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Abstract

We study properties of Sobolev-type metrics on the space of immersed plane curves. We show that
the geodesic equation for Sobolev-type metrics with constant coefficients of order 2 and higher is
globally well-posed for smooth initial data as well as initial data in certain Sobolev spaces. Thus
the space of closed plane curves equipped with such a metric is geodesically complete. We find
lower bounds for the geodesic distance in terms of curvature and its derivatives.
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1. Introduction

Sobolev-type metrics on the space of plane immersed curves were independently
introduced in [7, 17, 24]. They are used in computer vision, shape classification
and tracking, mainly in the form of their induced metric on shape space, which
is the orbit space under the action of the reparameterization group. See [14,
23] for applications of Sobolev-type metrics and [2, 18] for an overview of
their mathematical properties. Sobolev-type metrics were also generalized to
immersions of higher dimensional manifolds in [4, 5].
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It was shown in [18] that the geodesic equation of a Sobolev-type metric of
order n > 1 is locally well-posed and this result was extended in [4] to a larger
class of metrics and immersions of arbitrary dimension. The main result of this
paper is to show global well-posedness of the geodesic equation for Sobolev-
type metrics of order n > 2 with constant coefficients. In particular we prove the
following theorem:

Theorem 1.1. Let n > 2 and the metric G on Imm(S ', R?) be given by

n

G.(h,k) = «(D’h, D’k)ds,
()fslzajk sk) ds

Jj=0

with a; > 0 and ay, a, # 0. Given initial conditions (cy, up) € T Imm(S I R?) the
solution of the geodesic equation

- i j a ’
o, (Z(—l)f €1 DY er | = =5 I/ Ds (e )
=0

n 2k-1
+ DL % | Dy ((DF e, Dle,yv) .

k=1 j=1
for the metric G with initial values (cy, ug) exists for all time.

Here Imm(S !, R?) denotes the space of all smooth, closed, plane curves with
nowhere zero tangent vectors; this space is open in C*(S I R?). We assume that
¢ € Imm(S', R?) and A, k are vector fields along ¢, ds = |¢/| df is the arc-length
measure, D, = ﬁég is the derivative with respect to arc-length, v = ¢’/|c| is the
unit length tangent vector to ¢ and ( , ) is the Euclidean inner product on R?.

Thus if G is a Sobolev-type metric of order at least 2, then the Riemannian
manifold (Imm(S ', R?), G) is geodesically complete. If the Sobolev-type metric
is invariant under the reparameterization group Diff(S '), also the induced metric
on shape space Imm(S ', R?)/ Diff(S ') is geodesically complete. The latter space
is an infinite dimensional orbifold; see [17, 2.5 and 2.10].

Theorem 1.1 seems to be the first result about geodesic completeness on man-
ifolds of mappings outside the realm of diffeomorphism groups and manifolds of
metrics. In the first paragraph of [9, p. 140] a proof is sketched that a right invari-
ant H*-metric on the group of volume preserving diffeomorphisms on a compact
manifold M is geodesically complete, if s > dim(M)/2 + 1. In [25] there is an
implicit result that a topological group of diffeomorphisms constructed from a
reproducing kernel Hilbert space of vector fields whose reproducing kernel is at
least C!, is geodesically complete. For a certain metric on a group of diffeomor-
phisms on R” with C! kernel geodesic completeness is shown in [19, Thm. 2].
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Metric completeness and existence of minimizing geodesics have also been stud-
ied on the diffeomorphism group in [6]. The manifold of all Riemannian metrics
with fixed volume form is geodesically complete for the L2-metric (also called
the Ebin metric).

Sobolev-type metrics of order 1 are not geodesically complete, since it is
possible to shrink a circle to a point along a geodesic in finite time, see [18,
Sect. 6.1]. Similarly a Sobolev metric of order 2 or higher with both ag, a; = O is
a geodesically incomplete metric on the space Imm(S !, R?)/ Tra of plane curves
modulo translations. In this case it is possible to blow up a circle along a geodesic
to infinity in finite time; see Rem. 5.7.

In order to prove long-time existence of geodesics, we need to study prop-
erties of the geodesic distance. In particular we show the following theorem
regarding continuity of curvature « and its derivatives.

Theorem 1.2. Let G be a Sobolev-type metric of order n > 2 with constant
coefficients and dist® the induced geodesic distance. If 0 < k < n — 2, then the
functions

D) +le’] - Imm(S ', R?), dist’) — LX(S',R)
D'og e’ VIe'| : (Imm(S ', R?), dist®) — L*(S',R)
are continuous and Lipschitz continuous on every metric ball.

A similar statement can be derived for the L*-continuity of curvature and its
derivatives; see Rem. 4.9.

The full proof of Thm. 1.1 is surprisingly complicated. One reason is that
we have to work on the Sobolev completion (always with respect to the original
parameter 6 in S ) of the space of immersions in order to apply results on ODEs
on Banach spaces. Here the operators (and their inverses and adjoints) acquire
non-smooth coefficients. Since we we want the Sobolev order as low as possible,
the geodesic equation involves H™"; see Sect. 3.3. Eventually we use that the
metric operator has constant coefficients. We have to use estimates with precise
constants which are uniformly bounded on metric balls.

In [4] the authors studied Sobolev metrics on immersions of higher dimen-
sional manifolds. One might hope that similar methods to those used in this arti-
cle can be applied to show the geodesic completeness of the spaces Imm(M, N)
with M compact and (¥, g) a suitable Riemannian manifold. A crucial ingredient
in the proof for plane curves are the Sobolev inequalities Lem. 2.14 and Lem.
2.15 with explicit constants, which only depend on the curve through the length.
The lack of such inequalities for general M will one of the factors complicating
life in higher dimensions.
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2. Background Material and Notation
2.1. The Space of Curves The space

Imm(S ', R?) = {c eCS Ry : O 0}

of immersions is an open set in the Fréchet space C*(S ', R?) with respect to the
C>-topology and thus itself a smooth Fréchet manifold. The tangent space of
Imm(S ', IR?) at the point ¢ consists of all vector fields along the curve c. It can
be described as the space of sections of the pullback bundle c¢*TR?,

TR?

T.Imm(S', R?) = [(¢*TR?) = {h : / ln

sl_—_¢ L R2

In our case, since the tangent bundle TIR? is trivial, it can also be identified with
the space of R?-valued functions on S,

T, Imm(S', R?) = C*(S',R?).

For a curve ¢ € Imm(S',R?) we denote the parameter by § € S' and
differentiation dy by ’, i.e., ¢’ = dyc. Since c is an immersion, the unit-length
tangent vector v = ¢’/|c’| is well-defined. Rotating v by 7 we obtain the unit-
length normal vector n = Jv, where J is rotation by 5. We will denote by
D, = 0y/|cy| the derivative with respect to arc-length and by ds = |cg|df the
integration with respect to arc-length. To summarize we have

1
v = Dgc, n=Jv, Ds=m69, ds = |cp|dB.
Co

The curvature can be defined as
k =(Dyv,n)
and we have the Frenet-equations

Dyv =«kn
Dn = —kv.
The length of a curve will be denoted by £, = fsl 1 ds. We define the turning

angle @ : S!' — R/2xZ of a curve ¢ by v(0) = (cos a(6), sin a(#)). Then curvature
is given by k = D;a.
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2.2. Variational Formulae We will need formulas that express, how the quan-
tities v, n and « change, if we vary the underlying curve c. For a smooth map F
from Imm(S ', R?) to any convenient vector space (see [13]) we denote by

d
D.uF=—| F(c+th
o dr =0 (C )

the variation in the direction 4.
The proof of the following formulas can be found for example in [18].

Dc,hv = <Dsh’ I’l)l’l Sl Dc,ha' = (Dsh» n)
Dc,hn = —<D5h, n>v
Dk = (D*h, n) — 2k(Dh, v)

De (1) = k(Dsh, vy I’

With these basic building blocks, one can use the following lemma to compute
the variations of higher derivatives.

Lemma 2.3. If F is a smooth map F : Imm(S!,R?) — C*(S',RY), then the
variation of the composition D o F is given by

Dc,h (DS‘ © F) =D, (Dc,hF) - <Dsha v>DsF(C) .

Proof. The operator 9y is linear and thus commutes with the derivative with
respect to c. Thus we have

Deyi(Dy 0 F) = Deyi I/ 04 F ()
= ¢/ 0g (DesF) + (Denle’I™) BoF (c)

= Dy (DcpF) = (Dsh, vy |’ 3gF ()
=D, (Dc,hF) —(Dsh,v) DF(c). O]

2.4. Sobolev Norms In this paper we will only consider Sobolev spaces of
integer order. For n > 1 the H"(df)-norm on C*(S',RY) is given by

|M@M:£yfﬂ%ww. "

Given ¢ € Imm(S ', R?), we define the H"(ds)-norm on C(S ', RY) by
el 0y = fs (o) + IDSu(s) ds. )
Note that in (2) integration and differentiation are performed with respect to the

arc-length of ¢, while in (1) the parameter 8 is used. In particular the H"(ds)-
norm depends on the curve c¢. The norms H"(df) and H"(ds) are equivalent, but
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the constants do depend on c. We prove in Lem. 5.1, that if ¢ doesn’t vary too
much, the constants can be chosen independently of c.
The L*(d6)- and L*(ds)-norms are defined similarly,

2 2 2 2
2 ) = f lul? 6, . ) = f lul? ds,
St S

and they are related via ||u VIc’I”LZ(dg) = ||ullz2(45)- Whenever we write H'(S ', R?)

or L*(S ', RY), we always endow them with the H"(d6)- and L?(df)-norms.
For n > 2 we shall denote by

Imm" (S, R?) = {c : c € H'(S',R?),'(H) # 0}

the space of Sobolev immersions of order n. Because of the Sobolev embedding
theorem, see [1], we have H*(S',R?) — C!(S!,R?) and thus Imm"(S', R?) is
well-defined. We will see in Sect. 3.2 that the H"(ds)-norm remains well-defined
if c € Imm"(S', R?).

The following result on point-wise multiplication will be used repeatedly. It
can be found, among other places in [11, Lem. 2.3]. We will in particular use
that k can be negative.

Lemma 2.5. Let n > 1 and k € 7Z with |k| < n Then multiplication is a bounded
bilinear map

HY(S R x HYS',RY) — HYSLR), (f.9) e (f.8)

The last tool, that we will need is composition of Sobolev diffeomorphisms.
For n > 1, define

DS = {¢ : @is C'-diffeomorphism of S! and ¢ € H"(S', S 1)}

the group of Sobolev diffeomorphisms. The following lemma can be found in
[11, Thm. 1.2].

Lemma 2.6. Letn > 2 and 0 < k < n. Then the composition map
H' S RY)x D' - H'S'.RY), (f.o)m foy
is continuous.

Letn > 2 and fix ¢ € D*(S"). Denote by R,(h) = h o ¢ the composition with
. From Lem. 2.6 we see that R, is a bounded linear map R, : H" — H". The
following lemma tells us that the transpose of this map respects Sobolev orders.
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Lemma 2.7. Letn > 2, ¢ € D(S") and —n < k < n— 1. Then the restrictions of
Ry, are bounded linear maps

R, [ H*S" R : HYS',RY) - H'S',RY).
On L*(S',R?) we have the identity R;_l (H =R, ()¢

Proof. For —n < k < 0, we obtain from Lem. 2.6 that R, is a map R, : H* -
H* and by L*-duality we obtain that R, : H* — H* as required.

Nowlet0 <k <n-1, f € H and g € H". We replace ¢ by ¢! to simplify
the formulas. By definition of the transpose

<R:;flf9 g>H7ann = <f’ R‘»‘fl g>H*"><H” -

= fs (f0).5667 @) do = fs (fp(6)),(6)) ¢'(6) d6 =

= <(R‘/’f) Q0,’g>H*P><HF ’
Thus we obtain RZ_]( ) = R, (f) ¢ and using Lem. 2.5 we see that for f € H*
we also have R’ (f) € H*. O

2.8. Notation We will write
flag

if there exists a constant C > 0, possibly depending on A, such that the inequality
f < Cg holds.

2.9. Gronwall Inequalities The following version of Gronwall’s inequality
can be found in [22, Thm. 1.3.2] and [12].

Theorem 2.10. Let A, ®, ¥ be real continuous functions defined on [a, b] and
® > 0. We suppose that on [a, b] we have the following inequality

A() <Y + ftA(s)CD(s) ds.

a

Then ) ,
A(t) <Y + f Y(s)D(s) exp (f D(u) du) ds

holds on [a, b].

We will repeatedly use the following corollary.
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Corollary 2.11. Let A, G be real, continuous functions on [0, T] with G > 0 and
a, 8 non-negative constants. We suppose that on [0, T] we have the inequality

A() <AQ) + f (a + BA(5))G(s)ds.
0

Then ,
A(t) < A0) + (a/ +(A©0) + aN)ﬁeﬁN) f G(s)ds
0

holds in [0,T] with N = [} G(t)dr.

Proof. Apply the Gronwall inequality with [a, b] [0,T], ¥() = AQ©) +
@ [; G(s)ds and ®(s) = BG(s), and note that G(s) > 0 implies [ G(u)du <
N. O

2.12. Poincaré Inequalities In the later sections it will be necessary to esti-
mate the H*(ds)-norm of a function by the H"(ds)-norm with k < n, as well as
the L*-norm by the H"(ds)-norm. In particular, we will need to know, how the
curve ¢ enters into the estimates. The basic result is the following lemma, which
is adapted from [15, Lem. 18].

Lemma 2.13. Let ¢c € Imm*(S',R*) and h : ' — R? be absolutely continuous.
Then

sup
fes!

Proof. Since h(0) = h(2n), the following equality holds,

6 21
h(0) — h(0) = % (jo‘ W (o)do - f (o) do-) ,
0

and hence after integration

1 1
h() — — hds| < = Dh|ds .
(©) &fsl s‘_2S1| |ds

— hds —h(0) =

1 1 0 2
o Jo %Cj;l(j;h(a')dv—j; h(a')da')ds.

Next we take the absolute value

1 1 0 2
- f hds - h(0)| < f ( f I ()| dor + f |h’(o-)|do') ds
t Jsi 20 Jsi\Jo 0
1 1
<— | w lds== | IDh
_zfcfSll((r)ld(rfSl ds 2L| |ds

Now we replace 0 by an arbitrary # € S and repeat the above steps. O
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This lemma permits us to prove the inequalities that we will use throughout
the remainder of the paper.

Lemma 2.14. Let ¢ € Imm?(S !, R?) and h € H*(S ', RY). Then

¢
Il < > 2y + SID
o ID:hI. < .

o |ID,h|? |Dzh||L2(dY>

Proof. From Lem. 2.13 we obtain the inequality

1 1
Ml < — hlds + = Dgh|ds.
Wl < = | s+ 3 | 1D ds

c

Next we use (a + b)*> < 2a*> + 2b* and Cauchy-Schwarz in

2 2 2
Al < = f mlds| +=( | IDshlds
2\ Jsi 2\ Jgi
2 ‘.
g—f|h|2ds +—f|Dsh|2ds,
e\ Jsi 2 \Jgi

thus proving the first statement. To prove the second statement we note that
i1 Dshds = 0 and thus by Lem. 2.13

1
DAl < = f \D2h|ds .
2 Jg1
Hence
1 2
DAl < Z( fS | |D§h|ds) < ||Dzh||Lz(ds)

To prove the third statement we estimate

b
1D gy < DI fs s < DR,
This completes the proof. O

The next lemma allows us to estimate the H*(ds)-norm using a combination
of the L?(ds)- and the H"(ds)-norms, without introducing constants that depend
on the curve.
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Lemma 2.15. Let n > 2, ¢ € Imm"(S!,R?) and h € H'(S',R?). Then for
0<k<n,

k1112 2
”Dsh”LZ + “D'slh“LZ(ds) .

2
@s) < Wllzagg)

Proof. Let us write D, and L*(c) for D, and L*(ds) respectively to emphasize
: k _ k

the dependence on the curve c. Since |Dch )LZ(C) = )Dcw(h o t,a)”L2 (copy WVE

can assume that ¢ has a constant speed parametrization, i.e. |¢’| = €./2n. The

inequality we have to show is

2 2k-1 2 2n-1
2n 2 l. 2r
il JAQ) do < f Zho)? + | 22
L ( le ) | (9)| 0= 0 2n Hon + Le

Let ¢(x) = %,—’:x. After a change of variables this becomes

K@) do.

L, e
fo |(h 0 )P dx < fo Ih o @Ol + |(h o )™ )| dx. 3)

Let f = ho ¢ and assume w.l.o.g. that f is R-valued. Define fi(x) =
€' exp (izflz‘x), which is an orthonormal basis of L*([0,¢.],R). Then f =

Sz f(K) fi and (3) becomes

2 () oo < 351+ () 17w
ke ke

Since for a > 0 we have the inequality a* < 1+ 4", the last inequality is satisfied,
thus concluding the proof. O

An alternative way to estimate the H*(ds)-norm is given by the following
lemma, which is the periodic version of the Gagliardo-Nirenberg inequalities
(see [20]).

Lemma 2.16. Let n > 2, ¢ € Imm"(S!,R?) and h € H'(S',R?). Then for
0<k<n,

k 1-k k
Dl 2asy < RIS IDERIELE

If c € Imm?(S ', R?), the inequality also holds for n = 0, 1.

2.17. The Geodesic Equation on Weak Riemannian Manifolds Let V be
a convenient vector space, M C V an open subset and G a possibly weak
Riemannian metric on M. Denote by L : TM — (T M) the canonical map
defined by

Gc(h’ k) = (Z‘Ch’ k>TM ”
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with c € M, h,k € T.M and with (-, -)7); denoting the canonical pairing between
(TM) and TM. We also define H.(h, h) € (T.M)’ via

DeynGe(h, h) = (He(h, h), m)ru

with D, ,, denoting the directional derivative at ¢ in direction m. In fact H is a
smooth map
H:TM — (TM)', (c,h) (c,Hc(h,h)).

With these definitions we can state how to calculate the geodesic equation.

Lemma 2.18. The geodesic equation — or equivalently the Levi-Civita covariant
derivative — on (M, G) exists if and only if %Hc(h, h) - (Dc,hlzc)(h) is in the image
of L. for all (c, h) € TM and the map

TM = TM, (c.h)w LT (§He(h 1) = (Deale)(h)
is smooth. In this case the geodesic equation can be written as

a=L'p 1. _
1 or  cu= 5L (Helere) = (0Le)(en) -
Pt = EHC(ctscl)

This lemma is an adaptation of the result given in [3, 2.4.1] and the same
proof can be repeated; see also [16, Sect. 2.4].

3. Sobolev Metrics with Constant Coefficients

In this paper we will consider Sobolev-type metrics with constant coefficients.
These are metrics of the form

G.(h,k) = f § ai(Dlh, Dlkyds,
N
J=0

with a; > 0 and ag,a, # 0. We call n the order of the metric. The metric can
be defined either on the space Imm(S', R?) of (C*-)smooth immersions or for
p > n on the spaces Imm?(S !, R?) of Sobolev H”-immersions.

3.1. The Space of Smooth Immersions Let us first consider G on the space
of smooth immersions. The metric can be represented via the associated family
of operators, L, which are defined by

G.(h,k)= | (Lch,k)ds = f (h, Lckyds,
st s!
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The operator L, : T, Imm(S ', R?) — T.Imm(S ', R?) for a Sobolev metric with
constant coefficients can be calculated via integration by parts and is given by

L= Z(—l)/ajl)ifh.
j=0

The operator L. is self-adjoint, positive and hence injective. Since L, is elliptic, it
is Fredholm H* — H*=?" with vanishing index and thus surjective. Furthermore
its inverse is smooth as well. We want to distinguish between the operator L.
and the canonical embedding from 7, Imm into (7, Imm)’, which we denote by
L.. They are related via

Lh=Lh® ds=L.h®|c|db.

Later we will simply write L.h = L.h|c’|, especially when the order of multipli-
cation and differentiation becomes important in Sobolev spaces.

3.2. The Space of Sobolev Immersions Assume n > 2 and let G be a Sobolev

metric of order n. We want to extend G from the space Imm(S ', R?) to a

smooth metric on the Sobolev-completion Imm”"(S!, R?). First we have to

look at the action of the arc-length derivative and its transpose (with respect

to H(d#)) on Sobolev spaces. Remember that we always use the H"(d6)-norm
1

on Sobolev completions. We can write D; as the composition D; = w° 0y,

where ﬁ is interpreted as the multiplication operator f +— \c_l| f- Its transpose is

D§ =90 (ﬁ)* =—0yo ﬁ These operators are smooth in the following sense.
Lemma 3.3. Letn > 2 and k € Z with |k| < n — 1. Then the maps
D, : Imm"(S',R*) x H*'(S',RY) —» H'S', R, (c,h) = Dsh = h'

1 h)’

el

D; : Imm"(S', R x HS ', RY) — H*'(S',RY),  (c.,h) > Dih = —(
are smooth.

Proof. For n > 2, the map ¢ — - is the composition of the following smooth

Ie’|
maps,
Imm"(S',R?) — ({f:f>0cH"'(SL,R) — H"'(S,R)
c — |C,| — 1 .

el

Since ﬁ € H"1(S',R?), Lem. 2.5. concludes the proof. O
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Using Lem. 3.3 we see that

n
G(hh) = f > a(Dkh, DRy ds
50
is well-defined for (c, ) € T Imm"(S ', R?). As the tangent bundle is isomorphic
to TImm”*(S', R?) = Imm"*(S!,R?) x H*(S!,IR?), we can also write the metric
as
n
Ge(h,h) = <Z ar (DY) |c'| Dkh, h>
k=0 H-"xH"
Again we note that |¢’| has to be interpreted as the multiplication operator
f = |c’| f on the spaces H* with |k| < n — 1. Thus the operator L. : H" — H™"

is given by

L = Z ar (DY o’ o DX
=0

While it is tempting to “simplify” the expression for L, using the identity
Djolc’| = -|c'| o Dy,
one has to be careful, since the identity is only valid, when interpreted as an

operator H* — H*~! with —n+2 < k < n— 1. The left hand side however makes
sense also for k = —n + 1. Thus we have the operator

(D)*olc|: L> > H™",
but the domain has to be at least H' for the operator
(-1)'Ic'lo D} - H' — H™!.
So the expression )
Lh = Z(—l)kak 1’| D%h,
k=0
is only valid, when we restrict L, to H"*!,i.e., L. : H"*' — H™"*!,

3.4. The Geodesic Equation By Lem. 2.18, we need to calculate H.(h, h).
This is achieved in the following lemma.

Lemma 3.5. Let n > 2 and let G be a Sobolev metric of order n. On
Imm”(S ', R?) we have

n 2k-1
He(h,h) = =ag || Dy ((h, yw) = > 3" (=D ag D} o (1 KDY/, Diyv) . (4)

k=1 j=1
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On Imm?(S',R?) with p > n+ 1 as well as Imm(S ', R?) we have the equivalent
expression,

H.(h,h) = ( = 2Lch, Dshyv — aolh, hykn +

n 2k-1
+ Z Z(—Dkﬂ'akw?"‘fh, Dih)xn) ® ds.

k=1 j=1

Proof. For k > 1 the variation of the k-th arc-length derivative is

k
DenDih = =" D\ ((Dm,v)DIh) ,
j=1

and the formula is valid for (c,m) € T Imm"(S',R?) and h € H7**(S', R?). So

DG (h,h) = f D" @Dk, DERYDm, ) I’ +2 " ag (DAh, Doy DY '] d6
Sy = k=1

= <Z ax |c'(D h, DXy, Dsm>

k=0 H-n+ly =1
n k
=23 3 a (i 1Dk, DD DI,
=1 j=1
Each term in the second sum is equal to
71 Yk k—Jj J —
(Ic'1D5h, DD WDIRY =
k=j\* | 71 1k j
= (D7) 1’| DEh (D, DR,
—j ’ 2k—j j
= (11 DY h ADgm, DY

= (=D (I'I<DY h, Dl Dsm>H

—ntly gn=1 "
So
He(h, ) =
n n k
= > ;o (KD, D) =2 3" 3 (=1 T o (1 KDYh, DIyy)
k=0 k=1 j=1

n 2k-1

= —ag|c'ID; G, ) = > " (=1 a D o (1 KD, DI) .
k=1 j=1
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This proves the first formula.

If (¢, h) € T Imm”(S ', R?) with p > 1, we can commute D? o || = —|c’| o Dy
to obtain
n 2k—1 ) )
He(h, 1) = =ay Ic'|D; ((h, ) + 3" 3" (=D ay |e’| D, ((DY/h, Dikyv) .
k=1 j=1

Parts of the expression simplify as follows

n 2k-1

D 0D, (O h, DIRy) - aoDy((h, 1))
k=1 j=1
- (=1)**a (D' h, DRy + (DY h, DI hy) = 2a0(h, D,h)

n 2k=2 2k—1
= > a| > (DD, DIy + " (~1 DI, Dé‘*‘h)}za()(h, Dyh)
1 j=0 j=1

(=1 12a,(D*h, Dghy — 2ao(h, Dsh)
k=1
= _2<Lcha Dsh> B

And by collecting the remaining terms we arrive at the desired result. 0

Now that we have computed H.(h, h), we can write the geodesic equation of
the metric G. It is

— a ,
0 (Lecr) = =5 1¢'1 Dy erne)v)

n 2k-1 u ‘ . ®)
= 2. 2D Dy o (1T e, Diev)

k=1 j=1

3.6. Local Well-Posedness It has been shown in [18, Thm. 4.3] that the
geodesic equation of a Sobolev metric is well-posed on Imm”(S !, R?) for p >
2n + 1. For a metric of order n > 2 we extend the result to p > n. This will later
simplify the proof of geodesic completeness.

Theorem 3.7. Let n > 2, p > n and let G be a Sobolev metric of order n with
constant coefficients. Then the geodesic equation (5) has unique local solutions
in the space Imm”(S ', R?) of Sobolev HP-immersions. The solutions depend C*
on t and the initial conditions. The domain of existence (in t) is uniform in p and
thus the geodesic equation also has local solutions in Imm(S ', R?), the space of
smooth immersions.
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Proof. Fix p > n. For the geodesic equation to exist, we need to verify the
assumptions in Lem. 2.18. We first note that L. is a map L. : H> — HP™>". By
inspecting (4) we see that H.(h, h) € HP~>" as well. Thus it remains to show that
L. maps H? onto H~2" and that the inverse is smooth. This is shown in 3.8.

Regarding local existence, we rewrite the geodesic equation as a differential
equation on 7 Imm"(S !, R?),

C:r=Uu

Uy = %ig‘ (He(u, 1) = (DeaLe)w)) -

This is a smooth ODE on a Hilbert space and therefore by Picard-Lindelof it has
local solutions, that depend smoothly on ¢ and the initial conditions. That the
intervals of existence are uniform in the Sobolev order p, can be found in [3,
App. A]. The result goes back to [9, Thm. 12.1] and a different proof can be
found in [18]. I

The following lemma shows that the operator L. has a smooth inverse on
appropriate Sobolev spaces. For p = n, we can use Lem. 5.1 and the lemma
of Lax-Milgram to show that L. : H" — H™ is invertible. For p > n more
work is necessary. Although L. is an elliptic, positive differential operator, it
has non-smooth coefficients. In fact, since |c’| € H"! some of the coefficients
are only distributions. To overcome this, we will exploit the reparametrization
invariance of the metric to transform L. into a differential operator with constant
coefficients.

Lemma 3.8. Let n > 2 and G be a Sobolev metric of order n. For p > n and
c € Imm”(S!,R?), the associated operators

L.: H'(S',RY) — H'2'(S',RY),
are isomorphisms and the map
L7 Imm?(S', R?) x HP72'(S',RY) — HP(S', RY), (c,h)— L'
is smooth.

Proof. Given a curve ¢ € Imm”(S I R?), we can write it as ¢ = do ¥, where d has
constant speed, |d’| = £./2n, and ¢ is a diffeomorphism of S'. The pair (d, ¥) is
determined only up to rotations; we can remove the ambiguity by requiring that
c(0) = d(0). Then ¥ is given by

2 9
o= f (@)l do.
c JO
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Concerning regularity, we have ¢ and ¢! € H?(S',S!) thus ¢ € D?(S'), and
d € Imm” (S, R?).
The reparametrization invariance of the metric G implies

(Leh,m)-oar = (Leogi(hoy™"),moy™")

Introduce the notation Ry(h) = ho ¢. If ¢ € DP(S 1) is a diffeomorphism, the
map R, is an invertible linear map R, : H” — H?, by Lem. 2.6. Furthermore by
Lem. 2.7 the transpose R}, is an invertible map R}, : H”~>" — H?~*". Thus we
get

H-PxHP *

L.h = R, o LyoRy-i(h).

Because |d’| = £./2n, the operator L is equal to

~ n 7 2k—1
L= Z(—l)kak(?) a2k
k=0 ¢

This is a positive, elliptic differential operator with constant coefficients and thus
L; : H? — HP™ is invertible. Thus the composition L. : H? — HP™"
is invertible. Smoothness of (c,h) — L:'h follows from the smoothness of
(¢, h) — L.h and the implicit function theorem on Banach spaces. (|

The remainder of the paper will be concerned with the analysis of the
geodesic distance function induced by Sobolev metrics. These results will be
used to show that geodesics for metrics of order 2 and higher exist for all times.

4. Lower Bounds on the Geodesic Distance

To prepare the proof of geodesic completeness we first need to use geodesic
distance to estimate quantities, that are derived from the curve and that appear
in the geodesic equation. These include the length €., curvature «, its derivatives
D’;K as well as the length element |¢’| and its derivatives D’; log|c’|. We want to
show that they are bounded on metric balls of a Sobolev metric of sufficiently
high order.

We start with the length €,. The argument given in [18, Sect. 4.7] can be used
to show the following slightly stronger statement.

Lemma 4.1. Let the metric G on Imm(S ', R?) satisfy
(Dsh, v)>ds < AG.(h,h),
for some A > 0. Then we hcszve the estimate
<

Vil = 4/l
H ! 222 (a0)

in particular the function |c’] : Imm(S ', R?), dist”) — L*(S', R) is Lipschitz.

diStG(Cl ,C2),

VA
2
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Proof. Take two curves cj,c; € Imm(S!,R?) and let c(¢,6) be a smooth path
between them. Then the following relation holds pointwise for each § € S!,

1
10 - leio = [ o (Vi) w.oyar.
0
The derivative 9; v|c’| is given by

1
3 lc'| = 5(Dscv) Vie'l,

|- @

and so

1 !
< = HDc,v Rvired dr
17(d6) 2.£ WDsce vl |L2<d9>

1 1
B fo [<Dscr, v>||L2(ds) d

IN

1
< g f VGuler ey di
0
VA
<

- Len%(c).

Since this estimate holds for every smooth path ¢, by taking the infimum we

obtain
NI

We recover the statement of [18, Sect. 4.7] by applying the reverse triangle
inequality. The following corollary is a disguised version of the fact, that on a
normed space the norm function is Lipschitz.

Corollary 4.2. If the metric G on Imm(S !, R?) satisfies

A A
< g inf Len®(c) = % dist9(cy. ) | 0
L2 C

R (Dsh,v)*ds < AG.(h,h),

for some A > 0, then the function V€. : Imm(S ', R?), dist®) — R is Lipschitz.

Proof. The statement follows from

t = fs 116 = | Ve’

[V, -1

2

12(do) ’
and the inequality

G - VE

(6)

L2(d6)

<

A
< £ dist®(cy, ). O
12(d6) 2
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Remark 4.3. Lemma 4.1 and Cor. 4.2 apply in particular to Sobolev metrics of
order n > 1. For n = 1 this is clear from (D,h,v)* < |D,h|*. For n > 2 we use
Lem. 2.15 to estimate

| (Dsh, V2 ds < DI g < WA gy + DRI ) < max (ag', ay') Gelh, h).
We could have also used Lem. 2.16,

2-2 2 1- -
fs Dy vy ds < DSl g,y < W00 IDUHILG, < @ ™"a; "Geth. b

to reach the same conclusion.

The following lemma shows a similar statement for f . We do not get
global Lipschitz continuity, instead the function f is L1pschitz on every
metric ball. This implies that £.! is bounded on every metric ball. We will
show later in Cor. 4.11 that the pointwise quantities |c’(8)| and |c¢’(6)|"! are also
bounded on metric balls.

Lemma 4.4. Let the metric G on Imm(S ', R?) satisfy
f I + |D|* ds < AG(h, )
Sl

for some n > 2 and some A > 0. Given cy € Imm(S',R?) and N > 0 there
exists a constant C = C(co, N) such that for all ¢i,c; € Imm(S',IR?) with
dist®(co, ¢;) < N, i = 1,2, we have

|€217 = £2)2] < Clco, N) dist®(c1, c2).

In particular the function £, 1z (Imm(S !, R?), dist’) — R.g is Lipschitz on
every metric ball.

Proof. Fix cy, ¢, with dist®(co, ¢;) < N and let ¢(z,60) be a path between them,
such that dist®(co, c(r)) < 2N. Then

5(5-1/2) 154/2f<0 e, vyIc’|do,

and by taking absolute values

a,(f;1/2)|s 1e3r f KDycr, v |c'] d6

< ‘5—3/2\/f |c|d9\/f (Dycy, vY2 |’ 4O

< ]5 1Dscillrzas) < 2& ( ) IDcilli2as) by 2.14,

<2702 VA \[G(crrcr) .
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By Cor. 4.2 the length ¢, is bounded along the path c(#, 8) and and since n > 2 so
is €772, Thus

1
5;1/2 _ {;:_21/2| < f ‘at (551/2). d
0
1
<27 \/Zf f?_z Ge(cr,¢p)dr
0
<.~ Len®(); see 2.8 for notation.
After taking the infimum over all paths connecting ¢; and ¢, we obtain
£ = 0P] S dist(er,ca). O

Remark. We can compute the constant C = C(cg, N) in Lem. 4.4 explicitly.
Indeed from

1
G- <2mVA fo 072 \[Ge(epcp e,

we obtain, following the proof,

5;1”2—6;2‘/2)32—"\/2[ sup ff_z]distG(cl,cz).

dist%(c,co)<N

Now, using (6), we can estimate £, via

VB < VT + [VE - VB

Thus we can use

1 1
<Vl + 5 VA dist®(c, co) < o, + 5 VAN .

Cleo, N) = 27" VA (T, + L VAN) "™

for the constant.

Corollary 4.5. Let G satisfy the assumptions of Lem. 4.4. Then ;' is bounded
on every metric ball of Imm(S ', R?), dist?).

Proof. Fix ¢y € Imm(S',R?) and N > 0 and let ¢ € Imm(S',R?) with
dist%(co, ¢) < N. Then

-1/2 -1/2 —1/2 _ p-1/2 .
V< P |6 = 712 S by + dist%(co, ) S L

Co

and thus €, 172 is bounded on metric balls, which implies that £.! is bounded as

well. O
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The variations of the turning angle « and of log |¢’| are given by
D, (loglc’) = (Dsh,v)
D,y = (Dsh,n).
As a preparation for the proof of Thm. 4.7 we compute explicit expressions for
the variations of their derivatives.

Lemma 4.6. Let ¢ € Inm(S ', R?), h € T. Imm(S !, R?) and k > 0. Then
k—1
k . :
k M — Pk _ k—j ’ J
Des (D¥loglc’l) = DE(Dh, v) ]Z(; (j . 1) (D log Ie'l) DXDsh, vy (T)
k-1 k
k_\ _ nk k—j J
D (Dka) = DXDh,ny - ,Z:(; (j . 1) (D a) DDA v) . ®)
Proof. Recall Lem. 2.3: if F : Imm(S ', R?) — C*(S ', RY) is smooth then
Dc,h (Ds o F) =D, (Dc,hF) - (Dsha V>DSF(C) .
For k = 0, by Sect. 2.2 we have

Dc,h (10g |C,|) = <Dsh, V) s Dc,ha' = <Dsh’ I’l> s Dc,hDs = _<Dsh, V>Ds 5

k—1
Dep(DY) = - Z D) o (D,h,vy o D
=0
Thus we get
k-1
D (D! 1ogl'l) = DXDsh,v) - Z Di((Dsh,v)(D} oglc')).
j=0

Next we use the identity [21, (26.3.7)],

2[4
\i) \i+l ’
and the product rule for differentiation to obtain
k J

D (DX log|c'l) = DXDv) =

-1 .
(J, ) (D7 log 'l) Di(Dsh, v
l

(=)

i=

k—

>~
- o

J

= DX(D,h, v) - ( )(D’;—" log |c’l) DD, v)

[

1

S

i=0 j=i

k—
k : .
= Di(D;h,v) - ( 1) (Df.” log |c’l) DDy, v) |

1
i=0

—_
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which completes the first part of the proof. Along the same lines we also get the
variation of Dfa. O

Theorem 4.7. Assume that the metric G on Imm(S ', R?) satisfies
|h? + |D"h)* ds < AG.(h,h). ©)
Sl

for some n > 2 and some A > 0. For each ¢y € Imm(S',R?>) and N > 0

there exists a constant C = C(cy, N) such that for all c¢i,c> € Imm(S !, R?) with
dist®(cp, ¢;) < N and all 0 < k < n — 2 we have

< Cdist%cy, )
L2(df)

H(D’;rl log ;) el = (DX Tog ¢4 )]
1? do)

In particular the functions
(D) /Ie’] - Amm(S ', R?), dist”) — L*(S', R)
(D log D Ie’] - Imm(S !, R?), dist®) — LA(S', R)

are continuous and Lipschitz continuous on every metric ball.

|tk et = D s

<C diStG(Cl, ).

Proof. We have dist®(cy, c;) < 2N by the triangle inequality. Let ¢(z, ) be a path
between ¢; and ¢, with Len®(c) < 3N. Then

dist%(co, c(?)) < dist®(co, ¢1) + dist®(cy, ¢(r))
< N+ Len(clio.)
<N+3N <4N;

thus any path of this kind remains within a ball of radius 4N around c.

We will prove the theorem for each n by induction over k. The proof of the
continuity of (D*k) v]c’| does not depend on the continuity of (D¥*! log |¢’]) V]c.
Thus, even if we prove both statements in parallel, we will assume that we
have established the continuity and local Lipschitz continuity of (D) v/|c’] when
estimating [|0;((D**! log |¢’]) VIe'Dllz2(a) below; in particular we will need that

||D’§K|| Lds) remains bounded along the path. (10)

The proof consists of two steps. First we show that the following estimates
hold along c(¢, 9):

3:((D* ) ie'D)
3D og ') V')

Seonv (1+ IDElI2a9)) VGelers ) (11)
Seov (1 + D5 og I lll2ay) VGelerer) . (12)

L2(d6)

L2(d0)



Geodesic Completeness for Sobolev Metrics on ITnm(S !, R?) 23

Then we apply Gronwall’s inequality to prove the theorem.
Step 1. For k = 0 we have

0:(x \/ﬁ) = (D’c,,n) \/ﬁ - %K(DSC,, V) \/ﬁ
3((Ds1og ') Vi) = (Dier,v) el + k(Dsermy '] -
— 3(D;log|¢' IXDse,, ) ie'l,
and therefore

’ at(K \/E)
ai((Dyloglc'D Vie'D)

2 3
L) < IDsedlzas + 31Kl 2@asI1Dscillrs

2
< IDseillrzasy + Ikllzzasl1Dscellz= +

12(d6)
1
+ 511D log ¢’ lllz2(as) I Dscillz -

Note that the length £, is bounded along c(t, #) by Cor. 4.2. Using the Poincaré
inequalities from Lem. 2.14 and assumption (9) we obtain

AN, e (1+ Kllzan) VGelernr)
[0 ogle DD, Seon (1+1D5T0g e l2an) VGelercr).

For the second estimate we used the boundedness of ||«||;245) from (10). This
concludes the proof of step 1 for £ = 0.

Now consider £ > 0 and assume that the theorem has been shown for k& — 1.
Along c(t, 6) the following objects are bounded

L2(d6)

12(d6)

e {. by Cor. 4.2, allowing us to use Poincaré inequalities,

° ||D’§‘1K|| 12(ds) and ||D’§ log |¢’|llz2(45) by induction, and

° ||D§K||Lw and ||D§'Jrl log|c’||l~ for O < j < k — 2 via Poincaré inequalities.
We also have the following bounds, which are valid for both v and n:

o IDXD et iz Seon VGeler e for 0 < j <k.
This is clear for j < k — 1, since the highest derivative of « that appears
due to the Frenet equations is D¥~2k and thus all terms involving k can be
bounded by the L*-norm. For j = k we have

k
k . .
DX(D,cp,v) = (Dycy, Divy + ) (j)wé”c,, D)
j=1
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and
D*v = (D*"'«)n + lower order derivatives in .

Thus
k k-1
1DVl 25y < IDS Kllr2eas) + -+ Seonv 1

~

Hence we get

k
A .
k i 1 k-
DDt Vlr2(as) < I1Dscill=l1Dvllrzas) + § (].)HDAJYJr cllzasIDs Vil

j=1
fSCO,N VGe(cr,cp).

i ||D’§+1(Dsc,, V>||L2(ds) S_,co,N (I+ ||D]§K||L2(ds)) VGe(ccp).

We obtain this bound from

k
k+1 iy ;
D’;“<Dxct,v>=<D’;+2ct,v>+<Dxcz,D’;+1v>+Z( j )<D};+2 ‘¢, D).
J=1

Taking the L*(ds)-norm we get

kot 1 k42 k1
DS (D e, Wlzzs) < 1D cllrzqas) + IDsclleo DT Vil r2eas +

k
k+1 k+2—7 i
+ Z( : )HD; el DV

=1

Seot VGelcrr e + (1 + 1DA Kl VGelco ) + Geler eo),
thus showing the claim.
Equation (8) from Lem. 4.6, rewritten for «, is
S (k+ 1
Doy (DXk) = DDy - ) (j L

)(Df—fk) DU Y)
=0

Thus we get
3, (D) ie'l) = (D (Dser, m) e’ = (k + DK (Dser v Vi’ =
k
_ (k + 1) (D’g‘lk) (D(Dyci,v)) Ve’ - ; (];i i) (DISHK) DUDse, v)Ie'],

2
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and hence, by taking norms,

3 (D ) Ie')

< ||DEDser, )| oy, + e+ 3) || DEk

) (Dycy, V>” Lo

+ (k > 1) ID5~" “Lz(d\‘) ”DS(DSCW)HE’“

Sl e
Seon (14 IDKI2a9) VGeler ).

For (D**!1og|c’|) V|c’| we proceed similarly. The time derivative is

12(d6) L2(ds)

L2(ds)

a(DE og e Vi) = DEN(Dser, vy Ve
— (k+ DD log ') (Dyer vy e

k+1
_( ;_ )(Dlz 10g|c,|) D(Dycy, V)‘/m
Sk +1 . '
Z( ) k+1—/10g|c'|)D§(Dsct,V>\/ﬁ,
J=

j+1

which can be estimated by

a((D* 1 1ogle ) vie'l)

< ||pEDyey, V>“L2(ds)

3 vt

Sfk+1 ,
+jz_;(j+l)”DS L"G'
Seon (141D Tog ¢ llz2ay) VGelereo).

Step 2. The proof of this step depends only on the estimates (11) and (12).
We have a path c(t, ) between ¢, and c¢,. We write again D,, and D, for DSC1

L2(d6)
+(k+ 1) ||D log|c'|

Dy,
S

L2(ds)

v)

12(ds)

and D;,, , respectively. Define the functions
A = (k1) el - o Vet ' " (13)
B(t) = H(D"” log [c}]) flc} | = (D, le(zy| (14)
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From
(D) VN2, 6) — (DE k) I 1) = fo 3,(D k) \Ie')(x, 6) dr

we get, by taking norms,
t
A() < f 3Dk ie’))
0

!
S [ (14 1D8elaao) VGlercdr

dr
12(d6)

!
Seo f (1 + 1D ll2as) + AD) VGelcr e dr.
0
Now we use Gronwall’s inequality, Cor. 2.11, to obtain
t
A1) SeoN (1 + ||D]§K1||L2(ds))f G(ci,c)dr.
0

Taking the infimum over all paths and evaluating at ¢ = 1 then yields almost the
desired inequality

(D k1) Aflel] = (DE ko) 1))

I (1 + D8k Iz dist@(er, ) . (15)

To bound ||ij/<1|| 12(ds)» Which appears on the right hand side, we apply (15) with
Cy = Cyp.

k k k k
1Dkl r2as) < ‘Dcl (k1) yflcil = De, (ko) 4/ lcg] ) + [IDskollz2(as)

k s tG k
Seov (14 1DKol 2qas)) dist® (co. 1) + 1D kol 2(as) Seov 1-

This concludes the proof for (D?K) V|c’|. For (D’;’rl log|c’|) V|c’| proceed in the
same way with B(¢) in place of A(¢) using the estimate (12). L]

Remark 4.8. Theorem 4.7 makes no statement about the continuity or local
Lipschitz continuity of the function log |¢’| V]c’[, when G is a Sobolev metric of
order 1. In fact it appears that one needs a metric of order n > 2. In that case one
can use the variational formula

Dep (logle'l Vi) = (1 + 3 log|e1) (Dsh, vy e’

and the same method of proof — with n > 2 one can estimate (D;h, v) using the
L*-norm — to show that,

(loglc’l) VI’ : Amm(S ', R?), dist”) — L2(S!, R?)

is continuous and Lipschitz continuous on every metric ball.
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Remark 4.9. In a similar way we can also obtain continuity in L™ instead of
L?. Assume the metric satisfies (9) with n > 3. Then for all 1 < k < n — 2 the
functions
Dk (Imm(S !, R?), dist®) — L(S', R)
Dflog|c’| : (Imm(S', R?),dist%) — L™(S',R)

are continuous and Lipschitz continuous on every metric ball. To prove this we
follow the proof of Thm. 4.7 and replace the estimates (11), (12) with

(D K| Sconv |1+ IDS k| (¢, ¢
[0 0] Seo (14155 ki) VGeerr e
[6:(D* tog '] .o Seowv (1 + 105 log |l ) VGelcrnco).

which can be established in the same way.

We also have L™-continuity of log|c’|, when n = 2. Since we will use it in
the proof of geodesic completeness, we shall provide an explicit proof in Lem.
4.10.

Lemma 4.10. Let the metric G on Imm(S !, R?) satisfy

hf + DS ds < AGe(h, b,
Sl

exists a constant C = C(co, N) such that for all ¢i,c; € Imm(S',R?) with
dist®(co, ¢;) < N we have

for some n > 2 and some A > 0. Given ¢y € Imm(S',R?) and N > 0, there

Lo S Cdist%cr, ).

[loglc}1 - log |c}|
In particular the function
log|c’| : Imm(S !, R?), dist®) - L¥(S !, R)
is continuous and Lipschitz continuous on every metric ball.

Proof. Fix 0 € S! and ¢; € Imm(S !, R?) satisfying dist®(cp, c1) < N and let
c(t, 0) be a path between ¢y and c¢; with Len®(c) < 2N. Then

9, (loglc’'(0)]) = (Dyci(0), v(0)) .

After integrating and taking norms we get

1
llog I} (6)] — log Icy(®)] < f IDyci(t,6)] d.
0
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Using Poincaré inequalities and Cor. 4.2 we can estimate

Ve,
=2

< Ve T el + 1D, ) < 3 VEAVGere). (16)
Thus by taking the 1nﬁmum over all paths between ¢( and c¢; we get
|[tog I} | - c1). O
Remark. An explicit value for the constant is given by
C(co.N) = 3 VA( &, + § VAN) .

This can be found by combining the estimates (16) and (6).

This corollary gives us upper and lower bounds on |¢’(6)| in terms of the
geodesic distance. Therefore, a geodesic c(t, 6) for a Sobolev metric with order
at least 2 cannot leave Imm(S ', R?) by having ¢’(z, 6) = 0 for some (t, 6).

Corollary 4.11. Under the assumptions of Lem. 4.10, given ¢y € Imm(S', R?)
and N > 0, there exists a constant C = C(cgy, N), such that

1
eIl
hold for all ¢ € Imm(S ', R?) with dist®(c, c) < N.
Proof. By Lem. 4.10 we have

lIlog |c’(©)] < I1log |cy(0)] + |[logc’| -

Now apply exp and take the supremum over 6 to obtain ||c’||.~ Seon 1. Similarly
by starting from

—llog|c’(0)| < —|llog |c{(8)] + [[log c’| = log lcfl||, 0 Secowv 1-
T Seov- m

Remark. Using the explicit constant for Lem. 4.10, we can obtain the following
more explicit inequalities,

I’ O)] < Icy(@)l exp (3 VAN (L., + 1 VAN))
'@ < 1cp@)" exp (3 VAN (YL, + 5 VAN)) .
for Cor. 4.11.

llc' |l < C and

Remark 4.12. To simplify the exposition, the results in this section were
formulated on the space Imm(S ', R?) of smooth immersions. If G is a Sobolev
metric of order n with n > 2, we can replace Imm(S !, R?) by Imm"(S ', R?) in
all statements of this section with the same proofs.
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5. Geodesic Completeness for Sobolev Metrics

On the space H"(S',R?%) we have two norms: the H"(d6)-norm as well as
the H"(ds)-norm, which depends on the choice of a curve ¢ € Imm(S', R?).
Although the norms are equivalent, the constant in the inequality

-1
WAl cagy < NWllarcas) < CllAllxae) »

depends in general on the curve and its derivatives. The next lemma shows,
that if ¢ remains in a metric ball with respect to the geodesic distance, then the
constant depends only on the center and the radius of the ball.

Lemma 5.1. Let the metric G on Imm(S ', R?) satisfy

f |h* + |D"h* ds < A G.(h, h)

Sl
for some n > 2 and some A > 0. Given cy € Imm(S',R?) and N > 0, there exists
a constant C = C(cg, N) such that for 0 < k < n,
C Wl szxcany < WAllgzecas) < Cllhllgzecas) »

holds for all ¢ € Imm(S ', R?) with dist®(co, ¢) < N and all h € H* (S, RY).
Proof. By definition,
+ ||akh||L2(dg)
+ DAL,

el iy = 112
”uHHk(d‘) ”h”Lz(d\) ds) *

The estimates
2 2
(min e @) I gy < A gy < 1A

together with Cor. 4.11 take care of the L-terms. Thus it remains to compare the

derivatives ||(9kh|| and ||th|| L2ds)” From the identities

L2(d6)
= |¢'|Dsh
h' = |c'PDih + (86lc’)Dsh
B = |c'PDih + 31 |(Belc’ ND3h + (851’ ) Dsh
K" = |/ [*Dih + 6 |/ P(Blc DD + (3 (Bplc’ )+ 41¢' (831 N)) D3h + (B31c DD,

we generalize to
k=1

oh = Z Z cml—l (1c’1)" Din, (17)

Jj=1 a€A; i=
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where c;, are some constants and @ = (ao, ..., a—1) are multi-indices that are
summed over the index sets

Ajz{ :kZEza,—k ],Zal—]}

i=0

Equation (17) is related to Faa di Bruno’s formula [10] and can be proven by
induction.

The length ¢, is bounded on the metric ball by Cor. 4.2. Then Lem. 4.7
together with Poincaré inequalities shows that

o |[D*"log|c'|llz2a5) and
e |[DXlog|c'|llp for 1 <k <n—2

are bounded as well. Repeated application of the chain rule for differentiation
yields

Dlglc’l = D]§ (explog|c’]) = |c’| D’; log|c’| + lower D;-derivatives of log |c’| .

Thus also ||D§'_1|C'|||L2(ds) and ||D’§|c’|||Loo for 1 < k < n—2 are bounded on metric
balls. Next we apply formula (17) to & = |¢’| obtaining

3|’ = |c'[FD¥|c’| + lower D,-derivatives of |¢’| . (18)
Together with Lem. 4.10 this implies that
e [18;7"1¢'lllz2(40) and
o [|68lc/ Il for0 <k <nm—2

are bounded on metric balls.

We proceed by induction over k. The case kK = 0 has been dealt with at the
beginning of the proof. Assume k < n — 1 and the equivalence of the norms
has been shown for k — 1. Then the highest derivative of || is 65‘1 |c’| and so in
(17) we can estimate every term involving |c¢’| using the L*-norm. Thus using
Poincaré inequalities and the equivalence of L?(d6) and L*(ds)-norms we get

k k
“a hHLZ(dg) ~¢co,N “D h||L2(ds)

For the other inequality write

k-1
Dih=1c T ofh—1cT* > > cja ﬂ dilc'l)" Dih,
j=1

and use the induction assumption ||D§h|| 12ds) SeoN ||6’ hll? for0 < j<k.

L2(d6)
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The only remaining case is k = n. There we have to be a bit more careful,
since then (92*' |c’| appears in (17), which cannot be bound using the L*-norm.

However (')g‘llc’l appears only in the summand (8’5‘1|c'l) Dih, ie. if @, # 0,
thena,-1 = 1,a; =0fori # n—1and a € A;. This term we can estimate via

(1) Do

< ||(92’]|c’|

12(df) L2(d6) ||DSh||L"° >

and then depending on which direction we want to estimate, we can use either of

Dkl < 27" Ve |D3A 2 g,
DAl < |Ie'7 |, 19ehll < C|

(i

71—1
e’

(do) -
From here we proceed as for k < n. 0

We saw in Lem. 2.5 that multiplication is a bounded bilinear map on the
spaces H*(S!,RY) with the H*(df)-norm. Since the H*(d)-norm and the
H*(ds)-norm are equivalent, this holds also for the H*(ds)-norm. A consequence
of Lem. 5.1 is that the constant in the inequality

1K/ @M aecasy < Cllf Naecas gl as) »
again depends only on the center and radius of the geodesic ball.

Corollary 5.2. Under the assumptions of Lem. 5.1 there exists a constant
C = C(co, N) such that for ¢ € Imm(S !, R?) with dist®(co,¢) < Nand 1 <k <n,

1<K/ &M arcasy < Cll aecas) |18l as) »
holds for all f,g € H*(S',RY).
Proof. We use Lem. 5.1 and the boundedness of multiplication on H*(d6),

I<Fs @M akas) Sconv 1K @)k as)
SeoN 1o 18l Sconv I lkas) 18l as) - O

This last lemma shows that the identity
Id : ((Imm"(S",R?), dist?) > (H"(S", R?), H"(d0))
maps bounded sets to bounded sets and that the same holds for the function
(mm"(s", R?),dist®) > R, ¢ licllims -

when G is stronger than a Sobolev metric of order n.
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Lemma 5.3. Let the metric G on Imm(S ', R?) satisfy
f Ihf? + D"k ds < AGe(h, h)
Sl

for some n > 2 and some A > 0. Given cy € Imm(S', R?) and N > 0, there exists
a constant C = C(cy, N), such that

llcll ey < C s llcllgmas) < C,
hold for all ¢ € Imm(S ', R?) with dist®(c, c) < N.

Proof. 1t is only necessary to prove the boundedness in one of the norms, since
Lem. 5.1 will imply the other one. We have

2 2 2 2 -2 112
eligsy = lellZaggy) + D2l gy, = lelaggyy + 102 2K g -

The boundedness of [|D?%]|?, (a5 ON metric balls has been shown in Thm. 4.7.

For ||cll;245) we choose a path c(¢) from cg to ¢ = ¢(1) with Len®(c(r)) < 2N.
Then

llellz2asy Seon lellzzaey < lle = collrzey + lcollz2ae)

1 1
f O,c(t) dt < f 10, c(Oll12(a9) dt
0

12(d6) 0

1
Seon f 10Ol A < Len®(e(t) S 1. 0
0

SCO»N

Remark 5.4. The proof of Lem. 5.1 shows that under the assumptions of Lem.
5.3 we can choose C = C(cp, N) such that the additional inequality

’
|C I Hn—l(dg) S C,

holds as well.
Now we are ready to prove the main theorem.

Theorem 5.5. Let n > 2 and let G be a Sobolev metric with constant coefficients
a; > 0 of order n and ag,a, > 0. Given (co,up) € T Imm"(S',R?) the solution
of the geodesic equation for the metric G with initial values (cy, uy) exists for all
time.

Corollary 5.6. Let the metric G be as in Thm. 5.5. Then the Riemannian
manifolds (Imm"(S ', R?), G) and Imm(S ', R?), G) are geodesically complete.
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Proof. The geodesic completeness of Imm(S !, R?) follows from Thm. 3.7, since
given smooth initial conditions the intervals of existence are uniform in the
Sobolev order. O

Proof of Theorem 5.5. The geodesic equation is equivalent to the following ODE
on (T Imm")’ = Imm" xH™",

Cr = ch_lp
pi=3H (L' p, L' p)
with p(f) = I:C(,)u(t). Fix initial conditions (c(0), p(0)). In order to show that the

geodesic with these initial conditions exists for all time, we need to show that on
any finite interval [0, T), on which the geodesic (c(#), p(¢)) exists, we have that

(A) the closure of ¢([0, T)) in H"(S ', R?) is contained in Imm”(S !, R?) and,
B) [|Z:'p|

Then we can apply [8, Thm. 10.5.5] to conclude that [0, T") is not the maximal
interval of existence. Since this holds for every T, the geodesic must exist on
[0, 0).

Assume now that 7 > 0 is fixed. We will pass freely between the momentum

and the velocity via u(t) = l_,;é) p(t). Since c(¢) is a geodesic, we have

dist®(co, c(t) £ VGooy((0), u(0) T and G (u(2), u(t)) = G(o)(w(0), u(0)) .

In particular the geodesic remains in a metric ball around cy. It follows from Cor.
4.11 that there exists a C > 0 with |¢’(z,0)| > C for (t,6) € [0, T) x S'. Since the
set {c : [c’(8)| > C} is H*>-closed — and hence also H"-closed — in Imm"(S !, R?),
we can conclude that condition (A) is satisfied.

The first part of condition (B) follows easily from

H sy’ AL p. l_,C‘lp)”H_”(dg) are bounded on [0, T).

2 — 1112 2
H(d§) — ”u”Hn(dg) SCO,T ”u”H"(ds) <

< max(dy', a, )G, u) = max(ay' , @, )Geo)(u(0), u(0)),

L'p|

using Lem. 5.1 and that the velocity is constant along a geodesic.
It remains to show that ||H.(u, u)||z-nu4e remains bounded along c(r). To
estimate this norm, pick m € H"(d6) and consider the pairing

n
(H(ut, u), myp-rxin = DenGeltt, u) = f 2 @Dy, Dy} Dym, v) s
ST k=0

n k
-2 Z Z ak(Dlgu, Dlg_j ((Dsm, v)Dgu)) ds.

k=1 j=1
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Using Poincaré inequalities, Lem. 5.1, and that £, is bounded along c(¢), we can
estimate the first term,

[ > aptu. Dxpamv) ds| < Dol Gt
5" %=0

Seo.r Imllansy Seo.r 1mllncao) -
For the second term we additionally need Cor. 5.2. For each 1 < k < n and
1 < j < k we have,

‘ f <D1;u, Dlg_j((Dsm, v)D'gu)> ds
Sl

<||p%

Dlsc_j ((Dsm, V)Diu)

u||L2(ds) 2(ds)

< lelliian (D, v Dl

H*=i(ds)

Seor Netllprecas) 1D sml| grieicasy Wl preias 1 Dsuel| gre-icas)

2

Seo.r Wl llellznas)l1mllanas) -
We know that ||u||2n( ds) is bounded along c(f) and using Lem. 5.3 we see that
llcl|zm(as) is bounded as well. Hence we obtain

[CH e (u, w), mygnin| Seor 1Ml Enan) »

which implies

”HC(M’ u)”H“"(d@) SC(),T 1 >
1.e., |[Hc(u, u)l|g-ap) 1s bounded along the geodesic. ]

Remark 5.7. If G is a Sobolev-type metric of order n > 2 with @y = 0, a; = 0,
then G is a Riemannian metric on the space Imm(S ', R?)/ Tra of plane curves
modulo translations. We will show that for these metrics it is possible to blow
up circles to infinity along geodesics in finite time, making them geodesically
incomplete. Thus a non-vanishing zero or first order term is necessary for
geodesic completeness.

The 1-dimensional submanifold consisting of all concentric circles, which
are parametrized by constant speed, is a geodesic with respect to the metric,
because Sobolev-type metrics are invariant under the motion group. Let c(z, 6) =
r(t) (cos 8, sin 8). Then ¢,(t, 0) = r,(t) (cos 8, sin 8) and |c'(t, )| = r(t). Thus

Gelerc) =2m ) ar(d) (0,
=2
and the length of the curve is

1 n
Len®(c) = f ZRZ ajr(t)'=2ir,(t)> dr = Van

r(1)

(0)

Since the integral converges for r(1) — oo, it follows that the path consisting of
growing circles can reach infinity with finite length.
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