View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Publications of the IAS Fellows

On a version of Trudinger-Moser inequality
with Mobius shift invariance

Adimurthi Kyril Tintarev
Centre of Applicable Mathematics Department of Mathematics
Tata Institute of Fundamental Research Uppsala University
P.O.Box No. 1234 P.O.Box 480
Bangalore - 560 012, India SE-751 06 Uppsala, Sweden
aditiQaditi@math.tifrbng.res.in kyril.tintarev@math.uu.se

September 21, 2009

Abstract

The paper raises a question about the optimal critical nonlinearity
for the Sobolev space in two dimensions, connected to loss of compact-
ness, and discusses the pertinent concentration compactness frame-
work. We study properties of the improved version of the Trudinger-
Moser inequality on the open unit disk B C R?, recently proved by
G. Mancini and K. Sandeep [13]. Unlike the original Trudinger-Moser
inequality, this inequality is invariant with respect to Mdbius auto-
morphisms of the unit disk, and as such is a closer analogy of the
critical nonlinearity [ |u[>” in the higher dimension than the original
Trudinger-Moser nonlinearity.
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1 Introduction

In this paper we study an inequality that improves the classical (Pohozhaev)-
Trudinger-Moser inequality ([I0], [I7], [9]) on a unit disk B in R?:

sup / e dr < oo, (1.1)
u€HS(B),||Vul2<1J B

The result below has been recently proved by Mancini and Sandeep [13] (for

the invariant formulation in terms of hyperbolic space H? see Theorem 23]
below.)

Theorem 1.1. Let B be an open unit disk in R%. The following relation
holds true:

2

e47ru -1
sup > dr < 00. (1.2)
u€H}(B),||Vull2<1J B (1—lz[?)

We give a different proof to this inequality, based on coverings defined by
Mobius transformations, rather than on rearrangements on the hyperbolic
space like in [13], which provides insights for further results. An elementary
corollary of this inequality is the Trudinger-Moser inequality in the exterior of
the unit disk which immediately follows from (L2)) by the change of variable

Corollary 1.2. Let B be an open unit disk in R%. The following relation
holds true:

2

e47ru -1
sup e dx < 00. (1.3)

1,2 > z|?2 —1)2
u€Dy*(R2\B),||Vul|2<1 Y R*\B (‘ |

For the Sobolev space H' in two dimensions, the (Pohozhaev)-Trudinger-
Moser functional [ ™ s widely accepted as a standard nonlinearity of

critical growth, that is, as a counterpart of [,y |u|13—§2dx in the case N > 2.
This view is justified by the following analogy. When N > 2, the functional

Jen |ulPdz is continuous in H'(RY) when p € (2,2*], 2* of 2N and it is
unbounded on any bounded subset of H'(RY) when p > 2*. In the case
N = 2, the functional [y, e"dx on the set {u € H'(R?), |lulm < 1} is
bounded if and only if p < 47 (see [12]). The analogy extends also to weak
continuity properties. For obvious reason of translation invariance, there is

no weak continuity if the domain of integration is the whole RY. If, however,
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Q c RV, N > 2, is a bounded domain, then the functional [, [u[Pdz is
weakly continuous on H} () whenever p < 2* and, similarly, if, N = 2,
the functional [, " dz is weakly continuous on {u € H{(9), Jullgg <1
whenever p < 4.

This analogy, however, does not extend to the critical nonlinearities,
p = 2" resp. p=4m. When N > 2, the functional [, |u|* dz is not weakly
continuous at any point, but if N = 2, the functional fQ 4™ dr is sequen-
tially weakly continuous at every point of {u € HZ (), |[|[Vulls < 1}\ {0} (see
[7).-

Lack of compactness for the critical nonlinearity in the case N > 2 can
be traced to the following symmetries of the space DV?(RY) (defined as the
completion of C§° with respect to the gradient norm ||V - ||2):

Dy = {gsyu(z) =277 *u(2(x — y)),s € R,y € RN},

that is, to actions of translations and dilations. These operators are linear

isometries on both DM2(RY) and L* (RY), so that for every u € DV2(RY),

def . .
U = gs,4.0 — 0 whenever |si| + |yx| — oo, while the respective norms of

uy, coincide with that of . A similar counterexample suitable for a bounded
domain is given by y, = 0, s, — 400 and u supported on a convex compact
subset. Lack of compactness in the imbedding of DV2(RY) c L?" (RY) can be,
in some sense attributed entirely to the group Dy, namely, the compactness
is restored if one “factors out” the action of the group (see e.g. Lemma 5.3,

[16]):
Vsi € Ry, € RY g, ur — 0 in DP*(RY) = wy — 0in L2 (RY).

Weak continuity properties of the critical nonlinearity in the case N = 2
indicate that there is no known non-compact group, other than Euclidean
shifts, that preserves both the Sobolev norm and the Trudinger-Moser non-
linearity [5, e*™* . The matter is further complicated by the fact that in
this case there is no dilation-invariant functional space D'?: the completion
of C§°(R?) with respect to the gradient norm lacks continuous imbedding
even into the space of distributions. On the other hand, the problem in the
space HJ(B) (which we in what follows consider equipped with the equiv-
alent Sobolev norm ||Vull3), admits two groups of linear unitary operators,
defined below, that play a role similar, respectively, to actions of dilations
and of translations.



The Trudinger-Moser functional || B ™ g fails to be invariant with re-
spect to either of these groups. This, however, happens to testify not for
irrelevance of these groups but for an observation that the Trudinger-Moser
functional is not the sharp critical nonlinearity and can be replaced by a
stronger expression. It remains an open problem, however, to find a sharp
critical nonlinearity that is invariant with respect to the product group. The
details are as follows.

1.1 Dilation-invariant nonlinearity

In this paragraph we summarize results of [3]. Let Hj,.(B) denote the sub-
space of radial functions of H}(B). The transformations

hou(r) < s73u(r*), u € HE,(B)s > 0, (1.4)

preserve the norm ||Vu]|2 of Hj,.(B), as well as the 2-dimensional Hardy
functional [ B W(Z:p (for the Hardy inequality in dimension 2 see
Adimurthi and Sandeep [2]). Furthermore, these transformation preserve
the norms of a family of weighted LP-spaces, p = [2, o0], analogous to the
weighted-LP scale with p € [2,2*] produced by Holder inequality in the case
N > 2, interpolating between the Hardy term [ %dm and the critical non-

linearity [ |u|?*'dz. In the case N = 2, the critical exponent is formally
2* = 400 and the dilation-invariant L? -norm is

Ju(r)]
Ulloo = SUP ——=1=
il S (g )12

The Trudinger-Moser nonlinearity is not, however, dilation-invariant. On
the other hand it is continuous with respect to the norm (LH), which means
that the L*°- nonlinearity (LH) gives a sharp, dilation-invariant improvement
of the Trudinger-Moser nonlinearity, even if only for the subspace of radial
functions.

(1.5)

1.2 Mobius transformations

We refer the reader to the Appendix for definitions and basic properties
connected to Mobius transformations and the Poincaré disk. Adopting, for
the sake of convenience, the complex numbers notation z = x1+1x5 for points



(x1,x2) on the plane, we consider the following subset of automorphisms of
the unit disk, known as Mobius transformations.

z—¢

ne(2)

Since the maps ([L6) are conformal automorphisms of the unit disk, one
has |Vu o n¢|s = |Vuly, which implies that the Mobius shifts v — w o 7,
¢ € B, are unitary operators in H}(B). The gradient norm on the disk is the
coordinate representation of the quadratic form of Laplace-Beltrami operator
on H? regarded as the Poincaré disk model, which allows to identify HJ(B) as
representation of the space H'(H?), defined by completion of C3°(H?) with
respect to the gradient norm. Mobius shifts give rise therefore to unitary
operators on H'(H?).

Furthermore, under the Poincaré disk model, the maps (L6l define isome-
tries on H?. Consequently, we have nonlinearities on the unit disk, invariant
with respect to Mobius shifts, of the form (in the manifold notation and in
the terms of Poincaré disk):

/HQ F(u)d,u:/BF(u)(l_dW.

In particular, once the inequality (L2) is verified, the functional [, U:de
possesses both critical growth and invariance with respect to Mobius shifts.

1.3 Main results

In addition to Theorem [I.1I] which trivially follows from its hyperbolic space
counterpart, Theorem proved in Section 2, we study weak continuity
properties of subcritical (but not weakly continuous) nonlinearities of the
form [, F (u)(l_“i%, and existence of maximizers for a related isoperimetric
problem. We prove

Theorem 1.3. Let F' € C(R) satisfy, with some C >0, r > 2 and p < 4,
|F(s)| < Cls|"e. (1.7)
If upy € HY(B), ||[Vug|l2 = 1, satisfies the condition

For every sequence (i, € B,uone, — 0, (1.8)
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then
/BF(uk)d,u — 0. (1.9)

This theorem is required for the following existence result.

Theorem 1.4. Let F € CY(R), sup F' > 0, satisfy (L7) with some C > 0,
r>2 and p < 4w. If, in addition, for everyt € (0,1) and a,b € R,

F(y/ta? + (1 —t)b?) > F(V'ta) + F(v/1 — tb), (1.10)

then the mazimum in

MY sup / F(u)dp (1.11)
B

u€H (B),[|Vull2=1

is attained and for any minimizing sequence uy for (LII)) there exists a se-
quence (, € B such that uy, one, — u # 0. converges in H}(B) to the point
of mazimum.

In Section 3 we prove Theorem [L.3], Theorem [[.4] and a statement on
the general structure of bounded sequences in H}(B), Theorem B2 similar
to Struwe’s global compactness in [15]) and to a related statement of P.-L.
Lions in [§] (note also that Mobius shifts are also involved in existence proof
for the Plateau problem, [14]). In Section 4, the Appendix, we summarize
relevant facts about the Poincaré disk.

2 Proof of the invariant Trudinger-Moser in-
equality
W € B We start with the following elementary lemma.

Lemma 2.1. Let W C R? be an open disk of radius % and let
lull2, / (IVul + \a?) d, A > 0, (2.1)
w
There exists a number ¢ > 0 such that

sup / e dx < oo. (2.2)
w

uEH (W), [|ullw <1



Proof. Let T be an extension operator from H'(W) into H}(B). Then (2.2)
follows from

sup / e dzr < oo, (2.3)
B

u€H(B),[|[Vull2<T||

which follows from the Trudinger-Moser inequality whenever ¢ < 47 /|T|?
U

Lemma 2.2. Let W C R? be an open disk of radius % > 0 and let
lull2, < / (1Vul? + M) da, A > 0. (2.4)
w

Let q be as in Lemmal21d. Then there is a positive constant C' = C(\) such
that for allw € H'(W) satisfying ||ullw < 1,

2
/ (e — 1)dy < o1l (2.5)
w

1= Jull

Proof. Form (2.2]) we have

D whlulwde < ue OV 0N, (20)

and thus

(Q), / wdr < Ollul2t, n € N. (2.7)
n! Jw

Adding the inequalities (27) over n € N and taking into account the as-
sumption ||ullw < 1, we obtain (2.3]). O

Theorem 2.3. The following relation holds true:

sup / (™ —1)dp < . (2.8)
HZ2

u€H (H2), ||ul|<1

Proof. Consider H? as the Poincaré disk B. Let W C B be an open disk or
radius % and set the following equivalent Sobolev norm on W

2
o def 2 u
lull2, __/W(\w +7(1_|x|2)2)dx. (2.9)



By Corollary there is a countable set Z C B and the number M € N be
such that the sets n¢:(W), ¢ € Z, cover B with multiplicity not exceeding M.
Let us fix a function v € H'(H?) such that ||ul|;: <1 and define

def q
Zy = {CeZ  Nuon > g (2.10)

where ¢ is as in Lemma 2l It is easy to see that Z, contains at most
40w M /q elements. Indeed, since the multiplicity of the covering of B by
n:W, ¢ € Z, is not greater than M, taking into account that the H'(H?)-
norm in the Poincaré disk model is realized by ||Vu|2, and applying the
Hardy’s inequality (Z1]), we have

q
Lz < 3 lwondie <3 (Nl + [ dn) < sMulfy, <5

(€EZy

From Lemma 2.2 applied to , /%ru we have, for every ¢ € Z \ Z,,

|l o ne 3y 8w 2

(™ —1)dp < C < ZClluonl. (2.11)
/mw &~ luonliy — q v

Adding the inequalities over ¢ € Z \ Z, we obtain, using again the Hardy’s

inequality,

/ ("™ — 1)dp < C/ |Vulde + C/ wdp < Cllullffy < C.
Ugezu new B b

(2.12)
On the other hand, from the usual Trudinger-Moser inequality for u o 7,
with any ¢ € Z,,, we have

/ (64ﬂu2—1)d,u :/ e47r(u077q)2dlu < C/ 647r(“°77<)2d;(; < / €4W(uon<)2dl’ < C.
neW w w B

(2.13)
Adding (at most 40w M /q+ 1) inequalities (212) and (2.13]), we obtain (2.8]).
U

Proof of Theorem[I.4. Rewrite (2.8) in coordinate form for the Poincaré
disk. 0J

Remark 2.4. The constant 47 in (2.8) as well as in ([L2)) cannot be replaced
by any number p > 4mw. Indeed, the integrals in both relations are bounded
from below by fB e?’ dz, from the Trudinger-Moser inequality, for which the
parameter 4w 1s optimal.



3 Existence of minimizers

We begin with the proof of the first statement of Subsection 1.3.

Proof Theorem [[3. Let us fix p < 4m. Let ux € HY(B), |[Vuill2 = 1,
and assume that u; on,, — 0 for every sequence ¢, € B. By (2.8)), there is a
constant C' > 0 such that for alln =0,1,...,

—/ My < O 7T)". (3.1)

Then, for every m € N and for all £ € N,

S / 2y < C W)m. (3.2)

n>m

Furthermore, it is easy to see that there exists A € (p/4m, 1) such that

Z — / 20 qp, < CA™, (3.3)

n>m

By Lemma 9.4 of [16], for every n =0,...,m — 1,
p"

w2 dy — 0. 3.4
n! Jgk (3-4)

Combining ([3.4) with (3.3), we obtain

limsup/ Fug)dp < C’limsup/ gl Pk dp < e, (3.5)
k—o00 B k—oo B
and since € is an arbitrary positive number, (L9]) follows. O

We will need the following version of Brezis-Lieb lemma in presence of a
Hg-bound on a sequence.

Lemma 3.1. Let F € C'(R) satisfy |F(s)| < Cs*e*>* with some C' > 0 and
p < 4w, and assume that uy, € HY(B), ur, — u, ||Vuglls < 1. Then

/B(F(uk) — F(up —u) — F(u))du — 0. (3.6)



Proof. The notation of norm in this proof refers to the gradient norm ||Vu/||o
on B. Note that uy — u almost everywhere in B and that lim sup |Juy —ul|*> =
limsup ||ug||? — |Jul|* < 1. Let M > 0 and define

def | F(s) for|s| > M,
Fals) = { 0  for|s| < M.

Set Gy = F'— Fj;. Then G, is a bounded function and therefore, by
Lebesgue convergence theorem,

Fix two numbers ¢, 7 such that p < ¢ < r < 47 and note that |Fy(s)| <
52695 e~ (@ IM* < O(ers* —1)e~(@P)M* Then

‘/FM(uk)d,u' < Qe / (" — 1)dp < Ce~ @ PM (3.8)
B

by ([2), with analogous estimates when wuy is replaced by wu, resp. u — u.
In the latter case ([[.2)) is applied to u — uy if uy — w in norm, and to
(u — ug)/||w — uy|| otherwise. From here and (3.71) we conclude that

lim sup

/B(F(Uk) - F(Uk - U) — F(u))dlu‘ < C€_(q_p)M2.

Since the number M is arbitrary, (3.0) follows. O

Proof of Theorem[1.4]. For the length of this proof the notation of norm,
unless otherwise specified, refers to the gradient norm || V-||2. Let uy € H}(B)
be such that [lug|| — 1 and [, F(u)dp — M. Consider the following family
of problems that extends (LII)):

MY / Flu)dy, t € [0,1] (3.9)

u€Hg (B),||ul|?=t

If uy, is a maximizing sequence then so is u o 7, for any sequence (; € B. If
ugone, — 0 for any sequence (i, then by Theorem [[.3 we have fB F(ug)dp —
0, a contradiction since sup F' > 0 implies M; > 0. Thus we choose a sequence
Cr € B such that ugone, — u # 0.
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By the standard scalar product calculations we have
ol + [l — ull* = 1, (3.10)
while by Lemma [B.1]

/JgF(u)du+/jBF(uk—u)du—>M1. (3.11)

Let t = ||lul|. Then from (B.I1) follows
M, + My_, > M,. (3.12)

An elementary argument using the well-known property of the gradient norm,

[vol < 1, Jlnll <1, 0 = \/tv% + (1 =0)vg = vl <1, t € (0,1),

shows that (812]) contradicts (LI0) unless ¢ = 1 or t = 0. The latter case
has been, however, ruled out. Consequently, |lu|| =1, [, F(u)du = M, and
ur, — u in H}(B). The theorem is proved. O

The notation 2> 0 in the theorem below is a shorthand for the convergence
in the sense of (L.§), which by Theorem [[.3] implies convergence in the sense
of (L9) and, in particular, convergence in L”(B,du) for any p € [1, 00).

Theorem 3.2. Let uj, € H}(B) be a bounded sequence. Then there exists
w™ € H, Ckn) € B, k,n € N, such that for a renumbered subsequence

G =0, o (G™) — OB forn #m, (3.13)
w™ = weak-lim uy, o nc_(i) (3.14)
k

> V™3 < limsup || Vg3 (3.15)

neN

n D
U — Zw( ) ¢} 77@;2”) = 0. (316)
neN

Proof. This theorem is an application of Theorem 3.1 in [16] to sequences in
H 1(H?) equipped with the Mobius shifts. Conditions of that theorem have
been verified for the case of actions of isometries on cocompact (or grid-
periodic) manifolds, which includes hyperbolic spaces, in Lemma 2.9, [4].
Relation (B13) is based on Remark 9.1 (a) of [16] O
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4 Appendix

We summarize here some known definitions and facts concerning the Poincaré
disk model of hyperbolic space. For reference see [5] and [I1]. Poincaré disk
is a coordinate representation of the hyperbolic space H?, consisting of the
unit disk B C R? equipped with the metric ¢;; = W%” 1,7 = 1,2
The Riemannian measure g on H? is given in the Poincaré disk model by
dp = (1:?%. The quadratic form of Laplace-Beltrami operator on H? in

the Poincaré disk model evaluates as [, |Vu|*dz. The maps . : B — B,

ne(z) = IZ__C—CZ, ¢ € B, are conformal isomorphisms of B as well as isometries

of the Poincaré disk. Consequently, [, |Vu|*dz and [ F(u)du are preserved
under transformations u +— wuor,. The following version of Hardy’s inequality
holds true for all u € H}(B), or, in invariant notations, v € H'(H?) (see [I]
or [6]):

1 dx
Vu de:/ Vieul?duy > —/ u’d :/uzi. 4.1
/B | | 2 | H | 1% 4 - 1% 5 (1 — |ZI§'|2)2 ( )

The following lemma is well known (for example, it is a trivial modi-
fication of Lemma 2.3 from [4]). We give the proof of it for the sake of
completeness.

Lemma 4.1. Let U € B be an open set, let

V= U n:U. (4.2)
CEB:UCUOU#@

and let W & B be any open set, relatively compact in B, that contains V.
There exist a number M € N, and a countable set Z C B such that the sets
{nW}cez, cover B with multiplicity not exceeding M and the sets {n:U}cez
are mutually disjoint.

Proof. We show first that if Z C B is a set such that the sets {n:U}ccz are
mutually disjoint, and the sets {n:W }ccz cover B, then the latter collection
has a uniformly finite multiplicity. Let V,.(x) denote a geodesic ball of radius
r > 0 centered at x € B, and note that p(V,(z)) is independent of z € B.
Let R > 0 and zp € B be such that W C Vg(z). If n:W intersects m,
then n:W C V,4or(2); but since the sts n:U, ¢ € Z, are disjoint, and n:-W D
nV D nU, ¢ € Z, that can be true for at most ‘Z(*—sz values of ( € Z.
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Therefore the number of ¢ € Z such that the set n:WW contains the point
does not exceed £ R

Now let us construct the set Z.

Since every Riemannian manifold is paracompact, and once we observe
that n¢({0}) = —¢, so that (J.c5n¢(0) = B, there exists a subset Z, C B,
such that {n:V}cep is a locally finite cover of B. Indeed, we find first of all
a locally finite refinement of the cover {7V }cep, which via the refinement
map determines a subcover, which also is locally finite due to the fact that
all covering sets 7.V have the same finite geodesic diameter.

By induction we define subsets Z, = A, U By, C B such that the number

of elements in Ay equals k and

B = U??cVU U??cU,

(€A (EBy

and 1., U Nn,U = 0 for any ¢; € Ag, (o € Zi, (1 # (. Furthermore A4, C
Apyq for all k, while By, D By with N2, By, = 0. Since the cover {n:U}cez,
was locally finite, the latter implies that any compact set K € B is contained
in e a, ncV for sufficiently large k. Finally take Z := |J,Z, Ax. Begin with
Ay == 0,By := Zy. Let {(j};en be an enumeration of Z;. Assuming that
Ay, B have already been constructed, let us construct Ag,;, Bri1. Let
Jgr = min{j : (; € Br}. Set Ay = Ay U{(,} and let By = {C €
Bk?”CUmankU:(b}' ]

Corollary 4.2. Let W &€ B be an open set. There exist a number M &
N, and a countable set Z C B such that the sets {n:W }cez cover B with
multiplicity not exceeding M.

Proof. Let € > 0 and x € W be such that the geodesic ball Vs.(x) € W. The
corollary is immediate from Lemma [Tl with U = V,(z) once we note that the
set ({2) is contained in V5. (x). Indeed, let y € V. Then there exist ¢ € Z and
z € V(x) N Vo(nex) such that y € n:Ve(z). Then, by the triangle inequality
for the geodesic distance, d(z,y) < d(x, z) + d(z,ncx) + d(nex,y) < 3e. O
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