
CLASSROOM

86 RESONANCE ç January   2004

From the Mathematics Olympiad to the Maximum PrincipleK B AthreyaSchool of ORIERhodes HallCornell University, IthacaNew York 14853, USA

KeywordsMaximum pr inc ip le ,  mean-value property, stochastic ma-trix.

T h e follow in g p rob lem is from th e M a th O ly m p iad col-
lectio n [1].
P ro b le m A In a ch ess b oa rd w ith 64 sq u a res, if a set
of 64 n u m b ers a re p la ced on e on ea ch sq u are sa tisfy in g
th e con d ition th at th e valu e on an y sq u are eq u als th e
averag e o f its n eig h b ou rs, th en sh ow th a t allth e n u m b ers
are th e sam e.
T h e fo llow in g arises in m an y a rea s o f scien ce an d en gi-
n eerin g.
M a x im u m P rin c ip le L et f (x ;y ) b e a co n tin u ou s fu n c-
tio n o n th e u n it d isc D ´ f (x ;y ) : x 2 + y 2 · 1g on
IR 2 th a t satis¯ es th e m ean -value property (M V P ): for all
(x 0 ;y 0 ) in th e in terio r D 0 of D , i.e. x 20 + y 20 < 1 ,

f (x 0 ;y 0 ) = 1
¼ r 2

Z

B ((x 0 ;y 0 );r )
f (x ;y ) d x d y

w h ere B ((x 0 ;y 0 );r ) ´ f (x ;y ) : (x ¡ x 0 )2 + (y ¡ y 0 )2 · rg
is a d isc o f rad iu s r w ith cen ter a t (x 0 ;y 0 ) a n d r > 0
is su ch th at B ((x 0 ;y 0 );r) ½ D 0 . T h en f a ch iev es its
m ax im u m on ly on f (x ;y ) : x 2 + y 2 = 1 g , th e b o u n d ary
of D , u n less it is a co n sta n t.
It w ill b e sh ow n in th is n o te th at P roblem A lea d s to
th e M axim um prin ciple in a n atu ra l w ay.
S u p p ose y ou h av e solved th is p ro b lem A . W h a t are so m e
gen eralisatio n s of th is p rob lem ? T o ¯ n d gen eralisa tio n s
of a p ro b lem o r a resu lt it is go o d to h ave a so lu tion to
th e origin al p rob lem . T h en on e ca n see w h at p a rts of
th e h y p oth eses a re b ein g u sed , h ow th ey can b e rela x ed
or ch an g ed a little su ch th at th e origin al m eth o d still
w ork s. O n e can a lso see if th e origin al m eth o d ca n b e
m o d ī ed to allow for d i® eren t sets of h y p oth eses.
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H ere a re a few gen eralisatio n s of P rob lem A th a t lead s to
th e M ax im u m P rin cip le. H in ts for solu tion s are g iv en at
th e en d . Y ou are en cou ra ged to try to solve th e p ro b lem s
an d co n su lt th e h in ts on ly as a last resort.
P ro b le m 1 . S u p p ose in P ro b lem A th e valu e a t ea ch
sq u are is less th a n or eq u a l to th e averag e of th e va lu es
of its n eigh b o u rs. T h en all th e va lu es are th e sa m e.
P ro b le m 2 . L et S b e a ¯ n ite set an d f : S ! R b e a
real va lu ed fu n ction . S u p p o se for each s in S th ere is a
n eig h b ou rh o o d N s su ch th at f (s) is less th a n or eq u a l
to th e averag e of th e valu es o f f over N s (it is assu m ed
th at s is n o t in clu d ed in N s). S u p p o se fu rth er th at for
an y s 1 an d s 2 in S th ere ex ist t1 ;t2 ;:::;tk in S su ch th at
t1 2 N s1 ;t2 2 N t1 ;:::;tk 2 N tk ¡ 1 ;s 2 2 N tk . T h en sh ow
th at f is con stan t over S .
P ro b le m 3 . L et S b e a ¯ n ite or cou n tab ly in ¯ n ite set
id en tī ed b y S ´ f 1;2;:::;k g ;k · 1 . L et P ´ ((p ij))
b e a sto ch a stic m atrix , i.e.,
i) for each i;j;p ij ¸ 0;

ii) fo r ea ch i; k
P

j= 1
p ij = 1.

L et f : S ! R + b e su ch th at
i) for each i

f (i) ·
k

X

j= 1
p ijf (j);

ii) fo r som e j0 in S
f (j0 ) ¸ f (i) fo r all i in S :

L et P satisfy th e ìrred u cib ility ' con d itio n :
F or an y i;j in S , i 6= j, there exists a ¯ n ite set f i1 ;i2 ;:::in g
½ S such that

p ii1 p i1 i2 :::p in ¡ 1 in > 0:

Problem 2 has a socioeconomicinterpretation. In a communityof connected households if theincome of every household isno larger than the average ofits neighbors then all house-holds must have the same in-come. That is, local socialismimplies global socialism in aconnected world.
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T h en sh ow th at f (j) = f (j0 ) fo r all j in S . D ed u ce th at
an y f : S ! R + sa tisfy in g (i) a tta in s its m a x im u m in S
i® it is a con sta n t (p rov id ed th e irred u cib ility con d ition
h old s).
P ro b le m 4 . L et S = (a ;b) b e an op en in terval in R .
L et f : S ! R b e a co n tin u ou s fu n ction . L et p : S £ S !
R + = (0;1 ) b e a co n tin u ou s fu n ctio n su ch th a t fo r ea ch
x in S , Rp (x ;y )d y = 1. S u p p ose th at

i) for each x in (a ;b), f (x ) · b
R

a
f (y ) p (x ;y )d y ;

ii) for so m e x 0 in S , f (x 0 ) ¸ f (y ) for all y in S . T h en
sh ow th at f (x ) = f (x 0 ) for all x in S .
P ro b le m 5 . L et S b e an o p en con n ected set in so m e
E u clid ean sp ace R k . L et f : S ! R b e a con tin u o u s
fu n ctio n . S u p p o se f h as th e su per m ean -value property;
for ea ch x in S , f (x ) · 1

V r
R

B (x ;r )
f (y ) d y w h ere B (x ;r ) ´

f y : d (x ;y ) · r g is th e b all of rad iu s r w ith cen ter at
x ;d (x ;y ) b ein g th e E u clid ea n d istan ce b etw een x a n d
y a n d r > 0 is su ch th a t B (x ;r) ½ S , an d V r is th e
k -d im en sio n al v olu m e of B (x ;r ). S u p p ose, fu rth er, th at
for som e x 0 in S , f (x 0 ) ¸ f (y ) fo r a ll y in S . T h en sh ow
th at f (x ) = f (x 0 ) fo r all x in S .
P ro b le m 6 . E stab lish th e M ax im u m P rin cip le, stated
earlier.
P ro b le m 7 . L et f h ave th e M V P on a ll of R 2 . S u p p ose
f is b o u n d ed ab ove an d atta in s th e u p p er-b o u n d at so m e
µ in R 2 . S h ow th a t f is a con stan t.
P ro b le m 8 . L et S b e a n op en set in som e E u clid ean
sp a ce R k . L et p : S £ S ! [0 ;1 ] b e su ch th at i) it
is con tin u ou s an d ii) for ea ch x in S , Rp (x ;y )d y = 1 .
L et f : S ! R b e a con tin u o u s fu n ction su ch th a t a)
for ea ch x in S ;Rjf (y )j p (x ;y )d y < 1 a n d Rf (x ) ·
f (y ) p (x ;y )d y an d b ) th ere is an x 0 su ch th at f (x 0 ) ¸
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f (x ) for a ll x in S . S u p p ose for a n y tw o x a n d y in
S , x 6= y , th ere z 1 ;z 2 ;:::z k in S su ch th at p (x ;z ) >
0;p (z 1 ;z 2 ) > 0; p (z 2 ;z 3 ) > 0;:::;p (z k ;y ) > 0. T h en
sh ow th at f (x ) = f (x 0 ) for all x in S .
H in ts fo r S o lu tio n s to th e A b o v e P ro b le m s
A s m en tion ed earlier con su lt th ese h in ts o n ly after y ou
h ave tried h ard to so lv e th e ab ov e p ro b lem s. It is likely
th at yo u r so lu tion s cou ld b e sim p ler an d n icer th a n th ese
h in ts. S o w h y n ot g iv e y ou rself th at op p ortu n ity !
P ro b le m 1 . C on sid er a sq u are B w h ere th e valu e is
th e la rgest, say, M , a m o n g a ll th e six ty fou r n u m b ers.
S h ow th at th e valu es on all th e sq u ares n eigh b ou rin g B
sh o u ld eq u al M . N ow m ove to th e sq u ares n eigh b ou rin g
each of th ese a n d so on .
P ro b le m 2 . S in ce S is ¯ n ite th ere is an s 0 in S su ch th at
f (s 0 ) ¸ f (s) for a ll s in S . N ow arg u e as in P rob lem
1 sta rtin g w ith a n eigh b ou rh o o d o f s 0 an d th en g oin g
from th ere to o th er p o in ts s in S .
P ro b le m 3 . S h ow ¯ rst th a t

X

j
p j0 j (f (j) ¡ f (j0 )) = 0

an d h en ce th a t fo r an y j, p j0 j > 0 ) f (j) = f (j0 ).
N ex t, iterate th e given in eq u ality to sh ow th at fo r all
i;f (i) · P

k

Ã

P

j
p ij p jk

!

f (k ) an d con clu d e th at if fo r a n y
k , P

j
p jo jp jk > 0 th en f (k ) = f (j0 ) an d so on .

P ro b le m 4 . N ote th at if for som e y in S , f (y ) < f (x 0 ),
th en b y co n tin u ity of f , f (y0) < f (x 0 ) for all y 0in a sm all
in terval arou n d y . N ex t sh ow th a t th is cou p led w ith
in eq u a lity (i) an d th e strict p o sitiv ity of p w ill im p ly
th at f (x 0 ) < f (x 0 ) a co n tra d icitio n .
P ro b le m 5 . F irst con sid er a b all B (x 0 ;r ) of ra d iu s r
sm all en ou g h so th a t B (x 0 ;r ) ½ S . U se th e con tin u ity of
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“... And my own view is that, at bottom and to a first

approximation, Ramanujan was intellectually as sound

an infidel as Bertrand Russell or Littlewood ... One thing

I am sure.  Ramanujan was not in the least the ‘inspired

idiot’ that some people seem to have thought him.  On the

contrary, he was (except for a brief period when his

mental equilibrium was definitely upset by illness) a very

shrewd and sensible person; very individual, of course,

and with a reasonable allowance of the minor

eccentricities of genius, but fundamentally normal and

sane”

– From

letter from G H Hardy to S Chandrasekhar,

Feb.19, 1936.

f at x 0 a n d th e con d itio n s f (x 0 ) ¸ f (y ) for all y in S a n d
f (x 0 ) · 1

V r
R

B (x 0 ;r )
f (y ) d y to con clu d e th at f (y ) = f (x 0 )

for all y in B (x 0 ;r). N ow u se th e con n ected n ess o f S to
con clu d e th at for an y y 0 in S ;y 0 6= x 0 th ere is a ¯ n ite
n u m b er o f o p en b alls B (x 0 ;r0 );B (x 1 ;r 1 );:::;B (x k ;r k ),
su ch th at B (x i;r i)\ B (x i+ 1 ;ri+ 1 ) 6= ; for i = 0 ;1;:::;k ¡
1 an d y 0 2 B (x k ;r k ) an d co n clu d e th a t f (y 0 ) = f (x 0 ).
P ro b le m 6 . S h ow th is is a sp ecia l case of P ro b lem 5.
P ro b le m 7 . T a ke a n y la rg e d isk of rad iu s R cen tered
at th e orig in an d co n ta in in g µ an d ap p ly p rob lem 6.
P ro b le m 8 . B y n ow y ou sh ou ld b e a b le to d o th is.


