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Abstract We present herein a first attempt to integrate large and small scale phenomena within an 
image-based  computational  domain.  The  aim of  the  present  study is  to  highlight  some  of  the 
underlying  mechanisms  that  govern  cellular  interaction  in  the  vascular  wall,  using  a  nonlinear 
model of vasomotion. We show that macroscopic rhythmic activity and emergent phenomena can 
indeed reflect ion movements at the level of the individual cell.
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1. Introduction

Healthy  vessels  are  characterised  by  an 
ability to adapt to the conditions imposed by 
the local environment, and respond to changes 
in blood flow by dilating or contracting.  The 
progressive impairment of this dilator function 
is known as endothelial dysfunction, and it has 
been shown to predict long-term development 
of arterial disease (Halcox et al., 2002; Halcox 
et al., 2009; Schachinger et al., 2000).

The  formation  of  atheromatic  plaque  in 
stenosed vessels  is also an important  area of 
modelling investigation (El Khatib et al., 2007; 
Cilla et al., 2014). In addition to the effects of 
hæmodynamics  and  transport,  in  early 
atheroma,  there  exists  complex  interactions 
between the  arterial  wall  components,  which 
cause  inflammatory  signalling  that  leads  to 
monocyte  accumulation,  foam  cell 
degeneration  and  formation  of  atheromatous 
plaque.  Such  alterations  can  result  in 
significant  modification  of  the  arterial 
geometry.  Many  such  factors  can  be 
incorporated in mathematical models,  to gain 
insights  into  the  interplay  between  disease 
processes  and  arterial  function.  The  role  of 

mathematical and computational modelling in 
studying  cardiovascular  disease  as  an 
integrated  systemic  dysfunction  is  therefore 
very important.

We propose a first attempt in this direction. A 
mathematical  description  of the ion transport 
systems  that  participate  in  the  regulation  of 
vascular  tone  is  presented  below. 
Computational  results  are  shown  for  a 
population of coupled smooth muscle cells on 
the  surface  of  an  image-based  domain. 
Modelling strategies are also discussed, with a 
view  to  add  additional  components  of  the 
arterial  wall,  including  flow-endothelium 
interactions.

1.1 Arterial Structure and Function
   
The arterial wall consists of three layers. The 
first layer, the intima, is made up of a single 
lining  of  endothelial  cells  (ECs),  the 
endothelium, supported by an internal  elastic 
lamina  that  separates  the  intima  from  the 
second  layer,  the  media.  The  endothelium 
forms a selective permeable membrane, and is 
a  key  actor  in  mediating  the  interactions 
between  the  lumen  or  flow  domain  and  the 
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smooth  muscle  (SM)  layer.  The  media  is 
composed  of  smooth  muscle  cells  (SMCs), 
embedded in a matrix of elastin and collagen 
fibres. In arterioles, it consists largely of SM. 
Changes in their contractile tension cause the 
vessel to dilate or constrict, thereby regulating 
vessel  diameter  and  blood  flow  through  the 
microcirculation.

The  vascular  SM  is  responsible  for 
spontaneous  fluctuations  in  vessel  diameter 
that are not caused by changes in heart rate  or 
blood  pressure,  and  are  referred  to  as 
‘vasomotion’.  Vasomotion  is  thought  to 
contribute  to  the  enhancement  of  lymphatic 
drainage and microcirculatory mass transport, 
thereby reflecting the critical role of resistance 
vessels in regulating interstitial tissue pressure 
and delivery of oxygen and nutrients (Griffith, 
1996).

The  Smooth  Muscle. The  excitation-
contraction  coupling,  or  electrochemical 
coupling,  is  primarily  controlled  by 
movements of ion calcium Ca2+ into and out of 
the  cytoplasm.  Cytosolic  Ca2+ concentration 
([Ca2+]i) is normally maintained at a basal level 
of  100nm by the plasma membrane Ca∼ 2+-
ATPase  (PMCA),  the  Na+-Ca2+ exchanger 
(NCX)  and  the  sarco  endoplasmic  reticulum 
Ca2+-ATPase  (SERCA).  Vasoconstricting 
stimuli  initiate  SM contraction  by increasing 
the [Ca2+]i , to reach the μm range. The rise in 
[Ca2+]i  is  primarily  mediated  by  voltage- 
(VOCCs) and store-operated channels (SOCs). 
The intracellular oscillator is identified by the 
cyclic  Ca2+ -induced  Ca2+  release  from 
ryanodine-sensitive stores (RyR CICR)  of the 
sarco  endoplasmic  reticulum  (SR/ER) 
(Parthimos  et  al.,  1999;  Parthimos  et  al., 
2007).  

Membrane  potential  is  a  distinct  dynamic 
variable  determined  by  the  additive 
contribution  of  a  large  number  of  ionic 
transport  mechanisms,  such  as  ion  channels 
(Cl-, K+),  pumps, and exchangers. The system 
of  ordinary  differential  equations  describing 
the  coupling  between  the  store-mediated 
intracellular  Ca2+  oscillator  and  membrane 

potential  fluctuations,  due  to  ionic  transport 
mechanisms across the cellular  membrane,  is 
presented below. For a  detailed   description, 
see Parthimos  et  al.  (1999),  Parthimos  et  al. 
(2007).    

The  Role  of  the  Endothelium. Although 
smooth  muscles  are  responsible  for  vascular 
tone  and  contractile  phenomena,  the 
endothelium act as an active interface between 
the  lumen  and  the  inner  layers  of  the  blood 
vessel wall. Electrical and chemical signalling 
between  endothelial  and  SM  cells  thus 
contribute to arterial function in various ways. 
The  role  of  the  endothelium  in  vasomotion 
nevertheless  remains  unclear.  Some  studies 
reported rhythmic contractions in the absence 
of  an  intact  endothelium,  whereas  others 
claimed  that  its  presence  is  needed  for 
synchronization (Peng et al., 2001; Sell et al., 
2002; Okazaki et al., 2003). 

Although the results  presented  below do not 
include any coupling between endothelial and 
SM cells, future work will address this point, 
in addition to considering the effects of mass 
transport  on  mobilization  of  endothelial 
[Ca2+]i.  The  release  of  the  nucleotide 
adenosine-5’  triphosphate  (ATP)  by 
endothelial cells, via wall shear stress (WSS)-
dependent  mechanisms,  is  thought  to  play  a 
key  role  in  endothelium-mediated 
vasodilation.  Its  influence  on  regional  blood 
flow is also seen through the effects of its end-
products,  such  as  adenosine  diphosphate 
(ADP).  Flow  regulation  of  ATP-  and  ADP-
Ca2+  coupling  in  the concentration  boundary-
layer  depends  on  several  factors.   Small 
changes in the model parameters, such as the 
rate  constants  for  the  degradation  and/or 
production of ATP significantly influence the 
pattern  of  catalytic  reactions  at  the 
endothelium  (Boileau  et  al.,  2013).   As  we 
have shown earlier, and as illustrated in Fig. 1, 
even though the bulk concentration of secreted 
agonists is low and mostly unaffected by the 
flow,  variations  exist  at  the  endothelium, 
which  are  nevertheless  difficult  to  quantify 
numerically.  We  hypothesize  that  signal 
transduction  pathways  could  be  altered  by 
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Figure 1: At two instants during diastole and  

systole.  Intravascular  concentration  of  

nucleotides remains mostly insensitive to the  

reactions  occurring  at  the  endothelium.  

Signalling pathways may however be affected  

by the concentration boundary layer.

mass  transport  phenomena  and  reaction 
kinetics occuring at the vessel wall. 

2. Model Formulation

Let x = [Ca2+]i represent the cytosolic free Ca2+ 

concentration,  y=[Ca2+]SR  the  Ca2+ 

concentration  in  the  sarcoplasmic  reticulum 
and  z the  cell  membrane  potential,  then  the 
system  of  ordinary  differential  equations 
characterising vasomotion is the following:

where  the  electric  reversal  potentials  with 
respect to Ca2+ and Na+ are determined from 
the  Nernst  equation.  All  values  of  the 
coefficients are found in Table 1. A complete 
description of the mathematical model can be 
found  in   Parthimos  et  al.  (1999)  and 
Parthimos et al. (2007). The subscript r refers 
to  RyR-mediated  CICR, as  opposed to  InsP3 

-induced  Ca2+  release  (not  included  in  the 
present formulation).

3. Results of coupling SMCs-SMCs

The nature of coupling between adjacent cells 
remains  difficult  to  ascertain.  In  the  current 
formulation  we  explore  the  consequences  of 
either Ca2+  or electrical coupling, by assuming 
a  simple  gradient  driven  flux  between 
neighbouring cells coupled via gap junctions. 
The  actual  geometry  of  each  SMC  is  not 
modelled  explicitly.  The  mean  cell  surface 
area of is  143μm∼ 2.

All cells are dynamically identical except for 
the  A parameter, which reflects influx of Ca2+ 

via  non-specific  cationic  channels  (NSCCs), 
and is  randomly distributed  around its  mean 
value given in Table 1. 
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Hence the SMC population contains cells that 
are quiescent, in an under- or over-stimulated 
state,  in terms of Ca2+   availability,  and cells 
that are oscillating spontaneously. Within this 
range, the oscillatory regime is maintained at a 
physiological level.

Weakly coupled cells are dominated by local 
dynamics  and  chaotic  patterns.  For  stronger 
Ca2+  coupling,  discrete  pacemaker  nodes 
become  prominent,  and  these  are  eventually 
dominated by one or two nodes,  resulting in 
clear wave fronts, as illustrated in Fig. 2.
                                                                                                

 This  behaviour  coincides  with  the 
synchronization  of  intracellular  Ca2+ 

oscillations,  showing  that  macroscopic 
rhythmic  activity  can  indeed  reflect  ion 
movements at the level of the individual cell.

The interplay between extracellular Ca2+ influx 
via NSCCs and VOCCs was also investigated, 
although  limited  degree  of  synchronization 
was  observed  under  conditions  of  purely 
electrical  coupling.  Simulations  showed  how 
low or high influx through either channel leads 
to  the  dominance  of  Ca2+  and/or  electrical 
coupling, and to the loss of oscillatory activity.

The  theoretical  consequences  of  local 
neighbour  interactions  through  electrical 
and/or  chemical  coupling  have  only  been 
briefly  presented,  and  will  be  further 
compared.   Additional  manifestations  of 
blood-wall and arterial dynamics coupling will 
be  investigated,  and  potential  mechanisms 
underlying flow-endothelium interactions will 
be discussed.   
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Figure  2:  Computational  modelling  results  

illustrating  the  emergence  of  propagating  

wavefronts.  A  gradual  transition  of  

uncorrelated oscillatory activity into coherent  

patterns  is  observed  under  conditions  of  

increased intercellular Ca2+ coupling from left  

to right. Colours are coded as: red=cytosolic  

free [Ca2+]i,  green=[Ca2+]SR,  blue=membrane 

potential. A magenta colour is seen where red  

and  blue  strengths  are  equal,  and  therefore  

indicative  of  membrane  depolarization  and  

high Ca2+influx.
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