ON THE CONGRUENCE SUBGROUP PROBLEM
by M. S. RAGHUNATHAN

Introduction.

Let % be a global field and V the set of valuations on &2 Let oo denote the set
of archimedean valuations on 2. For veV, £, denotes the completion of % with respect
to v, O, the ring of integers in %, and F, the residue field of 4,. Let S Do be any finite
subset of V and

O =A(S)={xck|xeD, for all v¢S}.

Next, let G be a linear algebraic group defined over £ and G(&) the group of %-rational
points. Asubgroup ®CG(k) isa S-congruence group if there is a faithful representation p
of G in GL(n) defined over % and an ideal aso0 in A(S) such that the group

&' ={xeG(k)|p(x)eGL(n, D), p(x)=1(mod a)}

is contained in @ as a subgroup of finite index. (One may also fix the representation p
once and for all and demand the existence of a non-zero a for this fixed representation.)
A subgroup ® in G(&) is S-arithmetic if there is an S-congruence group ¥ such that
®NY has finite index in both ® and ¥. The family of S-congruence (resp. S-arithmetic)
groups serve as a fundamental system of neighborhoods of 1 for a topology & (¢) (resp. & (a))
on G(k) which makes it into a topological group. The completion of G(%) with respect
to &(c) (resp. & (a)) is denoted G(S,¢) (resp. G(S, a)). It is not difficult to see that
G(S, ¢) and G(S, a) are locally compact groups — in fact the closure of an S-congruence
group in either of these groups is compact and open. Since the topology & (a) is evidently
finer than & (¢), we have a natural surjective map

G(S, a) =& G(s, o).

Let G(S, G)=kernel =(S). The congruence subgroup problem is the problem of
determination of G(S, G) for a given G and S. (That G(S, G) is trivial is equivalent
to saying that every S-arithmetic group is an S-congruence group.) C(S,G) is a
(compact-) pro-finite group.

Before we describe the results obtained in the present work, we will briefly recall
what is already known. We begin with general comments which are well known and
easily established (but are not set down in print).
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108 M. S. RAGHUNATHAN

G(S, G) is a functor: if f: G—H is a 2-morphism of k-groups we have a natural
morphism G(S, f) : G(S, G) - C(S, H). Suppose now that

(%) 1G5 Gy Gys 1
is an exact sequence of %-algebraic groups, «, 8 being Z-morphisms; the sequence
(+4) G(S, Gy 3 G(S, Gy) 2 C(S, Gy)

is exact. This is an immediate consequence of the following fact: if f: G—~H 1is a
surjective k-morphism, the image f(I") of an S-arithmetic group I'in G is an S-arithmetic
group of H. In general G(S, «) is not injective. (An example to illustrate is the.
following: Let % be of positive characteristic. Take G,==the additive group of 2 and
let G, be the semidirect product of the multiplicative group of 2 and the additive group.
Then if |S|>2, C(S, Gy) is non-trivial while the map G(S, G;) > C(S, G,) is trivial.)
There is, however, one simple situation where C(S, «) is injective: when G; has finite
index in G,. This remark with the trivial fact that G(S, G) is trivial for finite G shows
that, for any G, G(S, G)xC(S, G%, where G%=identity component of G. Once
again, in general G(S, B) is not surjective. One simple case where it is indeed surjective
is the case when (*) is a split sequence; in this case moreover G(S, 8) admits a splitting
and CG(S, G,) is the semidirect product of C(S, G;) and a quotient of G(S, G{). (If G

is any group and G a covering group, and B is the kernel of GG, it can be shown
that the cokernel of G(S, p) contains a subgroup isomorphic to the S-adele group of B.)

At this point we will separate the case of fields of characteristic zero from those
of positive characteristics. The remarks about split sequences enable one to reduce
the problem to the semisimple case in characteristic o.

In this paragraph £ will be of characteristic o. It is trivial and well known that
C(S, G)==1 for all S if G is the additive group of .. Since any unipotent group over %
can be obtained by forming successive semidirect products with the additive group,
C(S, G)=1 for any unipotent group. Itis a (non-trivial) theorem due to Chevalley [1]
that if G is a torus, G(S, G)=1. From the structure theory one concludes that G(S, G)
is trivial for G solvable. For a general G, one knows that G is the semidirect product
over & of a reductive k-group M and the unipotent radical U of G. Since CG(S, U)
is trivial, C(S, G) < G(S, M). The problem is thus reduced to connected reductive
groups. Again, if B is the maximal connected semisimple normal subgroup of the
connected reductive group M, M/B is a torus and we conclude that G(S, M) is a quotient
of C(S, B). Thus to a considerable extent the most important information is contained
in G(S, G) for connected semisimple G. Further, if one solves the problem in the case
when G is simply connected one can obtain considerable information in the general
case as well.

The situation when % has positive characteristic is not so pleasant. The
group G(S, G;) is non-trivial -—in fact infinite — even for the additive group of 2. It is
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also non-trivial for tori. Nevertheless the semisimple case is obviously interesting, in
any event.

From now on we assume that G is simply connected and absolutely simple (this is
no loss of generality; the general case can be reduced to this by changing the field).
In the simplest such G viz. G=SL(2) over 2=Q , the rational number field, C(S, G)
is known to be infinite. (That G(S, G) is non-trivial at least has been known for a long
time.) For G=SL(2) over any %, Serre [1] has given a fairly complete solution. If
|S|<1, G(S,G) is infinite; if |S{>2 and if there exists veS such that %, is not
isomorphic to G, C(S, G)=1: if k2, ~C for all »veS and |S|>2, C(S, G) is isomorphic
to the group of roots of 1 in .. This result on SL(2) has an extension to all split groups.
(Historically SL(2) was handled later; the higher rank groups were dealt with earlier.)
Let G be a Chevalley group over & of rank>2. Then G(S, G)=1 or p (=roots of 1
in %) according as all veS are not or are imaginary (veV is imaginary if k,~C).
G=SL(n), £=Q, S=o0, n>3 was first settled by Bass-Lazard-Serre [1] and inde-
pendently by Mennicke [1]; Bass-Milnor-Serre [1] and Mennicke [2] proved the result
for SL(n), n>3, Sp(n), n>2. Matsumoto [1] extended these results to general
Chevalley groups. Finally Kneser [1] and Vasserstein [1] have treated some non-split
orthogonal groups. On the evidence provided by these results, Serre proposes the
following conjecture (Serre [1], p. 489, footnote):

() G(S, G) is finite ifvgS k,rank(G) > 2 (and G usotropic for all veS-—c0).
It is necessary to impose the condition in parenthesis: see § 5. The present work provides
further substantial evidence of the truth of (). Our main results here are for groups
of k-rank > 2. (Many of the results we prove are in fact true also for * most > k-rank 1
groups — at least when % is a number field — but the present proofs do not apply to that
case; the rank 1 groups will be dealt with by different techniques in a work now under

preparation.)
In the sequel we assume that G has A-rank > 1 and S is such that Es kyrank(G)> 2.
ve

Let @ be an S-congruence subgroup of G and E(®) the group generated by
{xe®|xeUnipotent radical of a k-parabolic group}.

A group of the form E(®) will be called an S-elementary subgroup in the sequel. The
first main result of the paper is

Theorem A: Let A be a normal subgroup of an S-arithmetic subgroup of G. Then either A
is finite and central or A contains an elementary subgroup.

Theorem B: Assume that k-rank(G)> 2; then every S-elementary subgroup is S-arithmetic.

Theorem C: Assume that k-rank(G)> 2 and let G(k)* = group generated by
{xeG(k)| xe Unipotent radical of a k-parabolic subgroup of G}.
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Let G*(S,a) (resp. G*(S,¢)) be the closure of Gt in G(S,a) (resp. G(S,¢)) and
C*(S, G)=C(S, G)NG™*(S, a). Then C*(S, G) has finite index in C(S, G) and the sequences

1->C*(S, G)>G*(S, a)>GH(S, ¢)>1
1—C(S, G)/CH(S, G)>G*(S, a) /C*(S, G) > G(S, o) > 1

are exact and are central extensions.

Theorem C reduces the problem of determination of G(S, G) to certain cohomology
computations. Precise determination is possible when G is quasi-split thanks to
Moore [1] and Deodhar [1]. (For non-split groups, Theorem C is new.) For
general G, we can obtain the following information:

Theorem D: Assume that k-rank(G)> 2. If k is a number-field, C(S, G) is finite. If
k has characteristic p>o, the p-Sylow subgroup of G(S, G) has finite index in G(S, G); if in
addition G s quasi-split for all v¢S, G(S, G) is finite.

The relevant cohomology computations are in fact done in a very general context:

Theorem E: Let G be a connected simply connected algebraic group over a global field k.
Assume that strong approximation holds for G. Let SD oo be any finite set and U be an open
compact subgroup of the S-adele group of G. Then if k is a number field, H'(U, Q |Z) is finite
Jor i=1, 2 (here Q|Z is given the discrete topology and cohomology is based on continuous cochains).
If k is a function field the p-torsion (p = characteristic of k) in H2(U, Q [Z) has finite index
m H3(U, QZ) and H(U, Q [Z) is finite.

Theorem E has a local version:

Theorem ¥: Let U be a compact open subgroup of a semisimple group over a local field K.
Then if characteristic K =p, H U, Q/Z) has p-torsion of finite index.

These results are proved in §§ 1-5. In § 6 we examine what happens when we
enlarge S and in § 7 some applications to representations of S-arithmetic groups are given.

1. An Auxiliary Lemma.

Notation and Definitions (x.1). — The following notation will be used throughout
this paper. We denote by

k, a global field.

V, the set of valuations of .

oo, the set of archimedean valuations.

S, a finite subset with |S|>1 and o« CS.

k, (veV) the completion of & with respect to .

0,, the ring of integers in %,.

p;, the prime ideal in O,.

Ds=A(S)=A if there is no ambiguity about S, the ring of S-integers in &, ‘..
A(S)={xek|xeD, for all v¢S}.
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ON THE CONGRUENCE SUBGROUP PROBLEM 188

Py, the prime ideal p;NA(S) in A(S) (v¢S).
F,=A/p, the residue field.
G, a connected, absolutely simple, simply connected k-algebraic group.

By and large in this paper we look upon algebraic groups as rational points in
a universal domain. But sometimes, in this chapter in particular, it is more convenient
and natural to take the scheme theoretic standpoint. To avoid confusion we reserve
the term algebraic group for the rational points in this universal domain. GL(z) denotes
the algebraic group of 7nXn non-singular matrices with entries in the universal domain,
while GL(n) denotes the group-scheme over A, z.e. GL(n)=Spec B where B is the ring

AlXy; 1557 <n][(det(Xy)) 7]
Let G GL(n) be an imbedding of G as a k-algebraic subgroup and 3CB be the ideal
{feB|f(G)=o}.

Note that B/J has no nilpotent elements. We fix once and for all the imbedding © above
and denote by G the group-scheme Spec(B/J). G is evidently a scheme over A=A(S).
We set

G(A)=GnNGL(n, A)

G(k) =GnNGL(n, k)

(G(A) (resp. G(k)) is precisely the A- (resp. k-) rational points of the group-scheme G
over A) and for an ideal a C A, we denote by G(a) the congruence subgroup defined by a:

G(a) ={xeG(A) | x =1dentity(mod a)}.

The group GL(n)(a) is also denoted GL(n, a) in the sequel. We will need to consider
some other families of subgroups of G(A) as well in the sequel. We make some definitions
towards this end.

Definition (x.2). — A unipotent element xeG(k) is a good unipotent if it belongs
to the unipotent radical of a k-parabolic subgroup of G.
G(k)™* is the group generated by good unipotents in G(%).

Definition (x.3). — A k-group G has (property) K-T, or G is a K-T group, if
G(k)=G(k)" .
It is almost K-T if G(k)/G(k)* is finite abelian.

For a wide class of (simply connected) G over any field it is known that G(k)=G(k)*.
However Platonov [g] has recently given an example when this does not hold for a
field (which is not a global field). Nevertheless, the following result is proved in
Raghunathan [4]. If %2 is a global field and k-rank(G)>1, G has almost K-T for £.

Definition (1.4). — A subgroup PCH in a semisimple k-group is a k-quasi-parabolic
subgroup (QPS for short) of H if there exists a k-parabolic subgroup P* of H and a
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maximal reductive k-subgroup M* of P* such that P*==M*U with U=unipotent radical
of P* and P=M.U, where M is the product of all the isotropic &-simple factors of M".
A subgroup like M above is called an admissible subgroup (A-S for short). Also P is
adapted to M.

An alternate characterisation of admissible subgroups is the following: A connected
(k-) subgroup M is admissible if and only if there is a maximal &-split torus T in H and
an order on the character group X(T) of T such that the Lie algebra m of M is the span
of all those root-spaces of H with respect to T which are linear combinations of a fixed
subset of the system of simple roots (for the order).

We note that (in the notation used in Definition (1.4)) the correspondence P*-P
sets up a bijection between sets of k-parabolic and k-quasi-parabolic subgroups of H.
Evidently this bijection is compatible with the action (by conjugation) of H(%) on these
two sets. It is known moreover from Borel [1] (the case of number fields) and Behr [1]
and Harder [1] (the case of function fields) that we have

Lemma (x.5). — There are only finitely many T'-conjugacy classes of k-(quasi)-parabolic
subgroups for any S-arithmetic subgroup I' in G.

We will now introduce three other families of subgroups of G(A).

Definitions (1.6). — Let aCS be any ideal. Then

EG(a) =group generated by {xeG(a)|x a good unipotent}
FG(a) =group generated by {P(a)|P a proper -QPS in G}
F*G(a)=group generated by {M(a)| M a proper k-A-S in G}

We have then two obvious inclusions among these normal subgroups

EG(a) = FG(a),  F*G(a) & FG(a).

The following is perhaps not so evident.

Lemma (x.7). — Assume that k-rank(G)>1. There exists seA such that for any
ideal aCA

FG(sa) C F*G(a).

Let P,, ..., P, be a complete set of representatives for G(A)-conjugacy classes
of k-quasi-parabolic subgroups. For each P;, we fix a semidirect product decomposition
P,=M,;.U;, M, a k-A-S and U, the unipotent radical of P;, over k. It is then easily
seen that there exists an element s'€A such that P;(s’a) CM;(a).U;(a) for all . It
suffices thus to show that each U;(s”a) CF*G(a) for a fixed s’€¢A independent of ¢
and a. To see this let P} be the parabolic subgroup determined by P; and T, 2 maximal
k-split torus in P;. Let ¢ be a root of G with respect to T; and G the unique connected
k-subgroup of G whose Lie algebra is spanned by the A-root spaces corresponding to Ag,
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ON THE CONGRUENCE SUBGROUP PROBLEM 113

reZ. Let U¥=—U,nG®. Since k-rank(G)> 2, it is easily seen that G* is contained
in some admissible subgroup (in fact if ¢/2 is not a k-root, G is itself admissible). It
follows that for every k-root ¢, U®(a) CF*G(a). Now we can find k-roots ¢, ..., ¢,
such that the product mapping

UrxUEx. .. x UM~ 1,

is an isomorphism of algebraic varieties. From this, it is easily deduced that there is
an element s”’€A(S) such that for any ideal aC A, U,(s”a) is contained in the image
of U {a)xUf*(a)x...x U (a). This proves Lemma (1.7).

Remark (1.8). — When k-rank(G)=1, all proper admissible k-subgroups are
trivial and any proper QPS is the unipotent radical of a A-parabolic subgroup, so that
EG(a)==FG(a).

We now go back to the scheme G and establish some facts about it. It is well
known—and not difficult to prove—that the following is true.

Lemma (1.9). — There exists a finite set S;2S such that for v¢S,;, G®Afp, is
a reduced, connected, semisimple and simply connected group scheme over Alp,.

(Let Ch denote the Chevalley scheme over Z of the same type as G. Let &" be
a finite separable extension of & over which G splits. Let A’ denote the S-integers in %'
We can then find a finite set S*CV, SCS* and an isomorphism

¢ : G®,A'(S") -> Ch®, A’(S").

The group scheme on the right admits a good reduction at all primes of A’(S")
(=S*-integers in £'). For S; we need only take the following subset:

S*U{veV |k’ [k is ramified at v}.)

We fix now two opposite parabolic k-subgroups P* and P*~in G. Let U (resp. U™)
be the unipotent radical of P (resp. P~). We define subgroup schemes P*, P*~, U and
U~ of G over A in a way entirely analogous to the way we defined G, and then it is easy
to obtain the following:

Lemma (x.x0). — There exists a finite set S, CV, S;08; such that for v¢S,, P*'®,Afp,
and P~ ®,Alp, are (reduced) parabolic subgroup schemes of G®,Afp,, with U®,Alp,
and U~ ®,Alp, as the corresponding unipotent radicals.

Lemma (x.x1). — Let a be a non-zero ideal in A. There exists a finite set Sg(a) CV,
S;D8S,, with the following property: for v¢Ss(a), U*(a) maps (under the natural map) onto
the group of A[p,-rational points of UX®, Alp,; moreover, these last groups generate the entire
group of Alp,-rational points of G®,Alp,.

The first assertion is standard and quite easy to establish; the second follows from
the work of Chevalley [1] and Steinberg [1], combined with a theorem of Lang [1].
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(Lang’s theorem is that for a finite field every semisimple algebraic group is quasi-split.
The papers of Chevalley and Steinberg which deal with quasi-split groups then immedi-
ately give the lemma when P* is a minimal parabolic subgroup, but the passage to the
more general case we need is quite simple.)

Corollary (x.32). — For v¢S;=S;(A) the natural map
G(A) —> (GOA[p,)(Afp,)

is surjective with kernel G(p,).

(x.x3). — The Lie algebra of G — more precisely its canonical (Scheme theoretic)
A-form — can be described as follows. Let

¢: B(G)=B/I>A

denote the identity element (in G(A)). Let IM=kere. Since A is a Dedekind domain,
IR is a finitely generated ideal in B(G) so that /M2 is a finitely generated A-module.
Let ®=Hom,(M/M?, A). Then G,=G®,% can be seen to be naturally isomorphic
to the k-Lie algebra associated to G (with any definition). The group G(A) (resp. G(k))
operates in a natural fashion on & (resp. ®,). The action of G(A) on the two is easily
seen to be compatible with the inclusion <> ®,. We have then

Lemma (x.x4). — There is a finite set S,CV, S3CS,, such that for v¢S,, G®,Alp,
is naturally isomorphic to the Lie algebra of the (reduced) group scheme G®,Alp,. This
isomorphism is compatible with the adjoint G(A)-action on the two Lie algebras.

Lemma (x.15). — Let U be the unipotent radical of a k-parabolic subgroup of G. Let U
be the Lie algebra of U and ¢ : U~ the natural map. Let W, =UQ,F, and 6,=6G®,F,.
Then for almost all v, 1®1 : U,—~>®, is an inclusion and W, ts the Lie subalgebra of ®, corre-
sponding to the unipotent radical of a k-parabolic subgroup of G®,F,. Let R be the group
algebra ¥(G(F,)), ¥ being the prime field in ¥,. Then there is a finite set S;0 S, such that
as a module over R, ®®,F, s generated by U®,F, for all v¢S;.

This is proved by using explicitly the structure of quasi-split groups — note that
G®, F, is quasi-split over F, (Lang [1]). For details see the Appendix.

(r.16). — For »€V, let G(k,) denote the k,-rational points of G and
G(D,)=G(k)NGL(n, D,).

Then G(DO,) is an open compact subgroup of G(,). (It is known—and we will give
a proof of this fact later — that G(O,) is a maximal compact subgroup of G(%,) for almost
all », but we do not need this fact now.)

Let G(A(S)) or G(A) the corresponding adéle group associated to G. Then
by the definition of the adéle topology vgsG(Dv) is an open compact subgroup of G(A(S)).

The following result needed in the sequel implies in particular that the closure of an
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S-arithmetic group G is open in G(A(S))—a known consequence of strong approxi-
mation (whenever strong approximation holds).

Main Lemma (x.17). — The closure of EG(a), a=o, in G(A(S)) is a compact open
subgroup G(A(S)). Consequently, for every non-zero ideal aCA, we can find an tdeal o'Fo0
in A such that the closure of EG(a) in G(A(S)) contains G(a’) — or equivalently, for every non-zero
ideal BCA

EG(a).G(b) 2G(a").

In order to prove the main lemma, we consider the two unipotent groups U# intro-
duced earlier (see Lemma (1.10)). Using strong approximation for unipotent groups,
it is easily seen that the closures of U#*(a) in U*(A(S)) are compact open subgroups.
This means that the closure of U*(a) in U*(A(S)) is of the form

I DEx Il U*D,)
vES’ v SUS

where S’ is a finite subset of V—S and for 2eS’, DF is an open compact subgroup

of U#(D,). This shows that it suffices to show the following: D generate an open subgroup

of G(D,); for almost all veV—S, UM (D,) and U~(D,) generate G(O,) as a normal subgroup.
(Note that the closure of E(a) is a normal subgroup vgsG(D”)')

Now for »¢S’ (resp. veS’) the normal subgroup H, generated by U*(D,) and
U~ (D,) (resp. D} and D;) in G(D,) is easily seen to be open. Consequently it contains
a subgroup of the form

G(m, v)={ge G(D,) | g =Identity(mod p;™)}.
For a fixed v¢S; let m(v) be the smallest integer such that H,D2G(m(v), v). We need
to prove only

(%) Sor almost all v, m(v)=o.

(%) is a consequence of the two statements below:

Assertion (x1.18). — There is a finite subset Sy of V, §,38;, such that for v¢S,
(S5 as in Lemma (1.15)):

a} Ulm, v)[U(m -1, v} is non-trivial for all m>m(z).

b) For m>1, G(m,v)/G(m+1,v) is isomorphic to ®®,F, as a module over
Z[G(A)]; as a Z[G(A)]-module it is generated by U(m, v) [U(m+1, v).

We will first prove (*) assuming Assertion (1.18). For this consider the
natural map

H,/G(m(v), v) = G(m(v) —1, 7) |G (m(v), )

(assuming that m(»)>1). By Assertion (1.18), = is surjective since it is compatible
with G(A)-action on the two sides, a contradiction to the assumption that m(z)>1.
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Thus m(v)=o0 or 1. If m(v)=1, according to Lemma (1.11), the images of U*(D,)
in G(o, v)/G(1, v)xG(F,) generate the entire group. Since U* (D,)CH,, = is
surjective again, a contradiction to the assumption m(v)=1. Thus m(s)=o0 for all
vES,.

(x.19). — We have now to establish Assertion (1.18). We will begin with a
more general set up. Let DCGL(n) be an algebraic subgroup of GL(n) defined
over & and B(D) be the quotient B/J(D) where J(D) is the defining ideal of D. Let
M(D) be the ideal corresponding to the identity element in D: IR(D) is the kernel of

the ring homomorphism B(D)—E>A defined by the identity element. Now the group
D(D, »)=D(D,) can be interpreted as the set of all A-algebra homomorphisms
f:BD)-»9,. If =, :0,~0O,/p;" is the natural homomorphism, we have
D(m, v)={xeD(o, v) | x=Identity(mod p;")}
={f:B(D) > O, |m,0f =m,0¢}.
Since M(D)=kernel e, one sees immediately that f(I(D)) Cp;™ for all feD(m, o)

and f(MM(D)2) Cp:™*!; fthus defines a homomorphism f : M(D)/M(D)2 — p;™/p;"**.
We obtain thus a map A, of D(m,v)/D(m-1, ) into the (F,-vector) space

Hom,, (M(D) /M(D)?, p;"/p;" ) =0
where b =Hom,(M(D)/M(D)2, A)®,F, for almost all v. It is easily seen that the

map A, is a group homomorphism. If now D, CD is a k-algebraic subgroup we have
the following commutative diagram:

D(m, v) /D(m+1,0) —> DO, F,

D,(m, v) |]Dy(m+1,0) — DO, F,

More generally if D; and D are group-schemes over A and u : D;—~D is a morphism,
one has the same kind of diagram. Using this fact it is easily proved by induction on
the dimension of D that we have the following:

Let D be a unipotent k-algebraic subgroup of GL(zn) admitting a filtration

D>D,>D,>...0D,

by normal subgroups such that D,/D;, is isomorphic to the additive group (of the
field). Then for almost all v, the natural map D(m, 2)/D(m+1, v) >D®,F, defined
above is an isomorphism.
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Part a) of Assertion (1.18) is an immediate consequence of this statement applied
to D=U (see Borel-Tits [1]). Part &) again follows from the above since the map

G(m, v)|G(m+1,0) > B, F,

is compatible with the action of G(A) on both sides. The subspace U®,F, on 6®,F,
has a non-trivial projection on all the factors of ®®,F, for almost all ». (For almost
all s, U®,F, - G®,F, is injective; we use Lemmas (1.9)-(1.16) as well.) This proves
Assertion (1.18) and the proof of the Main Lemma is complete.

(x.20). — We will now apply the Main Lemma to show that projective limits
of certain exact sequences (which we need to examine) remain exact. We have defined
groups G(a), EG(a), FG(a) and F*G(a) for each ideal aCA. These groups can be
used to define topological group structures on G(k) or G(A). Each of the families
below can be taken as a fundamental system of neighborhoods of 1 to obtain a topo-
logical group structure on G(k) or G(A):

1) All arithmetic subgroups; this topology is denoted & (a);

2) the groups {G(a)|a#o0 on ideal in A}; this topology is denoted & (c) (this
is the same as the topology induced from the adéle group G(A));

3) the groups {FG(a)|a#o0 an ideal in A}; thisis denoted & (f);

4) the groups {EG(a)|a+o0 an ideal in A}; this is denoted & (e).
The completion of G(k) with respect to & (a) (resp. & (c), &(f), & (¢)) is denoted G(a)
(resp. G(c), G(f), G(e)). The closure of G(A) in G(a) (resp. G(c), G(f), G(e)) is an
open subgroup there and can be identified with the completion G(A, o) (resp. G(A, ¢),
G(A, f), G(A, ¢)) of G(A) for the corresponding topology on G(A). The identity maps
of G(k) and G(A) give rise to the following diagram with all arrows continuous maps:

Gl L Gy 2% G <=L Go)

T I I I

A a, c)

GA, o) 0 GA,f) 2 GA, 0 &2 GA, 0

We also set

k(e, ©)=h(f, ¢) oh(e, ),

(e, )= h(f, ¢) ohle, f).
It is then easy to see that k( , ) and A#( , ) have the same kernel which we denote by
CG(, ). CGla, ) is what was called G(S, G) in the Introduction. The groups G(A, o)
and G(A, a) are evidently compact. (Also from the Main Lemma, it is clear that
G(A, ¢) is isomorphic to an open subgroup of G(A(S)).) In general the groups EG{a)
need not have finite index in G(A) and so the group G(e) is not in general compact.
The groups F*G(a) can again be used to define a topology on G(%) but in view of
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Lemma (1.7) this topology is the same as £ (f) when k-rank(G)>2. The group G(A, ¢)
(resp. G(A,f), G(A, ¢), G(A, a)) can also be regarded as the projective limit of the
following family of groups

{G(A)/EG(a) | a non-zero ideal in A}
(resp. { G(A)/FG(a)|a a non-zero ideal in A}, {G(A)/G(a)|a a non-zero ideal in A},
{G(A)/T'| T an S-arithmetic subgroup of G(A)}.
Consider now the following exact sequences:
1->G(a)/EG(a) > G(A) [EG(0) > G(A) /G(a) > 1
1->G(a) [FG(a) > G(A) [FG(a) G(A) [G{a) > 1
1> G(a) [EG(a) > G(A) [EG(a)  G(A) [FG(a) > 1

These lead in the projective limit to the exact sequences described before

1> CG(, ) >G(@A, ) ) G, )

We will now deduce from the Main Lemma the following:

Proposition (x.21). — The maps h( , ) are all surjective.

In the case of k(a, ¢) this is immediate from the compactness of the groups G(A, a)
and G(a, ¢). We will prove the proposition in the case k(e, ¢). The other cases are
proved entirely analogously.

For a non-zero ideal aCA, let G*(a):bDOEG(a).G(b). The Main Lemma

guarantees that G*(a) D G(a’) for some a’'#o0. It follows that in the projective limit
the natural maps G(A)/G*(a) > G(A)/G(a) induce an isomorphism. From the Main
Lemma and the definition of G*(a), it is clear that we have

(%%) EG(a)G*(b)=G(a)
for all non-zero ideals a, bC A with b Ca. We have now to establish that the projective
limit of the family of the exact sequences

1->G*(a) [EG(a) > G(A) [EG(a) ~ G(A) /G (a) - 1,
a a non-zero ideal in A is again exact. Fix a decreasing family of non-zero ideals
{a,]1<n<w} cofinal in the family of all non-zero ideals. Let

{£,6G(A) /G (a,) [ 1 <n<oo}
be any element in the projective limit. We will prove inductively that we can find

1€ G(A) [EG(a,)

which maps under the corresponding natural maps into £, and 7, _,. Assume the »,
chosen for 1<i<r. Let %e€G(A)/EG(a,) be an arbitrary lift of £,. Let % be its
image in G(A)/EG(a,_;). Then =" 'v,_eG*a,_y)/EG(a,_;). In view of (*x)
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above we can find %"'eG'(q,)/EG(a,) which maps into '"'v,_,. It is then clear
that %,=+v%" is a lift of &, with the desired properties.

(In the other cases we need an analogue of the Main Lemma. Since EG(a) C FG(a),
such an analogue is immediate when we deal with the G(a) and the FG(a). When
we are dealing with EG(a) and FG(a) a more subtle consideration is needed. We
fix a (finite) complete set of representatives P;, 1<i<gq, of proper 2-QPS in G, and
for each P, a A-AS M, to which P, is adapted. Since P; is a semidirect product
P,=M,U; with U, the unipotent radical of P;, and U;(a) CEG(a), it suffices to show
the existence of a non-zero ideal a’ in A such that EG(a).M,(b) O M,(a’) for all non-zero
ideals bCA. But this follows simply from the Main Lemma applied to the group M,
instead of G. Note that M; is simply connected and EM;(a) CEG(a). M, may not
be simple but it decomposes over & into a product of k-simple factors; these k-simple
factors again may not be absolutely simple but they are of the form R, ,(H) with H
an absolutely simple group over the field 2, a finite extension of &.)

Corollary (1.22). — The sequences
1—-CG(, )=>G(A, )>G(A, )>1
and 1—~CG(, )=>G()=G( )-1
are exact.

The exactness of the first sequence is given by Proposition {1.21). Since
G(A, #)G(k)=G(+),

G(A, #) is an open subgroup of G(*) and G(k) is dense in G(#), the exactness of the
second sequence follows,

Remark (x.23). — The group CGl(e, ¢) is the projective limit of G(a)/EG(a).
Similarly

CG(e, f ) =Lim FG(a) /EG (a)

and CG( f; )= Lim G(a) [FG(a).

For convenient future use we state explicitly as a lemma the following which
was proved in the course of the proof of Proposition (1.21):

Lemma (x.24). — Given a non-zero ideal a we can find a non-zero ideal o such that

FG(a).G(b) D G(a*) jor all non-zero ideals b.

2. Normal Subgroups in Arithmetic Groups.

Our aim in this section is to establish the following. (We make free use of the
notation introduced in § 1: beginning of § 1 and the paragraph before Lemma (1.7).)
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Theorem (2.1). — Assume that k-rank(G)>1 and that 2 kq-rank(G)>2. Let TCG
vES

be an S-arithmetic subgroup of G and V' CI' a normal subgroup of I'.  Then either Y ts central
(and finite) in G or there exists a non-zevo ideal a CA such that E{a) CY.
The first observation is

Lemma (2.2). — If ¥V is not central in G it is Zariski dense in G.

Let G’ be the Zariski closure of ¥ in G. Since T' is Zariski dense in G/, G' is
a normal subgroup of G. Since G is (absolutely) simple, G’ is either central and finite
or all of G. This proves the lemma.

In the sequel, then we assume that ¥ is not central in G, so that it is Zariski dense
in G. In particular ¥ is infinite. Hence so is any subgroup of finite index in ¥. This
enables us to replace I' by I'mG(A) and ¥ by ¥NnG(A). We assume in the sequel
that ['C G(A) —in fact, we assume as we may that I' is a normal subgroup of G(A) of finite
index in G(A). Next, one knows the following from reduction theory (Borel [1] for
number fields and Behr [1] and Harder [1] for function fields):

Lemma (2.3). — G has only finitely many T-conjugacy classes of minimal k-parabolic
subgroups.

Suppose now U is the unipotent radical of a minimal k-parabolic subgroup P
of G. Since T'CG{A), we see that for any ideal aCA and any element vyel,
"U(a)=("U)(a). In view of Lemma (2.3), this remark reduces the proof of the theorem
to establishing

Proposition (2.4). — Let U be the unipotent radical of a minimal k-parabolic subgroup P.
Then there exists a non-zero ideal aCA such that ‘¥ D Uf(a).

The rest of the section is devoted to the proof of this proposition. We introduce
some additional notation for this purpose.

Notation (2.5). — We fix P and U as above. Let TCP be a maximal &-split
torus and X(T) the group of characters on T. Let g be the Lie algebra of G and for
1eX(T), let

g ={veg|Ad t(v)=yx(t).v}.
Let ®={aecX(T)|a*o0, g*+(0)}: P is the set of k-roots of G with respect to T. Let
Ot ={ae®|g*Cu=Lie algebra of U}. Then there is a lexicographic ordering on X(T)
such that @ is precisely the set of positive k-roots. Let A denote the system of simple
roots for this ordering. Then, for each ¢e®,

o= 2 my(p)a, my(p)eZ
aEA

with all m,(p) of the same sign, this sign being positive if ¢e®*. For acA, let
Oad={pedt|m,(p)>0}.
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Let

S(a) =identity component of eeﬂ

A kernel 8,

and
Z(a)=connected centralizer of S(a).

Then Z(a).U=P(a) is a maximal proper k-parabolic subgroup of G. If U(«)
is the unipotent radical of P(«), the Lie algebra u(a) of U(«) is the subspace X ¢°

@ & O

of g. Let Z(T) (resp. N(T)) denote the centralizer (resp. normalizer) of T and
Wo=N(T)/Z(T) (the k-Weyl group of G). Let WCN(T)(k) be a complete set of
representatives for Wy,  Such a W exists (see Borel-Tits [1] for this as well as any other
facts about algebraic groups involving rationality questions). Let weW be the unique
element which induces on X(T) the automorphism which takes all of ®* into negative
roots. For aecA,

w(a)=—=8& with &eA.

The map «i>& is an automorphism of the Dynkin diagram of A. Moreover, it is easily
def

checked that &=« and, if *U=U", “P(a)=Z(&)U~ (= P(—a)). Let
fo: UR)XP(a)—>G

be the map f,(u, p)=uwp. Then f, is an isomorphism of U(&)xP(x) onto an open
subset B(«) of G. For xeB(a) we set

2=y (X)wp, (%), u(¥)€U®),  pa(x)eP ().

Then xr>u,(x) and x> p,(x) are kZ-morphisms of B(«) into U(&) and P(«) respectively.
Next, let D(a)=P(ax)N"P(x). Since w has order 2 modulo Z(T), D(«) is stable under w
(and contains Z(T)). Let M(«) be the identity component of the Zariski closure of
D{(z)nT. The group M{a) is in fact intrinsically determined by D(a) —it does not
depend on the S-arithmetic subgroup I' (though it does depend on the set S). It is

a connected normal subgroup of D(«). For ¢e®, let u®= X g Then there
kEZ, k>0

is a unique connected unipotent k-subgroup U® of G having u® for its Lie algebra
(we note here that if ¢e® with kpe®, % an integer, then k=41 or +2 so that the
above summation is over at most 2 terms). With this notation we record here as a
lemma the following observation.

Lemma (2.6). — For acA, M(x) DU® forall p with +BeA and +B+a or & If
a8, M(x)DU® and U,

This is a simple consequence of the following. If V is a connected unipotent
algebraic k-group, then any S-arithmetic subgroup of V (with S+@) is Zariski dense
in V. One has only to apply this remark to conclude that U CM(«) as well as the
other two inclusions when «=&.
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Notation (2.7). — We need to introduce yet another subgroup of G for each a€cA.
P’(«) is the algebraic subgroup generated by the set

{p~5pux~ u" lue U(&), peP(a), xe M(a)}

and where for xeM(a), ¥=w"'xw. The group Z(«) decomposes into an almost direct

product:
Z(o)=C(a).Ale) . H(a)

where C(a) 1s the identity component of the center of Z(«), A(«) is the maximal normal
semisimple subgroup Z(«) which is anisotropic over & and H(«) is the product of all
the isotropic k-simple factors of Z(«). Then it is easily seen — and well known — that
C(a).A(x) CD(a). If a=&, H(x) CD(a) as well and D(«)=Z(a). If a+&, however,

one cannot assert this. Nevertheless we do have

Lemma (2.8). — (Assume that S+0.) Then P'(«) contains the identity component of
the Zariski closure of any S-arithmetic subgroup of Z(«).

To prove this assertion, we observe first that if @ is an S-arithmetic subgroup of Z(a),
the group (ONC(a)).(PNA(x)). (PNH(e)) hasfinite index in ® (Borel [1] for 2 a number
field and Harder [1] and Behr [1] for 2 a function field). It suffices then (since
G(a) . A{x) CD(a)) to show that the e-component of the Zariski closure of ®NH{a) is
contained in P’(a). When a=2&, H(x) CD(«) and the assertion is immediate. One
observes next that H(«) is generated as an algebraic group by the {U®P®)|geA—{«}}
and U#*Pn® is Zariski dense in U*® BeA—{«}. The group M(«), one concludes
then, contains all of H(«) if =&, and if «+4&, it contains U*® BeA—{«, &} and U9,
Then if « =&, M(a) DH(«) and the lemma follows. If «=+&, we note that the element
seW corresponding to the reflection with respect to & belongs to P(«). It follows that

sU % 1=UC P'(«)

leading again to the conclusion that P’(«) contains H(«). The lemma follows immediately
from this.

We are now in a position to prove

Proposition (2.9). — YNP(«) contains in its Zariski closure the identity component of
the Zariski closure of any S-arithmetic subgroup of Z(«).

In view of Lemma (2.8) it suffices to show that the Zariski closure of ¥ P(x)
contains P’{«). For this consider the subset ¥'nB(a) (see § 2.5 for notation) of V.

As B(a«) is Zariski open in G and ¥ Zariski dense in G, ¥(a) Z¥n B(«) is Zariski dense
in G. It follows that

E={(1, p)eU(E)x P(s) |supe ¥}
is Zariski dense in U(&) X P(«). Next, for a fixed «cU(&)(k), let
R(u) ={xeM(a)N T | xux"'u"'el'}
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and let F={(y, p, )| (u, p)eé, xcR(u)}. Let
F: U@xPle)xM(a) >G
be the map defined by
F(u, p, x)=xp~ %' " tpuxu'x~'  ueU(®), peP(a), xe M(a),

1

where ¥’ =w~'xw. We claim that F(&)CP(a«)n¥. To see this, let y=uwp, (u, p)e&’;
then ye¥ and hence so is

E=0y0"1=0ub1.0wp0~ ' =0ub~'u" 1w pb™?

for all 6eR(x). Let a=0u0"'s4""; then «el', so that
7=y eV,
We have, moreover,
Epiy = 7 1YP(¢) =7p(a)
(note that U(&) CP(a) so that 6ub~'u"'eP(x)). Since P(x) is its own normalizer,
Ely=0p"10""1p. ubu" 0" e PN P(a).
We have thus proved that F(&)CP(a)n'¥. We now claim that & is Zariski dense
in U@)xP(e)xM(a). Since & is Zariski dense in U(a)x P(«), it suffices to show
that for each ucU(&)(k), R(u) is Zariski dense in M(«). To see this consider the map A

—1,—1 1

of M(«) in G given by x>xux"'u~!. Now the entries of (xux™*»~* — Identity) are poly-

nomials in the entries of (x — Identity) with coefficients in 2 and without constant terms.
It follows that we can find an ideal a0 in A such that A(M(«)(a)) CG(A). Let &
be the composite map wok

TaM(a)(a) > G(A) > G(A)/T

k
7 being the natural projection. Then we have for x, ye M(x)(a)N T,

h(x)=xy.uy~ a" um =2y tum Yux um = xh( p) L A(x)
so that A(xp)=h(y).h(x). (Note that we have assumed that I' is normal in G(A).)
Since G(A)/T is finite, A~'(¢) is a (normal) subgroup of T'NnM(«)(a) of finite index.
Clearly this subgroup is contained in R(z) and on the other hand it is Zariski dense in M(«).
This shows that R{x) is Zariski dense in M(a), thereby establishing Proposition (2.g).

(2.10). — Let U(a), 0<i<r+1, be the descending central series of U(«):
U(x)°=U(a) and for ¢>o0, U(a)* is the connected subgroup with

Lie algebra = pX a®

?= BEAMBG’ maZ"‘f‘ 1
(see Appendix) and r+1=inf{g| U(«)?=(1)}. For 0<i<r, let V(i) =U(a)' [U(a)+.
It is known that V{(z) has a natural structure of a k-group k-isomorphic to a vector space.
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Moreover each U(a)' is stable under P(x) and since [U(«), U(a)]CU(«)'*?, this
action passes down to a linear action of P(«)/U(«) on each of the V(i), an action defined
over k. The group Z(«) maps k-isomorphically onto the quotient P(a)/U(a)=2Z,(«),
say. Let Z*(a) (resp. Zj(«)) denote the identity component of the Zariski closure of
any S-arithmetic subgroup of Z(«) (resp. Z;(«)). Let P*(«) be the Zariski closure of
¥NP(a). Then Zi(«) is contained in the image of P*(«) in Z,(«). Evidently Zj(«)
is a k-subgroup and the image of ¥'NP(«) in Z,(«) contains Zj(«) in its Zariski closure.
Consider now the natural map p, : U(x)*>V(i). We identify each V(i) with a vector
space through a k-isomorphism and fix a k-basis in V(z). Let L] denote the A-linear
span of such a k-basis. Then from Corollary (A.6) (Appendix) we know that p,(U(a)}(A))
contains an A-submodule L; of L] of maximal rank. Since [G(A), I'| CT', one concludes
immediately that the Z-module spanned by p;([U(a)(A), Pla)nIT]) Cp(U(x)'nT).
Clearly p,([U(«)*(A), P(e) nT]) contains the Z-span of {(o;(x)—1)(v) | xeP(a) N T, veL;}
where o; is the natural representation of P(a) on V(i). This shows that p,(U(«)'nT)
contains an A-submodule K; of L; with L,/K; finite. The argument given above can
now be repeated with I' replacing G(A), K, replacing L; and ¥ (a)=¥'nG(a), a+o
an ideal in A, replacing I', to conclude the following: for each 7, 0<i<7, and a non-zero
ideal aCA, $,(U(x))n¥(a)) contains the A-submodule of K; spanned by

{(0,(x) —1)(v) |pe K;, xe P(a) "' (a)}-
We denote this last A-submodule of K, by J;(a).

Claim (2.11). — For 0<:¢<r, J;(a) has maximal rank in V(¢) —i.e. J;(a) contains
a basis of V{¢) as a vector space.

Proof of Proposition (2.4) (2.12). — We will first show that Theorem (2.1) is a
consequence of Claim (2.11). We argue by downward induction on the integer : to
show first that for any ideal a#o0 in A, U(«)'n¥ contains a congruence subgroup
of U(«)®. The start of the induction at =7 is immediate from Claim (2.11). Assume
now that for some integer m, 1<m <7, and anyideal b0, we have an ideal b*+o0, b*CBb,
such that ¥ (b)NU(«)"DU(«)™(b*). Let a+o be any ideal in A and choose a* as
above. Choose next anideal a’+0, a’Cqa*, such that J,,_,(a*) contains p,,_,(U(x)" *(a*)).
{Such a choice of a' is possible in view of Claim (2.11).) We now assert that
U(ex)" *N¥(a) contains U(a)" *(a’). In fact, if xeU(x)""!(a’), by the definitions
of a' and J,_,(a*), we can find yeU(a)" 'n¥(a*) such that p,_,(x)=p,_.(3),
ie. y 'xeU(x)™(a*). But then by the induction hypothesis y~*xeU(a)"N¥(a), so
that x=yp.y *xeU(a)"N¥(a). It follows from this that ¥'nUY, for any positive
k-root o, contains a congruence subgroup U®(a) with aCA, a non-zero ideal. Now
if we arrange the positive roots in, say, increasing order ®={(«,, ..., «,), then the map

v Oy
A UM Uy x UG
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given by A%y, ..., %,)=4%,-%y> ... -%,, is an isomorphism defined over %; the entries
of {\(#,, ..., x,) —identity} are polynomials without constant terms with coefficients in &
in the entries of {(x; —identity)|[1<j<m}. A similar remark applies to A~*. It follows
that ¥NU contains AU (a)x U*(a)x...x U (q)) and the last set obviously
contains an S-congruence subgroup of U. This proves Proposition (2.4) and hence
Theorem (2.1) (subject to Claim (2.r11)).

Before we proceed to the proof of Claim (2.11), we make the following

Remark (2.13). — T, is infinite and Zariski dense in T if and only if |S|>a2.
If |S|=1 and v is the unique valuation in S, k-rank(G)> 2.
In the sequel we consider the two cases when |S|=1 and |S|>1 separately.

(2.14) Case when |S|>1. — From Remark (2.13), we see that T is contained
in the Zariski closure of any S-arithmetic subgroup of Z(«x). Now the characters of T
which are eigen-characters in the representation o; are all k-roots of G and are hence
non trivial. It follows that the set

{(o;(t)—1)v|teT, veV (1)}

spans all of V(i) as a vector space. In view of the density results we have proved earlier,
we conclude that for any non-zero ideal aCA, J;(a) spans all of V(i) as a vector space,
establishing Claim (2.11) in this case.

(2.15) Case when |S|=1. — As was observed this would mean that for the unique
veS, kirank(G)>2. Let T'NnZ(T) be a maximal &,-split torus in G. Choose an
ordering on the character group X(T') of T’ compatible with the order on X(T)
introduced earlier and the restriction map X(T)-X(T’). Let @ (resp. A") denote
the system of &,-roots (resp. simple &,-roots) of G with respect to T’. For ¢e®’, let
g® denote the eigen-space of T’ corresponding to ¢ for the adjoint action of T’ on g.
We can then describe the Lie algebra u(«) of U(a), acA, as follows: for a€A, let
N(0)={BeA’|Blg—=a}. Let

Y{ay={oe® |p= BEA, my(@) . B, mg(p)>o0 for some BeA’(a)}.

Then
= % g%
P e D>
Now, the identity component Z*(«) of the Zariski closure of any S-arithmetic subgroup
of Z(«), it is easily seen, intersects the &,-split torus T’ in a subgroup T"* of codimension 1.
We denote by T* the identity component of T"*. Suppose now for the action of Z*(«)
on V(o) we have a quotient module which is trivial. Such a module would be trivial
under T* as well. Since the actions of T and T* on V(o) are completely reducible, we
conclude that this means that for some eigen-character ¢ of T occurring in the space V(o),
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@ | is trivial. Suppose now ¢ is the adjoint representation of Z(«) on u(«). Then
x(t)=det &(t) is a character on Z(«) defined over k. It follows that y(Z(«)(A))C S-units
in A, a finite group (since |S|=1). It follows that y is trivial on Z*(a), so that y |,
is a character with y(T*)=1. We conclude therefore that the character ¢ is necessarily
a multiple of . Now the character y is known (and it is also not difficult to see) to
be a dominant weight (for the % -root system and the order chosen). It follows that
in the expression for ¢ as a linear combination of the simple & -roots all the roots BeA’
occur with a strictly positive coefficient. On the other hand, from the definition of V(o)
it is immediate that at most one of the BeA’(a) occurs with a non-zero coefficient and
that coefficient is 1. It follows that A’(«) contains only one element which we denote &
in the sequel. We have therefore proved the following:

If V(o) as a module over Z*(«) has a trivial quotient, then |A’(a){ =1; the unique
element of A’(«) being denoted «.

If V(o) has no trivial quotient as a Z*(«)-module, the set

{(oo(x)—1)v|veV(0), xe Z* (o)}

spans all of V(o) as a vector space and an argument similar to what was given in (2.14)
now shows immediately that J,(a) has maximal possible rank in V(o). We will now
show next that V(o) has no trivial quotient as a Z*(«)-module even in the case A’(a)=1.
For this fix a maximal torus T in Z(T) containing T’ and introduce an ordering
on X(T") compatible with those introduced on X(T) and X(1”) already. Let A"
denote the simple roots of G with respect to T”. Let ¢ be a root of G with respect to T
which is an eigen-character of T"’ for its action on the unique maximal quotient of V(o)
on which Z*(«) acts trivially (on this unique maximal quotient, Z(«) has a natural
action —note that Z*(«) is normal in Z{a)): we assume such a ¢ exists. Then we see
that {(¢|p, B>=0 for all BeA’—% where < , ) denotes the canonical scalar product
on X(T'): equivalently <{¢|p, B>==0 for all k-roots of the (reductive) group Z(«).
Since ¢ | is a positive &,root, {¢lp,a)>o0. It follows that there is some root «*eA”
such that of|p=a and (¢, a’>>0. Now from the structure theory of semisimple
groups (over algebraically closed fields), one sees that either ¢=a* or ¢—o" is necess-
arily a positive root. Now since ¢ occurs as a weight in V(o), there is at most one simple
root yeA” with vy|p =% which occurs with positive coefficient (=1) in the expression
for ¢ as a combination of the roots in A. Now if ¢=q', this would mean that « is
orthogonal to all the other simple %,-roots of T, a contradiction to the (&,-) simplicity
of G. We see therefore that ¢—a*=8 1is a positive root of the reductive group Z(x)
(with respect to T"'.) Since | is trivial and o*|p="2a]|p is non-trivial, (¢—o’)|yp
is non-trivial and is therefore a positive k,-root. Now if weset y=0¢—o', ¢—vy and ¢
are roots. Again from the fact that v | is non-trivial, it is easily concluded that vy is
a positive root of Z(«) with respect to T and that the corresponding 1-parameter unipotent
group is then necessarily contained in Z*(«). It follows that (¢, y>=o0. From structure
theory now it is immediate that ¢-++y is a root and ¢--2v is not a root. The Chevalley
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commutation relations among the one parameter unipotent groups y, .. () and y_(f)
now give us (for ¢, sealgebraic closure of £) (see Steinberg [3])

(*) [Xo+v(8)s Ae ()] =20(85) - A=+ (E)

modulo U(«)! for a suitable £. Now the character ¢—+y cannot occur in any quotient
of V(o) which is trivial as a Z’(a)-module (note that ¢—v|p. is non-trivial) so that
the eigen-space corresponding to the character ¢—vy certainly is contained in the span

{(op(x) —1)v [ 2€V(0), x€Z(a) -

Since y_.(s)eZ*(a) for all s, () shows that y,(¢) belongs to this span as well for all ¢,
a contradiction to our choice of ¢. This shows that V(o) has no quotient Z*(T)-module
which is trivial. We have thus proved that when |S|=1, for all ideals a+o0 in A,
Jo(a) has maximal rank in V(o). To prove the statement for the J;(a), :>0, we observe
that arguments entirely analogous to those given above show that the span of J;(a)
in V(i) would contain all eigen-spaces of V(i) with the exception at most of those roots ¢
on T which are trivial on T*. If we now again choose a root «*CA"” with (¢, &">>o0
and o |p =&, we conclude that ¢—o is a root (but now this is a root occurring as
eigen-character in V(i—1)). It follows that ¢ a*-series ” of roots through ¢ are either
(p—a’, ) or (p—2u", p—a*, ¢, pFa«’). In the first case, using the Chevalley commu-
tation relations, one sees immediately that the eigen-space corresponding to ¢ is in the
image of the natural map V(0)®V(i—1)—>V(i) given by commutation. An obvious
induction gives us now Claim (2.11) in this case. In the second case, we observe that
the group G is of type G,, that «* is necessarily the short simple root, ¢ a short root,
and i=2. Further ¢—2a" is necessarily the long simple root 8, a root of Z(«), so that
{p—2a", > =0. Moreover, we note that G, has only one isotropic k-form, viz. the
split form (Tits [2]) so that T=T'=T", A=A’=A" and «, BecA. If we then consider
the root B in place of «, our arguments above would show that the claim is true for this
root and we conclude that U(B)N¥(a) is a congruence subgroup of U(g8). But this
would mean that U(B)NnU(x)2Nn¥(a) is a congruence subgroup and then we can
conclude that its image in U(«)!/U(a)? contains the eigen-space corresponding to
e=R-+2« in its image.

Remark. — The proof can be simplified in the case of the number fields where a
qualitative statement would have sufficed instead of the precise form of Chevalley
commutation relations. A slightly different approach can also be used in this case
and this was in fact done in an earlier preprint of the author.

3. The Action of G(k)* on C(, ).

In § 1, we obtained the following exact sequence

1>G(, )>G()=>G( )
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The group G(k)* is a subgroup of G( ) in a natural fashion. It operates therefore
on the normal subgroup C( , ) of G( ). We will take a closer look at this action
in this chapter. The following is a well known theorem due to J. Tits [1].

Proposition (3.1). — The only normal subgroups of G(k)* are central (in G) and finite.
In particular G(R)* has no proper infinite normal subgroup.

Proposition (g.1) has the following consequence: to show that G(k)* operates
trivially on a set X, it would be sufficient to show that an infinite subgroup acts
trivially on X.

Theorem (3.2). — Assume that k-rank(G)2>2. Then G(k)" centralizes CG( f, ¢).

In view of the remark made above it suffices to show that there is an infinite
subgroup A of G(k)* such that A commutes with all of CGG(f, ¢). From the discussion
in (1.21) it is clear that it is enough to find a infinite subgroup ACG(A)NG(k)" such
that [A, G(a)]CFG(a). Such a group A is obtained as follows: let T be a maximal
k-split torus in G. Fix an order on X(T) (=group of characters on T) and let U be
the unique connected unipotent k-subgroup of G with the span u of all the positive
k-root-spaces (in the Lie algebra g of G) for its Lie algebra. Let 8 be the highest &-root
and U® the unique connected unipotent k-subgroup with g (=%-root space corre-
sponding to B) as the Lie algebra. Then A=U®NG(A) is infinite and we assert
that [G(a), A]CFG(a). To see this we use the Bruhat decomposition in G(&): let
N(T) (resp. Z(T)) be the normaliser (resp. centraliser) of T and W a complete set of
representatives for N(T)/Z(T) with WCN(T)(k). Let = :N(T) - N(T)/Z(T) be the
natural map. The group N(T)/Z(T) acts on X(T) permuting the k-roots. For
weW, aeX(T) we write w(a) for n(w)(«). Now it is known that each geG(k) can
be written in the form

g = uwzv

with ueU(R), weW, z2eZ(T)(k) and veU(kR). If now xeU(B), we see that

gxg t=uwzvxv~tz tw tum!

=uyu !

where yeU®P): this is because Z(T) normalizes and U centralizes U®. Now
A=u"txueU®

and u™gxg™ u = ye UtP),

Since the k-rank of G is > 2, x and y are contained in the same 2-QSP: if w(B) and B

are linearly independent, U® and U™ are both contained in the unipotent radical

of some proper k-parabolic subgroup; if w(8)=rf with 7>o0, the same conclusion holds;
if w(p)=—B, U® and U™ =U® are contained in a proper k-A-S of G. We

128



ON THE CONGRUENCE SUBGROUP PROBLEM 129

see thus in any case, for any geG(k) and xeU®, gxg~'x ! is contained in a proper
R-QPS so that

[A, G(a)] CFG(a).
This proves that G(&)* centralises CG(f, ¢).

Corollary (3.3). — Let T=G(R)T*NnG(A). Then for every ideal aCA, a=o, we
can find a non-zero ideal a* such that [T, G(a*)] CFG(a).

From Theorem (3.2) we know that I" centralises CGG( f, ¢). It follows that (taking
images in G(A)/FG(a)) TFG(a)/FG(a) commutes with the image of GG{(f,¢) in
G(A)/FG(a). On the other hand it is an immediate consequence of Lemma (1.24)
that we can find an ideal a*CA, a*+o0, such that the image of CGG(f, ¢) contains
G(a*)FG(a)/FG(a). It follows that we have [I', G(a")]CFG(a).

(3-4). — The following theorem is due to Kazdan [1] (see also S. P. Wang [1]
and Delaroche and Kirillov [1]).
Let £, 1<i<r, be local fields, H; an absolutely almost simple %;-algebraic group

and H;(%) the locally compact group of k-rational points of H;. Let H= Il H(k)
i=1

and @ a lattice in H. If A-rank(H,)>2, for all 1, 1<:<7, @ is finitely generated
and ®/[®, @] is finite.

In the references cited above the theorem is not stated explicitly in the case of
fields of positive characteristic. However the proofs are valid in the case of positive
characteristic as well —at least the proofs as given in the last of the three references.
Now according to Harder [1] (also Behr [1]) an S-arithmetic group in G is a lattice
in uleIsG(k")' If k-rank(G)>2 we conclude from the theorem above that we have

Proposition (3.5). — If ®CG s an S-arithmetic subgroup and k-rank(G)> 2, ®/[®, ©]
is finite.

Using results of Diendonné [1, 2] and G. E. Wall [1] it is deduced in Raghu-
pathan [4] that G(k)/G(k)" is abelian (and finite) if %-rank(G)>2. As a consequence
we have

Lemma (3.6). — If k-rank(G)> 2 and @ is an S-arithmetic subgroup of G, ®NG(k)*
has finite index in ®. In particular T'=G(AYNG(R)*Y has finite index in G(A).
Corollary (3.3) combined with Lemma (3.6) gives us the following:

Corollary (3.7). — For every non-zero ideal aCA, FG(a) has finite index in G(A)
(G is assumed to have k-rank> 2).
The next result is similar to Theorem (3.2).

Theorem (3.8). — Assume that k-rank(G)>2. Then G(k)* centralises CGle, f).
Let P be a proper k-quasi-parabolic subgroup. Let M be a k-admissible subgroup
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to which P is adapted. Let P* be the k-parabolic subgroup associated to P and P*~
an opposite parabolic group containing M. Let U* (resp. U™) be the unipotent radical
of P* (resp. P*7). Then M normalises U* and U~. It follows that for any non-zero
ideal aCA, we have

[M(a), UT(A)]CU*(a) CEG(a)
and [M(a), U~(A)]CU (a) CEG(a),

so that [M(a), A]CE(a) and [M(a).E(a), A]CE(a) where A=subgroup of G(A)
generated by U*(A). Let E*(M(a))=M(a).E(a) and DM(a)=E*M(a)/E(a). The
projective limit D(M) of the DM(a) can then be regarded as a subgroup of the projective
limit GGf(e,f)=Lim FG(a)/EG(a). Then from what we have seen above, we conclude
that A centralises D(M). Now it is easy to see that M(k) normalises D(M) and that
M(k)* N A intersects every non trivial k-simple component of M in an infinite group.
Applying Proposition (3.1) (to these simple components in place of G) we conclude
that M(k)* centralises D(M). When M is trivial so is D(M). When M is non-trivial,
it is not difficult to see that M(k)™ and A generate all of G(k)*. We conclude then
that G(k*) commutes with D (M) for every k-admissible M. Consider now the image
of D(M) in FG(a)/EG(a). Using the Main Lemma of § 1 applied to M, it is easily
seen that this image contains a subgroup of the form M(a").EG(a)/EG(a), a'=a'(M)=+0
depending on a and M. It follows then that if we set I'=G(k)*nG(A), we have

[T, P(a’(M))] CEG(a).

Now if we choose a (finite) set Py, ..., P, of representatives for the G(A)-conjugacy
classes of 2-QPS, and for each of the P; a k-admissible subgroup M; to which P; is

1
adapted, we can find a single non-zero a’+0 contained in a such that

[T, Pi(a")] € EG(a).
Since T is normal in G(A) and every £-QSP is conjugate by an element of G(A) to one
of the P;, we conclude that we have
(%) [T, FG(a")] CEG(a).

In the projective limit this implies that I' centralises CG(e, /). Since I is infinite G(k)*
centralises CG(e, f). This proves Theorem (3.8).

Since I'mFG(a’) is an S-arithmetic subgroup for a non-zero ideal a’'CA
(Lemma (3.6) and Corollary (3.7)), we conclude from (#) above that we have

Corollary (3.9). — EG(a) has finite index in G(A) for all non-zero a (we assume of course
that k-rank(G)> 2).
Combining now this corollary with Theorem (2.1) we have the following:

Theorem (3.10). — If k-rank(G)> 2 every normal subgroup @ in an S-arithmetic subgroup ¥’
is either finite and central in G or has finite index in @.
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This generalises theorems of Bass-Milnor-Serre [1] and Matsumoto [1] for
split groups.

Corollary (3.x1). — The topologies defined by the E(a), a a non-zero ideal in A, and the
S-arithmetic subgroups on G(R), are identical: in other words there is an isomorphism of G(e) on G (a)
inducing the identity on G(k). The group G(A, e) is compact.

(3.12). — The main problem then is the determination of CG{e, ¢). Toward
this end we introduce some further notation. Let G*(¢) (resp. G¥(f)) denote the
closure of G(k)* in G(e) (resp. G(f)). The closure of G(%)* in G(c) is all of G(c).
(This follows from Platonov [1] —viz. the truth of the Kneser-Tits conjecture for groups
over local fields). The density of G(k)* in G(c) has the following consequence:
G(k)*.G(A)=G(k). And, as remarked earlier, if G has k-rank>2, G(&)/G(k)* is
abelian. Thus we have (see Raghunathan [4]) from Proposition (3.5):

Proposition (3.13). — If k-rank(G)>2, G(k)|G(R)T is finite (and abelian).

(3-14). — Consider now the exact sequences
(*) 1—CGl(e, ¢) JCGT (e, ) > G () JCGT (¢, ¢) > G () > 1
and
(%) 1>CG* (e, ¢) >G¥(e) >G () >1

where CG* (e, c)=CG(e, c)nG*(¢). The second sequence is exact for the following
reason: the closure IA‘(e) of G(A)NG(k)*t=T in G*(e) is an open compact subgroup
of G*(e); the image of f(e) is a closed subgroup of G(A, ¢) of finite index and is hence
open; it follows that the image of G*(e) in G(c) is open, hence closed, and contains G(k)™*;
in view of the density of G(k)* in G(c) the map G*(e)—G(c) is surjective. Since
G(k)/G(k)* 1s abelian and finite one sees that CG(e, ¢)/CG* (e, ¢) is finite and abelian
and that the extension (%) is central. Theorems (3.2) and (3.8) together with the
fact that [G(k)*, G(k)*]=G(k") enable one to conclude that (**) is central as well.
Now the group CG™(e, ¢) can be imbedded in yet another exact sequence:

oD 1->CG* (e, o) >T(e) >T'(c) > 1
where f‘(c)zclosure of T' (=G(A)NG(E)*) in G(c). To (#%) and (x*x) we can

associate cohomology exact sequences, for cohomology groups based on continuous
cochains with values in the trivial module Q /Z=1. These sequences are:

H(xx) : Hom(G*(e), I) > Hom(CG*(e, ¢), I) - H2(G(c), I)
H(x*%) : Hom([\(e), I) — Hom(CG*(e, ¢), I) - H(T, I).

In fact, since G(k)* is its own commutator, we have an injective homomorphism:
1 > Hom(CG™ (e, ¢), I) > H2(G(c), 1).
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Further, since the sequence (**) splits on the group G(&)*, « maps into the kernel of v:
v : HYG(c), I) - HX(G(R)T, I).

We also know that Hom(f'(e), I) is finite. Finally Hom(CG™ (e, ¢), 1) is the Pontrjagin
dual of the compact abelian group CG* (e, ¢). Thus CG*(e, ¢) can be recovered from
the dual. This discussion is summarised in

Theorem (3.15). — Assume that k-rank(G)>2. Let G*(e) denote the closure of G(k)*
in G(e) and CGle, c)nGt(e)=CG* (¢, c)=C*t. We have then:

(i) GGt is finite and abelian;

(ii) C¥ is abelian and compact and central in G*(e);

(iii) the Pontrjagin dual M of C* admits an injective homomorphism into the kernel of

v+ HY(G(e), I) > H(G(k)*, T);

(iv) a quotient of M by a finite group admits an injection into Hz(f‘(e), I) (where
C=closure of T (=G()TnG(A)) in G(c)).

Theorem (3.15) reduces the problem of computation of Cfe, ¢) (at least quali-
tatively) to one of computing certain cohomology groups of certain adele groups. The
rest of this paper is devoted to obtaining results on these cohomology groups.

Remarks (3.16). — We have used Kazdan’s theorem repeatedly in the discussions
above. For certain groups for which the Kneser-Tits conjecture is known to hold it
is possible to solve the congruence subgroup problem first and then deduce Kazdan’s
theorem in those cases. This is notably true for quasi-split groups.

4. Cohomology computations —I (Groups over Local Fields)

Notation (4.1). — Throughout this chapter we adopt the following notation.

L will denote either a locally compact field of positive characteristic or the field Q,
of p-adic numbers, p a prime in Z.

9, the ring of integers in L.

p, the unique prime ideal in O.

F, the residue field O/p and

p, the characteristic of F.

HCGL(n) a connected simply connected algebraic subgroup defined over L.

H(L)=HnGL(, L), H(O)=HnGL(n, D).

H will denote the group scheme over O associated to H nd the incl usion HC GL(#n).

When the abelian group I1=0Q /Z is treated as a module over a locally compact
group, it is always understood that the action is trivial and the topology on I is
discrete. Cohomology groups are always based on continuous cochains.
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For an integer ¢>o0, let H(:) be the subgroup
{xeH(D) | x =1dentity mod p‘}
of H(D). The following lemma is obvious:

Lemma (4.2). — H@)/H(E+1), 121, is a finite abelian p-group. Hence H(1) s
a pro-p-group.

Corollary {(4.3). — For m>1, i>1, H*( (i), I) s a p-torsion group. The group
H™H(D), 1), m>1, has a p-torsion subgroup of finite index.

Corollary (4.4). — If HH(D)/H(1), I)=0, H(H(D), I) is a p-torsion group.
This follows immediately from the Hochschild-Serre spectral sequence.

Corollary (4.5). — If H2(H(O)/H(1), I)=o0, H is quasi-split over L and if characteristic
L>o0 the natural map H2(H(L), I) > HX(H(O), I) s trivial.

When H is quasi-split, it is known (Moore [1] and Deodhar [1]) that H3(H(L), I)
is a quotient of p;=the group of roots of unity in L. Since |u;| is coprime to p
Corollary (4.5) follows.

(4.6). — From now we assume that the characteristic of L is zero. Let ¢ be
the smallest positive integer such that the exponential series converges on

{xeM(n, L) | x=o0(mod p%)}.

Then g=1 if p+2 and g=2 if p=2. Moreover the logarithmic series
()= T (—1)"*H(x—1)

1=1

converges for all xeGL(n, O), x=1(mod p), and provides an inverse for exp on suitable
domains. More precisely, let H(L) CM(n, L) be the Lie subalgebra corresponding
to H, Hlo)=kr(L)NM(n, O) and for an integer >0,

b(i)={xeh(D)|x=0 (mod p’)}.
Then exp(h(z)) CH(z) for i>¢ and
exp : h(z)>H()

is a homeomorphism with ¢ for inverse. We denote by 4; the map £ restricted to H(z)
considered as a map into h(¢). It is easy to see that we have

(%) 4i(x.9) =4(2)+4()) (mod H(21))

for all ¢>¢. From this it is immediate that for j<i, we have a continuous group
isomorphism

(x%) uy » H@)HE+7) ~b(E) /D +1);
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also of course, one has (for i>g¢),
(#%x) [H(z), H(z)] C H(2i).

We note that u; is compatible with the action of H(o) on the two groups. Further
the map x> p'x obviously gives an isomorphism

HO)/H(1) = O /B +7), <4 izg.

In particular as a group h(i)/b(i+J) is isomorphic to dim;h(L) copies of Z/(p). This
suggests that the discussion below in {(4.7) will be useful in our cohomology computations.

(4-7). — Let R be the ring Z/(r), r some integer. Let M be a finitely generated
free R-module. We are interested in the cohomology of the group M with coefficients
in I. Let B(M)=Hom,(M®,M, I), the group of I-valued bilinear functions on M.
One has evidently B(M)=Hom,(M®, M, R). Since any bilinear function is a 2-cocycle
we get an inclusion

B(M)—Z2(M, I)
where Z2M, I)=group of I-valued 2-cocycles on M, and hence a homomorphism

3@ B(M) —~ H2(M, I).

~

It is easily seen that kernel (¢ ) is precisely S(M), the subgroup of symmetric bilinear func-
tions on M, leading to an injective homomorphism

¢ : B(M)/S(M) - H2(M, I).

Lemma (4.8). — ¢ is an wsomorphism. Also HYM, I)= Hom,(M, I). These
isomorphisms are moreover compatible with the action of Aut(M) on the various groups involved.

The first assertion is proved by induction on the rank of M as an R-module: one
need only show that the two groups (which are finite: note that H2(M, I)~H3(M, Z))
have the same cardinality. This is easily done using the Hochschild-Serre spectral
sequence.

We will next establish

Lemma (4.9). — Let UCH(O) be a compact open subgroup. Let E=Homg(H(O), O),
B=Homg(h(O)®ch(D), O) and SCB the subgroup of symmetric forms. Let F=B[S. Then
there exisis a subgroup T CU with the following properties:

a) T' is finitely generated;

b) ' s dense in U;

c) H(T, E®F) is finitely generated as a O-module for i=1, 2;

d) HYT, E) is finite (hence a p-torsion group).
(UCH(D) has a natural action on E and ¥ ; the cohomology groups are for this action; T is given
the discrete topology.)
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It is easily seen that the problem can be reduced to the case when H is simple
over L. In this case we can find a finite extension L’ of L. and an absolutely simple
group H' over L’ such that H is L-isomorphic to Ry, (H’). If ©'CL’ is the ring
of integers we have a natural isomorphism

H'(D')~H(D).

Now according to the main result in Appendix III we can find a number field
k' CL’ such that £’ is dense in L’ and H’ is L'-isomorphic to a group over £". In other
words, we may assume that H' is defined over 2. Enlarging &' if necessary we may
assume the following:

k' admits two distinct archimedean valuations v, v, such that the completions &;
of & with respect to v, are both isomorphic to C.

This has the following implication: if D=R;(H’), D is simple over Q and
R-rank(D)>2. Evidently,

D(R)= 11 H'(k)

where oo is the set of archimedean valuations of 2" and, for veco, &, is the completion
of " with respect to v. Let b (resp. )’, d) be the Lie algebra of H (resp. H’, D). One
has then natural identifications

(D)2 5 (D) 25 (D(F) ® oy D)

b'(O(k))20(2)
here « is O-linear, p is O’-linear and vy, Z-linear.

Now since D(R) is non-compact we can choose, using strong approximation, an
arithmetic subgroup I'CD(Z) which is dense in U (cf. Platonov [1]). On the other hand,
the HY(T, E®F) are finitely generated O-modules since E and F are finitely generated
©-modules (Raghunathan [5] or Serre [3]). In view of the isomorphisms «, 8, y above,
to prove the lemma we have only to show that

HY(T, b)=o0

for the above choice of T

If D has Q-rank>o, this follows from the main results of Raghunathan [1, 2].
If D is anisotropic over Q , this follows from a theorem due to Weil (see for instance
Raghunathan [g, Ch. VIIL, § 5]). One has to note in the last case that D(R) may have
compact factors but the action of I' on the various factors of d over C are equivalent
under Galois automorphisms.

This completes the proof of Lemma (4.9).

Theorem (4.10). — Let U CH(L) be a compact open subgroup.  Then the groups H(U, 1)
are finite for ¢=1, 2.
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The proof yields rather more precise information which is needed in the sequel.
We formulate therefore a more technical version of the theorem for convenient future use.

Proposition (4.1x1). — Let U CH(L) be a compact open subgroup.  Assume that U C H(D).
Let m>o0 be an integer such that H(m) CU. If p=2 assume that m>2. Let T'CU be
chosen as in Lemma (4.9). Let p* be the smallest power of p that anmihilates the (p-) torsion
in. HY(T, E@F)®H(I', E). Then the natural map
HY(U/H(m +3a+1), 1) - H (U, I)

is surjective for =1, 2.

Note that since U/H(m 43a-+1) is finite the group H/(U/H(m-+3a+1),I) is
finite. By definition H*(U, I) is the inductive limit of the groups H/(U/H(r), I) as r
goes to co. It follows that if a>o, Proposition (4.11) is a consequence of

Assertion (4.x2). — Assume that a>o. Let ¢ be any integer greater than or
equal to m+4ga+ 1. Then the groups H/(U/H(i+3a), 1) and H/(U/H( - 44), I)
have the same image in H/(U/H(i +54), ).

(4.13). — The proof is a result of a careful examination of the Hochschild-Serre
spectral sequences associated to the following pairs:

(U/H(i +4a), H(z +t2) [H(1 +-44)), 1<1<3,
and (U/H(i + 5a), H(z +3¢) [H(i + 50)).
We denote these spectral sequences by [EP, 1<¢<g, and EP respectively. We

discuss the case £=2 in detail. The arguments for =1 are analogous and simpler.
Let I'(j)=TnNH(j) (j an integer). Then I'(j) is dense in H(j) for j>m and the maps

wy » Hj)H(j+5) ~ b)) B +S)

introduced in (4.6) induce isomorphisms of T'(j)/T'(j+j") on BH(7)/B(j+s) as well
The inclusions

H( -+ 3a) — H(i +24) < H(: +a)

induce homomorphisms

129(ps 9y
B 00 g

23@(P, @)y
Bf? ——— EM

of spectral sequences. All the three spectral sequence ,E, converge to the same limit
viz. H*(U/H(i+4a),I). The E, terms relevant to the second cohomology can be
described in the following manner: consider first ;E:

B =H(U[H(i+ a), H*(H(i + a) [H(i + 4a), T))
JEt=H'(U/H(i 4 o), HY(H(i + a) [H(i 4 40), 1))
EX —H(U/H(i +a), I).
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The discussion in (4.7) shows that we have natural isomorphisms (note that :> g3a)
%) B 2 H(U/H(i + a), F[p™F)
B3 2 H'(U/H(i +a), E[p™E).
Entirely analogously, one has the following isomorphisms:
LEX~HY(U/H(i + 24), F/p**F)
B3t ~H'(U/H(i + 24), E/p*E)
5B *H'(U/H(i + 3a), F/p*F)
(£ > H! (U/H(i 4 30), Ep°E).

(%)

Claim (4.14). — 159(0, 2), is the trivial map.
Let = :F/p*F — F/p*F be the natural surjection and
="+ HY(U[H(i +a), F[p*F) > H(U/H( + q), F[$*F)

the induced map. Using the identifications (%) it is easily seen that ,,¢(0, 2), is the
composite of the map HY(U/H(i+a), F/p*F) > HY(U/H(i + 2a), F[p*F) and ="
The map = imbeds in the following commutative diagram with exact rows:

2a
0——>Fp—>F——>F/[)2“F——>0

A

0———>F£>F-—>F/j)3“F—>O

Considering these as I'-modules, we get the exact sequences

2a

o=HYT,F) — HY(T, F/pg“F) —> HYT, F) AN (O,F)y ...
T »°

o—HYT, F) —> HY(T, F/p*F) —> HYT,F) 25 HYT,F) ...

in cohomology. The groups at the left end are zero because of the Zariski density
of I'in H. Since p* annihilates the torsion in HY(T', F), both the left end maps have
precisely the torsion in H¥T', F) as their kernel; and multiplication by p* annihilates
this kernel. This shows that «*(I") is trivial. Since the natural maps

H(U/H(i +-a), F[p*F) 5 HO(T/T(i+ a), F[p*F) — HY(T, F [p*F)
and HO(U [H(i + 24), F [f*F) - HO(T, F [p*F)

are isomorphisms, =* is trivial.
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(4.15). — The claim shows that the filtration on H? associated to the spectral
sequence ,F is in fact a 2-step one, the term ,EJ? making no contribution to the cohomology.
Our next task is to analyse 36(1, 1),. This is a little more delicate than what we have
done above. We introduce a 2-step filtration on ,Ei' and ,E3' as follows: consider
the commutative diagram (with exact rows):

o — E X E —» E*E — o

A bk

0o — E X E — Ef'E —> o
Passing to cohomology, we have the following commutative diagram with exact rows:

H\T, E) — HA(T,Eff”E) — HXI,E) 2> H¥(T,E)
U T) * 1}

HYT,E) —> HY([, E/f°E) —> HXT,E) %> HXT,E)

Now the natural maps

HY(U/H(i + 2a), E[p*E) — HY{(T, E/p*E)
and H\(U/H(i +34), E/p°E) — HYT, E/p°E)
are easily seen to be injective. We may thus identify ,Ei! and ,Ef' as subgroups of
HYT, E/p*E) and HY(T, E/p*E) respectively. Let ,Ei!= El'nImage H(T, E). Now
the maps at the right end of both the rows above have the same kernel viz. the (p-) torsion

in H%T, E). The vertical map is clearly trivial on this kernel. It follows that
7*(T') maps HY(T, E/p*E) into the image of H{T, E). This means that

239(15 1)a(E3") CE5.
This discussion shows that the essential information about H? in the spectral sequence 3E

: : 3 20 11
is contained in E3’®,E;,.

(4.16). — We are now in the final stage of the proof of the assertion. We examine
the map ,E,—E,. (This is somewhat different from the earlier situation: the ¢ big
groups are now different.) As before, we have identifications

Eft~ HY(U/H( + 34), E/#*E), etc.
The map ¢ : Ei'—E} is the map
HI(UH(i + 30), E/p°E) 5 H{(U/JH(i + 34), B/#*E)
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induced by the natural inclusion E[p°E — E/p*E. Now « is imbedded in the following
commutative diagram with exact rows:

o—>E~i>E——>E/p“E~—>o
bk
O——>E—’ii>E—>E/p2“E——->O

Now consider the induced cohomology sequence (for I')

HY(T',E) —> HA(T, Ejf*E) —> H(TI,E) 2> HX(T,E)

HYT, E) —> HY(T, E/f*E) —> H(T, E) > H(T, E)

This diagram shows that «*(I") maps image of HY(T, E) (in HYT, E/°E)) into zero.
The diagram

HY(U/H(i + 30), EfE) —> H(U/H(i + 30), E[$*E)

(T, E/°E) al

HY(T, E/¢*E)

is commutative. The vertical maps, as was remarked earlier, are easily seen to be
injective. It follows from this that ¢ maps ;E4! into zero. This shows that the second
cohomology group H2(U/H(i+ 4a), I) maps into the first stage of the filtration of
H2(U/H(i + 5a), I) given by the normal subgroup H(:+ 3¢)/H(i+5a). But this
is nothing but the image of H2(U/H(: 4 34), I) in H%U/H(i -+ 54), I). This completes
the proof of Assertion (4.12) in case a>o.

(4.17). — We now consider the case a=o0. The arguments here are in fact
much simpler. Fix ¢>m and consider the spectral sequence associated to the pair
(U/H(i), U/H{i+1)). Asin (4.13), we have the following isomorphisms:

E'>H(U/H(x), E[pE), E’=H(U/H(), F/pF)
and Ef~HY (U /H(@), EpE).
It suffices to show that these groups are trivial. This follows from the exact cohomology
sequences (for the group I') associated to
0>ELESEpE—~>o
and 0>FLF-F/pF—o,
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since HY(I', E®F) and H2(I', E) have no (p-) torsion. This completes the proof of
assertion (4.12).

Remark (4.18). — Let B be a simply connected semisimple algebraic group over
any local field K of characteristic 0. Then B(K) is isomorphic as a locally compact
group to Ry (B)(Q,) where Q, is the field of p-adic numbers contained in K (Q, is
the closure of Q in K). It follows from Theorem (4.10) that if M CB(K) is a compact
open subgroup of B(K), HY(M, I) is finite for i=1, 2.

5. Cohomology Computations —II (Adelic Groups).

(5.1). — We revert to the notations of §§ 1-3 now. Thus £ is a global field and
GCGL(n) is a k-algebraic subgroup which is k-simple and simply connected. For
technical reasons, we do allow G fo be not necessarily absolutely simple when k is of characteristic o.
When k has positive characteristic G is assumed to be absolutely simple. Except for this provision,
the notations are as explained in § (1.1). We make one further hypothesis on G: G has
strong approximation, i.e. for any finite set S of valuations of & with UEIS G(%,) non-compact,

G(k) is dense in the S-adé¢le group G(A(S)) (=the restricted product ES G(k,)). When

Eis a number field, this is known to be true for all G (Platonov [1]; earlier work of Kneser
covers all classical cases). When % is of positive characteristic, it is not known whether
strong approximation holds in general. However if k-rank(G)>1, strong approximation
does indeed hold for G. This follows from strong approximation for connected unipotent
groups combined with the truth of the Kneser-Tits conjecture for local fields. (Pla-
tonov [1]: Platonov’s methods work equally well for the proof of the Kneser-Tits
conjecture for all local fields though his proof of strong approximation cannot be carried
over to the case of positive characteristic.)

Asin § (1.1), V will denote the set of valuations of £ and for a finite subset SCV,
0 CS, A(S) will denote the ring of S-integers in £ (we will have to consider more than
one finite set of valuations at the same time so it is necessary to indicate clearly dependence
on S). For S as above, A(S) will denote the S-adeles of & and G(A(S)) the corresponding
adéle group associated to G. For §'DSD oo, S’ finite, (S, S’") : G(A(S)) > G(A(8"))
will denote the natural map. Our main result in this section can now be stated.

Theorem (5.2). — Let U be a compact open subgroup of G(A(S)) (SDco, any finite
subset of V). Then:

(i) If the characteristic p of k is positive, H(U, 1), j=1 or 2, is a torsion group in which the
p-torsion subgroup has finite index. Also, there exists a finite subset S;=S,(U) such that
for all S’DSUS,, H(n(S,S)U,I), for i=1, 2, is a p-torsion group.

(ii) Assume that characteristic k=o. Then Hi(U, 1), j=1, 2, are finite. Also, there exists
a finite subset S,=S,(U) of V such that for all finite §'DSUS,;, Hi(=(S, 8')(U), I)=0
Jor j=1, 2.
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(5-3). — We want to apply the results of § 4 to obtain this theorem. However
the results we need from § 4 in the case of characteristic o are valid as they stand only
for completions of Q. Because of this we need to make a preliminary reduction (when
k has characteristic 0). Let H=R,qG. Then H is a simply connected semisimple
group defined and simple over Q. Let S be as in Theorem (5.2), let §* be the set
of valuations of Q lying below S, and S the set of all valuations Iying over S*. Then
one has a natural identification (as locally compact groups) of G(A(S)) and H(A(S").
On the other hand G(A(S))~( II G,)x G(A(g)). It follows that U contains a subgroup

v€8-8

of finite index of the form ( II M,)xU, where each M,, »eS—S, is a compact open
vE8-—~8

subgroup of G, and U, is a compact open subgroup of G(A(S)). Now from the results
of Chapter 4, we know that H2(M,, I) and H*M,, I) are finite (Remark (4.17)).
Using the Kiinneth formula, one sees that the finiteness of H%(U, I) is equivalent to
that of the finiteness of H2(U,, I}. Next we can find a finite subset S;3S" of valuations
on Q with the following property: let §1 be the set of valuations of £ lying over S}; then

=(S, S))(U) =x(5,,S,)(U,) decomposes into a direct product of the form II M,, each M,
v 8,
being a compact open subgroup of G,. Further, if U, is considered as a subgroup

of H(A(S)), (S, S$})(U;) decomposes also as a product gs* B, (w valuations of Q ),

each B, being compact and open in H,,; moreover, for a valuation w of Q,, if & denotes

the set of all valuations of k lying over w, we have a natural isomorphism II M, 3B,
vEW

for w¢S]. Appealing again to the Kiinneth relations (for the product decomposition
of the B,) one sees that the second assertions (of Part (ii)) in Theorem (5.2) need also
be proved only in the case #=Q . This shows that for proving the Main Theorem
we may assume that if % is of characteristic o, % is the rational number field Q.

We will now establish the following consequence of strong approximation (Pla-
tonov [1]; actually Platonov [2] has essentially proved the proposition; the proof below
is a variant).

Proposition (5.4). — We take k to be any global field (we do not assume that k is necessarily Q,
when the characteristic is zero). Let U be a compact open subgroup of G(A(S)). Then U
contains an open subgroup of finite index of the form l;éls M,, where each M, is compact open in G,

and for almost all v, M,= G(D,) is a maximal compact subgroup of G,. Moreover, UN G(k)
is an S-arithmetic subgroup of G(k). Further, if T CG(R) is an S-arithmetic subgroup, then
either T is finite or the closure of T' is open (and compact) in G(A(S)).

That U contains a subgroup of finite index of the form vgls M, with M, open and

compact in G, and M,, M,=G(D,) for almost all » is immediate from the definition
of the adéle topology. Since the first assertion concerns only almost all s, we may
without loss of generality assume that G(A(S)) is infinite. Let M; be a maximal compact
subgroup of G, containing M,. Then M;/(M,NG(D,)) is finite for all v¢S. It follows
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that if U*= gs M; and xeU*nG(k), then the eigen-values of x are v-adic integers

for all »¢S. Let P, : G—>Q (=universal domain), 1<¢<n, denote the /-th coefficient
of the characteristic polynomial. Then P, is a k-regular function on G and P,(x)ek
for all xeI*=U*NnG(k). Now let R(G) denote the algebra of regular functions on G
and ECR(G) the smallest Q-subspace which contains the P, and is stable under the
left regular action of G. Then E is a k-subspace of R(G) and the representation o
of G on E is defined over 2. Now, let #ZCE be the A(S)-linear span of

{o()P,|yel™, 1< <n}.

& spans E over Q — this follows from the Zariski density of I'* in G; and I'* is Zariski
dense in G since I™ is dense in U* (strong approximation: note our hypothesis that
G(A(S)) is infinite.) On the other hand, since P,(I'*) CA(S) for 1<¢<n, f(I™) CA(S)
for all fe?. It follows that % is a finitely generated A(S)-module. Consequently
o(I™) is contained in an S-arithmetic subgroup of ¢(G). On the other hand since G
is k-simple and o is defined over %, ¢ is an isogeny. Hence if ® C ¢(G) is an S-arithmetic
subgroup, o (®)NG(k) is commensurable with G(A(S)) (Behr [1], Harder [1]). It
follows that I*NG(A(S)) has finite index in I'*. Now the closure of G(A(S)) is
contained in ESG(Dv):U’, say. We see thus (since I/(T*NG(A(S))) is finite) that

U*/(U*nU") is finite. But this means that M;=G(0,)=M, for almost all . We
conclude therefore also that G(A(S)) /(TN G(A(S))) is finite as well, 7.e. I" is arithmetic.
The argument given above shows the following. Let ¥=G(k)n gs G(D,). ThenV¥is

dense in U= gsG(D”) and ¥ /G(A(S)) is finite. Since U is open and the closure IV

of TN¥ has finite index in U*, I' is open.

Lemma (5.5). — Let G be as above. Then there exists a finite subset SyCV, S o0,
such that for any Sg-arithmetic subgroup ® of G, ®/[D, @] is finite.
We give the proofs for positive and zero characteristics separately.

(5.6) Case 4 (Characteristic 2=p>0). — We have assumed in this case that
G is absolutely simple. If the absolute rank of G is 1, G is isomorphic over % to SL(2) or
the group of norm 1 elements in a division algebra over 2. In the former case we can
choose any S, with [S;|>2 (Serre [1]). In the second case we have to choose S,
with |Sg|>2 and G split over %, for all veS,. That ®/[®, ®] is finite for an
Se-arithmetic @ follows from Kazdan-Bernstein [1]. Next, if G has absolute rank > 2,
we claim that there exists v with &-rank(G)>2. If this claim is granted, the result
follows from Kazdan [1]. To prove the claim we observe first that since G is quasi-split
for almost all o, the relation k,-rank(G)<1 for all v would imply that G is isomorphic
to SL(3) over the algebraic closure, and then that G is either an anisotropic or a quasi-split
not split form of SL(g) over . This means that Gis either one of the following two kinds
of groups: a) the group of norm 1 elements in a division algebra of degree g over & or
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b) the special unitary group SU(f) of a hermitian quadratic form f in g variables over
a quadratic extension 2’ of 2. In the former case, for almost all », G is k-split, a contra-
diction. In the second case, one can find infinitely many v such that &’ is isomorphic
to a subfield of 2,. For any such &,, G is k,-split, hence of %,-rank =2, a contradiction.

{(5.%7) Case B (Characteristic of 2=0). — If G is anisotropic over # we choose S,
such that |S,|>2 for all veS,; G is non-compact. That S, has the required property
follows from Kazdan-Bernstein [1]. When G has k-rank 1, choose any S, with |Sy|> 2:
this follows from Margulis [1] (which generalises the theorem of Kazdan-Bernstein
cited). If k-rank(G)>2 we can take Sy=co: this follows from Kazdan [1].

Corollary (5.8). — The notations are as in Proposition (5.4). Then, for almost all v,
[M,, M,]=M,.

This follows from Lemma (5.5) and Proposition (5.4) (applied to S=S, and
F'=[o, @]).

In the case of characteristic o, we also need the following:

Lemma (5.9). — Assume that characteristic k=o. Let g(k) CM(n, k) denote the Lie
algebra corresponding to G. Assume that G has no absolutely simple factor of rank 1. Then
there exists a finite set SqCV, o CS,, with the following property. For any Sy-arithmetic
subgroup ®CG, HY®, g(k))=0 (where g(k) is considered as a ®-module via the adjoint
representation ).

Note that if G has one absolutely simple factor of rank 1, all the absolutely simple
factors are of rank 1. Assume first that G(w) is compact. The group G is of the
form R, H where H is absolutely simple. If G(c0) is compact, so is H(e), H being
absolutely simple and of absolute rank > 2, we can argue as in (5.6) to conclude that
there 1s a valuation v’ of &' such that %,-rank(H)>2. Now, according to S. P. Wang [2],
H(W, g(k))=o0 for any {¢'}-arithmetic subgroup ¥ of H(#')=G(%). (Since H(co) is
compact, the adjoint action is equivalent to a unitary action.) Let v be the valuation
of k lying under »’. Then, for any v-arithmetic group ®, HY(®, g(k))=o0. To see this
observe first that any 1-cocycle of @ is cohomologous to one f which is trivial on
a v'-arithmetic subgroup ¥ of ®. Now if «ae®, and xe¥ is chosen such that axa™'e'¥,
then we have

o = flaxe™) = fla) + Ad of(x) + Ad « Ad xf(a™ 1)
= flar) — Ad(axa™ ") f(e) 5
this means that f{«) is invariant under all of {xe¥ |axa"'e¥'}. But this last set is
Zariski dense in G, so that f(«)=o0. This proves that H}{(®, g(k))=o0. Next, if G(o0)
is not compact, H(®, g(k))=0 according to a theorem of Weil (see Raghunathan [3,

Ch. VII, § 5]) and results of Raghunathan [1, 2] for any {co}-arithmetic group ®.
We will be needing the following in the sequel.
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Lemma (5.10). — For almost all v, H'(G(D,)/G(p,), I)=0 for i=1, 2.

This follows from the work of Steinberg [1] and Deodhar {1]. For almost all v,
reduction mod p, of G is a simply connected semisimple algebraic group over the residue
field F, and G(O,)/G(p,) is isomorphic to the rational points of this group over the
field F,. Since F, is finite, this group is quasi-split and the theorems of Steinberg (and
Deodhar) apply.

Lemma (5.11). — Assume that k=Q . Then for almost all v, the natural map
HY(G(9,)/G(p,), I) -~ HI(G(D,), )
is surjective.

We appeal to Proposition (4.11). We see that we need to construct a finitely
generated subgroup I',CG(D,) (for almost all v) with the following properties:

(1) T, is dense in G(D,).
(1) Let g(k) be the Lie subalgebra of M(n, &) corresponding to G and
(D)= M(n, D) N g(k),
D the ring of integers in k. Let E=Homg(g(D), ©), B=Homg(g(D)®5g(O), O),
S =symmetric forms in B, and F=B/S. Then H(I,, E®F) has no p,torsion
for i=1, 2.
(iif) HY(T,, g(k))=o.
To do this we consider two cases separately.

Case A: All absolutely simple factors of G are of rank > 2.
Case B: All the absolutely simple factors are of rank 1.

(5.12) Case A. — Pick S, as in Lemma (5.9). Let I' be an Sy-arithmetic subgroup
of G. Let S; be the complement of the set
{v|v¢Syu o, I' is dense in G(D,)}
and S, the complement of the set
{v|v¢S,, H(I', E®F) has no p,torsion}.
Then S, is finite and if we set I'=T", for all »¢8S,, T, satisfies (i)-(iii) above.

(5.13) Case B. — In this case we have G =R, ,H where H is absolutely simple
of rank 1. For almost all valuations v’ of #, H~SL(2) over %,, and one deduces easily

that one has isomorphisms G(D,) z IT_SL(2, ©,) for almost all veV, where 7 is the
vEY

set of valuations of £’ lying over ». The mapping ¢, however need not in general carry
the integral Lie algebra g(9,) isomorphically onto II_sl(2, ©,). Butif % is unramified
vEw

at v, then ¢, does do this. Thus omitting some further finite set of valuations one gets
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an isomorphism g(9,)~ II si(2, ©,). Now let SO be any set of valuations of &’
=
with |Sy|>2 and let T'=SL(2, A(S,)). Then we have inclusions of I'> 1L SL(z, O,)

and hence I‘&;G(Dv) for almost all »eV. There are only finitely many »eV such
that H*(T, sl(2, O,.) has p,-torsion for some »'¢7 and according to Serre [1],

HY(T, sl(2, O,))=0

for almost all ». We can now clearly take I'y=T.

In § (5.3) we showed that for the proof of the Main Theorem we can assume 2=Q
if characteristic of #=o0. The Main Theorem thus follows easily from Lemma (5.10)
and (5.11) combined with Proposition (5.4) in the case of characteristic 0; in the case
of positive characteristic Proposition (5.4) combined with Lemma (5.10) and Cor-
ollary (4.4) gives us the desired result.

We prove one final cohomological result. For this result, it is more convenient
to formulate it over any global field — we drop the assumption made in the discussion
above that when characteristic 2=0, 2=Q . On the other hand we do assume that
G is absolutely simple. .

Theorem (5.14). — Let k be any global field and G an absolutely simple, simply connected
k-algebraic group. Let

S, ={veV | G is anisotropic over k,}
and S, ={veV | G s not quasi-split over k,}.

Let S be any finite set of valuations with SDoo. Then we have
H(G(A(S)), D)~ T HY(G,, )

H2(G(A(S)), D=1 _IT G, D)x I HG,, ).

€8,v
If SO8,, H3G(A(S)), )~ le;}s w, where for vé¢S, u,is a quotient of the group of roots of 1

in k,. In particular, @t is a torsion group with all torsion coprime to p.

These Kiinneth relations are a consequence of the following facts already proved:
for almost all », G(D,) is a maximal compact open subgroup of G,, [G(D,), G(D,)]=G(D,)
and for almost all », the natural map H2?*(G,, I) - H3*(G(D,), I) is trivial. The last
statement has not been explicitly proved so far, but it follows from Lemmas (5.10)
and (5.11) when % has characteristic 0. In the case of positive characteristic p we
know that for almost all », H2(G(D,), I) is a p-torsion group for almost all »; on the other
hand according to Moore [1] and Deodhar [1], when G is quasi-spliton R, H*(G,, I)~yu,,
a quotient of the group of roots of 1 in k,. The ‘ Kiinneth relations ” stated are easily
obtained from these considerations and the definition of the adele topology in view
of the fact [G,, G,]=G, for all v¢S, (Platonov [1]). (See Moore [1, Theorem (12.1)]
where the necessary arguments are given in detail.)
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Remark (5.15). — When G is anisotropic over ,, G, is the group of norm 1 elements
in a division algebra over &, and HY(G,, Q/Z) is non-trivial. In fact, if D, is the division
algebra, R, the maximal compact sub-ring of D, and P, the unique maximal (2-sided)
ideal in R,, D,/(D,n(1+%P,)) is isomorphic to a non-trivial cyclic group. (See for
instance Weil [1, Ch. I, § 4].)

Theorem (5.x6). — Let G be a connected, absolutely simple, simply connected algebraic
group defined and of rank>> 2 over a global field k. Let SD oo be any finite set of valuations
of k. If characteristic k=0, G(S, G) is finite. If characteristic k=p, the p-Sylow subgroup
of G(S, G) has finite index in G(S, G). If S contains all the primes at which G is not quasi-split
over k,, G(S, G) is finite.

This is obtained by combining Theorem (3.15), (5.2) and (5.14).

6. ¢ Stable ** Results and Some General Remarks.

(6.x). — As hitherto, G will denote a connected simply connected absolutely
simple group over a global field 2. We assume that G has strong approximation. (This
is known to be the case if 2 is a number field or if A-rank(G)>1.) As we will be
considering different finite sets of valuations of %, our notation will have to be more
precise to indicate the dependence on the finite set of valuations. We fix an imbedding
G CGL(n) of G as a k-group and for any finite set S of valuations of £ with oo C%, denote
as before by G(A(S)) the group of A(S)-rational points of G where A(S) is the ring of
S-integers. The first observation is

Lemma (6.2). — Suppose o0 CSCS’ and there exists veS such that G is isotropic at v.
Then the cokernel of the map C(S, G) — G(S', G) s naturally isomorphic to c MI(IS' B S}G(k,,} where

(8" —S)={veV |G anisotropic over k,}.
In particular if G is isotropic over k, for all veS’—S, the map G(S, G) > C(S’, G) is surjective.
Also iof L8 —8)=8"—S8, the map C(S, G) > C(S', G) is injective.

This lemma is easily deduced from the commutative diagram:

1 —> C,G) — G(S,9) — G(S,¢) —> 1

=8, §')

v
1 — C(§,G) — G(8,a) — G(S,¢) — 1

Observe that the map =(S, 8') at the extreme right is simply the natural map of the
group G(A(S)) into the group G(A(S’)) (strong approximation). Passing to the quotient
by C(S, G) and its image in the second row we obtain the following diagram
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G(S, ¢)
«*

1 —> C(S', G)/Im (S, G) — G(S’, a)/Im(C(S, G)) — G(S', ¢) —> 1

The image of « is a closed subgroup containing G(k). To see this we observe first that
the kernel of =(S, S') is the product eg'l—sG(k”)' This group maps under o« into the

profinite group G(S’, G)/Im G(S, G). Since all the G(%,) for G isotropic over %k, admit
no infinite proper normal subgroups we see that « factors through G(Su(S'—8),¢)
(which projects onto G(S',¢) with compact kernel). It is easily deduced from
this that the image of « is closed. Since it contains G(k), « is surjective and
G(S’, G)/Image C(S, G) is isomorphic to oed%,_s)G(kv). The second assertion is
immediate. The third follows from the fact that if G is anisotropic over k, for all
veS’'—S, the families of S-arithmetic and S’-arithmetic groups coincide.

The preceding lemma suggests that it is best to consider only those sets S such
that, for all veS—oo, G is isotropic at 2. In the sequel we will in fact assume always
that finite sets of valuations which we consider do not contain any non-archimedian valuation v
such that G is anisotropic over k, (unless explicitly stated otherwise). In order to overcome
technical difficulties that arise we need to make our choice of the imbedding G C GL(r)
somewhat carefully.

Lemma (6.3). — Let S¢D oo be any finite set of valuations (S, may contain v at which
G is anisotropic). If S, is non-empty we can find an imbedding of G in GL(n) (as a k-algebraic
group ) such that:
(i) For all v¢S,, G(D,) is a maximal compact subgroup of G(k,).
(i) For all S3S,, G(A(S)) is a maximal S-arithmetic subgroup of G.
(iii) If $'DSDS, and G is anisotropic over k, for veS'—S, G(A(S))=G(A(S)).

Start with some k-imbedding G« GL(r). Then since G has strong approximation,
G(D,)=M, is for almost all v a maximal compact subgroup of G(%,). Let M,DM,
be a maximal compact subgroup of G(k,). Let L =07 if M,=M,; if M =M, let
L, be a compact open subgroup of £} containing O} and stable under M,. Let LC&"
be the subset

{xek"|xeL, for all v¢Sy}.
Since S, is non-empty, L is dense in gs L, (strong approximation for a vector space!)

(and is in fact a A(Sy)-module of rank 7). We now change the basis of " to one which
generates L over A(Sy) and thus obtain a new imbedding of G in GL(n) satisfying the
required conditions.

Note: When £k is a number field, we can take S,=co.
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(6.4). — In the sequel we fix once and for all a fixed finite set S, with the following
properties:
(1) SgDoc0.
(if) If 2eSy—o0, G is isotropic at v.
(iii) There exists veS, such that G is isotropic at v (this is of course redundant if
Sy 00).

We set &/={veV—o0 |G anisotropic at v} and V'=V—xf. Unless otherwise specified
all finite sets considered (denoted S, S, S"', etc.) will be assumed to contain Sy and to be contained
in'V'. We assume also that our embedding G <> GL(n) satisfies the conditions of Lemma (6.3).
This means in particular the map GC(S, G) > G(S', G) is surjective (Lemma (6.2)). A
corollary to this is

Lemma (6.5). — If S’ DS, the centraliser of G(S', G) in G(E) contains that of G(S, G).
In particular if C(S, G) is central in G(S, a), C(S', G) is central in G(S', a).

Notation (6.6). — In the sequel, T'(S) will denote the group G(A,S), I'(S, a)
(resp. I'(S, ¢)) its closure in G(S, a) (resp. G(S,¢)). If G(k)* is any subgroup of G(k),
*(S)=G(k)*nT'(S) and G*(S, ) (resp. I*(S, )) denotes the closure of G(k)* (resp.
™(8)) in G(S, ); also C*(S, G) will denote the group

G(S, G) NG (S, 9)=C(S, G)nT*(S, a).
With this notation, the following is proved exactly as Lemma (6.2).

Lemma (6.7). — Assume that G(R)* has finite index in G(k), and has a dense projection
on ggG(k“)‘ Then the map C(S, G) - C(S', G) s surjective for all (S,C)STS'(CV').
In particular of C*(S, G) is finite (vesp. central in G*(S, a)) C*(S, G) is finite (vesp. central
in G*(S, a)).

Corollary (6.8). — The natural map (S, a) > 1(S', a) is surjective.

We look at the commutative diagram:

1 — G, G) —> [(S,a) —> I(s, “)(Z,,ESG(D")) —> 1

1 — C(8,6) — (8,0 — T8, 0(= L 6(0) — 1

whose rows are exact. The maps at the extremes are surjective (lemma (6.7) and
our choice of embeddings guarantee this). By five-lemma, the middle map is surjective
as well.
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Corollary (6.9). — If @' is an S'-arithmetic subgroup of G and ® =d'NT(S), S'DS,
then the natural map ®(S, a) >D'(S, a) where O(S, a) (vesp. &'(S', a)) is the closure of ®
(resp. @) in G(S, a) (resp. G(S', a)), has finite cokernel.

Remark {(6.10). — In the corollary above we need only the fact that S, S’ contain
So—they may contain anisotropic places: this is because S-arithmetic groups and
(S— &f)-arithmetic groups are the same and a similar remark applies to S’.

The following consequence of Corollary (6.9) is perhaps of greater interest than
that corollary itself.

Corollary (6.xx). — If S is any finite set such that for every S-arithmetic group @, ® is
infinite and @ |[®, O] is finite, then the same holds for every S’-arithmetic group ® for S’ DS,
(We do not need to assume that S and S’ are contained in V'.)

Combining with Kazdan’s theorem on the first Betti number of lattices in groups
without rank 1 or compact factors we obtain the following extension of his result.

Corollary (6.x2). — Let S be any finite set such that there exists veS with k-rank(G)>2.
Then for any S-arithmetic group ©, ®[[D, O] is finite.

Corollary (6.13). — Let G(k)* be a subgroup of finite index in G(k). Then
G(R)*[[G(k)*, G(k)*] is finite.

Replacing G(k)* by a subgroup of finite index we may assume that G(%)* is normal
in G(k). Let ¥=[G(k)*, G(k)*]. Then ¥ is a normal subgroup of G(k). Now in
§8 (5.6), (5.7), we have seen that there exists S such that G is isotropic at » for some ve§S
and for every S-arithmetic group ®, ®/[®, ®] is finite. Pick one such S-arithmetic
group ®CG(k)*. Then ®NY is S-arithmetic as well. Its closure is therefore open
in G(A(S)) (strong approximation). Thus the closure ¥ of ¥ in G(A(S)) is open as
well. Now for the natural identification of G(%,) (2¢S) as a closed subgroup of G(A(S)),
G(k,)N¥ is open and normal in G(k,). It is therefore equal to G(k,) for all »¢S at
which G is isotropic (Kneser-Tits conjecture for local fields). It follows that ¥ has
finite index in G(A(S)), so that G(k)~=G(k)*n'¥ has finite index in G(k)*. Now from
the density of ¥ in ¥, we see that for any S-congruence subgroup A of G

GR)YCY(ANG(ER)™).
The desired result now follows from Corollary (6.12).

Proposition (6.14). — Assume that SCV'’, 0 CS and that C*(S, G) is central in G*(S, a)
Sfor some subgroup G(k)* of finite index in G(k). Then the p-Sylow subgroups of G(S, G) and
C*(S, G) are of finite index in these groups (p == characteristic of k).

We first pick S'CV’'—oo such that if S”"=8SUS’ for any S’-arithmetic group ®,
®/[®, @] is finite and G is quasi-split for all »eS’. Such a choice is possible by
§§ (5.6-5.7) and Corollary (6.11).
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Let H(S, a) (resp. H(S, ¢)) be the closure of *(S”) in G (S, a) (resp. G(S,¢)). Then
from strong approximation one sees immediately that H(S, c)=(v£Is,G(k,,))><U where
U is a compact open subgroup of G(A(S")). Consider now the central extension

1> C*(S, G)—~H(S, a) > H(S, ¢) > 1.
Associated to this one has a cohomology sequence (here I=Q /Z)

...~ Hom(H(S, a), I) > Hom(C*(S, G), I) -~ H2(A(S, ¢), I) >. ..
Now from Theorem (5.2) and the results of Deodhar [1] and Moore [1], the p-torsion
in H2(A(S, ¢), I) has finite index in that group. On the other hand Hom(H(S, 4), 1)

is isomorphic to Hom(I*(S”"), I) and is thus finite. It follows that Hom(C*(S, G), I)
has p-torsion of finite index. Taking the Pontrjagin duals we obtain the proposition.

Corollary (6.x5). — If there exists SCV’, o0 CS, such that C*(S, G) is central in G*(S, a)
Sor some subgroup G(R)* of finite index in G (&), then the p-Sylow subgroup of C(S’, G) s of finite
index in it for all S'DS, S'CV’,

Remark (6.16). — One can refine the arguments given above in the case when
& is empty. (We note that this happens when G is not of type A,). In this case we
observe first that the map

C'(S, G) - C*(S', G)

is surjective for 8’2 S, so that for SCS'CS"” both the extensions in the commutative
diagram below are central.

1 —> CS,G) — G*(8,a) —> G*(8,¢) =G(S',¢) —> 1

|

I —> C*(S”, G) N G‘(S”, (l) —-— (A}t(SII’ C)ZG(S”, 6‘) —_— 1
Also the vertical maps are surjective. 'We also have the following commutative diagram:

1 —> C(8,G) — 8,a) — I*(8,¢0) — 1

1 —> C(8",G) —> [*(8",a) — T*(S",¢) —> 1

The corresponding cohomology sequences are again embedded in a commutative diagram:
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Hom(f™*(8’, ¢), I) — Hom({*(S', @), I) — Hom(C*(S', G), I) — H2(I™*(S', ¢), I) —>
0

a* B* v ot

Hom(f*(S", ¢), I) —> Hom(f"(S", a), I) —> Hom(C*(S", G), I) —> H2({*(S",¢),I) —>

Now according to Corollary (5.8), there exists Sy S such that the groups at the extreme
left are trivial if S’ S, and, by Theorem (5.2), we can also assume S, so chosen that
the groups at the extreme right are p-torsion groups. We may also assume S, so chosen
that for any S'”’-arithmetic group ® with 8"2S,, ®/[®, ®] is finite. It follows (from
the injectivity of $*) then that there exists S;DS, such that

Hom(f‘*(S’, a), I) =Hom(I'(S), I) =Hom(G(%)", I)
for all S§'D38S,. If characteristic #=o0, we see immediately that

Hom(C*(S', G), I) @ Hom(G(%)*, I)

for all S'DS;. When the characteristic is positive, we have to argue a little more
delicately: we look at the following exact sequence as well (for S'D8§,):

Hom(I*(8'), I) =Hom(G (£)*, I) > Hom (C*(S', G), I) — H2(G*(S', ¢), I)

| I\

Hom(G*(S', a), I) H2(G(S, ¢), I)

From the results of Deodhar and Moore (loc. cit.) the group at the extreme right has
no p-torsion if G is quasi-split for all »¢S;. On the other hand we have seen from the
earlier discussion that the cokernel of A is a p-torsion group. We conclude therefore
that the cokernel of A is zero. We summarize this discussion in the following.

Theorem (6.17). — Assume that G is isotropic at all v¢oo. Let G(k)* be a normal

subgroup of G(R) of finite index and SCV (=V') be a finite set such that C*(S, G) s central
in G*(S, a). Then we have:

(i) The p-Sylow subgroup of G(S', G) has finite index in G(S', G) for all S'DS.
(ii) The maps C*(S,G) > C*(S’, G) and C(S, G) > C(S, G) are surjective.
(ii1) There exists a finite set S;D S such that for all S'DS,, the map C(S;, G) - C(8’, G)
15 an isomorphism; all these groups are naturally isomorphic to the finite group
G(#)"/[G(%)", G(R)"] = I"(S') /[T*(S"), T*(S)].

Corollary (6.18). — Assume that k-rank(G)>2. Then there exists a finite set S, such
that for all SDS,, C(S,G) is central in G(S, a) and isomorphic to G(k) |G(R)T (notation
as in § 3).

Take G(k)*=G(k)*. Since G(k)* is its own commutator, C*(S, G) is trivial for
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all SDS, where S, is chosen as in Theorem (6.17). Once C*(S, G) is trivial, we know
that G(S, G) is central in G(S, ¢) and we can apply Theorem (6.17) to G(k) itself.

Remark (6.19). — There is one other situation to which Theorem (6.17) 1s
applicable: Kneser [1] has announced the following result: Let £ be a number field. Let
G=Spinf, f a quadratic form in »>75 variables over .. Let SDc be a finite set
of valuations such that 1%sku-ra,nk(G)Z 2. Then G(S, G) is central in G(S, ). The-

orem (6.17) now furnishes the further information that C(S, G) is indeed finite in this
case. When f is isotropic over 2, Kneser has a much more precise result.

7. Representations of Arithmetic Groups.

(7.1). — Throughout this chapter, £ will denote a number field, G an absolutely
simple k-group and SDoo a finite set of valuations of 2 containing c. We assume
that G is simply connected and has in addition the following property:

(CSP) The group G(S, G) is finite.

(Note that if G has (CSP), it is necessarily isotropic at all veS—o.) We also assume
that there exists veS such that G is isotropic at v (this to ensure that S-arithmetic groups
are not finite) and that G has strong approximation. With these notations our first
result is

Theorem (7.2). — Assume that G has (CSP). Let @ be an S-arithmetic group of G.
Let ¢ be a finite dimensional representation of @ on a finite dimensional vector space V over a field ¥
of characteristic 0. Then there exists a subgroup ®' in O of finite index and a rational represen-
tation 3 of Ry o(G) defined over F such that §|e =ple -

When F=Q, this result is proved in Bass-Milnor-Serre [1]. When F is a finite
extension of Q , one can reduce to the case of F=Q , by looking at the F-vector space
as a Q-vector space. Since @ is finitely generated one sees casily that this covers the
case when F is algebraic over Q as well. Consider now the general case. We make
first an observation about representations over Q:algebraic closure of Q. These
representations are all completely reducible since rational representations of semisimple
groups are. Equivalently for every finite dimensional representation ¢ of ® on Q—Vector
spaces H(®, 6)=o0. Now, let Z(I') denote the variety of all representations of @
in GL(n, F) (F any field and F its algebraic closure). Then Z(T') is a variety defined
over Q. If 6eZ(I') isa Q-rational point, H}(®, Adoc)=0, where Ad is the adjoint
representation of GL(n) on its Lie algebra. According to A. Weil [1] this means that
the orbit of ¢ in #(I') under inner conjugation is Zariski open in %(T"). Let

U={gog~'|geGL(n, F), ce #(c)g}-

Then % as well as it complement %' are stable under the group of all automorphisms
of F (over Q). Since % is Zariski open, %’ is a Q-subvariety. On the other hand
it has no Q-rational point. Hence %= Z%(®) and the theorem is established.
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Corollary (7.2). — Let p be any finite dimensional representation of an S-arithmetic group ®.
If G(S, G) is finite, HY(®, p)=o.

Corollary (7.2). — If C(S, G) s finite, for any S-arithmetic group ®, @ [[D, @] is finite.

Theorem (7.2). — Assume that G(S, G) is finite and that G s isotropic at all v¢S. Let
F be a field of characteristic p>o. Then any homomorphism o : ® —~GL(n, ¥) is trivial on
a subgroup of finite index.

We will deduce this from

Lemma (77.3). — Let K be a locally compact field of characteristic o and H a K-simple group
isotropic over K. Let M be a compact open subgroup of H(K). Then the kernel of any homo-
morphism of M into GL(n, F), ¥ a field of positive characteristic, is open in M.

Let f: M — GL(n, F) be any homomorphism. Let U be any maximal unipotent
K-subgroup of M and T a K-split torus normalising U. Let B=TU. Then B is a
solvable group. The Zariski closure of f(Bn M) is again a solvable group. It follows
that we can find a subgroup B, of finite index in BN M such that f{(B,) can be put in
triangular form (over the algebraic closure of F). Consequently [B,, B;] consists of
unipotents. It is not difficult to see that [B,, B,] contains an open subgroup U’ of
M NnU. Now f(U’) consists entirely of unipotents. Since F has positive characteristic
(=p, say), (f(x))”"=1 forall xeU’. Thus theset {+*" | xe U’} and hence the group U"
generated by it is in the kernel of f. Evidently (since characteristic K=o), U” is
open in UnM. Now as U varies, we get different U”" which together are easily
seen to generate an open subgroup of M. This proves the lemma. (The lemma is
probably true without the hypothesis that H is isotropic over K but the present proof
fails to cover that case.)

To deduce the theorem from the lemma we argue as follows: since @ is finitely
generated, p(®) CGL(n, F’), where I’ is a finitely generated algebra over the prime
field, which is a subring of F. We consider two cases separately.

Case (i): p(®P) contains an element vy one of whose eigen-values A is transcendental
over the prime field.
Case (ii): For all yep(®), the eigen-values of y are algebraic over the prime field.

We will now show that Case (i) cannot occur. Let F, be the algebraic closure
of the prime field in F'. Let Fy=F (A) and F* the algebra~generated by F, and F'.
Then F* is a finitely generated algebra over F,. Let o : F*—F; be any homomorphism
of F* into a finite extension I?0 of F, which is identity on F,. (Such a ¢ exists by the
Nullstellensatz.) If we now regard o as a homomorphism of ® in GL(n, F*), we obtain,
composing with «, a homomorphism p, : ® - GL(n, ﬁo). From our choice of « it is
clear that p,(®) is infinite. Moreover p,(®) is contained in GL(n, A) where A is the
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ring of T-integers for a suitable finite set of valuations T on F,. Now if we denote
by A(A) the ring of T-adéles, p, defines a continuous homomorphism

31 : D(S, a) > GL(n, A(A)).

Now since G(S, G) is finite, we can find an open compact subgroup AC®(S, a) such
that ANG(S, G) istrivial. Then A is isomorphic to an open compact subgroup of ®(S, ¢).

Again passing to a subgroup of finite index we can assume that A is of the form 1;[ M,,
veES

M, a compact open subgroup of G(k,). Let = :GL(n, A(A)) > GL(n, K) be the
projection onto any one of the local factors; since = |y, 4 is injective it suffices to show
that 7:(31(5)) is finite. For this again, it suffices to show that =(g;(M,)) is finite for
all v and trivial for almost all ». The finiteness for all v is proved in Lemma (7.3).
Now let #Z be the K-linear span of =(3(4)) in M(n, K). Then % is also the K-algebra
generated by vyslvt(ﬁl(Mv)) where S, is some finite set of valuations (with S, NS=0).

It follows that for »¢SUS,, =(gy(M,)) Ccentre of #. This means that w(g;(M,)) is
abelian for almost all v¢S. Now we know that M, =[M,, M,] for almost all v (Cor-
ollary (5.8)). We see therefore that wop; is trivial on almost all M, (v¢8S). This
covers Case (i).

In order to prove the theorem in Case (ii) we will argue by induction on the length
of F* as a module over ®. We assume in fact— as we may by passing to an extension
of F if necessary — that the composition factors are absolutely irreducible. Consider
first the case when the length of F* as a ®-module is 1. This means that p(®) spans the
entire matrix algebra M(n, F). Consider now the smallest subspace E of the space of
all regular functions on GL(n) stable under p(®) and containing the function x> trace(x).
Since trace(x) is in the algebraic closure of the prime field for all xep(®), one sees that
the representation of p(®) in E takes ¢(®) into a finite subgroup of GL(E). We claim
now that if ¢ denotes the representation of o(®) on E, o is faithful. In fact if o(x)=1,
we have trace(xy)=trace(y) for all yep(®) or equivalently trace((x—r1)y)=o0 for
yep(®). Since o(D) spans M(n, F), this means that x=1. Since o(p(®)) is finite, so is
e(®). To prove the general case we appeal to Corollary (7.3): let V=F" and WCF"
be a maximal proper ®-submodule. Then we have a natural homomorphism (deduced
from p)

$ : ®— GL(W)x GL(V/W).

By the induction hypothesis the kernel of ¢ (=®’, say) has finite index in ®. Now
¢l maps @’ into a unipotent, hence solvable, group. But from Corollary (7.3) any
solvable quotient of ®' must be finite. This proves our contention.

Theorem (7.4). — Suppose that C(S, G) is finite for some S and ¢ is a finite dimensional
representation of G(k) over a field of characteristic o.  Then we can find a subgroup G(k)* of finite
index in G(k) and a rational representation § of Ry o(G) suck that |gpye=1p|cup-

154



ON THE CONGRUENCE SUBGROUP PROBLEM 155

Let =/ be the set of valuations v of k2, v¢oo, at which G is anisotropic. Then
G(S', G) is finite for all §'2S, S'CV'=V—o/. If @ is any S'-arithmetic group, |y
extends to a rational representation g of R, oG, where @’ is a subgroup of finite index.
It is easily seen that 5 is indeed independent of the choice of 8’ and ® — this follows
from the fact that @, N ®, is Zariski dense in G for S;-arithmetic groups ®; with S;D 8.
Let G(2)* be the subgroup generated by the collection of groups

{®|® S'-arithmetic with S'DS, S'CV', oly,=0o}

One sees easily that G(£)* is normal in G(%) and it is open in the S-arithmetic
topology. Now the closure of G(k)* in G(S, ¢) is easily seen to be a open subgroup
of finite index (Kneser-Tits conjecture for local fields and strong approximation). This
means that for a subgroup WCG(k) of finite index, we have ¥ CG(E)*A where A is
any S-congruence subgroup. Since S(k)* contains an S-arithmetic group, AnNG(k)*
has finite index in A, so that G(k)* has finite index in ¥'. This proves Theorem (7.4).

Theorem (7.5). — Assume that (S, G) is finite and that G is isotropic at all v¢S. Then
G(R) has only finitely many normal subgroups of finite index.

Let o, and p, be homomorphisms of G(&) in GL(r) with ¢,(G(k)) finite. We
will show that the natural extensions p; :G(S, a) - GL(n) are equivalent if and only
if @[ms, @ are equivalent. One implication is obvious. Suppose gy and g, restricted
to G(S, G) are equivalent. Consider the representation §,®p; (p;=dual of p,). This
representation contains the trivial representation of G(S, G). Let E be the representation
space of o=p,®p; and

Ey={veE|o(x)v=v for all xeCG(S, G)}.

E, is non-zero and stable under G(S, a). Moreover the action of G(S, ) on E, factors
through G(S, ¢), and from the Kneser-Tits conjecture for local fields, G(S, ¢) has no
proper subgroups of finite index. This shows that E, is a trivial G(S, a)-module
ie. 5, and p, are equivalent as representations of G(S, a). It follows that p, and p,
are equivalent. It is easily deduced from this that the family of subgroups of finite
index in G(%) are in bijective correspondence with a subset of the family of subgroups
of G(S, G). Since C(S, G) is finite, the theorem follows.

Remarks (7.6). — Most of the results obtained in this chapter overlap with results
obtained by Margulis by completely different methods. Margulis has in fact a much
more satisfactory result— his conclusions are drawn from the hypothesis

X2 krrank(G)> 2
veES

whereas the finiteness of C(S, G) is not known for practically most of the pairs (G, S)
with this property. Theorem (7.5), however, does not seem amenable to Margulis’
techniques. It is possible to formulate some of the above results without the hypothesis
that G is isotropic at all v¢oo but the formulations are cumbersome — and in any event
the essential ideas of proof would be the same.
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AprpPENDIX 1
ARITHMETIC SUBGROUPS IN UNIPOTENT GROUPS

We collect together some results on unipotent groups which were used in the
main paper. These results are really known though perhaps not set down in print —at
least not in the present form. The first result below is standard commutative algebra.

Proposition (A.x). — Let G be a connected k-group and H a connected k-subgroup. If
G/H s k-isomorphic to a vector space (over k) as an algebraic variety (over k), there ts an
isomorphism

®: G>Hx(G/H)
of k-varieties such that the Cartesian projection on G[H is the same as the natural map G—G/[H.

Definition (A.2). — A unipotent k-group U is k-split if it is connected and admits
a filtration

U=U,D>U,d...0U,=(1)

by connected k-subgroups U; such that for 1<:<7, U, is normalin U;_, and U,_,/U;
is isomorphic over % to a vector space (of dimension 1).

Remark (A.3). — (i) If U is unipotent &-split, then any connected k-subgroup is
also &-split.

(ii) If G is a connected semisimple k-group, the unipotent radical of a k-parabolic
subgroup of G is &-split (Borel-Tits [1]).

Corollary (A.4). — Let U be a connected unipotent split k-group and V be a connected
normal k-subgroup. Then U is k-isomorphic to a vector space (as an algebraic variety). Moreover,
there is an isomorphism

f: (UV)xV->TU
of k-varieties such that the natural morphism UE>U/V coincides with the cartesian projection
composed with f~1
One argues by induction on the dimension of U. By the induction hypothesis UV
and V are k-isomorphic to vector spaces. The second assertion now follows from

Proposition (A.1). The first assertion follows from the fact that any split unipotent
k-group admits a connected (split) k-subgroup of codimension 1.
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Corollary (A.5). — Let U be a connected unipotent k-group split over k. Let SDoo be
any finite set of valuations of k (oo being the set of archimedean valuations). Then any S-arithmetic
subgroup of U is Zariski dense in U for any non-empty S.

Observe that if @ is a k-isomorphism of a vector space V on U (as a k-variety)
with ®(0)=1 for any S-congruence subgroup I' of U (resp. IV of V), &~ }(I') (resp.
@~ Y(I")) contains a S-congruence subgroup of V (resp. U). Similar remarks applied
to an isomorphism of U with U’x(U/U’) where U’ is a connected normal 2-subgroup
leads us to conclude the following:

Corollary (A.6). — Let U be a split unipotent k-group and U’ a connected normal k-subgroup.
Let © : U—~U/[U’ be the natural map. T hen for each S-congruence subgroup 1" of U (S D oo, etc.),
n(T') is an S-congruence subgroup of U/[U’.
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Arpenprx II

Theorem. — Let k be any field and G a connected simply connected absolutely simple
quasi-split algebraic group over k. Let P be a k-parabolic subgroup of G and U the unipotent
radical of P. Let g be the k-Lie algebra of G and  the (k-)Lie subalgebra of g associated to U.
Let FCk be the prime field and A the group-algebra of G(k) over ¥. Then g is generated by u
as an A-module (g is a module over A via the adjoint action).

The theorem is easily checked in the special case when k-rank(G)=1: in this
case G is k-isomorphic either to SL(2) or SU( f), the special unitary group of an isotropic
bilinear form f in g variables over a separable quadratic extension L of 2. One can
verify the theorem in these cases by using these explicit realisations.

We will now deduce the general case from the special case above. Let T be a
maximal Z-split torus in P and ® denote the system of &-roots of G with respect to T.
We fix an ordering on X(T), the group of characters on T, such that ac® is positive
if the root-space g* of « is contained in u. Let A be the system of simple roots for this
ordering. Let P, be a minimal 2-parabolic subgroup determined by T and this ordering.
Let P/ be the (unique) opposite k-parabolic subgroup to P; which contains T. Let U,
(resp. Uy) be the unipotent radical of P, (resp. P{") and u; (resp. u;) the Lie subalgebra
of g corresponding to U, (resp. U7). Then u (resp. u;) is the sum of root spaces g*
as « varies over all the positive (resp. negative) k-roots. Now, let V be the smallest
A-submodule of g containing u. Since G(Z) acts on g as k-linear automorphisms, V is
a k-vector-subspace of g. Now, given any root a«e®, we can find an element weN(T)(k)
(where N(T)=normaliser of T) such that Ad w(g*)=g"*Cu, hence we see that
1, @u; CV. Now for each acA, let T, be the identity component of the kernel of «.
Then Z(T,) is a reductive subgroup of G. Let H(a) be the connected semisimple part
of Z(T,). Then H(«) is a quasi-split simply connected group of k-rank 1. Let h(«)
be the Lie subalgebra of g corresponding to H(«) (h(«) may be identified with the Lie
algebra of H(«) since the inclusion H(a)<>G is a separable morphism). Moreover,
it is not difficult to see that the sum of the h(«), acA, and uit and uy is all of g (one
can for instance argue by going over to an extension of 2 over which G is split). Now
u;NhH(«) is the Lie algebra of the unipotent radical U(«) of the minimal k-parabolic group
P(a)=U;nH(«) of H(«). Applying the theorem to the rank 1-group H(«), we conclude
that VDO h(x). Thus VOu-+u~ -+ aEAI)(a) =g. This proves the theorem.
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ArrEnDIX III

Theorem. — Let G be a simply connected semisimple algebraic group defined over Q .  Then
there exists a number field K CQ , and a group H defined over K which is isomorphic to G over Q .

It is easily seen that the theorem is equivalent to the following. Let g be a
semisimple Lie algebra over Q . Then there exists a number field KCQ,  and a
(semisimple) Lie algebra § over K such that g is isomorphic to h®xQ .

Consider a vector space V over Q of dimension equal to dimg,(g). Let

V=V®,Q, and E=Homgy(A®V,V).

Let ¢,:V-—g be any Q -linear isomorphism. Then the bracket operation on g gives

rise to an element fyeE (through the isomorphism ¢g). Let X;, ..., X, be a basis
of V over Q and for 1<:<;j<k<ry, let

Oy E-V
be the map

Dy ) =S (XK S5 X))+ (XK, A X)) /XK AXK X))

Then the set L of f which define a Lie algebra structure on V is precisely ; ; <fj]<k < @5 (0).
On the other hand the group GL(V) operates on E in a natural fashion and we have
the following diagram

GL(V) SEZ T

1<i<j<k<r

where i(x)=x(f,) and the image of 7 is contained in the fibre of ®={Py}; -ic;cx<,
over o. Now the tangent space to E at f can be identified with E itself. One checks
that the kernel of d® at f; is the set of all closed 2-forms on V with respect to the Lie algebra
structure on V defined by f, with coefficients in the adjoint representations; the image
of di (at identity) similarly turns out to be the space of exact forms. Since the Lie
algebra gis semisimple, H2(g, g)=o0. It follows that Image di=kernel d® (at f;). Now
from the implicit function theorem, one deduces that Image ¢ is a neighbourhood of f
in ® (o)=L and that we can find coordinate projections p,, ..., p,, of E (with respect
to the standard basis of E deduced from X, ..., X,) such that p=(p,, ..., p,) : L>Q7
is a diffeomorphism of a (non-singular) open neighbourhood of f, in L. onto an open
subset of Q7. Now choose felmage: such that p,(f) are algebraic over Q, 1<:<m.
Then we claim that all the coordinates of f are algebraic over Q: this follows from the
fact that the @y, are polynomials on E with coefficients in Q. This proves the theorem.
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