding volume.

Now SU(2) has a center Zs, and in fact
SU(2) = Spin(3), SU(2)/Zy = SO(3). (4.19)

Also SO(3) = RP?, as it is obvious from SU(2) = S3. So let us work the
SO(3) case.

For § = SO(3) we write the “Euler” formula, namely
R(a, 8,7) = Roz(a) Roy(8) oz (7) (4.20)
where we are in the adjoint representation, e. g.
cos(a) sin(a) 0
Ro.(a) = | —sin(a) cos(a) 0 (4.21)
0 0 1
etc. It is well known (e. g. [22] p. 24) that the ranges are
0<a,vy<2m, 0<pB<m. (4.22)

We compute the volume as before, starting with OR/0a = (---)R, etc. The
final result is
dVso) = sin(B)da - dB - dy (4.23)

12



(see e. g. [22] p. 58), and the volume is
Vol(SO(3)) = 2 - 27 - 27 = 87°. (4.24)

This is the correct volume for RP? with geodesic length 27, which is our case.
From equation (3.3), we had obtained %(Vol(S?)) = 2 with geodesic length
equal to 7.

One might wonder the factor of 2 difference in the angles from equation (4.17),
namely sin(23) and here from equation (4.23), namely sin((); it is due to the
change of generators: with the o’s we have [0,,0,] = 2i0,, but with the J’s
implicit in equation (4.20) the relation is the usual one [J,, J,] = iJ,. Notice
also the Weinstein number i(RP?) = 4: for equal length geodesics which is our
case, we have Vol(RP?)/Vol(S%) = 872/27% = 4.

5 The Volume of General Groups : SU(n)

A Lie group G is a symmetric space, § = SGiept X Gright/Gdiag, and hence of
constant scalar curvature; for rank > 1 the geodesics depend on directions,
in fact they can be dense, as it is already the case for the torus T2. Another
normalization is necessary though. Let us start with SU(3). In the vector,
or defining representation, SU(3) acts in C3, the action being trans in the
invariant unit sphere S° C R® = C3 with the isotropy subgroup SU(2)

S §5 SU2) — SU(3) — S5, (5.1)

The latter is a principal fibre bundle, in fact, locally one certainly has SU(3) =
S3 x S? but the invariant volume is not quite the product of the volumes of
the spheres. For many purposes, any compact Lie group can be expressed
as a (finitely twisted) topological product of odd-dimensional spheres. For a
discussion of this point see [23].

Consider the vector v={0,0,1}; it describes the whole of S° by actions of
SU(3); the infinitesimal transformation is 1+ §G = 1 — i\;dt/ where \; (1 <
j < 8) are the Gell-Mann matrices for SU(3) which satisfy

On the other hand, if we describe a point in S° with locally flat infinitesimal
coordinates, we would then have a Jacobian between the invariant coordinates

13



dt* ... dt® and the sphere coordinates dz!...dx?; in fact

V3

dVipy = dt*dt*dt®dt’ dt® = 5 dz'dx*da®dxtdax®. (5.3)

The detailed calculation is in the appendix of [7]. The factor v/3/2 is just the
“stretching” (actually, contracting) of the Ag due to:

(1) commuting with Aj, Ao, A3 and
(2) satisfying equation (5.2).

The matrix representation of \g is necessarily then

10 0
1
d=—|01 . 5.4
8 \/30 0 (5.4)
00 —2

In other words: for calculating the invariant volume it is better to think of the
second sphere S° as being “stretched” along a single axis by the factor v/3/2.
Therefore, with our trace normalization (equation (5.2)) the volume of SU(3)
is

Vol(SU(3)) = ? x Vol(S®) x Vol(S?) = ? -3 2n? = /370 (5.5)

which is in agreement with most of the physics literature, e. g. [4,8].

If we parameterize a generic element of SU(3) as [8,9,12]

U = el)\gal el)\gag 62)\3(13 el)\5a4 62)\3(15 el)\gaﬁ 62)\3(17 6Z>\8a8, (56)

one set of ranges of the a’s that reproduce equation (5.5) is [12]

T
0<aj,as <m, 0<ay a0 < 5

0<asar<2m, 0<ag<+V3m. (5.7)

SU(3) embodies all the complications for the SU(n) series, the calculation
of Vol(SU(n)) in terms of SU(n — 1) by induction is now a straightforward
matter.

For SU(n) write

SU(n)

V7 gl —1) — _, G2n—1 .
STn=T) =1 SU(n—1) — SU(n) — S (5.8)

14



The “stretching” relative to SU(n — 1) occurs again only in the “last” )\,

Mast = An2-1 :diag{lala"'>1a_(n_ 1)}/X (59)

where Tr[\2 ] = 2 implies y = 4/ (72‘) and therefore

:)

Vol(SU(n)) = ] - Vol(S?"~1) - Vol(SU (n — 1))

_ /z(n”_ 53 (n2fn1>! Vol(SU(n — 1)). (5.10)

An “invariant” way of calculating the “stretching” is this: write density ma-
trices for SU(n) as

p= %(lln—l—)\-x) (5.11)

where x € R"~1 and the \’s satisfy equation (5.2). We have Tr[p| = 1; for
pure states p* = p and imposing Tr[p?] = 1 we obtain

Il = o = (;’) (512

So the final formula for SU(n) turns out to be

- o 3 n—1 27Tk+1
Vol(SU(n)) =
ol(SU(n)) \/2(n —1) 2(n—-2) 2(2) kl;Il k!
) n—1 27Tk+1
= 2n—1 kl;[l kj'
n—1 1
_ W 7_(_(7L—1)(7’L‘|'2)/2 E (513)
k=1"""

where we have used S7=1(k + 1) = (n — 1)(n + 2)/2 in the last step.

Equation (5.13) agrees with the corrected volume in [4] and with [6] inter-
preting his scale A (the Lebesgue measure in L(SU(3))) as our “stretching”
factors; it agrees also with [7]. On the contrary, a classical textbook [24], and
a recent paper [25] omit these “stretching” factors.

For the full unitary group U(n) there is a topological direct product decom-
position
U(n) =SU(n) x U(1) (5.14)

which can be seen, for example, by factorizing a phase in the first vector

15



component:
e 0
Un)sU= u, ueSU(n). (5.15)
01
The volume of U(n) thus depends on the radius of the U(1) factor; if it is
r =1, i. e. not stretched, then

Vol(U(n)) = vVn - 2n+1 ("3 nl:[l (5.16)

1
H.
Finally, for the projective unitary group PU(n) = U(n)/U(1) = SU(n)/Z,
we obtain, as 7, =n

2n—1 n—1

Vol(PU(n)) = | ——nn-Dn+1)/2

. (5.17)

1
H.

o

=1
6 Volumes of Other Groups

For the orthogonal groups O(n) and SO(n) we shall proceed in a similar man-
ner; the rotation group SO(n) acting on the vector representation leaves the
unit sphere, S"~!, invariant with the isometry group SO(n — 1):

SO(n)

In fact equation (6.1) is the principal bundle of the tangent to the sphere [20].
There is no “stretching” factor with the Lie algebra convention in the vector
representation

because the Lie algebra of SO(n) is comprised of antisymmetric matrices,
always of the type

0...... 0
0...-10 . )
Nij = ,  with —Tr[A\;] = 2. (6.3)
01 ...0
0...... 0

Therefore the volume calculation is elementary, because the spheres act like
those with radius one.

Induction starts at n = 2. Of course

Vol(SO(2)) = Vol(S') = 27 (6.4)
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and we have

Vol(SO(n)) = Vol(S™ 1) x Vol(SO(n — 1))
= ﬁ Vol(S41)

d=2

n—
= _ n>92 0.5
MLrE (6.5)

(n—1)(n+2)
1, =)

which, e. g. gives Vol(SO(3)) = 872 which is the same value as in equation
(4.24). For n even/odd we get

ik
Vol(S0(2m) = T (6.6)
and
Vol(SO(2n + 1)) = 220" (6.7)

i(2s+ 1)
in agreement with [24], and also with [4] once a trivial factor of 2 is corrected
in the even case. However we disagree with [26].

The orthogonal group is neither connected nor simply connected; so we have

Spin(n)
=7 =S50 6.8
o)~ 7, () (68)
where Spin(n) is the universal double covering of the rotation group (n > 3).
So we obviously obtain the result

Vol(O(n)) = Vol(Spin(n)) = 2 - Vol(SO(n)). (6.9)

Notice the first equation implies a topological direct product O(n) = SO(n) x
Zy. In fact, for odd n, this is a direct product of groups.

Notice also that SO(2n) has center Z,, therefore the number of central ele-
ments in Spin(2n) is 4, with two classes:

Center(Spin(4n)) = Zy X Zs,
Center(Spin(4n + 2)) = Zy. (6.10)

There are no irreducible faithful representations of Spin(4n), so the spin group
is represented through Spin(4n)/Z,, which corresponds to Ay, and Ag, the two
chiral irreps, and SO(4n) which is the vector representation. In particular,
there are three subgroups in the center of Spin(4n) of type Z,. This explains
triality for SO(8), because then dim A; = dim Ar = dim Vector = 8.
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For the case Spin(6) we have something interesting. We compute

2
256

Vol(Spin(6)) = 2- Vol(S* x §? x - x §%) = 3

(6.11)

whereas

V2
3
even though SU(4) = Spin(6)! The “stretching” factor is the culprit, of course.

Vol(SU(4)) =

(6.12)

For the symplectic groups Sp(n) the story is pretty much the same, but now
the spheres jump by four: first of all

Sp(1) = SU(2) = Spin(3) = {Unit Quaternions} (6.13)

with volume 272 (see equation (4.18)). Now the induction is based in the fact
that Sp(n) acts in H" unitarily, and therefore

Sp(n) & H* = C** = R*;  Sp(n) 3 S*"* (6.14)

and it is easily seen that the action on the sphere is trans with isotropy group
Sp(n — 1). Therefore

Sp(n —1) — Sp(n) — S*! (6.15)
and therefore
Vol(Sp(n)) = Vol(S% x §7 x --- x g4~ 1), (6.16)

It can also been seen that there is no “stretching” in the Lie algebra matrices
of Sp(n) ([24], p. 188); the reason is the same as for the orthogonal group.

From equations (2.3) and (6.16) we obtain

n 2k
Vol(Sp(n H Vol(S™ 1) =] ( )
k=1 k=1 2k — 1)
2n 2n—1

T @2n—1)l2n—3)---30

(6.17)

in full agreement with [4] and [24]. In this case, the product of spheres S* x
S x ... = Sp(n) is both topological and metric, with radius one spheres.
In particular we obtain Vol(Sp(2)) = 27%/3 whereas before we obtained
Spin(5) = 2567°/3 but Spin(5) = Sp(2), corresponding to Cartan’s By = Cs.
It is remarkable that the same normalization, i. e. Tr[\?] = 2 produces such
different volumes in similar groups. The reason is, of course, that the normal-
ization is performed in different representations.
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As for the exceptional groups we just want to add formulas for the two first
cases only, namely Gy and Fj. The groups in the FE-series, (Eg, Er, Eg), al-
though fundamental in M-Theory, are yet to be fully understood.

Now G5 can be defined as the automorphism group of the octonions, or Cayley
numbers, @. The reals R C O are of course invariant and so is the norm:

for ¢ = hqo, q € O and for o € Aut O, a(q) = qo, 9 € R; ||a(q)]| = |lql| -
(6.18)
Therefore G5 leaves the set of unit, imaginary, octonions S® invariant. One
can see also that the action is trans with isotropy equal to SU(3) (e. g. [27]):

=S5% SU(3) — Gy — SS. (6.19)

So we obtain
5 1673

15

VOI(GQ) = \/gﬂ'

leaving aside a scale factor &.

L€ (6.20)

As for Fj, it can be defined as the isometry group of the Cayley-Moufang
plane OP?; the dimension of F} is 52 and the little group is Spin(9)

Fy

Sin(® OP (6.21)

as shown in [21,27]. So the volume is

925 | 28

Vol(F,) = Vol(OP?) x Vol(Spin(9)) = R

¢ (6.22)

where we have used equations (3.17), (6.9) and have left a free normalization
constant &.

We have collected some of more important volumes in the following table:

Table 6: Volumes of Group Manifolds

Manifold | Normalization | Volume
SU(n) Tr(A?] =2 | equation (5.13)
U(n) Tr(A?] =2 | equation (5.16)
SO(2n) vector equation (6.6)
SO(2n +1) vector equation (6.7)
Sp(n) fundamental | equation (6.17)
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7 Generalized Flag Manifolds

States of quantum systems are generally elements of some homogeneous man-
ifold, X = G/K. For example, pure states lie in CP*, the infinite projective
space; if attention is directed to a finite number of independent states, as it is
the case in quantum computing, encryption, entanglement considerations, etc.
the appropriate frame is a finite dimensional Hilbert space, let us say C"*!.
Pure states here lie in CP" which is equal to SU(n + 1)/U(n); marginally
mixed states lie within the set of hermitian, unit-trace, positive operators:

{mixed states in C"™'} < {p € €| p = p!, Tr[p] = 1, Spectrum[p] > 0},

(7.1)
where € = EndC™"™ are all the (n+ 1) x (n+ 1) complex matrices. When the
spectrum is (1,0,...,0) or p> = p (idempotency) we recover the pure states.

Now the spectrum properties are conserved under conjugation and therefore
the types of mixed states (including pure ones) are related to the orbits of the
set given in equation (7.1) under the unitary group. Now, up to permutation,
the spectral type will be indicated by the number of coincident eigenvalues,
subject to the general conditions contained in equation (7.1). Permutations
are carried out by the Weyl group (the group generated by reflections in
hyperplanes defined by the roots, see e. g. [15] (p. 284)). For SU(n) the group
is just 5, the permutation of the n eigenvalues. Up to permutation, therefore,
the spectral types of density matrices are in one-to-one correspondence with
partitions of the number n; we shall explicitly show this for the case n = 5,
the results of which are collected in Table 7:

Table 7: Spectral Types and Partitions for n =5

Partition Spectral Type Orbit Dimension States
5] AM=-=X=1 % 0 (Single Point) | Unique (max. entropy)
U ~
[4,1] A =1, A1 =0 D 8 Pure = CP*
)\i:1—4a,i>a>0 same 8 Mix = CP*
3,2] {a,a,a,b,b} et 12 Mixed 22 Grs.,
3,17 {a,a,a,b,c} % 14 Mixed
U .
22, 1] {a,a,b,b,c} % 16 Mixed
U .
[2,1%] {a,a,b,c,d} T 18 Mixed
[17] all \; different UU((IS))E) 20 Flag manifold
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We remind the reader that the number of partitions for large n is only known
asymptotically; the spectral type is self-explanatory; notice pure states lie in

CP"! (n = 5 in our case), but some degenerate mixed states will also make
a CP™ ! orbit.

The following is to be noticed in the general case U(n)/K:

(1) All these manifolds are homogeneous manifolds, hence they have constant
scalar curvature (except {%, . %}, of course, which is just a point).
(2) Spaces of the type
U(n)
U(m) x U(n —m)
are called “Grassmannian.” Explicitly, Y is the complex Grassmannian
of m-planes in C", to wit

Y =

(7.2)

Y =Grpm (7.3)

(other labels, such as Gr,, are also used). In particular
Grn, = CP" ' Gr,o = {bi-planes}. (7.4)

We already used the Grassmannian notation, Gr in section 2. We shall define
these orbits of the unitary group in the adjoint representation as generalized
flag manifolds following an extended mathematical usage. The genuine flag
manifold corresponds to the [1"] partition:

Fi(n) = . (7.5)

They enjoy interesting mathematical properties; for example, they are spin
and Kéhler manifolds, in particular symplectic (see for example [28]). It is
remarkable that the simplest space FI(3) appears as a space of exceptional
holonomy [29].

We come now to the question of the volumes of the generalized flag manifolds;
because they are always homogeneous manifolds, X = G/K, the volume is, of
course,

_ Vol(G)
~ Vol(K)
but, appearances to the contrary, this does not “cut too much ice” because
the volume of K C G depends on which subgroup it is identified with!

Vol(X)

(7.6)

We illustrate the case n = 3 (n = 2 is trivial), before attacking the more
general case. We have

U(3)

CP2:U(1)xU(2)




Now CP? = SU(3)/U(2) also, removing the same U(1) factor, and U(2) =
SU(2) x U(1); this U(1) factor is “the long one” in CP?) if one remembers
that CP? = S$°/S' so S' C S° and the “last” lambda, g is of the form
diag{1,1,—2}/v/3. The U(1) group, in this case, has the “stretching” factor
v/3/2 (see section 5); hence

o Vol(SU(3)) B
Vol(CP7) = Vol(SU(2)) x Vol(S1) 92 @ o 2 (78)

which coincides with the canonical volume for CP? from equation (3.7).

For the flag manifold we have

U@ SUB) . SUB)
FI®) = 505 = 0y < 0 = 000 x V(D (7.9)

thus
Vol(Fi(3) = V" _ ™ (7.10)

2W-§-Q7T_ 2

which coincides, as in the CP? case with the “naive” calculation without
“stretching”

Vol(S' x §3 x §%)  2m-2n%.27% 7

VOI(FU(3) Jnaive = Vol(ST x S x ST) ~ 27 -2r-27r 2 (7.11)

Now the same the result holds in all generality for the generalized flag mani-
folds! The “naive” calculation (i. e. neglecting the “stretching” factors) gives
the correct results. That is

[T Ula) I Vol(S' x -+ x %) (7.12)

ai=n

1 3 .. 2n—1
Vol( U(n) )ZVOI(S xS x...x8 )

The reason is as follows: both the numerator and the denominator in equation
(7.12) have the same rank! Therefore, the dimension of the Cartan subgroups,
in fact the Cartan subgroups U(1)1, U(1)2, up to U(1),ank are ezactly the same
in the numerator and the denominator, so the “stretching” factors themselves
cancel completely, and the calculation is thus reduced to the one with the
other odd spheres only (starting from S?).

So there is nothing else to calculate: for the generic flag manifold the compu-
tation is
Un) StxS¥x...x 8%t

_ ~ pl 2. . n—1
T~ S xS x  xg =CP" xCP" x---xCP (7.13)
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where

vm(éﬁﬁl):ﬁ;i%? (7.14)

That the generalized flag manifolds have homology of the product of projective
spaces times spheres can be proved easily [28] from equation (7.13).

With not too much extra effort we can extend our results to generalized real
flag manifolds: there are no “stretching” factors at alll We refrain to give
explicit formulas, other than to remark that in

O(n)

[I O(nz)
Zni:n

X = (7.15)

the volumes are computed from the volumes of the corresponding orthogonal
groups from section 6 with no corrections.

8 Final Remarks

We hope our normalization conventions are plausible and our volume compu-
tations useful; as we said in the introduction, there are many different results
written in the literature. We have not tried to state the conventions (and, in
some cases, the mistakes) of all the authors; rather we have attempted to pro-
duce a self-consistent, and uniform way of looking at the volumes of compact
groups and some quotient spaces.

Except for spheres, we don’t worry much about parameterizations of mani-
folds; for SU(N) see the explicit calculations in [12,30]

There are a few points that have been left out, that we want to recall. We
have not attempted to calculate the canonical volume for the Eg 7 g groups, as
the defining realizations are rather obscure. We share the belief [21] that these
groups have to be better understood before attempting such a calculation.
Also, the exact algebraic characterization of density matrices (e. g. equation
(7.1)) is not done, except in the simplest case of n = 2, for then

1 4
Vol(all mixed states) = / r2dr(Vol(S? = CP')) = 37 (8.1)
0

For n > 3, the generic class is the flag manifold with the matrices congruent

to

. 1 s 21’8
diag {1 4+ 23+ —,1 — 8.2
1 gB{ 3 \/g \/’ \/’} ( )
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and the positivity condition is

I8
V3

or, in terms of the minors,

1+x35+

>0, 1—x3+9’—220,

AMAF AN >0, Ao+ Ads+ A >0, A >0 (84)

which give rise to complicated algebraic restrictions that we shall not try to
pursue further in this paper.

Finally, see the recent paper [31] which attempts to calculate the volumes of
some compact Einstein manifolds which appear in M-theory.
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