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2 A. Bove

ABSTRACT

In this talk we consider the analogue of Kohn’s operator but with a point singularity,
P=BB*+B*(t*+2)B,  B=D,+iz" "D,

We show that this operator is hypoelliptic and Gevrey hypoelliptic in a certain range,

namely k£ < {q, with Gevrey index &f—fk =1+ qu—k' Outside the above range of the pa-

rameters, i.e. when k > (g, the operator is not even hypoelliptic.

1. INTRODUCTION

In J. J. Kohn’s recent paper [11] (see also [6]) the operator

Em,k == me+m’2’2kLm, Lm = 82 _ 22‘2‘2(7”—1)%
z

was introduced and shown to be hypoelliptic, yet to lose 2+ % derivatives in L? Sobolev
norms. Christ [7] showed that the addition of one more variable destroyed hypoellipticity
altogether.

In a recent volume, dedicated to J.J.Kohn, A.Bove and D.S.Tartakoff, [5], showed that
Kohn’s operator with an added Oleinik-type singularity, of the form studied in [4],

Em,k + ]z|2(p_1)D§

is s—Gevrey hypoelliptic for any s > %, (here 2m > p > k). A related result is that for

the ‘real’ version, with X = D, + i29 ' D,, where D, = i~10,,
Ry +2*7" VD2 = XX* + (" X)"(«* X) + 2>V D?

is sharply s—Gevrey hypoelliptic for any s > p%k, where ¢ > p > k and ¢ is an even
integer.

Here we consider the operator
(1.1) P=BB*+ B*(t* +2*)B, B=D,+iz"'D,

where k, ¢ and ¢ are positive integers, g even.
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Observe that P is a sum of three squares of complex vector fields, but, with a small
change not altering the results, we might make P a sum of two squares of complex vector
fields in two variables, depending on the same parameters, e.g. BB* + B*(t* + 2%)%B.

Let us also note that the characteristic variety of P is {x = 0,& = 0}, i.e. a codimension
two analytic symplectic submanifold of T*R? \ 0, as in the case of Kohn’s operator.
Moreover the Poisson-Treves stratification for P has a single stratum thus coinciding
with the characteristic manifold of P.

We want to analyze the hypoellipticity of P, both in C*° and in Gevrey classes. As we

shall see the Gevrey classes play an important role. Here are our results:

Theorem 1.1. Let P be as in (1.1), q even.

(i) Suppose that
k
1.2 0> —.
(1.2) .
Then P is C'* hypoelliptic (in a neighborhood of the origin) with a loss of 2%

derivatives.

(ii) Assume that the same condition as above is satisfied by the parameters ¢, k and

q. Then P is s—Gevrey hypoelliptic for any s, with

. > .
(1.3) S_ﬁq—k

(iii) The value in (1.3) for the Gevrey hypoellipticity of P is optimal, i.e. P is not
s—Gevrey hypoelliptic for any

lq
lg—k

1<s<

(iv) Assume now that

(1.4) ¢

IN
|

Then P is not C* hypoelliptic.

The proof of the above theorem is lengthy and will appear in the forthcoming paper

[3]. We refer to [3] for greater details, comments as well as further references.
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In this paper we give a sketch of the proofs of items (i) and (ii) of the theorem using
two different methods.

It is worth noting that the operator P satisfies the complex Hormander condition, i.e.
the brackets of the fields of length up to k& 4+ ¢ generate the two dimensional complex Lie
algebra C2. Note that in the present case the vector fields involved are B*, z¥B and ‘B,
but only the first two enter in the brackets spanning C2.

A couple of remarks are in order. The above theorem seems to us to suggest strongly
that Treves conjecture cannot be extended to the case of sums of squares of complex vector
fields, since lacking C'* hypoellipticity we believe that P is not analytic hypoelliptic for
any choice of the parameters. We will address this point further in the subsequent paper.

The second and trivial remark is that, even in two variables, there are examples of
sums of squares of complex vector fields, satisfying the Hormander condition, that are
not hypoelliptic. In this case the characteristic variety is a symplectic manifold. In our
opinion this is due to the point singularity exhibited by the second and third vector field,
or by (t* + 2%*)B in the two-fields version.

Restricting ourselves to the case ¢ even is no loss of generality, since the operator (1.1)
corresponding to an odd integer ¢ is plainly hypoelliptic and actually subelliptic, meaning
by that term that there is a loss of less than two derivatives. This fact is due to special
circumstances, i.e. that the operator B* has a trivial kernel in that case. We stress the
fact that the original Kohn’s operator, in the complex variable z, automatically has an
even ¢, while in the “real case” the parity of ¢ matters.

We also want to stress microlocal aspects of the theorem: the characteristic manifold of
P is symplectic in T*R? of codimension 2 and as such it may be identified with T*R\ 0 ~
{(t,7) | 7 # 0} (leaving aside the origin in the 7 variable). On the other hand, the
operator P(xz,t, D,,T), thought of as a differential operator in the z-variable depending
on (t,7) as parameters, for 7 > 0 has an eigenvalue of the form 72/¢(t? 4 a(t, 7)), modulo
a non zero function of ¢. Here a(t, 7) denotes a (non-classical) symbol of order —1 defined
for 7 > 0 and such that a(0,7) ~ 7% . Thus we may consider the pseudodifferential

operator A(t,D;) = Op (7%(t* + a(t,7))) as defined in a microlocal neighborhood of
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our base point in the characteristic manifold of P. One can show that the hypoellipticity
properties of P are shared by A, e.g. P is C'*° hypoelliptic iff A is.

The last section of this paper includes a computation of the symbol of A as well as the
proof that P is hypoelliptic if A is hypoelliptic. This is done following ideas of Boutet de
Monvel, Helffer and Sjostrand.

2. THE OPERATOR P 1S C*° HYPOELLIPTIC

Theorem 2.1. Under the restriction that k < lq, q even, the operator P is hypoelliptic.

Denoting by W;, 5 = 1,2, 3,4 the operators

_ k-1
q

Wy=B* Wy,=t'B, Ws=2*B, and W,= (D))" @,

(c((Dy)) = (14 |7*)¥?) then for v € C§° and of small support near (0,0) we have the
estimate, following [11] and [6],

4
D IWl S (Po,v) + [l

j=1
where, unless otherwise noted, norms and inner products are in L*(R?). Here the last norm
indicates a Sobolev norm of arbitrarily negative order. This estimate was established in
[11] without the norm of #*B (and without the term B*t**B in the operator) and our
estimate follows at once in our setting.

A first observation is that we may work microlocally near the 7 axis, since away from
that axis (conically) the operator is elliptic.

A second observation is that no localization in space is necessary, since away from
the origin (0,0), we have estimates on both ||Bv||? and ||B*v||?, and hence the usual
subellipticity (since ¢ — 1 brackets of B and B* generate the ‘missing’ vector field g)

ot
Our aim will be to show that for a solution u of Pu = f € C"™° and arbitrary N,

0
(E)NU € LIQOC'

To do this, we pick a Sobolev space to which the solution belongs, i.e., in view of the

2

ire and from now

ellipticity of P away from the 7 axis, we pick sq such that (D;)™*u € L

on all indices on norms will be in the variable ¢ only.



6 A. Bove

Actually we will change our point of view somewhat and assume that the left hand side
of the a priori estimate is finite locally for u with norms reduced by sg and show that this
is true with the norms reduced by only sy — ¢ for some (fixed) § > 0.

Taking sy = 0 for simplicity, we will assume that 37 ||[Wjullo < co and show that in
fact 37 |Wjulls < oo for some positive 8. Iterating this‘bootstrap operation will prove
that the solution is indeed smooth.

The main new ingredient in proving hypoellipticity is the presence of the term t‘B,
which will result in new brackets. As in Kohn’s work and ours, the solution u will
initially be smoothed out in ¢ so that the estimate may be applied freely, and at the end
the smoothing will be allowed to tend suitably to the identity and we will be able to
apply a Lebesgue bounded convergence theorem to show that the Y7 ||Wjul|s are also
finite, leading to hypoellipticity.

Without loss of generality, as observed above, we may assume that the solution u to
Pu = f € C§° has small support near the origin (to be more thorough, we could take a
localizing function of small support, ¢, and write P(u = (Pu + [P,{Ju = (f mod C§°
so that P(u € C§° since we have already seen that u will be smooth in the support of
derivatives of ¢ by the hypoellipticity of P away from the origin.)

In order to smooth out the solution in the variable f, we introduce a standard cut-
off function x(7) € C°(|7] < 2),x(7) = 1,|7| < 1, and set xu(7) = x(7/M). Thus
Xm (D) is infinitely smoothing (in ¢) and, in supp x,,, 7 ~ M and |X§\j/[)| ~ M~J. Further,
as M — oo, xy(D) — Id in such a way that it suffices to show |xu(D)w|, < C
independent of M to conclude that w € H".

Introducing of y,s, however, destroys compact support, so we shall introduce v =
VY(x,t)(Dy)xn(D)u into the a priori estimate and show that the left hand remains
bounded uniformly in M as M — oc.

For clarity, we restate the estimate in the form in which we will use it, suppressing the

spatial localization now as discussed above:

_ k-1
q

1B*(De)* xarull* + ([ B(De) xarull* + [l B(De) xarull® + (D)~ & (Da)* xarul|?

< (P(Du) xaru, (Do) xarw) + (Do) xaru? .
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Clearly the most interesting bracket which will enter in bringing (D;)°x s past the operator

P, and the only term which has not been handled in the two papers cited above, is when

t is differentiated, as in

([B*#* B, (Dy)* xarlu, (Do)’ xarw) ~ (B*[t*, (D1)’ xar] Bu, (Dy)° xaru)

~ D (D) xan) Y Bu, B{D,) xaru)

in obvious notation. The derivatives on the symbol of {D,)%x s are denoted ({D;)?xa;)").
So a typical term would lead, after using a weighted Schwarz inequality and absorbing
a term on the left hand side of the estimate, to the need to estimate a constant times the

norm
[t (Do) xar)? Bul .

Now we are familiar with handling such terms, although in the above cited works it
was powers of z (or z in the complex case) instead of powers of . The method employed
is to ‘raise and lower’ powers of ¢ and of 7 on one side of an inner product and lower them

on the other. That is, if we denote by A the operator
A =t(Dy)*,
we have
AW = |(APw, APw)| Sy [lwl]® + [[ A% w]?
for any desired positive N > r (repeated integrations by parts or by interpolation, since
the non-self-adjointness of A is of lower order), together with the observation that a small

constant may be placed in front of either term on the right, and the notation <y means

that the constants involved may depend on N, but N will always be bounded.
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In our situation, looking first at the case j =1,

[t BU(De) xar) ul|?
= [(ATHD) P BUDe) xar) u, AT HD) P B{De) xar) )|
< | AYD) P BUDY xan) ul® + (D)~ BUD) xar)
= 14D BUD xan) ull® + (Do)~ BUDe) xar)

~ [t Bxarullly s+ IBXaull? (e 1ypr5-1

modulo further brackets, where Y, is another function of 7 such as (D;)x’,, with symbol
uniformly bounded in 7 independently of M and of compact support. x,s will play the
same role as xjs in future iterations of the a priori estimate.

We are not yet done - the first term on the right will be handled inductively provided
p — 1 <0, but the second contains just B without the essential powers of .

However, as in [11], we may integrate by parts, thereby converting B to B* which is
maximally controlled in the estimate, but modulo a term arising from the bracket of B
and B*.

As in [6] or [11], or by direct computation, we have
. =2
1Bwl? S IIB wl? + 27 wll41y2

and while this power of x may not be directly useful, we confronted the same issue in [6]
(in the complex form - the ‘real’” one is analogous). In that context, the exponent g —2/2

was denoted m — 1, but the term was well estimated in norm —5=+ 3 — %, which in this

context reads —% +3-— % =1- S. We have —(¢ —1)p—1+ 3, and under our hypothesis
that ¢ > k/q our norm is less than 1/2 — k/q for any choice of p < 1 as desired.

Finally, the terms with 5 > 1 work out similarly.

This means that we do indeed have a weaker norm so that with a different cut off in
7, which we have denoted x;, there is a gain, and that as M — oo this term will remain

bounded.
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3. GEVREY HYPOELLIPTICITY

Again we write the example as

with
Wy=DB*, W,=t'B, Wy;=2B, B=D,+iz?"'D,

and omit localization as discussed above, and set v = TPu, the a priori estimate we have
is

k—1

q

4
S IWlls S1(Pv,v)l, Wi= (D) 7.
1

The principal (bracketing) errors come from [W;,T?Jv,j = 1,2, 3, and the worst case
occurs when j = 2 :

Wy, TPl = plt* ' BT? 'u.
Raising and lowering powers of ¢ as above,
¢ BTl S ¢ BT 4ul| + | BT~ Doy
SNWRTP™ 0| + || BT D0+ a7t TPy
using the ract that B — = a9 1. Agaln we ralse and lower powers ol x to obtain
i he f hat B — B* = iz?'T. Agai i dl f btai
||xq—1Tp—(f—1)5u|| < ||Tp—(€—1)5—(q—1)pu|| + ]|{xk+q_1T} Tp—l—(f—1)6+kpu|’

since the term in braces is a linear combination of z¥ B and B*, both of which are optimally
estimated. The result is that
[t BT ]| S ¢ BT oul| + || BT
S WP 0 [[WR TP 00| - [ TP D0y |

+ ”W4Tp—(£—1)5—(q—1)p+%uH + ||W3Tp—1—(£—1)6+kpu”

where the third term on the right clearly dominates the second. In all, then,

4
BT ) Y 1XT7 7l

J=1
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where
0 =min sup s;
to0<p<l
0<o<1
with

51:1—5
-1

52:(5—1)5+(q—1)ﬂ—7

s3=1+(0—1)6 — kp.

The desired value of ¢ is achieved when all three are equal by a standard minimax

argument, and this occurs when

lg —k ¢
resulting in 0 = qE—’ which yields G ek = Gl hypoellipticity.
q
The restriction that k& < fq for hypoellipticity at all takes on greater meaning given

this result.

4. COMPUTING A

4.1. g-Pseudodifferential calculus. The idea, attributed by Sjostrand and Zworski,
[12], to Schur, is essentially a linear algebra remark: assume that the n x n matrix A
has zero in its spectrum with multiplicity one. Then of course A is not invertible, but,

denoting by eg the zero eigenvector of A, the matrix (in block form)

is invertible as a (n + 1) X (n + 1) matrix in C"™'. Here ‘ey denotes the row vector eg.
All we want to do is to apply this remark to the operator P whose part BB* has the
same problem as the matrix A, i.e. a zero simple eigenvalue. This occurs since ¢ is even.

Note that in the case of odd ¢, P may easily be seen to be hypoelliptic .
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It is convenient to use self-adjoint derivatives from now on, so that the vector field
B* = D, —iz? ' Dy, where D, = i~ '9,. It will also be convenient to write B(xz,&,7) for
the symbol of the vector field B, i.e. B(x,£,7) = £+ 12?7 '7 and analogously for the other

vector fields involved. The symbol of P can be written as
(4.1.1) P(x,t,6,7) = Py(x,t,&,7) + P_y(t, 2,6, 7) + Poog(x,t,&,7),

where

Po(w,1,6,7) = (1+ 1) (€2 + 220707%) + (—1 4+ 12) (g — 1)a"2r;
P*Q(x7 t, 57 T) = —2€t%713}q71(£ + Z'l’qflT);

P_2k<I, ta §7 T) = x2k(§2 + x?(q—l)TZ) — i2kx2k_1<€ -+ i$q_17’) + <q _ 1)[L’2k+q_27.

It is evident at a glance that the different pieces into which P has been decomposed
include terms of different order and vanishing speed. We thus need to say something
about the adopted criteria for the above decomposition.

Let u be a positive number and consider the following canonical dilation in the variables

(x,t,&,7):

x— p Vg, t—t, & — ptlae, T — UT.

It is then evident that P has the following homogeneity property

(4.1.2) Py(p Yz, t, pt€, yr) = p¥9Py(z,t, €, 7).
Analogously

(4.1.3) Py, b, )9 pr) = p?/ 7 Py, t, €, 7)
and

(4.1.4) Poon(p Yty pur) = 2= CRlapy (¢ € 7).

Now the above homogeneity properties help us in identifying some symbol classes suitable

for P. Following the ideas of [1] and [2] we define the following class of symbols
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Definition 4.1.1. We define the class of symbols S;”’k(Q, Y.) where Q is a conic neigh-
borhood of the point (0,e2) and ¥ denotes the characteristic manifold {z = 0, = 0}, as

the set of all C™° functions such that, on any conic subset of € with compact base,

k—-2-—5
(415)  |opoardfale,t,6,7) S (Lt 7)) (ﬁm\qw ! ) |

7| T|%
We write SJ™* for S;F(R? x R?,%).

By a straightforward computation, see e.g. [2], we have S;™* C Sg"”"k/ iff m < m' and
m— %k’ <m'— %k’/ . SyF can be embedded in the Hérmander classes SZ(; %kf, where
k- = max{0,-k}, p = 0 = 1/¢ < 1/2. Thus we immediately deduce that P, € S;?,
P, eS8?c S and finally Py € S0 01,

We shall need also the following

Definition 4.1.2 ([2]). Let Q and ¥ be as above. We define the class (2, %) by

ATNQE) =S, T (R,R).

=1

We write J" for ;" (R* x R?,%).

Now it is easy to see that F,, as a differential operator w.r.t. the variable x, depending
on the parameters ¢, 7 > 1 has a non negative discrete spectrum. Morever the dependence
on 7 of the eigenvalue is particularly simple, because of (4.1.2). Call Ag(t,7) the lowest
eigenvalue of F,. Then

Ao(t, 7) = TiAo(1).

Moreover Ay has multiplicity one and /~\0(O) = 0, since BB* has a null eigenvalue with
multiplicity one. Denote by ¢q(x,t, 7) the corresponding eigenfunction. Because of (4.1.2),

we have the following properties of ¢y:

a- For fixed (t,7),¢o is exponentially decreasing w.r.t. = as + — too. In fact,
because of (4.1.2), setting y = 27/, we have that oo (y,t,7) ~ e ¥"/4.

b- It is convenient to normalize @y in such a way that ||po(-,t,7)||L2,) = 1. This
implies that a factor ~ 7127 appears. Thus we are led to the definition of a

Hermite operator (see [9] for more details).
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Let 1 = 7> be the space projection of 3. Then we write

Definition 4.1.3. We write H]" for #"(R2, x R, %), i.e. the class of all smooth
functions in m;gls;” C 1](R2t X R;,%1). Here ST"F(R2, x R, %) denotes the set of

all smooth functions such that

k_i
1 !
(4.1.6) 08070 alx,t, )| S (1+|r))™" <|i'3|q_1 + ql) :

T|
Define the action of a symbol a(z,t,7) in H}" as the map a(x,t, Dy): C3°(Ry) — C=(R2 )
defined by
a(x,t, Dy)u(z,t) = (2%)_1/ema(x t, 7)u(r)dr.

Such an operator, modulo a reqularizing operator (w.r.t. the t variable) is called a Hermite

operator and we denote by OPHJ" the corresponding class.
We need also the adjoint of the Hermite operators defined in Definition 4.1.3.

Definition 4.1.4. Let a € H]*. We define the map a*(x,t, Dy): C°(RZ ;) — C=(Ry)

as

a*(x,t, Dy)u( (2m)~ //e’”a x,t, T)u(x, 7)dxdr.

We denote by OPH;™ the related set of operators.

Lemma 4.1.1. Let a € H}", b € S;™*; then

(i) the formal adjoint a(x,t, D;)* belongs to OPH;™ and its symbol has the asymptotic
expansion

N-1
(4.1.7) o(a(x,t, D) Z ! 8“D°‘ (z,t,7) € H' V.

(ii) The formal adjoint (a*(x,t, D))" belongs to OPH]" and its symbol has the asymp-

totic expansion

(4.1.8) o(a*(z,t, Dy)* Z — 07 D} a( (z,t,7) € H'" V.
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(iii) The formal adjoint b(z,t, Dy, Dy)* belongs to OPSI™ and its symbol has the as-

ymptotic expansion

m N,k—N-9-
q—1

(4.1.9) o(a(x,t, Dy, Dy)*) }: é%TD@wdxta T) €S,

The following is a lemma on compositions involving the two different types of Hermite

operators defined above. First we give a definition of “global” homogeneity:

Definition 4.1.5. We say that a symbol a(x,t,&, T) is globally homogeneous (abbreviated
g.h.) of degree m, if, for X > 1, a(A\"Vx t, \V9¢E \T) = A"a(x,t, &, 7). Analogously a
symbol, independent of &, of the form a(x,t,T) is said to be globally homogeneous of degree
m if a(A\"Vz, t, A7) = Aa(x, t, 7).

Let f_j(z,t,&,7) € S;?%Hﬁ, j €N, thenNthere exists f(x,t,&,7) € SiF such that
mk+-=5 . .
fo~ ZJZO foj, le. f— Z;.V;Ol f=; € 5 T , thus f is defined modulo a symbol in
Sg’b,oo = ﬂhzos;n’h.
Analogously, let f_; be globally homogeneous of degree m — k;q;ql — g and such that for

every «, 8 > 0 satisfies the estimates

(4110) |0 0000 (e 67| S (1 + el + 1) () e R

for (t,7) in a compact subset of R x R \ 0 and every multiindex . Then f_; € Sy e

Accordingly, let ¢_ j(x t,T) € H q, then there exists p(z,¢,7) € H," such that ¢ ~
N
> is0 iy 1€ p— Z] o ¥—j € H , o that ¢ is defined modulo a symbol regularizing
(w.r.t. the ¢ variable.)
Similarly, let ¢_; be globally homogeneous of degree m — % and such that for every

a, ¢ > 0 satisfies the estimates

(4.1.11) o, amjgjmwgqﬂwﬁ+u47%, v €R,

(t,m)

Q .

for (¢,7) in a compact subset of R x R\ 0 and every multiindex 5. Then ¢_; € Hy
As a matter of fact in the construction below we deal with asymptotic series of homo-

geneous symbols.
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Next we give a brief description of the composition of the various types of operator

introduced so far.

Lemma 4.1.2 (9], Formula 2.4.9). Let a € SJ"*, b € Sgl"k', with asymptotic globally

homogeneous expansions

1 ;
a ~ Za,j, ,jES ,ghofdegreem—q—k;——
- ¢ q
>
m' k/ l y
b ~ Zb_i’ b_; €5y Ta ., g. h. of degree m’ — q—k:’ - -
i>0 q q
Then aob is an operator in OPS;"+m"k+k' with
(4.1.12) o(aobd) — Z Z Ya_j(x,t, Dy, T) 0y DYb_i(x,t, Dy, 7))

s=0 qa+i+j=s

Sm—i—m’—N,kz—i—k’
q .

Here o, denotes the composition w.r.t. the x-variable.

Lemma 4.1.3 ([2], Section 5 and [9], Sections 2.2, 2.3). Let a € H!", b € H" and

A € STY(Ry x R;) with homogeneous asymptotic expansions

a ~ Za,j, ,JEH ,g h. ofdegreem—Z
720 | q
b ~ Zb,i, b_; € H, “, g h. of degree m' — !
i>0 q

1L

m'’—= 14
A~ Z A, A €S, 7, homogeneous of degree m” — p
>0

Then

(i) aob* is an operator in OP%’f]erm ~(R%, %) with

(4.1.13) o(aob*)(z,t,&,7) wfz Z (2,t,7)D2b_s(&, ¢, 7)
s=0 qa+i+j=s

mtm/—1 N

S A

where the Fourier transform in Df‘g,i(f,t, T) is taken w.r.t. the x-variable.
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_1
ii) b* o a is an operator in OPSnHm “(Ry) with
1,0

(4.1.14) o(b*oa)(t,7) — 2 Z é/83b_i(x,t,7)Dt°‘a_j(:v,t,T)d:v

s=0 qa+j+i=s

(iii) ao A is an operator in OPH;”“"". Furthermore its asymptotic expansion is given

by

N-1
n_N
m-+m P

(4.1.15) alaoN) =Y > iagaj@jatﬂ—)l)?)\f(tﬂ-) € Hy

s=0 qa+j+Ll=s

Lemma 4.1.4. Let a(z,t, D,, D;) be in the class OPS;””"(RQ,E) and b(z,t, Dy) in the

class OPH, ;”' with g.h. asymptotic expansions

m,k i -1
a ~ Za_j, a_j € Sq +q’1, g. h. of degreem—q—k—‘Z
>0 q q

b~ Zb—u b_; € H;n 971 g h. of degree m/ — 2

>0

/_1.9—1

Then aob € OPH(Ter “ and has a g.h. asymptotic expansion of the form

N

/ qg—1
m+m'—k<i——
+ q q

N—-1
1
(4.116)  olacb) =) >, F0ras(w,t,De7)(Diboi(t,7)) € Hy
5=0 gl+itj=s

Lemma 4.1.5. Let a(x,t, D,, D;) be an operator in the class OPS;”’k(R2, ), b*(x,t, Dy)
€ OPHq*m/ and \(t, Dy) € OPS%/ (R;) with homogeneous asymptotic expansions

J —

a ~ Za_j, a_; € S(T’H"’l, g. h. of degree m — uk _J

j>0 1 1
b ~ Zb—i’ b_; € Hy “', g h. of degree m' — !

i>0 q

m'’—£ V4

A~ Z s, Ay € S, 7, homogeneous of degree m" — p

>0

Then
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(i) b*(z,t,Dy) o a(x,t, Dy, D) € OPH;‘erm/_q%lk with g.h. asymptotic expansion

(4.1.17) o Z Z a5(x,t, Dy, 7)) (05D_(-, 1, 7))
s=0 gl+i+j=s 2

’,kq_l N

€ H" VT T

(i) A(t, Dy) o b*(x,t, Dy) € OPH;m/+m/l with asymptotic expansion

(4.1.18) (Ao b7 Z Z _8a ~o(t, T) Db (L, 7) € H;n/+ml,7;

s=0 ga+it+l=s

The proofs of Lemmas 4.1.2 —4.1.4 are obtained with a g-variation of the calculus
developed by Boutet de Monvel and Helffer, [2], [9]. The proof of Lemma 4.1.5 is performed

taking the adjoint and involves a combinatoric argument; we give here a sketchy proof.

Proof. We prove item (i). The proof of (ii) is similar and simpler.
Since b*(x,t, D;) o a(x,t, Dy, Dy) = (a(x,t, Dy, Dy)* o b*(x,t, Dy)*)", using Lemma 4.1.1

and 4.1.2, we first compute

O-(G'(I" t’ Dx’ Dt)* o b*(xa ta Dt)*)

= 2.

94D (a_y (., t, Dy, 7))* <8£Df+pb_i(-7t,7‘)>

a,l,p,i,7>0 E'a'p'
Z ( Z ﬁ' Dt (xataDmT))* (asz(atﬂ—))) )
7>0 B,i,7>0

where (—D;)? (a_;(x,t, D,,7))" denotes the formal adjoint of the operator with symbol

Dﬁ a_;j(z,t,&,7) as an operator in the z-variable, depending on (¢, 7) as parameters. Here
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we used Formula (A.2) in the Appendix. Hence

1
O-(b*(xut7 Dt) © a(x,t, D:Cv Dt)) = Z Eaﬂlin

>0

X (Z %831)? ( Z %<_Dt)ﬂ (a—j(x>t’ DSU?T))* (8T/Bb_i(‘7t,7—)>)>

>0 B1i,j=0

— Z %Df (a—j(x,t, Dy, 7)) (355_4('7@7))

B,i,j >0
1 Ry
=3 > D@t D)) (02 1,7))
s>0 gf+itj=s '~

because of Formula (A.3) of the Appendix. O

4.2. The actual computation of the eigenvalue. We are now in a position to start
computing the symbol of A.

Let us first examine the minimum eigenvalue and the corresponding eigenfunction
of Py(x,t,D,,7) in (4.1.1), as an operator in the z-variable. It is well known that
Py(z,t, D,, T) has a discrete set of non negative, simple eigenvalues depending in a real
analytic way on the parameters (¢, 7).

Py can be written in the form LL* 4 t>*L*L, where L = D, + iz? ‘7. The kernel of L*
is a one dimensional vector space generated by ¢ o(z,7) = CoT exp(—%T), ¢o being a
normalization constant such that |¢oo(-, 7)||r2(r,) = 1. We remark that in this case 7 is
positive. For negative values of 7 the operator LL* is injective. Denoting by ¢o(z,t, T)
the eigenfunction of By corresponding to its lowest eigenvalue Ag(¢,7), we obtain that

wo(x,0,7) = poo(x,7) and that Ag(0,7) = 0. As a consequence the operator
(4.2.1) P = BB+ B*(t* +2*)B,  B=D,+i2"'D,,

is not maximally hypoelliptic i.e. hypoelliptic with a loss of 2 — % derivatives.

Next we give a more precise description of the t-dependence of both the eigenvalue Ag
and its corresponding eigenfunction g of Py(x,t, D,,T).

It is well known that there exists an € > 0, small enough, such that the operator

1
My = — I — Py(z,t,D,, 7))~
0 97i e (/l 0(1'7 ) ) 7—)) 14
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is the orthogonal projection onto the eigenspace generated by ¢g. Note that II; depends
on the parameters (¢,7). The operator LL* is thought of as an unbounded operator in

L*(R,) with domain B2(R,) = {u € L*(R,) | 2*Du € L?,0 < 3 + 27 < 2}. We have
(Wl — Py)™' = (I +* [-A( +t**A)7']) (uI — LL*) 7Y,

where A = (LL* — pI)™'L*L. Plugging this into the formula defining II,, we get

1 1
My =5 (uI — LL*) dp — —,t%]{ AT+ 2 A)~Y(ul — LL*) tdp.
T J|pu|=e m |ul=¢
Hence
1 _ .\ —
wo = oo = woo0— t%T A(I + ¢ A) N (ul — LL*) o odp
TS |ul==
(422> = 90070(3:’7) +t2€¢0('x>t77)'

Since Il is an orthogonal projection then ||¢o(-,¢,7)| 2 r,) = 1.

As a consequence we obtain that
(4.2.3) Ao(t,7) = (Popo, wo) = t*|| Lo o|* + O (t").
We point out that Lygo # 0. Observe that, in view of (4.1.2),

Aot ur) = min (Fo(x,t, Dy, pr)u(z), u(x))
lull 2 =1

-1/q -1/q

ues: p D 1)
Jull 2 =1
vEBg
ol 2=1
(4.2.4) = pilo(t,7).

This shows that Ay is homogeneous of degree 2/q w.r.t. the variable 7.

Since ¢ is the unique normalized solution of the equation
(Po(x,t, Dy, 7) — No(t, 7))u(-,t,7) =0,

from (4.1.2) and (4.2.4) it follows that ¢, is globally homogeneous of degree 1/(2q).

Moreover ¢q is rapidly decreasing w.r.t. the z-variable smoothly dependent on (¢,7) in
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a compact subset of R? \ 0. Using estimates of the form (4.1.11) we can conclude that

¥ c Hl/(2‘J)

Let us start now the construction of a right parametrix of the operator
P("L‘ytaDl’th) QOO(xytaDt)
oy(x,t, Dy) 0

as a map from C§° (R2 1) x C5°(Ry) into C’OO( v.iy) X CF(Ry). In particular we are looking

for an operator such that

(42 5) P([E,t, D:DaDt) QOO(xat?Dt) F(x7t7Da77Dt) ¢($7ta Dt)
/N (¢]
wo(x,t, D) 0 *(x,t, D) —A(t, Dy)
]dC’(C)’O(R2) O

0 ldepm

Here ¢ and ¢* denote operators in OPqu/Qq and OPH;I/Q‘], F e OPS;Q’*2 and A €
OPSi/Oq. Here = means equality modulo a regularizing operator.

From (4.2.5) we obtain four relations:

(4.2.6)  P(x,t,D,, D)o F(x,t,Dy, Dy) + @o(z,t,Dy) o™ (x,t, D) = 1d,
(4.2.7) P(z,t, Dy, Dy) op(x,t, Dy) — oz, t, Dy) o A(t,Dy) = 0,
(4.2.8) ooz, t,Dy) o F(x,t,D,, Dy) = 0,
(4.2.9) oo(x,t, Dy) op(x,t, Dy) = Id.

We are going to find the symbols F', 1) and A as asymptotic series of globally homogeneous
symbols:
(4210) FNZF—jv ¢Nzw—jv ANZA—j7

j>0 Jj>0 Jj=0

From Lemma 4.1.2 we obtain that

o(PoF) Z Z _i(z,t, Dy, 7) 0y DYF_i(2,t, Dy, 7)),

s>0 gqa+itj=s
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where we denoted by P_; the globally homogeneous parts of degree % — % of the symbol
of P, so that P = Py+ P_, + P_y;. Furthermore from Lemma 4.1.3(i) we may write that

o(poor)) me Y N —'8ag00:1: t,7)Db_i(€,t, 7).

s>0 qa+i=s

Analogously Lemmas 4.1.4, (4.1.3)(iii) give

Pow Z Z _'af —j Z' t Dxa )(wafz('vt?T))a

s20 gl+i+j=s é

o(poo ) ~ ZZ .TgpoxtT)DA( 7).

§>0 ga+l=s

Finally Lemmas 4.1.5(i) and 4.1.3(ii) yield

SOOOF Z Z .Dz F—] L, t Dl‘? ))*(a£%(>t77))7

s>0 gl+j=s

and

o(ph o)) ~ Z Z / “Go(x, t, 7) DM (x, t, T)dx.

s>0 qa+j=s
Let us consider the terms globalquJrimmogeneous of degree 0. We obtain the relations
(42.11)  Py(z,t, Dy, 7) 0y Fo(x,t, Dy, 7) + o, t,7) @ (-, t,7) = Id
(4.2.12) Po(x,t, Dy, 7)(o(t, 7)) — No(t, T)po(x,t,7) = 0
(4.2.13) (Folw,t, Das 7)) (0, £,7)) = 0
(4.2.14) /@O(x,t, T)o(x,t,7)dx = 1.

Here we denoted by ¢ ® 1)y the operator u = u(x) — goofzﬁoudx; Yo ® Yy must be a
globally homogeneous symbol of degree zero.

Conditions (4.2.12) and (4.2.14) imply that 1)y = po. Moreover (4.2.12) yields that

A0<t7 7—) = <P0(:L‘7 ta DJC) 7—)900(1”7 t: T)? @0(1'7 ta T)>L2(R;C)a

coherently with the notation chosen above. Conditions (4.2.11) and (4.2.13) are rewritten

as
Py(x,t, Dy, T) oy Fo(x,t, Dy, 1) = Id—Tly

Fo(xv tv Dwa T)(QOO(U tv T)) S [QOO]J_v
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whence

-1 n
(4215) FO(:L' t D:C 7_) _ (PO(SC,t, D‘T’T)‘[cpo]LﬂBg> on [300}

0 on [po].

Since Py is g-globally elliptic w.r.t. (x,£) smoothly depending on the parameters (¢, 7),
one can show that Fy(z,t, D,,7) is actually a pseudodifferential operator whose symbol
verifies (4.1.10) with m = k = —2, j = 0, and is globally homogeneous of degree —2/q.

From now on we assume that ¢ < 2k and that 2k is not a multiple of ¢; the comple-
mentary cases are analogous.

Because of the fact that P_; = 0 for j = 1,...,¢ — 1, relations (4.2.11)(4.2.14) are
satisfied at degree —j/q, j =1,...,q — 1, by choosing F_; =0, ¢_; =0, A_; = 0. Then
we must examine homogeneity degree —1 in Equations (4.2.6)—(4.2.9). We get

P—qoxFO+POO$F—q+aTPOOthFO

(4.2.16) 0 @ Y_g + D00 @ Dypy = 0
Po(v—q) + P-g(0) + 0- Fo(Dipo)
(4.2.17) —A_ypo — DiNgdrgy = 0
(4.2.18) (F-q)" (o) — (DeF5)(Orp0) = 0
(4.2.19) (Y—g: P0) L2(R,) + (Dip0, Orpo) 12w,y = 0.

First we solve w.r.t. ¢¥_q = (¢)_g, 00) 12(r, )P0 + V2, € [00] @ o] " From (4.2.19) we get
immediately that

(4-2~20) Wfq, 900>L2(Rz) = _<Dt<ﬂo, 37%00>L2(RI)-

(4.2.17) implies that

Po({¢—g,0)00) + Po(v1,) = —P_q(00) — 0-Po(Drpo) + A_gpo + DiAgrpp.

Thus, using (4.2.20) we obtain that

[po]™ 3 Po(vr,) = —P-y(00) — 0:Po(Dipo) + A_qipo + DiNoO-p + (Dypo, 9-00) Moo,
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whence

(4-2-21) qu = <Pfq(<ﬂo) + aTPO(DtSDO) — DiAoO- 0, 900>L2(RI) - <Dt9007 5’7900>A0-

(4.2.22)  Y_q = —(Dypo, 0-00) 2R, 0 + Fo (—P—4(¢0) — 0-Po(Dypo) + DiMoOripo)

since, by (4.2.15), Fypg = 0. From (4.2.18) we deduce that, for every u € L*(R,),
Mo Fqu = (u, (D) (0-00)) L2z 00 = [00 @ (DeF5)(0rp0)] w

Let —w_y, = P_y 0, Fy + 0-Fy oy DiFy + 0o @ Y_g + 0rp0 @ Dypg. Then from (4.2.15),
applying Fj to both sides of (4.2.16), we obtain that

(]d — Ho)F_q = —Fow_q.
Therefore we deduce that
(4223) F_q = o & (DtF(;k)(aT§00) - Fow_q.

Inspecting (4.2.22), (4.2.23) we see that ¢_, € Hlf%_l, globally homogeneous of degree
1/2¢—1,F_, € S;Qﬁﬂ%, globally homogeneous of degree —2/q — 1.

From (4.2.21) we have that A_, € 5127/0(1_1 homogeneous of degree 2/q — 1. Moreover
P_, is O(t*71), Dy is estimated by 271, for ¢ — 0, because of (4.2.2), D;\, is also
O(t*1) and Ay = O(t*) because of (4.2.3). We thus obtain that

(4.2.24) A (t,7) = O@* ).

This ends the analysis of the terms of degree —1 in (4.2.5).

The procedure can be iterated arguing in a similar way. We would like to point out
that the first homogeneity degree coming up and being not a negative integer is —2k/q
(we are availing ourselves of the fact that 2k is not a multiple of ¢. If it is a multiple of
q, the above argument applies literally, but we need also the supplementary remark that
we are going to make in the sequel.)

At homogeneity degree —2k/q we do not see the derivatives w.r.t. t or 7 of the sym-
bols found at the previous levels, since they would only account for a negative integer

homogeneity degrees.
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In particular condition (4.2.7) for homogeneity degree —2k/q reads as

Pop_op, + P_oppo — o9, = 0.

Taking the scalar product of the above equation with the eigenfunction ¢y and recalling

that [|@o(-,2,7)||L2(e) = 1, we obtain that

(4.2.25) Aoi(t,7) = (P-ako, Y0) 2(r,) + (Pot—2k; ©0) 12(R,)-

Now, because of the structure of P_ok, (P_oxp0, ©o) 12(r,) > 0, while the second term on
the right, which is equal to (_ax, ©o)Ag, vanishes for t = 0. Thus if ¢ is small enough we
deduce that

(4.2.26) A_ap(t,7) > 0.

From this point on the procedure continues exactly as above.

We have thus proved the

Theorem 4.2.1. The operator A defined in (4.2.5) is a pseudodifferential operator with
symbol A(t,7) € Sf’{)q(Rt). Moreover, if jo is a positive integer such that jog < 2k <
(jo + 1)gq, the symbol of A has an asymptotic expansion of the form
Jo
(4.2.27) A7)~ D Aot 7) + D (Aarsg(t:7) + A(ornyg—sg(t. 7)) -
=0 5>0
Here A_,, has homogeneity 2/q — p/q and
a-

Aojglt,7) = O 7)  forj=0,....jo.

b- A_o satisfies (4.2.20).

4.3. Hypoellipticity of P. In this section we give a different proof of the C*° hypoel-
lipticity of P. This is accomplished by showing that the hypoellipticity of P follows from
the hypoellipticity of A and proving that A is hypoelliptic if condition (1.2) is satisfied.
As a matter of fact the hypoellipticity of P is equivalent to the hypoellipticity of A, so
that the structure of A in Theorem 4.2.1, may be used to prove assertion (iii) in Theorem
1.1 (see [3].)

We state without proof the following
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Lemma 4.3.1. (a) Let a € S;”’k, properly supported, with k < 0. Then Opa 1is
continuous from Hi (R?) to Hlsozm%q%l(Rﬂ.
(b) Let ¢ € H;Hi, properly supported. Then Op ¢ is continuous from Hj (R) to
(R?) to HZ ™(R).

H? ™(R?). Moreover ¢*(z,t, D;) is continuous from H; e

loc loc
Mirroring the argument above, we can find symbols F' € Sq_Q’_Q, (NS H;mq and A € 5127/0(1
as in (4.2.10), such that

F(I’,t, Darth> w(xvtrDt) P(x7t7D$7Dt) ¢0(I7t7 Dt)
O

(4.3.1)
v (x,t, Dy) —A(t, Dy) oy(x,t, Dy) 0

Idcgo (]R2) O

From (4.3.1) we get the couple of relations
(4.3.2)  F(z,t,D,,D,) 0 P(x,t,Dy, D) = Id—(x,t,Dy)o iz, t, Dy)
(4.3.3) *(z,t,Dy) o P(x,t, Dy, D) = A(t, Dy) o @i(z,t, Dy).

Proposition 4.3.1. If A is hypoelliptic with a loss of § derivatives, then P is also hy-

poelliptic with a loss of derivatives equal to

-1
p R + max{0, ¢ }.
q

(R2). From Lemma 4.3.1 we have that FPu € H. */?(R?),

loc

By (4.3.2) we have that u — ¢piu € H8+2/Q(R2). Again, using Lemma 4.3.1, ¢*Pu €

loc

Proof. Assume that Pu € H}

loc

H; (R), so that, by (4.3.3), Apju € Hj (R). The hypoellipticity of A yields then that
s+2-6 s+2_§
Pou € Hzotq (R). From Lemma 4.3.1 we obtain that ¢ pju € HZOJCF" (R). Thus u =
s+2 —max{0,5 . .
(Id — Ypdu + bpju € Hzotq 0 }. This proves the proposition. O

Next we prove the hypoellipticity of A under the assumption that ¢ > k/q.
First we want to show that there exists a smooth non negative function M (¢, 7), such

that

(434)  MED) SCAED]L  AG)E )] < CapM(t,7)(1+ 7)o,
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where «, 3 are non negative integers, C, C, s suitable positive constants and the inequality
holds for ¢ in a compact neighborhood of the origin and || large. Moreover p and § are
such that 0 < 9§ < p < 1.

We actually need to check the above estimates for A only when 7 is positive and large.

Let us choose p=1, 0 = éﬁq < 1 and

M(t,T) = i (t% + T_%) )

for 7 > ¢ > 1. It is then evident, from Theorem 4.2.1, that the first of the conditions (4.3.4)
is satisfied. The second condition in (4.3.4) is also straightforward for Ay + A_o;, because
of (4.2.26) and (4.2.3). To verify the second condition in (4.3.4) for A_;,, ¢ € {1,...,Jo},
we have to use property a- in the statement of Theorem 4.2.1. Finally the verification
is straightforward for the lower order parts of the symbol in Formula (4.2.27). Using
Theorem 22.1.3 of [10], we see that there exists a parametrix for A. Moreover from the
proof of the above quoted theorem we get that the symbol of any parametrix satisfies the

same estimates that A~! satisfies, i.e.
-1
DIDENET)| < Cog |70 (4775 )| (1 4+7)7F 6P < Cop(l47) 5 a0 aP,
t T 75 7:8

for t in a compact set and 7 > C. Thus the parametrix obtained from Theorem 22.1.3 of
2k 2

[10] has a symbol in S °.
' lq
We may now state the

Theorem 4.3.1. A is hypoelliptic with a loss of % derivatives, i.e. Au € Hj . implies
2 2k

that u € H;;q “,
Theorem 4.3.1 together with Proposition 4.3.1 prove assertion (i) of Theorem 1.1.

A. APPENDIX

We prove here a well-known formula for the adjoint of a product of two pseudodiffer-
ential operators using just symbolic calculus. Let a, b symbols in S%O(Rt). We want to

show that

(A1) (ab)” = b #a,
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where # denotes the usual symbolic composition law (a higher dimensional extension

involves just a more cumbersome notation.)

We may write

(a#th)” = > (a' e)' 0LD} (0aDyb)
£,a>0

—1)* [0\ (L -
_ Z Z ( ) aoc—H"Df—sa GZ_TD?’LSI).
alll \r)\s) 7 T
L, a>0r,s<l
Let us change the summation indices according to the following prescription; j = a + r,
B+j=L0—5s,1=a+s,sothat { —r =i+ [, we may rewrite the last equality in the
above formula as

s B+i+s\(B+I+S\ 81T af nB+i-
(astb)’ ZZ 6+J+s) (j_HS)( . )aT Dib & D;a.

4,7,8>0 s<i

Let us examine the s-summation; we claim that

L(=1)E 1 B+j=s\ 1
Z(Z—S) (ﬁ+l>(ﬂ—z+8)( s >_6!i!j!'

s=0

This is actually equivalent to

s () (3 ) = (1)

Setting i — s = v € {0,1,...,i}, the above relation is written as

s ()= ()

and this is precisely identity (12.15) in W. Feller [8], vol. 1.

Thus we may conclude that

(a#b)* _ ZB'Z' |az+6Dz aJDJJrﬁ_
1.3,0

= 25' (Z @lDZ)Dﬁ (Z 8JD">

B>0 i>0 §>0

= b"#a”.

This proves (A.1).
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As a by-product of the above argument we get the following identity

(AQ) Z B‘Z' 'az+,3D ba]D]+5— Z uafo (aa Dab)

alf!

1,3,8 £,a>0

which is the purpose of the present Appendix.

We would like to point out that the relation (a*)* = a rests on the identity

(A.3) Zglaw Z —0°oD2a

[1]

>0 a20

1 S! o S 1S 1 $95 1M)S
:ZQ Z M(_l) @DNIZQO_D 0:Dia = a.

s>0 l+a=s s>0
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