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L_ET ¢ (n) denote the number of numbers not greater thanand prime to n.
Then the following lemma can easily be proved:

Lemma 1.—If a and b are prime to # and m is the least positive integer
for which '
a” = b” modn,

then every integer N such that
a¥ =bNmodn
1s a multiple of m; in particular ¢ () is a multiple of m.
We now proceed to prove the following :
TeEOREM 1.—If g is greater than and prime to b, then
¢ (a” — b”) = 0mod n.
For, obviously
@ = b” mod (a* — b*);
and if r < n, then a” — b < &* — b*, so that
a’ % b mod (a* — b”).
Xt follows from lemma 1 that » is a divisor of ¢ (a” — b”).
THEOREM 2.—If a is prime* to b and n > 2, then |
¢ {@” " gD PP 4 g” B PP L DT D} = 0 mod mn.
Proof.—It is clear that
a”” — p"™ = 0mod {a” "V +a" D" 4. LD (1)
T £ N is the least positive integer such that
a¥ — BN =0 mod {@” "V +g”? "2 p" ... 4 D} (2)
then, by lemma 1, N is a divisor of mn. Also, forN< m(n — 1),
|a¥ — BN < @D 4 g” =D BT L+ 57D

* Here, as well as in what follows we shall exclude the case a = b= 1.
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Therefore

mnz=Nzm(p —1). (3r
Let g be the g.c.d. of m and N and let
m =g\m1, N = gNl-

Writing af = a and »¥ = B we see from (2) that N; is the least positive intege)
such that

N1 = BNI mOd {amx (7-1) _{__ am1 (72-2) ﬁmz . B’ﬂl (73—1)}

1t follows that N is a divisor of myn, and since N1 is prime to m,, that NJL is
a divisor of n. But from (3) we see that

Hence N, =n, m; =1, and so m =g, N = mn.
Therefore, by lemma 1, mn is a divisor of

$@ D LN GOy

2. Let n =p®n,, where p is prime and », is prime to p Then if we
write '

flm,n) =d” D L g" =D p" 4 4 preD
we have

Lemma 2.—q" — b* = (a™ — b™) I f(»/P, p).
i=1

Let us further suppose that a is prime to 5. Then we have

Lemma 3.—The g.c.d. of any two of the numbers

as — b, fnfp'.p) (i =1,2,....,0)
is either p or 1.

For, if d is a common divisor of

f(n/p, p) and f v/, p) (i < ),

then
. 1’ ')
0 =f(nfp, p) @7 — B"7)
=P _ PP hod a;
and so

0 = f(iipi, p) = pd" """ mod d
so that, since d is prime to q,

d=porl.
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Similarly we can show that the g.c.d. of
a -
A L and f(n/p’, p)
is either p or 1.
Lemma 4. f(n/p’.p) = f(nfps, pymod p (i 1,2, ..., a).
This follows immediately from

nip p*t nfp® nfp®
a’ ia =q mod p.

Lemma 5. W fun, py 0 mod p, then

d” B mod p.
For,

O fmp) (@ By o™ - B mod p,
and

a” o d™ mod p

B w b maod p
so that
0« @™ - p™ = 0™ - B mod p.

Conversely, we have
Lemma 6. If o™ = b mod p, then
F(m, p) - 0mod p.
From lemmas 2 1o 6 we get
Lemma 7. It any onc of
B (gt py (12, ..., a)

is prime to p, then they ave all prime to each other, and

Ala® B lam I)",)‘II ¢ {f(nfp’, p)}
[
Similarly we get

Lemma 8. Hany one of o™ i’”‘..f(il/p;, p) (1,2, ..., a)is divi-
sihle by p, then so are all of them and

(u™  b™yp, e, plp G 1,2, ..., )
are prime to cach other; further, o® -+ §* is divisible by p*+* and
e B b B I (fnlp’, P
Lemma 9. -Nore of
fjp'opy G312, 0o, a—1)
is divisible by u higher power of p than the first,

i

i
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If one of g, b is a multiple of p, then the other is not, and so f(n/r’, p)
is clearly prime to p. Therefore we may assume that a and b are both prime
to p. Then

1
21%‘ (1_1—’) = 1modp? a> i +1

. i+ 1
ie., a"lp‘ = anlp mod p?, e > i+ 1,

and so _ . .
f(nlp’, p) =f(nfp*%, ppmod p?, i <a —1.

Tt follows that if any one of f(nfp",p) (i =1,2, ....,a — 1) is divisible
by p?, then so are all the others; but this cannot be the case because of
lemma 3.

We are now in a position to prove

TEEOREM 3.—If n = p® n, Where p is the smallest prime factor of n, and
n, is prime to p, and a is greater than and prime to b, then

¢ (@ —07)

é (4™ — b™) n[p»(e-Di% jf g* — b” is prime to p,

is divisible by
and by
¢ (a™ — b™) (pn)*[p? @2 if p is a divisor of a" — b”.
Proof —If any one of a™ — b, f(nfp,p) (=12, ...., a) is prime
then by lemma 7 we have :
$ (@ —b") =¢(a” — b”‘)‘{-’ $ (S ([P, P)}.
But, by theorem 2, =
${f(n/p’, p) = 0 mod np"?,

and so

$(a —b) = 0mod ¢ (™ — &) IT njp'™.

If, on the othter hand, a™ — b*, f(n/p’, p) are all divisible by p, then by
lemma 8

$ (@ = 5o = 4 (@ = b)p} 11§ (nlp', D).

But f\n/p’, p)/p being prime to p for i < a, (by lemma 9)

${f (wlp’, P}t = ${S (P, p)P} 4 (p),
and so, by théorem 2

${f(n/p’, p)lp} =0 mod nfp~L, i< a,

since every prime factor of n/p™? is greater than ¢(p) =p — 1. Further,
if the greatest power of p dividing a” — b” be p*++" (r > 0), then either
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¢ — b™ or f(ny, p) is divisible by p"+! and
¢ (@ — b") = (p*) $[(a” — b")/p*++]
_ {p"“ ¢ [(a” — ") fp=11 if r >1
P

*(p — D@ —b7)/p*] if r =05

and
95( L hﬂl)___ ¢ (pr+1) d, [(aﬂl bﬂ1)/p7’+1]
_ {p é [(a™ — b™)[p] if r >1, )
(p —Dol(@ —b)pif r =0.

It follows that
4 Y o @ m 721 [( CZ” b”)/pa+ 1]
é(a - b ) =P ﬁé(a b ) qs [(am b721)/p]

%pa 9{)(am _____.bm)igl(‘ﬁ{“f(ﬂ/pi; P)/P}

= 0 mod p* § (™ — b™) IT nfp’,

since ¢ { f (ny, p)/p} is certainly divisible by n,p by Theorem 2 whether

f(ny, p) is divisible by a higher power of p than the first ore not, from the
‘fact that n, is prime to ¢ (p). This completes the proof of the theorem.

From theorem 3 we get the following refinement of theorem 1.

THEOREM 4.—If n = p,* p,**....p,%, where p, >p,>....> p, are
the distinct prime factors of n, and a is grelater than and prime to b, then

ot o et ey + 2R

$(@ — ) = 0mod 1 p;

Proof —From theorem 3 we have

ay oy
$(a* — by = 0mod ¢ (a7 — b"P) x rioa pus (w12,
Since p, is the least prime factor of n/p,** we have similarly

a

ay oy ay ap a;
¢(a”/P1 _ b"/P1 ) = 0 mod qs (a”/Pl P2 ___ b”/P1 D2 )
( ) / as (as-1) 2
and so on. Thus

i (@4—1)
t#(a” ) = Omod II (*——mﬁ—&";:l ai/p’.a (eti—y
PRERIRY 21

which is easily seén to be theorem 4,



