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1. Introduction

When two electromagnetic waves counter-propagate alongalai path in rotation they ex-
perience different travel times to complete the path. Thauces a phase shift between the
two counter-propagating waves proportional to the anguééocity of the rotation. This phase
difference is called as the Sagnac effect [1] and in addttdts scientific importance, it has nu-
merous practical applications such as detection and higbigjon measurement of rotation. It
was studied and used in optics only with lasers until the newk\2] where they demonstrated
the single-photon interference in the fiber Sagnac intenfigter using spontaneous paramet-
ric down conversion as the source of single photons. Howévenns out that the results of
interference are no different than with classical sour@éss is also true of many interfero-
metric experiments done at the single photon level [3, 4TBls a natural question would be
—what is the nature of interference if we replace the singl&gn source by entangled photon
pair source. This is what we examine in detail. We find thatgbesitivity of Sagnac inter-
ferometer could be considerably improved by using coreelgthotons [6, 7]. We thus bring
Sagnac interferometer in the same class as other expesrmarimaging [8, 9], lithography
[10, 11, 12, 13, 14, 15] and spectroscopy [16].

Parametric down conversion (PDC) is predominant mechafosmexperimentalists to cre-
ate entangled photon pairs as well as single photons. Mhutiton entangled states produced
in the down-conversion process is often used in quantumirimdton experiments and appli-
cations like quantum cryptography and the Bell inequalitie particular, demonstrations of
two-photon [17, 18, 19, 20] and four-photon [21, 22] inteefeces are holding promise for re-
alizable applications with entanglement-enhanced pedioce. The principle of this enhance-
ment lies in the fact that “the photonic de Broglie wavelérig®3] of an ensemble of photons
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with wavelengtth and number of photons can be measured to 3e/n using a special inter-
ferometer. Further Steuernagel [24] has proposed the mexasut of the reduced de Broglie
wavelength of two- and four-photon wave packets.

In this paper we present an analysis of how parametric dowmerted photons could be
useful to increase the rotation sensitivity in Sagnac fatemeters. The results show two- and
four-fold increase in the sensitivity which can be intetptkas a sign of two- and four-photon
interference effect. The organization of the paper is dsvi@a. The Sagnac ring interferom-
eter is described in section 2 and the Sagnac phase shiftiiedleln section 3, we analyze
interference results with classical and quantum inputscivepare the results obtained from
entangled photon pairs input with classical and singletginputs. We show how the two-
photon and four-photon coincidences increases the sétysiti the phase shift. The visibility
of the counts are also discussed. We conclude the papertiorsdowith a brief discussion on
the disturbances that can effect the transmission of madi#sars.

2. The Sagnac interferometer

The Sagnac interferometer consists of a ring cavity arounidmtwo laser light beams travel
in opposite directions on a rotating base. One can form anference pattern by extracting and
heterodyning portions of the two counter-propagating etondetect the rotation rate of the
ring cavity relative to an inertial frame. The position oétimterference fringes is dependent on
angular velocity of the setup. This dependence is causeldéotation effectively shortening
the path distance of one beams, while lengthening the dth&®26, a Sagnac interferometer
has been used by Albert Michelson and Henry Gale to deterthm@ngular velocity of the
Earth. It can be used in navigation as a ring laser gyrosospih is commonly found on
fighter planes, navigation systems on commercial airlirs#ips and spacecraft.

Fig. 1. Schematics of a Sagnac ring interferometer.

The Sagnac effect [1] can be understood by considering alaircing interferometer like
the one shown in Fig. 1. The input laser field enters the iaterheter at poinP and split into
clockwise (CW) and counterclockwise (CCW) propagating bebyna beam splitter. If the
interferometer is not rotating, the beams recombine attfpoafter a time given by

_ 2w

t==_ (1)
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whereR is the radius of the circular beam path. However, if the fetemeter is rotating with
angular velocityQ, about an axis through the center and perpendicular to @ueepbf the
interferometer, then the beams reencounter the beanesplitlifferent times. The transit times
to complete one round trip for CWy(at pointP,) and CCW {; at pointP;) are given by,

2nR
th=——+ 2
1T crRQ’ @
2nR
th= . 3
27 c—RQ ®
Then one round trip time delay between the two beams is tferelifce
4TIR°Q
M=to—t1= 5 —ro07- 4
For non-relativistic perimeter speeds (i.e. reasonableegafR andQ), RPQ? < ¢?, then
AnR2Q
At = 2 - 5)

The angular phase difference between the two counter patipggvaves, the Sagnac effect,

can be written as,
8

Q= wht = RAQ’ (6)
whereA is the wavelengthe the light velocity in vacuumA the interferometer area arfdl
the angular velocity of the interferometer. A more genemdraach [26, 25, 27] shows that
the phase shift does not depend on the shape of the intedgézoand it is proportional to the
flux of the rotation vectof through the interferometer enclosed area. Then one caeaser
the flux by using multi-turn round-trip path like utilizinghaptical fiber. In terms of the total

length of the optical fibel,, we can recast Eq. (6) into

4nLRQ
P="5c @)
Eqg. (7) shows that the phase shift induced by rotation of an&adjber ring interferometer

increases linearly with the total length of the optical fiber

3. The Sagnac interferometer with classical and quantum inputs
3.1. Classical input

We now consider a Sagnac fiber ring interferometer setup shiowig. 2. The two input ports
1 and 2 are mixed by a 360 beam splitter and sent through a rotating loop of fiber & th
opposite direction. Then the beams recombine at the beattesphd come out from the ports
they entered. The rotation induces the phase differergigen by the Eq. (7). If we choose the
transmission and reflection coefficients of the beam splits¢ = 1/v/2 =t',r =i/vV2=1'
then the entire setup transforms the input figlglinto the output field&; andE; by

Er = rrEne 2 +t2Ejne”' ™ = Epe ' 2id¥/?sin(¢p/2), (8)

Er = rtEne ' 4+t'rEne“2 = Ee ' *id?/%coq ¢/2), (9)

wherew is the frequency of the input field. The intensity measuresianthe detector®; and
D, becomes

i = |Eif* = [Enl*sin’(¢/2), (10)

l2 = |E2f* = |Ein[*cos’(9/2), (11)

respectively.
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Fig. 2. The Sagnac interferometer setup with classical input. The inpdiEjgis separated
by the beam splitter into two counter-propagating waigg and rE;j,. Because of the
rotation they end up at the beam splitter at different tinbg$,(.

HIYP BS, M

Fig. 3. The equivalent optical network diagram of the Sagnac interfeter for quantized
fields. “@” represents the phase shift provided by the rotating loop of the intenfeer.

The detectord3 and D4 with the extra beam splitters (dashed lines) are to be used for
four-photon coincidence counting.

3.2.  Quantuminputs

Now we analyze the results with quantized fields. Figure 3vshiibe equivalent optical network
diagram of the interferometer. We denateanda, as the input mode operators. The two beam
splitters represent double-use of the actual beam splitteroutput models; andb, are related

to the input modes by

(5) = @l 1) e)mli)(a)

BSout SAGNAC BSn
i —sin(g/2) coq/2) a
@2 oz smos ) (o) 12)
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where the global phas€?/2 can be dropped. The use of half-wave pla#\(P) is required
when the input ports have polarizations orthogonal to edbhroNow the input and output
modes are related to each other by the linear transformation

2
b =73 Sjaj, (13)
=1

where the matrixS of the coefficientsS; is known as the scattering matrix associated with
the network. In fact, Eq. (13) refers to the Heisenberg pe&twhere the state vectors are con-
stant while operators evolve. Therefore, without knowing Hamiltonian that describes the
evolution by the unitary operattf on the state vectors, by using the dynamics of the operators

2

a—b=73 Sja=U"aU, (14)
=1

T T 2 T T

a —b' =3 §; [=uTalu, (15)
=1

one can calculate the probabilities for detecting certaimiper of photons at certain outputs.

Now, let us analyze the rotation sensitivity to the phasé $lg” for some Fock state inputs.
We denoten-photons in modey andm-photons in modey by |nm). First, we begin with the
input state|10), that is a single incident photon in modg with the other mode in vacuum
state. The output state can be written as

U|10) = Ual|00) = UaluTu|o0) = ualuT|00). (16)

The last equality results from the fact that the interferandas no effect on the vacuum
|00). Although we are in the Sctdinger picture, it is perfectly valid to use Eq. (15) witketh
substitutiond — UT = U1, This impliesS— S' resulting

2
Ualu® = lejia}. (17)
=

If we substitute Eq. (17) into Eq. (16) and use the scattemagyix given by Eq. (12), we find
U|10) = —sin(¢/2)|10) +cog ¢/2)|01), (18)

up to an overall phase. Similarly we can calculate

U[11) = \%sin(q))(—|20)+ 102)) + cog(@)[12), (19)

where the input is a pair of photons, one at each of the pontsl Ra

3.3.  Single-photon input vs. two-photon input

The Heisenberg picture is convenient for computing the etgtion values of photon numbers.
For the single photon inpy10), the intensities at the detectdds andD> reads

l1 = (bjby) = sir?(¢/2), (20)
l2 = (bjby) = co(/2). (21)
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whereas for the two-photon inpyt1), we have the single-photon counts at each detector
(bIb1> =1= <b£b2>, i.e. there is no interference. On the other hand, by using(E2), we
can calculate the two-photon coincidences at the detebtpasdD-,

112 = (b]blboby) = co(), (22)

which has twofold increase in the fringe pattern. This i® alear from the Sclidinger evo-
lution of the state given by Eq. (19). The reason of this tafotincrease lies in the fact that
when the two photons, one from each input port, enter intddbp, they transform into the
following two-photon path-entangled state,

20)+]02) |20) + €2%|02)
V2 V2 ’

which shows a two-fold reduction in the wavelength of soyafeetons. This was nicely demon-
strated in the experiment [20] using photon pairs (biphst@enerated by spontaneous PDC.

[11) —

(23)

3.4. Entangled photon pairs

We now discuss how the results given by Egs. (10) and (11) adifisd under conditions
of arbitrary pumping, if we work with down-converted phasofo avoid coupling losses to a
fiber, entangled photon pairs can also be generated insitieraafi telecom wavelengths. This
has been demonstrated by Kumar and coworkers [28]. The [statieiced in nondegenerate
parametric down conversion can be written as

1
coshr

) = i(—eietanhr)”m}ln)z. (24)

This state can be generated mathematically by applyingwbentode squeeze operatSe=
exp(p aay — paJlraZ) on vacuum, wher@ = ré? is the complex interaction parameter (also
known as the squeezing parameter) proportional to the meenlity of the crystal, the pump
amplitude and the crystal length. Polarization of photansda the noncollinear type-I and the
collinear type-Il down-conversion are the same and orthaboespectively. At first glance, it
is easy to see that this state is nonseparabler(tangled) to a product of states of mode 1 and
mode 2. It is already in Schmidt-decomposed form with a Sdhmiimber higher than 1 for

r > 0, which is a measure of entanglement [29]. Moreover one edulate theEntropy of
Entanglement [30], E = —Traplog, p as a function of,

E = costfrlog,(coslfr) — sintfrlog,(sintfr). (25)

The amount of entanglement given by Eq. (25) is approximdieéar inr showing that the
state in Eq. (24) is fully entangled for— co.
When the input modes are in the state given by the Eq. (24) ttprbdetector®; andD
read the single counts
l1 = (blby) = sintPr = (blby) = I, (26)

which does not give any information on the rotation. On theeothand, the two-photon co-
incidence counts, after subtracting independent countsnalized over the product of single
counts at each detector becomes,

,  (bibiboby)

2= o) (0lb) 1= co (@) cotr, (27)
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Four-photon probability, P,

Fig. 4. Normalized four-photon probability in coincidence in 2-by-2 (shifid) and 3-by-1
(dashed line) detection scheme described by Eqgs. (32) and (34Ltiesty.

which is twice more sensitive to the rotation than the reaauig. (20) with 100% visibility. The
signal itself depends onand it is most significant when~ 1. The regime with an interaction
parameter value af= 1.39 has already been reached in the experiment [31].

On the other hand, we can employ a different measuremenpréfective measurement,

R = Tr{10(12p(e)] = [(14U]y)[?

= tantrr cog (@), (28)

costr

which is the probability of detecting two photons, one atedetector operating in coincidence.
Here the state (@) = U|y)(y|UT is the evolved density matrix corresponding to the state
given in Eq. (24). This probability can be easily calculabgdutilizing the Schiddinger picture
evolution of the state vectdil) given in Eq. (19). The expression in Eq. (28) is a pure two-
photon interference effect showing by halving the de Beglavelength of the source photons.
Thus, the two-photon coincidences by using the state inZ2).ghows two-fold increase in the
sensitivity of the phase measurement.

The next question is— can we increase the sensitivity fuliiieneasuring higher order coin-
cidences? We suggest employment of four single-photorctbesd; (i = 1,2, 3,4) as depicted
in Fig. 3. We note that in a recent experiment [32] the tomplyyaof the Fock stat¢?) was
done by letting the two photons propagate in different dioes and by single photon detectors.
For detection of multi-photons, it is easier to use singletph detectors. We examine the co-
incidence of clicking four detectors i.e. the probabilifitiee state|1p, 1p,1p,1p,) whereD;’s
denote the modes that goes into the corresponding detethissequires the state in modes
andb, before the beam splitteBS; andBS; to be in a four-photon subspace. We now outline
this calculation. The four-photon coincidence detectiosbpbility is given by

Pr = ‘<1D11D31D21D4|UBUS|w70V10V2>‘2
= (1p, 10,10, 10,[UsUs|t, Oy, 00, ) (4, 01,04, [USUg | 1p, 1py 1p, 1p,),  (29)
where the statgy, Oy, 0y,) represents the tensor product of the state (24) with thewaqorts
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v; andv; at the beam splitterBS; and BS,. The unitary operatordls andUg represent the
evolution of the states inside the Sagnac interferomeitlzntwo beam splittel8S; andBS,
respectively. First, we begin by calculating the inversal@ion

Ugl1p,1p,1p,1p,) = UgD]DIDIDUsUL|0000
= (tib]+ V) (3b] + rivh) (ribl +t7'v] ) (r3b} + t5'vh) 0000
= tjt3rirsb!?p5%0000 + ..., (30)

where we take only four-photon state in modigsandb, because other terms are irrelevant
in our calculation. Herg’s andr;’s are transmittance and reflectance coefficients of the beam
splitterBS (i = 1,2). Next, we operatblg on the resultant state above,

Udtitsrirsbi120000 = tit3rirsUdbl?0i2usud|0000
. 2
= tt5rir; (—S|n((p/2)a1+cos((p/2)a£)
L a )2

X (cos((p/Z)a1+S|n((p/2)a2) |0000

1 2
— ((Gsin@)(-al*+ af?) + cotglalal ) 0000

1

= E[1+3cos(2(p)]\220()Jr..., (31)

where we use the transformation given by Eq. (12) betweemibeesa;, a, andby, by. In
the last line of the Eq. (31) the first two modes ageanday, while the last two modes are the
vacuum modes of the beam splitt@S; andBS;. In the last line of Eq. (31) we take only the
state which has equal number of photons in magleanda, because the input statg) is a
pair photon state which is given in Eq. (24). Therefore theoslie square of the inner product
of the resultant state given in the Eq. (31) wigh 0y, 0y,) gives us the four-photon coincidence
probability
By — tantfr
costr

The result given by Eq. (32) shows a reduction in the perioliofes by developing smaller
peaks as depicted in Fig. 4. The phase sensitivity showsrddtiincrease w.r.t. the result in
Eqg. (20) obtained by single-photon input.

The four-photon coincidence detection can be done in amalige way as depicted in figure
5. Here, three of the four photons are to be detected in therupgput channdb; while the
fourth one goes into the detector placed in the lower outpahoelb,. This time, we place the
two extra beam splitterBS; andBS, to split up the three photons into single photons before
they arrive at the detectoB, D, andDs. Now, we begin with the evolution of the four-photon
subspace terr{22) provided by the input statey),

al? al? 1 /it +1T\? fuf it 2
= e ()

. 4 . 4 . 2 . 2
L) (BB)) g (BiHIBS)  (Tb14D)\ " (biib] 00)
8 V2 V2 V2 V2

1 i0p .
= 3 {e‘z“’5|n(2(p)b13b12r + - } 00)

1
|t1t2r1r2\21[1+ 3cog20)). (32)
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Fig. 5. The Sagnac interferometer setup for four-photon coinciddatection in 3-by-1

scheme.
g2 3

—  —sin(2p) { (rloq +ty(r2d] +t2d§)) b;} 10000
d2¢

= =4 sin29) {Grltfrztzdld;rd;rb; + - } |0000
= geiz"’sin(Zqo)rltfrztz\lll]}. (33)

The arrow in the first line represents the evolution of theutnpodes into the interferometer
after BSp, while the second arrow shows further evolution of the mdaethe phase shiftp
andBS,. In the third line we omit the terms giving photons in the amels other than three
in by and one inb,. The fourth line shows how the chanr®l split up into the modesd;, d,
andds going into the detector®1, D, andD3 respectively and since we are considering only
one photon per detector we omit the other terms in the foligvine. In the last line we obtain
the state corresponding to the four-photon coincidencectieh in 3-by-1 scheme. Then, we
calculate the probability of four-photon coincidence tg be

abyy)  tantfr

cosHr

The normalized plot of this probability is shown in Fig. 4.téhat all the peaks are even in the
interference pattern showing a pure four-fold increasénédensitivity. We note that Steuer-
nagel has a similar result in his work [24] on reduced de Beoghvelength using precisely

two photon events at each detector. In our proposal abovese/single photon detectors to do
four-photon coincidence. Currently efforts are on to finficefnt nonlinear absorbers so that
these could be used for detection of the precise number abpb¢12, 33, 34].

9 .
P |tft2r1r2|zzsm2(2(p). (34)

4. Conclusion

There are advantages of using single photon interferorastdren the unwanted effects due to
nonlinearities are avoided. However the integration tirmedmes long so that one can achieve
the same level of sensitivity as classical interferomd&s% What we are demonstrating is that
we get superresolution relative to what is obtained by tlage®f single photons. We think that
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experiments should be feasible because many two-photofoanghoton interference effects
have been observed [17, 18, 19, 20, 21, 22].

There is one thing that should be in consideration in the e fAll fiber ring interferom-
eters make use of single-mode fibers. Normally all singlelenfibers permit the transmission
of modes of two orthogonal polarizations through the fibebath directions. Disturbances,
such as temperature fluctuations and mechanical stregseduices birefringence to the fiber
causing one mode to be transferred to the other. The noiskiped by the transfer of modes
from one to the other may effect the interference pattermvéver by utilizing half-wave plates
and polarization controllers [28] this noise may be supgeds
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